GLOBAL STRONG SOLUTION TO THE DENSITY-DEPENDENT
INCOMPRESSIBLE VISCOELASTIC FLUIDS

XIANPENG HU AND DEHUA WANG

ABSTRACT. The existence and uniqueness of the global strong solution with small ini-
tial data to the three-dimensional density-dependent incompressible viscoelastic fluids is
established. The local existence and uniqueness of the global strong solution with small
initial data to the three-dimensional compressible viscoelastic fluids is also obtained. A
new method is developed to estimate the solution with weak regularity. Moreover, as a
byproduct, we show the global existence and uniqueness of strong solution to the density-
dependent incompressible Navier-Stokes equations using a different technique from [8].
All the results apply to the two-dimensional case.
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1. INTRODUCTION

Elastic solids and viscous fluids are two extremes of material behavior. Viscoelastic
fluids show intermediate behavior with some remarkable phenomena due to their “elastic”
nature. These fluids exhibit a combination of both fluid and solid characteristics, keep
memory of their past deformations, and their behaviour is a function of these old deforma-
tions. Viscoelastic fluids have a wide range of applications and hence have received a great
deal of interest. Examples and applications of viscoelastic fluids include from oil, liquid
polymers, mucus, liquid soap, toothpaste, clay, ceramics, gels, some types of suspensions,
to bioactive fluids, coatings and drug delivery systems for controlled drug release, scaffolds
for tissue engineering, and viscoelastic blood flow flow past valves; see [10, 13, 35] for more
applications. For the viscoelastic materials, the competition between the kinetic energy
and the internal elastic energy through the special transport properties of their respective
internal elastic variables makes the materials more untractable in understanding their be-
havior, since any distortion of microstructures, patterns or configurations in the dynamical
flow will involve the deformation tensor. For classical simple fluids, the internal energy can
be determined solely by the determinant of the deformation tensor; however, the internal
energy of complex fluids carries all the information of the deformation tensor. The inter-
action between the microscopic elastic properties and the macroscopic fluid motions leads
to the rich and complicated rheological phenomena in viscoelastic fluids, and also causes
formidable analytic and numerical challenges in mathematical analysis. The equations of
the density-dependent incompressible viscoelastic fluids of Oldroyd type ([27, 28]) in three
spatial dimensions take the following form [12, 23, 29]:

pt + div(pu) = 0, (1.1a)
(pu); + div (pu ® u) — pAu + VP(p) = div(pFF '), (1.1b)
F;+u-VF = VuF, (1.1c)
diva = 0, (1.1d)

where p stands for the density, u € R3 the velocity, and F € M3*3 (the set of 3 x 3 matrices)
the deformation gradient. The viscosity coefficient p > 0 is a constant. The increasing
convex function P(p) = Ap” is the pressure, where v > 1 and A > 0 are constant. Without
loss of generality, we set A = 1 in this paper. The symbol ® denotes the Kronecker tensor
product and F' means the transpose matrix of F. As usual we call equation (1.1a) the
continuity equation. For system (1.1), the corresponding elastic energy is chosen to be the
special form of the Hookean linear elasticity:

1
W(E) = S[FP,

which, however, does not reduce the essential difficulties for analysis. The methods and
results of this paper can be applied to more general cases.
In this paper, we consider equations (1.1) subject to the initial condition:

(p,u, E)lt=0 = (po(x),uo(z), Eo(x)), =€ R37 (1.2)

and we are interested in the global existence and uniqueness of strong solution to the
initial-value problem (1.1)-(1.2) near its equilibrium state in the three dimensional space
R3. Here the equilibrium state of the system (1.1) is defined as: p is a positive constant
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(for simplicity, p = 1), u = 0, and F = I (the identity matrix in M3*3). We introduce a
new unknown variable F by setting

F=I1+FE.

Then, (1.1c) reads
E,+u-VE = VuE + Vu. (1.3)

By a strong solution, we mean a triple (p,u,F) satisfying (1.1) almost everywhere with
initial condition (1.2), in particular, (p,u,F)(-,t) € W24, q € (3,6] for almost all ¢ > 0 in
this paper.

When density p is a constant, system (1.1) governs the homogeneous incompressible
viscoelastic fluids, and there exist rich results in the literature for the global existence of
classical solutions (namely in H? or other functional spaces with much higher regularity);
see [5, 6, 15, 16, 18, 19, 20, 23] and the references therein. When density p is not a
constant, the question related to existence becomes much more complicated and not much
has been done. In [17] the authors considered the global existence of classical solutions
in H3 of small perturbation near its equilibrium for the compressible viscoelastic fluids
without the pressure term. One of the main difficulties in proving the global existence
is the lacking of the dissipative estimate for the deformation gradient. To overcome this
difficulty, the authors in [16] introduced an auxiliary function to obtain the dissipative
estimate, while the authors in [18] directly deal with the quantities such as Au + divF.
Those methods can provide them with some good estimates, partly because of their high
regularity of (u,F). However, in this paper, we deal with the strong solution with much
less regularity in W24, ¢ € (3, 6], hence those methods do not apply. Thus, we need a new
method to overcome this obstacle, and we find that a combination between the velocity
and the convolution of the divergence of the deformation gradient with the fundamental
solution of Laplace operator will develop some good dissipative estimates required for the
global existence. The global existence of strong solution to the initial-value problem (1.1)-
(1.2) is established based on the local existence and global uniform estimates. The local
existence is obtained using a fixed point theorem without incompressible condition (1.1d),
that is, the local existence holds for both the incompressible viscoelastic fluids (1.1a)-
(1.1d) and the compressible viscoelastic fluids (1.1a)-(1.1c). The global existence and
uniqueness of strong solution also holds for the density-dependent incompressible Navier-
Stokes equations when the deformation gradient does not appear, which, as a byproduct,
gives a similar result to [8] but through a different technique.

The viscoelastic fluid system (1.1) can be regarded as a combination of the inhomo-
geneous incompressible Navier-Stokes equation with the source term div(pFF') and the
equation (1.1c). For the global existence of classical solutions with small perturbation
near an equilibrium for the compressible Navier-Stokes equations, we refer the reader to
[24, 25, 26, 30] and the references cited therein. We remark that, for the nonlinear invis-
cid elastic systems, the existence of solutions was established by Sideris-Thomases in [33]
under the null condition; see also [31] for a related discussion.

The existence of global weak solutions with large initial data of (1.1) is still an out-
standing open question. In this direction for the homogeneous incompressible viscoelastic
fluids, when the contribution of the strain rate (symmetric part of Vu) in the constitutive
equation is neglected, Lions-Masmoudi in [22] proved the global existence of weak solu-
tions with large initial data for the Oldroyd model. Also Lin-Liu-Zhang in [19] proved the
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existence of global weak solutions with large initial data for the incompressible viscoelastic
fluids when the velocity satisfies the Lipschitz condition. When dealing with the global
existence of weak solutions of the viscoelastic fluid system (1.1) with large data, the rapid
oscillation of the density and the non-compatibility between the quadratic form and the
weak convergence are two of the major difficulties.

The rest of the paper is organized as follows. In Section 2, we recall briefly the density-
dependent incompressible viscoelastic fluids from some basic mechanics and conservation
laws. In Section 3, we state our main results, including the local and global existence and
uniqueness of the strong solution to the equations of the viscoelastic fluids, as well as to the
incompressible Navier-Stokes equations with small data. In Section 4, we prove the local
existence via a fixed-point theorem. In Section 5, we prove the uniqueness of the solution
obtained in Section 4. In Section 6, we establish some global a priori estimates, especially
on the dissipation of the deformation gradient and gradient of the density. In Section 7,
we first prove some energy estimates uniform in time and some refined estimates on the
density and the deformation gradient, and then give the proof of the global existence.

2. BACKGROUND OF MECHANICS FOR VISCOELASTIC FLUIDS

To provide a better understanding of system (1.1), we recall briefly some background
of viscoelastic fluids from mechanics in this section.

First, we discuss the deformation gradient F. The dynamics of a velocity field u(z,t)
in mechanics can be described by the flow map or particle trajectory (¢, X), which is a
time dependent family of orientation preserving diffeomorphisms defined by:

d

%J“(uX) ZU(t,J?(t,X)), (2 1)

z(0,X) =X,
where the material point X (Lagrangian coordinate) is deformed to the spatial position

x(t, X) , the reference (Eulerian) coordinate at time t. The deformation gradient F is

defined as

~ ox
F(t, X) - 87<t7X)7

which describes the change of configuration, amplification or pattern during the dynamical
process, and satisfies the following equation by changing the order of differentiation:

OF(t, X) _ Ou(t,z(t, X))
o 0X '
In the Eulerian coordinate, the corresponding deformation gradient F(t,x) is defined as
F(t,z(t, X)) = F(t, X).
Equation (2.2), combined with the chain rule and (2.1), gives
n OF(t,z(t, X)) Oxz(t,X)

(2.2)

OF(t,z(t, X)) +u- VF(t, z(t, X)) = OF (¢, 2(t, X))

ox ot
_OF(t,X)  Ou(t,z(t,X))  Ou(tz(t, X)) Oz
ot 0X N Ox 0X

_ Ou(t,z(t, X))~ B
= F(t,X)=Vu-F,
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which is exactly equation (1.1c). Here, and in what follows, we use the conventional
notations:

. aul

N aZUj’
and summation over repeated indices will always be well understood. In viscoelastic fluids,
(1.1c) can also be interpreted as the consistency of the flow maps generated by the velocity
field u and the deformation gradient F.

The difference between fluids and solids lies in the fact that, in fluids, such as Navier-
Stokes equations [26], the internal energy can be determined solely by the determinant part
of F (equivalently the density p, and hence, (1.1¢) can be disregarded); while in elasticity,
the energy depends on all information of F.

In the continuum physics, if we assume the material is homogeneous, the conservation
laws of mass and of momentum become [7, 16, 31]

oxy’

(Vu)ij (Vu F)i,j = (Vll)ikaj, (11 . VF)Z] = U

Op + div(pu) = 0, (2.3)
and
ds(pu) + div(pu @ u) — pAu + VP(p) = div((det F) "1SFT), (2.4)
with divu = 0 where
pdetF =1, (2.5)
and oW
i (F) = . 2.
S5(F) = g5 (2.6

Here S, pSF", W(F) denote Piola-Kirchhoff stress, Cauchy stress, and the elastic energy
of the material, respectively. Recall that the condition (2.6) implies that the material is
hyperelastic [23]. In the case of Hookean (linear) elasticity [15, 16, 20],

1 1
W(F) = 5\}?]2 = 5tr(FFT), (2.7)
where the notation “tr” stands for the trace operator of a matrix, and hence,
S(F) =F. (2.8)

Combining equations (2.1)-(2.8) together, we obtain system (1.1).
If the viscoelastic system (1.1) satisfies

div(poFy ) =0,
initially at t = 0 with Fo = I + Ey, it was verified in [18] (see Proposition 3.1) that this
condition will insist in time, that is,
div(p(t)F(t)T) =0, for t>0. (2.9)
Another hidden, but important, property of the viscoelastic fluids system (1.1) is con-

cerned with the curl of the deformation gradient (see [15, 16]). Formally, the fact that the
Lagrangian derivatives commute and the definition of the deformation gradient imply

62%‘ . 82371‘
0Xr0X;  0X;0Xy
which is equivalent to, in the Eulerian coordinates,

FlkvlFi]’ (t, ﬂj(t, X)) = fnjVnFik(t, x(t, X)),

8kaij = = 8Xjfik:7
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that is,
Fi ViFij(t, x) = Fnj Vi Fir(t, ),
which means that, using F =1+ FE,
ViEij + By Vi Eyj = V;iEy, + E Vi, Ey,. (2.10)
According to (2.10), it is natural to assume that the initial condition of F in the viscoelastic
fluids system (1.1) should satisfy the compatibility condition
VkE(O)Z‘j -+ E(O)lkle(O)ij = VjE(O)ik + E(O)njVnE(O)ik. (2.11)
Finally, if the density p is a constant, (1.1) becomes its corresponding homogeneous
(density-independent) incompressible form (see [6, 15, 16, 18, 19, 20] and references therein)
divu = 0,
ou+u-Vu— pAu+ VP =div(FF'), (2.12)
O0F +u-VF = VuF.

For more discussions on viscoelastic fluids and related models, see [4, 5, 7, 11, 12, 14,
19, 22, 23, 29, 34] and the references cited therein.

3. MAIN RESULTS

In this Section, we state our main results. As usual, the global existence is built on the
local existence and global uniform estimates.

In this paper, the standard notations for Sobolev spaces W and Besov spaces B,, ([3])
will be used. Throughout this paper, the real interpolation method ([3]) will be adopted
and the following interpolation spaces will be needed

2(1-1 2(1-1
Xp( p) _ (Lq(R?;),WQ,Q(R?r))l_lp — Bq]g p)’
and
1—1 1—1
Y, "= (Lq(Rg)v WLq(R3))1—l »= Bap "
p7

Now we introduce the following functional spaces to which the solution and initial con-
ditions of the system (1.1) will belong. Given 1 < p,g < oo and T > 0, we set
Qr =R3 x (0,T), and

WP(0,T) := {u e W(0,T; (LYR?))*) N LP(0, T; (W4(R?))?) : divu = 0}
with the norm

”uHWM(O,T) = ||u||W17p(O,T;Lq(R3)) + ||u||LP(0,T;W2"I(R3))a
as well as

2(1-1 11\ 3
0o (D) iy
with the norm
1CF, g lypea == ||f||X2(1_%> + ||fllyl_% + [lgllwr.a(rs)-
P P

We denote
W(0,T) = WP(0,T) n W>*(0,T),
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and
‘/0 — ‘/Op»q N ‘/*()272‘
Our first result is the following local existence:

Theorem 3.1 (Local existence for viscoelastic fluids). Let Ty > 0 be given and (g, po, Eo)
€ Vo with p € [2,00),q € (3,00). There exists a positive constant 6y < 1, depending on Ty,
such that if

H(u07 Po — 17 EO)HVD < 507
then the initial-value problem (1.1a)-(1.1c) with (1.2) as well as the initial-value problem
(1.1)-(1.2) have a unique strong solution on R? x (0,Ty), satisfying

(u,p,F) € W(0,Tp) x (WP(0, Ty; LUR?) N LA(R?)) N LP(0, To; WHI(R?) N WH2(R?))) ™.

Remark 3.1. The solution constructed in Section 4 later does not require the incompress-
ible condition (1.1d), thus we have the local existence for both the compressible and
incompressible cases. The solutions in Theorem 3.1 is local in time since oy = (7o)
implies that Tj is finite for a given §y < 1.

Remark 3.2. An interesting case is the case ¢ < p. Indeed, by the real interpolation
method and Theorem 6.4.4 in [3], we have
2(1-1 2(1-1
WZ(I_%)’q C Bq;(, p) :Xp( p)7
and
1—1 q 1— 1—
W »" C By " =2,

Then, if we replace the functional space V" in Theorem 3.1 by

V(I)Lq — ((W2(1—%)»Q(R3))3 N (Wl—%,q(RS))S) % (WLQ(R?)))lO’

Theorem 3.1 is still valid.

3=
=

The above local existence, with the aid of global estimates and the suitable choice of
the smallness of the initial data, will result in the following global existence:

Theorem 3.2 (Global existence for viscoelastic fluids). Assume that
e p=2andq € (3,6];
o There exists a &g > 0, such that, for any 6 with 0 < § < dg K 1, the initial data

satisfies
(w0, po — 1, Eo)lv, < 6, (3.1)
with compatibility condition (2.11), divuy = 0, and
div(poFy ) = 0; (3:2)
e [In addition, the initial data satisfies
1 1 1
/ (Po110|2 + =polEol* + ——(p§ — vpo + v — 1)> dx < 6%, (3.3)
rs \ 2 2 v—1
and

Vol 2 + [luo - Vuo r2 + | Auol 2 + [ Vpollz2 + IV Eoll r2ape < 6% (3.4)
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Then, there exists a po > 0 depending only on q (and determined by (6.18)), such that if
0 < p < po, the initial-value problem (1.1)-(1.2) has a unique strong solution defined on
R3 x (0, 00) with

(u, p,F) € W(0,T) x (W' (0, T5 LR®) 0 L*(R*) N LP(0, T; WH(R?) N WH2(R?))
for each T' > 0. Furthermore, the solution satisfies

sup [ (u(t), p(t) — 1, E()) lyps < /5. (3.5)

te[0,00)

Remark 3.3. Notice that if ¢ > 3, then by Theorem 5.15 in [1], the imbedding W14(R3) —
C%(R?) is continuous. Here, the notation C%(R?) means the spaces of bounded, continuous
functions in R3. Hence the condition (3.1) implies that, if we choose & sufficiently small,
by Sobolev’s imbedding theorem, there exists a positive constant Cy such that

po>Co>0, forae zecR3. (3.6)

Remark 3.4. Under assumption (3.2), the authors in [17, 18] showed that the property
will insist in time, that is, for all ¢ > 0,

div(pF ") = 0.

Remark 3.5. If the density p is a constant, for simplicity, p = 1, Theorems 3.1 and 3.2
become the analogous results of the homogeneous incompressible viscoelastic fluids (2.12).
In other words, following our argument in this paper, we can recover the global existence of
strong solutions, or even classical solutions, of the homogeneous incompressible viscoelastic
fluids near its equilibrium.

An important consequence of Theorem 3.2 is the case as £ = 0 and disregarding the
equation (1.1c) . In this case, one has the global existence of density-dependent incom-
pressible Navier-Stokes equations, since the term on the right-hand side of (1.1b) can be
incorporated into the pressure. We state the result without proof as follows.

Corollary 3.1 (Global existence for Navier-Stokes equations). Assume that
e p=2andqe€ (3,6];
e There exists a 69 > 0, such that, for any 6 with 0 < § < §y < 1, the initial data
satisfies
(w0, po — V)llvsy < 8%,
with divug = 0;
e In addition, the initial data satisfies

1 1
/ <2po|u0|2 + (pg —vP0+ 7 — 1)) dr < 6%,
R3 Y — 1

Then, the initial-value problem for the density-dependent incompressible Navier-Stokes
equations has a unique strong solution defined on R® x (0, 00) such that

(u,p) € W(O,T) x (WHP(0, T3 LU(R®) N L*(R?)) N LP(0,T; WHI(R?) N WH(R?))) |
for each T > 0. Furthermore, the solution satisfies

sup [[(u(®), p(t) = Dllyps < /5.

te[0,00)
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Remark 3.6. The similar result to Corollary 3.1 was shown in [8]. It is worthy of noticing
that there is no assumption on the amplitude of the viscosity p or condition (3.4) because
those two conditions are only useful when dealing with the dissipation of the transforma-
tion gradient F. Actually, as seen from the argument later in this paper, Corollary 3.1 still
holds if p > 2 and ¢ > 3.

4. LOCAL EXISTENCE

In this section, we prove the local existence of strong solution in Theorem 3.1. To this
end, we introduce the following new variables by scaling

s:=v*, y:=vr, v(ys):= lu(w,t), r(y,s) == p(z,t), G(y,s):= E(z,t),
v

where v > 0 will be determined later. Then, system (1.1), with (1.1c¢) replaced by (1.3),
becomes

ry + div(rv) =0, (4.1a)
(rv)s + div (rv @ v) — pAv + v 2VP = v 2div (T‘(I +G)(I + G)T) , (4.1b)
Gt +v-VG = VoG + Vo, (4.1¢)
dive = 0. (4.1d)
From (2.10), one has
ViGij + Gi,V1Gij = VGi, + Gnj Vi Gig. (4.2)

Thus, if we denote by G; the i-th row of the matrix G (or the i-th component of the vector
G), then (4.2) becomes

curl Gi = ananik — leleij- (4.3)

The proof of local existence of strong solution with small initial data will be carried out
through three steps by using a fixed point theorem. Instead of working on (1.1) directly,
we will work on (4.1). We note that (4.1) is just a scaling version of (1.1). It can be seen
from the argument below that we only need to verify the local existence in WP4(0,T),
0 < T < Tp, while initial data belongs to V.

4.1. Solvability of the density with a fixed velocity. Let A;(z,t), j = 1,...,n, be
symmetric m X m matrices in R" x (0,7), f(x,t) and vo(x) be m-dimensional vector
functions defined in R™ x (0,7") and R", respectively.

For the following initial-value problem:

Opv + Z Aj(z,t)0v + B(z, t)v = f(x,1),
i=1

v(z,0) = vo(x),

we have
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Lemma 4.1. Assume that

mxXm

Aj € [C(0,T; H(R™) N C(0,T; H 1 (R™))] ,i=1,...n,

B e C((0,T), B RM)Y™ ™, f & C((0,T), HR)", vy € H*R")™,
with s > 5 + 1 is an integer. Then there exists a unique solution to (4.4), i.e, a function
ve [C(0,T), H*(R™) N C*((0,T), H(R™)]™
satisfying (4.4) pointwise.

Proof. This lemma is a direct consequence of Theorem 2.16 in [26] with Ag(x,t) =1. O

To solve the density with respect to the fixed velocity, we have

Lemma 4.2. Under the same conditions as Theorem 3.1, there is a unique strictly positive
function

r:=S(v) € WHP(0,T; LY(R3)) N L>°(0, T; WH9(R?))

which satisfies the continuity equation (4.1a) and r —1 € L>(0,T; LY(R3)). Moreover, the
density satisfies

V7| oo (0,7;20(m2)) < C(T [[vlbwo,ry) (IVTollpaes) + 1) , (4.5)
and the norm ||S(v) — 1llwrams)(t) is a continuous function in time.

Here, and in what follows, C' stands for a generic positive constant, and in some case,
we will specify its dependence on parameters by the notation C|(-).

Proof. For the proof of the first part of this lemma, we refer the reader to Theorem 9.3 in

[26], or the first part of the proof for Lemma 4.3 below. The positivity of density follows
directly from the observations: by writing (4.1a) along characteristics %X (t) =,

%r(t,X(t)) = —r(t, X (¢))divo(t, X (t)), X(0) ==z,

and with the help of Gronwall’s inequality,
t
(inf pg)exp (—/ ||divv(t)||Loo(R3)da:> <r(t,x)
z 0

¢
< (suppjesp ([ o0}l ).
z 0
Now, we can assume that the continuity equation holds pointwise in the following form:

Oyr + rdive +v - Vr = 0.
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Taking the gradient in both sides of the above identity, multiplying by |Vr|9~2Vr and
then integrating over R3, we get, by Young’s inequality

HVTHL‘ZI[@) /\Vr]q\divmd:):—i—/ r|Vr|9 Vdive|de
R3 R3

1
+/ |VU||V1"|qd1:—/ oV | V|7
R3 q JRr3

< HVTH%q(Rs) (IVOll Loo sy + 7]l oo (r3y [ Vdive | La(rs)) (4.6)

1
+q/ dive|Vr|tdz + (7] oo (r3) [ VAivy || fa(rs)
R3

< OVl oy lvllwzage) + 17l poo @a) | VAivol ogs),

since ¢ > 3. Then (4.5) follows from Gronwall s inequality.
Finally, noting from (4.6) and (4.5) that < SIvrle, (®3) € L*(0,T), and hence

d
LIV = 1)]%, ) € 110, T),

which together with (4.5) implies that ||V (r—1)[%, R3)< ) is continuous in time, and hence,

[V (r—1)[| La(rs) (t) is continuous in time. Similarly, from the continuity equation, we know
that

Oi(r — 1) = —div((r — 1)v) — dive € LP(0,T; LY(R?)),
which, together with the fact » — 1 € L*(0,T; L4(R3)), yields r — 1 € C([0,T]; LY(R3)).
Hence, the quantity ||7 — 1||yy1.a(rs)(t) is continuous in time. The proof of Lemma 4.2 is
complete. O

4.2. Solvability of the deformation gradient with a fixed velocity. Due to the
hyperbolic structure of (4.1c), we can apply Lemma 4.1 again to solve the deformation
gradient GG in terms of the given velocity. For this purpose, we have

Lemma 4.3. Under the same conditions as Theorem 3.1, there is a unique function
G :=T(v) € WH2(0,T; LY R?)) N L>=(0, T; WH4(R?))
which satisfies the equation (4.1c). Moreover, the deformation gradient satisfies
196Gl (o mszay < CT wlwm) (IVG(O) | zages) +1), (4.7)

and, the norm ||G|ly1.ams)(t) is a continuous function in time.

Proof. First, we assume that v € C1(0,T; C$°(R?)), Gy € C§°(R3). Then, we can rewrite
(4.1c) in the component form as

0:Gj+v-VG; =VuvGj+Vu;, forall 1<j5<3.
Applying Lemma 4.1 successively with Ag(z,t) = vg(x,t)I for all 1 < k < 3, B(z,t) = Vo,
and f(x,t) = Vvj;, we get a solution
G en, {10, 7 H ) 1 (0,3 H'(R?) }
which implies, by the Sobolev imbedding theorem,
G € NZ,CH0,T; C*(R?)) = CH0, T; C°°(R?)). (4.8)
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Next, for v € WP1(0,T), there are two sequences:

va € CHO,T;CE(RY), Gl € CF(RY),
such that
v, — v in W(,T), G — Goin WHI(R?),

thus v, — v in C(B(0,a) x (0,T)) for all a > 0 where B(0, a) denotes the ball with radius
a and centered at the origin. According to the previous result (4.8), there are a sequence
of functions {G,,}22; C C1(0,T; C°°(R3)) satisfying

0:Gy, + vy, - VG, = Vo, Gy + Vo, (4.9)

with G,,(0) = G%. Multiplying (4.9) by |G,|?72G,, and integrating over R3, using inte-
gration by parts and Young’s inequality, we obtain,

Gnl|?d

~a LGt

:_/ vy - V|G, |qu+/ V|G|t 2G2dx+/ V|G |12 G pda
q JRr3
1+q

——1GnllL (IVonllze + [IVonlle) + [Vonl La-

From Gronwall’s inequality, one obtains,

/ |Gr|%dx
R3
t t
< (/ GalO)l"de+q [ [Von|zrexp (—/ (a+ )| Vol + ||wn||Lq)dT> ds)
R 0 0
t
X exp </ (¢ + 1)(JIVun|lLe + ||an||Lq)ds>
0
t t
< (/ GalO)"d+q | HanHqus) exp (/ (a+ )| Vol + ||an||Lq)ds>.
R 0 0
Thus,

1Gnll Lo (0.7:19(r3)) < C(T, 0]l oo, w2a(r3))) (IG(0) || paray +1) < oo. (4.10)
Hence, up to a subsequence, we can assume that the sequence {v,} was chosen so that

Gn — G weak-* in L°°(0,T; LY(R?)).
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Taking the gradient in both sides of (4.9), multiplying by |VG,|?"2VG,, and then
integrating over R3, we get, with the help of Hélder’s inequality and Young’s inequality,

HVG [ VG, |YVu,|de + | |Gp||[VGR|T VYV, |d
L (R ) R3 R3
1
+/ |an||VGn|qd:c—/ v, VIVG,|%dx
R3 q JRr3
+/ |V V0, || VG |7 da
RS
5/ VGn\q]an]der/ ]GnHVGn\q_1]Van]d:c (4.11)
R3 R3 :
1
+/ |an||VGn|qd:U+/ |Vo,||VG,|Ydx
R3 q JRr3

+/ IVV0,||[VGy |9 da

< ClIVGhl Lo lonllwzas) + (IGnll Lo gsy + Dllvnllwzars)

< C|VGy HLq r3yl[onllwza@a) + ([Gn 134 Lags) T Dllvnllw2ams),
since ¢ > 3. Using Gronwall’s inequality and (4.10), we conclude from (4.11) that

VGl o= (0,r520®3)) < C(T [[vnllwor)) (IVGr(0)|Las) + 1),
and hence,
IVG oo 0.7 Lo(@3y) < iminf [V Gl oo 0, Lo(m3)) 41

< C(T, |lvllwio.r)) (IVGO)l| pars) +1) - '

Therefore,

|Gnllpeeo,rwramsyy < C(T, |0l Lo o,rw2.0(r3))s [|G(0) [0 (ms)) < o0

Furthermore, since ¢ > 3, we deduce G € L*°(Qr) and

G oo @y < C(T, [Vl Lo(o,rw2a®s)ys |G(O)|[wa(rsy) < oo

Passing to the limit as n — oo in (4.9), we show that (4.1c) holds at least in the sense of
distributions. Therefore,
oG € LP(0,T; LY(R?)),
then G € WHP(0,T; L4(R3)), and hence G € C([0, T]; LY(R?)).
Finally, to show that the quantity ||G/|ly1.qrs)(t) is continuous in time, it suffices to
show that ||[VG||pe(gsy is continuous in time. Indeed, from (4.11), we know that

IIVGHLq rs)(t) € LP(0,T),

which, with (4.12), implies that [|[VG/|rams)y € C([0,7]). The proof of Lemma 4.3 is
complete. U
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4.3. Local existence via the fixed-point theorem. In order to solve locally system
(4.1), we need to use the following fixed point theorem (cf. 1.4.11.6 in [26]):

Theorem 4.1 (Tikhonov Theorem). Let M be a nonempty bounded closed convexr subset
of a separable reflexive Banach space X and let F : M — M be a weakly continuous
mapping (i.e. if x, € M, x, — x weakly in X, then F(x,) — F(x) weakly in X as well).
Then F has at least one fixed point in M.

Now, let us consider the following operator

d
Lw = d—(': — pAw, we WP10,T).

One has the following theorem by the maximal regularity of parabolic equations; see
Theorem 9.2 in [26], or equivalently Theorem 4.10.7 and Remark 4.10.9 in [2] (page 188).

Theorem 4.2. Given 1 < p < oo, wyg € V" and f € LP(0,T; LY(R3)3), the Cauchy
problem
Lo=f te(0.T) w0)=uw
has a unique solution w := L~ (wg, f) € WP4(0,T), and
HWHWM(O,T) <C <||f”Lp(0,T;Lq(R3)) + HWOHVOP"?> )

where C' is independent of wg, f and T. Moreover, there exists a positive constant cg
independent of f and T such that

[wllweraor) = co sup [[w(t)|ypa.
te(0,T)

Notice that Theorem 4.2 implies that the operator L is invertible. Thus we define the
operator H(v) : WP4(0,T) — WP4(0,T) by
H(v) == L1 (Uo, (1 = S(w))v) — div(S(v)v @ v) + v 2V(P(1) — P(S(v)))
+ v 2div(S) (I + T () (I + T(U))T)). (4.13)
Then, solving system (4.1) is equivalent to solving
v ="H(v). (4.14)
To solve (4.14), we define
Br(0) :={v e WPH0,T) : [lvlhwraqor) < R}
Then, we prove first the following claim:
Lemma 4.4. There are v, T >0, and 0 < R < 1 such that
H(Br(0)) C Br(0).
Proof. Let T > 0, 0 < R < 1 and v € Bg(0). Since S(v) solves (4.1a), we can rewrite
operator H as

H(v) = L1 (vg, (1—-8)dw — S(v)v- Vv + v 2V (P(1) — P(S(v)))

+ v 2div(S(v) (I + T (v))(I + T@))T)). (4.15)
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Thus, it suffices to prove that the terms in the above expression are small in the norm of
L7(0,T; (LI(R3))?).

First of all, we begin to deal with the first term by letting 7 := S(v) — 1. Thus, 7
satisfies the equations

o + div(Fv) = 0,
{ 7(z,0) =19 — 1.
Repeating the argument in Section 4.2 again, we obtain
17l Loc(@r) < ClFllLoo 0,710 (R3Y)
< Clro = Ulwraws)C(T, [[vllw(o,r))
< [lro = Hlwraws)C(T, R) < C(T)R,
where, by the formula of change of variables, we deduce that
Iro = Ulzaces) < vlloo = llgaqes) < R,
and oy
[VrollLawsy < v e |[VpollLamsy < R,

if [|po — 1|| a(ms) is small enough and v > 1 is large enough. Hence, due to the assumption
v € Br(0), we obtain

1(1 = S()34v|| Loorizas) < C(T)R. (4.16)
Secondly, by the Sobolev imbedding,

[ 10Voltds < 1ol gy 1900 gy < Clolagas Pl

and thus, since W1?(0, T} Lq(R?’)) — C([0,T]; LY(R3)), we deduce

T
/0 < » \vVv\qdac> ds < C/ HU”Lq(R3 Hv\ﬁ/zq(m)dg

< CHvam (0,7;L9(R3) ‘|UHLP(07T;W27Q(R3))

< ol r) < CR*.

Therefore, we get
IS (0) (v - V)0l Lo o,7;10(rs)) < CR. (4.17)
Thirdly, for the term VP(S(v)), we can estimate it as follows
IVP(S @) lLr(o,r;0(r3))
< C(T)sup {P'(n) : C(T)"' <n < C(T)} (IVroll pas) + 1)
Fourthly, for the term div(S(v)(I 4+ 7 (v))(I + 7T (v))", we have
|div(S(0)(I + T (0))(I + T (0)) )] < [VS@)I + T (v)|* +28)[VT (0) |11 + T (v)],
and hence,
Idiv(S()(I + T ()L +T(v) )lzo(o.1:0)
< IVS@)II +T ()Pl o,7;z9) + 2IS@)IVT (@)1 + T ()| o o,7:10) (4.19)
< C(T)M

(4.18)
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with
3
M = max {[|Gollwr.a + 1, |Goll oo (ms) + 1, [rollwra + 1, [roll oo (msy + 1} < o0
Combining together (4.16), (4.17), (4.18), (4.19), using the Theorem 4.2, and assuming
parameter v sufficiently large and R < 1 sufficiently small, we get
IH@)lwo,r) < C(T)(R* +v7%) < R.
The proof of Lemma 4.4 is complete. O

Thus, it is only left to show the following:
Lemma 4.5. The operator H is weakly continuous from WP4(0,T) into itself.
Proof. Assume that v, — v weakly in WP4(0,T), and set r,, := S(vy,), Gy, := 7 (vy,), then
{rp}°2; and {G,}°2; are uniformly bounded in L°°(0, T; W14(R3)) N W1P(0, T; L4(R?)
by Lemmas 4.1 and 4.3. Hence, up to a subsequence, we can assume that r,, — r and G,, —
G weakly* in L>(0,T; WH4(R3)) N WLP(0,T; L4(R3)) and then strongly in C((0,T) x
B(0,a)) for all @ > 0. And at least the same convergence holds for v,. Thus, (4.1a) and

(4.1c) follow easily from above convergence.
Since 7, — 7 weakly* in L>(0,T; WH4(R3)) N WP(0,T; LY(R3)), we can assume that
P'(S(v,))VS(vy,) — P'(S(v))VS(v) weakly in LP(0,T; L4(R?)) and hence,

L7 (0,VP(S(vy))) — L7H(0,VP(S(v))) weakly in ~ W(0,T),

since the strong continuity of L=! from LP(0,T; L4(R?)) into W(0,T) and the linearity of
the operator L imply also the weak continuity in these spaces.

Similarly, since dyv,, — 9y weakly in LP(0, T; L4(R3)) and r,, — r in C((0,T) x B(0, a))
for all @ > 0, we have (re — 7,)0vy, — (re — 7)0pv weakly in LP(0,T; LY(R?)) and conse-
quently

L0, (re — rp)0wwn) — L7H(0, (re — 7)0pw)  weakly in ~ W(0,T).

Since Vv, — Vv weakly in WHP(0,T; W—14(R3)) N LP(0, T; W14(R3)) which is com-
pactly imbedded in to C([0,T]; LY(B(0,a))) for all a > 0, we can assume that v, — v
strongly in L>°(0,T; LY(B(0,a))) for all @ > 0, and then

S(vp)(vp - V)vp, — S(v)(v- Vv
weakly in LP(0,T; L4(R3)). Hence
L710,S8(vn) (v - V)v,) — L71(0,S(v)(v- V)v)  weakly in ~ W(0,T).

Finally, due to the facts that r, — 7 and G,, — G weakly* in L>(0,T; W14(R3)) N
WLP(0,T; LY(R3)) and strongly in C((0,T) x B(0,a)) for all @ > 0, we deduce that

div(S(va) (I + T (va)) (I + T (v2)) ") = div(S()(I + T())(I + T (v)) ")
weakly in LP(0,T; LY(R3)). Therefore,
L (o, div(S(vn) (I + T () (I + T(vn))T)) .y (o, div(S)(I + T()(I + T(v))T))

weakly in W(0,T).
Thus, we can conclude that
H(v,) — H(v) weakly in W(0,T),
due to the weak continuity of map L~!(v,0). The proof of Lemma 4.5 is complete. O
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Therefore, by Theorem 4.1, there exists at least a fixed point
v ="H(v) € Bg(0) Cc W(0,T), (4.20)

of mapping H. The fixed point v provides a local in time solution (p, u,F) of system (1.1)
near its equilibrium through the scaling with v sufficiently large.

The proof of the local existence in Theorem 3.1 is complete. The uniqueness will be
proved in the next section.

5. UNIQUENESS

In this section, we prove the uniqueness of the local solution found in the previous
section. Notice that, the argument in Section 4 yields that

O e L2(0,T; L3(R®), Vr e L*(0,T; L4 (R?%), VG e L*0,T; L*(R%)).
Hence, using the interpolation, we deduce that
dw € LP°(0,T; L3(R?), Vr e LP(0,T; L*(R3)), VG € LP(0,T;L3(R?)),

where

1 6, 1-6 1 0 1-0

po 2 p 3 2 q
for some 6 € [0, 1]. Now, assume that vy, ve satisfying (4.20) for some 7" > 0. Let

r:=81) —S(v2), vi=vi—wvy, G:=T(v1)—7T(v2),
with a little abuse of notations (however, there should be no confusion in the rest of this
section). Then, we have

{ Or + vy - Vr 4+ v - VS(ve) + rdive; + S(ve)dive = 0,

r(0) = 0. (5.1)

Multiplying (5.1) by 7, and integrating over R3, we get
1d
2dt

which yields

1
|22 — 5 /Rg |r|2dive,da + /R3 (vVS(v2)r + |r|2divey + rS(vg)divv) dz = 0,

%||ruiz<R3) < lldivor <722 + £ Vol2: + CE)IVSwa)rl? g
+ el Vol aggay + CE)IS (v2) 130 7113
< |ldivor|| |72z + el Vol 2e + CEIVSw)2allrl2.  (5-2)
+ el Vol aggay + CE)IS (v2) 130 7113
< (@) el + 26 Vol aes).

where e > 0, 71 (e) = [[diver Lo + C(e) ([VS(v2) 175 + IS(v2) 1 2) -
Similarly, from (4.1c), we obtain
{ 0,G +v1 - VG +v- VG = Vor G + VoG + Vo,

G(0) = 0. (5:3)
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Multiplying (5.3) by G, and integrating over R3, we get

1d 1

||G||§2—/ |G|2divvld:n+/ v VT (v) : Gda

2dt 2 Jgrs R3

:/ |G|2Vvldx+/ VT (ve) : Gdx + Vo : Gdz,
R3 R3 R3

which yields

d .
aHGH%Q(Ri‘) < dives = |GlIZ2 + €l Vol + Ce) VT (v2) Gl o
+ ]|Vl 72 sy + CENT (02) | 2=]IGI3 + ¢l Voll72 + C(e) |Gl
< |[diver |l |GIIFz + | Vol + CE)IVT (02) ]| Gl (5:4)
+ el Vol 22 sy + CENT (02) 1 2=]IGI3 + e[ Vol|72 + C(e)|| Gl
< ()G 172 + 3¢l Voll72gs),
where nz(e) = ||divor || + C(e) (IVT (v2)[175 + [T (v2) 7 + 1) -
For each vj, j = 1,2, we deduce from (4.1b) that
S(vj)0pvj — pAv;
= =S(v))(vj - V)vj = VP(S(v))) + div(S(vj) (I + T (v;))(I + T (v;)) "),
vj(0) = vp.
Subtracting these equations, we obtain,
S(v1)0w1 — S(v2)0pva — pAv
= —=8S(v1)(v1 - V)vy + S(v2)(v2 - V)va — VP(S(v1)) + VP(S(v2)) (5.5)
+ div(S(v1)(I + T ()T 4+ T (1)) ") = div(S(v2)(I 4+ T (v2))(I + T (v2)) 7).
Since
— S(vl)(vl . V)Ul + S(UQ)(UQ . V)UQ
= —=S(v1)(v-V)vy = (S(v1) — S(v2))(v2 - V)v1 — S(v2)(v2 - V)v,
and

S +T )T +T(v1))" —S(wa)(I + T (v2))(I + T (v2))"
=S(w)GI+T(01)" +r(I+T(v2)(I+T(v1))" +S(u2)(I +T(02))G ",
we can rewrite (5.5) as
S(v1)0w — pAv
= —rdwe — S(v1)(v - V)vy — S(vg - V)vy — S(v2)(vg - V) — VP(S(v1)) + VP(S(v2))

+div(S(v)GI + T ()T 4+ r(I +T(v))(I + T (1)) " +S(w2)(I + T (12))GT).
(5.6)
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Multiplying (5.6) by v, using the continuity equation (1.1a) and integrating over R?, we
deduce that

—— d d
5 /RSS(Ul)M 3:+/R3 w|Vo|“dx

= » %S(vl)(vl -V)v-v—1dhvv — S(vi)(v- V)viv — S(ve - V)viv
— S(v2)(v2 - V)vv — VP(S(v1))v + VP(S(v2))v
— (S()GUI+T (W) +r(I +T ()T +T (1) +S(v2)(I + T (v2))G ") Vuda
< el Voll7: + CEISwi)llzesllvilz<llvlIZ: + el Vol7z + Cle)drwall7s 717
+ IS e [ Vorllzeollvll 72 + 2llvalloe [Vl e (Irl|72 + oll72)
+el[Vullza + C(e)IS (v) |2 lvalZe< 101172 + el V0ll7
+C(e)(sup{P' () : C(T) ™ < < CDH?|IrlI7e + el Vol 7
+CEIS W)z~ 1+ 1T ()lIZ)IG]17
+ 18 (@2) [ Zoe (1 + 1T (02) 2o IGll72 + 17172 (1 + 1T ()l Z00) (1 + 1T (v2) [ 7))
< 5e|[Voll7z +n3() (7172 + [vll72 + [1Gll72)
(5.7)
with
m3(e) = CE) S () |Fee Vil Zoe + CE)Opv2lTa + IS (Wi L [ Vor]| o
+2[|oa| o0 Vot || e + C()IIS (v2) 700 2|70
+C(e)(sup{P' () : C(T) ™ < < C(T)})?
+C(E)(IS(01)[[Foe (1 4+ 1T (1) [ F00) + S (02) |70 (14 1T (v2) [ F0)
+ (L4 [T (1) [Foe) (L + [T (v2)[[100))-

Summing up (5.2), (5.4), and (5.7), by taking € = 45, we obtain
d

dt Jgs
< 2(n3(e) +m2(e) + m(e) (vl 72 + Irll72 + 1G172) (5.8)
< (e, t) /Rs(s(”l)‘”’Q 4 |rf? + |GJ?)da,

(S(vl)]v|2 + |r\2 + \G!Z)da: + ,u/3 |Vv|2da:
R

with
13(€) + 1m2(e) + m(e)
min{mingcps S(v1)(z,t), 1}
It is a routine matter to establish the integrability with respect to ¢ of the function (e, t)

on the interval (0,7"). This is a consequence of the regularity of v1, v € W(0,T') and the

estimates in Lemmas 4.2 and 4.3 for S(v;), 7 (v;) with i = 1, 2. Therefore, (5.8), combining
with Gronwall’s inequality, implies

77(€7t) =

/ (Sw))of + [r2 + |G2) dz = 0, forall ¢ (0,T), (5.9)
R3
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and consequently
v=0, r=0, G=0.
Thus, the uniqueness in Theorem 3.1 is established.

6. GLOBAL A Priori ESTIMATES

Up to now, we prove that for any given T, we can find a unique solution to the scaling
system (4.1). That is, we have proved the local existence of solution to the viscoelastic
fluid system (1.1) and its uniqueness. In order to establish the global existence for the
unique solution we constructed in the previous sections, we need to obtain some uniform
a priori estimates which are independent of the time 7. To simplify the presentation, we
will focus on the case v = 1, that is, system (1.1).

We introduce the new variable:

o:=Vlnp.
Then, we have
Lemma 6.1. Function o satisfies
oo+ V(u-0)=0, (6.1)
in the sense of distributions. Moreover, the norm ||o(t)| fars) is continuous in time.

Proof. We follow the argument in [26] (Section 9.8) by denoting 0. = S.o, where S; is the
standard mollifier in the spatial variables. Then, we have

8t05 + V(u . O'g) = Rg,

with
Re=V(u-0.)—S:V(u-0)
= (u-Vo.—S:(u-Vo)) + (6:Vu— S:(0 - Vu)) (6.2)
= Rl +R2

Since o0 € L>(0,T; L4(R3)) and u € LP(0,T; WH*°(R3)), we deduce from Lemma 6.7 in
[26] (cf. Lemma 2.3 in [21]) that Rl — 0 as e — 0. Moreover,
(o= — o)VullL1o,7;0a(r3)) < o — UaHLﬁ(O’T;Lq(Rg))HVUHLP(O,T;L“(RZ*)) — 0,
and S.(o - Vu) — o - Vu in L'(0,7T; LY(R3)) since o - Vu € LP(0,T; L4(R?)). Thus, we
have R? — 0 in LP(0,T; L(R3)). Then, taking the limit as ¢ — 0 in (6.2), we get (6.1).
Multiplying (6.1) by |o|9~ 20, and integrating over R?, we get
11d
| e

1
/ (—0;ux0 ok|o]|?™% — —divu|o|?)da
R3 q

L.
< [Vl lofl7, + 5||d1quL°°H‘7||%q
< Cllullwzallo|Z,-

Dividing the above inequality by H<7||%;1, we obtain

< Cllallw2allollza-

o
P
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Since o € L>(0,T; L1(R3)), %HO’HLq € LP(0,T). Thus, ||o|lr« € C(0,T). The proof of
Lemma 6.1 is complete. U

For a given R = §p < 1 as in Section 4, if the initial data satisfies || u(0), po—1, E(0)]]v;, <
% with 0 < § < min{},do}, let T(R) be the maximal time 7" such that there is a solution
of the equation u = H(u) in Br(0). By virtue of Lemma 4.2, Lemma 4.3 and Lemma 6.1,
we know that ||S(u) — 1|lyy1.ems), [|o]lLe and |7 (u)|ly1q are continuous in the interval
[0,T(R)). On the other hand, under the assumptions on initial data and Remark 3.3, we
know, if § is sufficiently small, then

1 3
lor(O) o) < VRO lzaqesy < 0% < 1.

Hence, there exists a maximum positive number 77 such that
max {[|S(u) — 1|lwra(t), [|o]La(t), |7 (W) |lyra(t)} < VR< 1 forall te[0,T1]. (6.3)

Now, we denote T'= min{T'(R),T1 }. Without loss of generality, we assume that 7' < oco.
Since ¢ > 3, we have

1
lp = Ul oeqrsy < Cllp — Ulwra@sy < CVR < 3

if R is sufficiently small. Hence, one obtains

w

L <
5 = Sp<

[\D

On the other hand, for any given ¢t € (0,7, we can write

la(®)]2, = [[(O)|2, + / ()]s

— Juoll?, +2 / (\u [ e atsoyas )

< ol / Jus) " 195l ods
p=1 ‘ 1
2p P p P p P
S Hu||qu5 |0sullp ds
q \Jo 0
<52 4 Ppe.
q
and consequently,
1
P
[ull oo (0,:20) < (52p + ng> <CR, te(0,7). (6.4)

Similarly, we have, for all ¢ € [0, T,

[ullpee(0,:02) < CR.
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6.1. Dissipation of the deformation gradient. The main difficulty of the proof of
Theorem 3.2 lies in the lack of estimates on the dissipation of the deformation gradient.
This is partly because of the transport structure of equation (1.1¢). It is worthy of pointing
out that it is extremely difficult to directly deduce the dissipation of the deformation
gradient. Fortunately, for the viscoelastic fluids system (1.1), as we can see in [6, 15,
16, 17, 18, 19, 20|, some sort of combinations between the gradient of the velocity and
the deformation gradient indeed induce some dissipation. To make this statement more
precise, we rewritten the momentum equation (1.1b) as, using (1.1a)

ou — pAu — divE = —p(u- V)u — VP(p) + div(p(I + E)")

(6.5)
+div((p — 1)E) + div(pEE") + (1 — p)dsu,
and prove the following estimate:
Lemma 6.2.
IVE| rro,1;0am3)) < C(p:q, 1) (R + \/EHO'HLP(O,T;LLZ(R3))) : (6.6)
Proof. Now we introduce the function Z;(z,t) as
Zy =ExdivE = [ &(x —y)divEdy, (6.7)

RS

where £ is the fundamental solution of the Laplacian —A in R3. Then, (6.5) becomes
o — pA <u — ;Z1> = Fi, (6.8)
where, with the help of Remark 3.4,
Fi=—pu-Vu—VP(p) +div((p — 1)E) + div(pEE") + (1 — p)dsu.
Also, from (1.3), we have

07, . OF
Tl RSE(Q} y)dlva

= [ &(z—y)div(Vu+ VuE — (u- V)E)dy.
R3

From (6.8) and (6.9), we deduce, denoting Z = u — iZl,
s — uAZ = F = F — Fa, (6.10)

dy

where

11
Fo=—jut 2Exdiv(VuE = (u- V)E).

Equation (6.10) with Theorem 4.2 implies that

1Zbwior) < Cu0) (12O oy + IF 00wy
P

<Cp,q) (R+ |1 Fllzeo.1;10(R3))) -

(6.11)
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Next, we estimate ||F;|| 1o (0,7;04(r3)), @ = 1,2, term by term. Indeed, for i, using (6.4),
we have

I F1ll e o,7sra@s)) < lpllLeo@ryllall oo 07500 ®3) IV Lo (0,7 100 (R3))

+ a||VE| ro.1;L90)) + @llollro. L@ 1 Ell Lo (@r)
+ lp = Ulzee (@) IVE Lo o,7500(R3))
+lloll r.r:pe@) 1B | s (@r) + 1ol o003 |1 B 2o (@n)
+ | Ell o (@) IVEl Lro,7;00(r3))
+ 1o = Ul poo (@m0l Lo 0,10 (R3)) (6.12)

< 2R|ullzr0,1sw2a(r3)) T AN VE| Lr0,1;00(r3))
+alloll e 1Bl e (@p) + VRIO Lo (0,7;10(r5)
+ Rl 1oo.7:1a(es)) + VRIV EllLogoz:aqes)) + B2

<R? + &l|VE|| poo.1.rars)y) + VRO Logo,:10(r?)
+ \/EHVEHLP(O,T;M(RS))-

Here, a = sup {xP’ (x): % <z < %} and in the first inequality, we used the identity
Vp=—pdivE" —VpET

due to Remark 3.4. And, for F», noting that |[VE| < Clm%’ and from integrating by parts,
we have

1 C 1
| Fa| < ;|u| + ML * (VuE — (u- V)E),

with

[VuE — (u- V)EHLP(O’T;L%(R%) < |IVullpr(o,r;8®3) |1 £l Lo (0,79 (R3))

+ lullze 0,723 ®3) IV E || oo (0,7 L9 (R3))
< R:.
Hence, one can estimate, by LP — L? estimate of Riesz potential,

1 c

1
P2l e (0,50 (m3)) < ;HU-HLP(QT;L‘Z(R?*)) + T (Vuk — (u-V)E)

|z ?

LP(0,T5L49(R3))

< ;R + inqu —@ B
< YR+ CRY).
! (6.13)
Therefore, from (6.12) and (6.13), we obtain
I F | e 0,130 ®3)) < R? + ;R + al|VE|| oo,r.0a(re) + VRIO| o0 1:10(RY) (6.14)

+ \/EHVEHLP(O,T;M(RS))-
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Inequalities (6.11) and (6.14) imply that
1 Z| e 0,7 w20(r3))
<C(p,q) <2R + ;R +a||VE| oo paee)) + VRO Lo (0.7:10R3))
+ \/RHVE||L10(0,T;L<1(R3)))-
Hence, we have, from (6.7)

| divE|| £ (0,7;10(r3))

< 1 (121l e ,mw 203y + 0l oo, rwa(ms)))
<C(p,q)p (3R + iR + | VE| oo paws) + VROl Lo 0.1:10(R3))
+ \/EHVEHLP(O,T;LQ(H@)))-
On the other hand, from the identity (4.3), we deduce that

|curl Bl poo,mzams)) < 201 B Lo (@) IVE Lo o,7;09(r3))
< ClE|l e 0.r;wra@e) IV El Lo 0,00 (r3))
< CVR|VE| oo 1.00(r%)-

Combining together (6.16) and (6.17), we obtain

(6.15)

(6.16)

(6.17)

1
IVE| Lro1:09r3) < C(p; Q)M(3R + ﬁR + | VE| o o.r;1ar2)) + VRIO o070

+ \/EHVEHLP(O,T;M(R:%))),
and hence, by choosing VR < % and the assumption

C(p,q)pa < 1,

one obtains (6.6). The proof of Lemma 6.2 is complete.

(6.18)

O

Remark 6.1. Notice that, in view of the above argument, estimate (6.6) is actually valid

for all t € [0, T, that is, for all t € [0,T],

IVE| Lr04;00msy) < C(p,q, 1) <R + \/E||UHLP(O,t;Lq(R3))> :

6.2. Dissipation of the gradient of the density. To make Theorem 3.2 valid, we need

further the uniform estimate on the dissipation of the gradient of the density.

Lemma 6.3. For anyt € (0,7),

HU”LP(O,t;Lq(RB)) < C(p,q, ) R.

(6.19)
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Proof. Multiplying (1.1b) by o|o|?9~2 and integrating over R?, we obtain

w+Ad
B2 Ll + [ oP (ool

= ,u/3 Au-o|o|9%dx — /3 pdu - olo|9%dx

R R (6.20)

- / plu-Vu-olo|"%dx — (u + )\)/ V(u-o)- ol 2dx
R3 R3

—l—/ div(p(I + E)(I + E)") - olo|9%dx.
RS

We estimate the right-hand side of (6.20) term by term,

/ Au - o|o|? 2dx
R3

‘/ pou - o|o|?2dx

g VAN P 1

< [|0pullzallollFs s

/ pu-Vu-o|o|? 2dx
R3

< |lu- Vulzalolf;!

< Jullzallalweallolfs

V(u-o)- ol %dz| = / ajukakaj0|q_2dx+/ u;0;0k (In p)0; In p|o|T2dx
R3 R3

R?)

1
—| [ druwon,lolt 2+ 5 [ wdnlof ol 2do
R3 R3

2

= / 8juk0kaj0]q_2dx+/ Ukak’UHO—’q_ldw
R3 R3

1
= / (9jukakaja|q_2d$—l—/ uO|o|?dx
R3 q JRrs

1
= / ajukakaja|q_2d:c—/ |o|?divudz
R3 q JRrs

< ClIVullze=flollf, < Cllullwz2allo|Z,,

and, due to (2.9), we can rewrite

(div(p([—}- E)I + E)T)>Z - A(p(ei + gix);ej + Ej))
= (e + Ei)a(p(cg;;Ej)) + p(e; + Ej)a(eia;Ei)
= plej + Ej )gi

then one has

/ div(p(I+ E)I + E)") - o|o|?%dz| =
RS

E;
= ’/ plej + Ej )g Loilo| T2 dx
Tj

<NVE|pallT + Ellz<llollfs’ < 2(VE | Loes)llollfa"
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On the other hand, we have

1
pP'(p) = P'(1) + (p — 1)/0 (P'(n(p—1)+ 1)+ (n(p — 1) + 1)P"(n(p — 1) + 1)) dn,
for p close to 1 and consequently

||pP'<p>—P'<1>||Loo<||p—1\msup{|f< I % =
C

<ofsup{rf< )

[\D\H

where f(z) = P'(z) + P"(z). Thus, from (6.20), we obtain
pt+Ad
Zllolle + Pl
< HUH%; (HAuHLq +l10nal[za + [[ulw2.ollull 2o

+ Cllullwadllolize + ClIVE| Las) + \/EIIUHM)

-1
< Cllolg" (1 Au] o + 9rul o + fullweo ) 2o
+ ullwzallolize + IV Bl zages) + VElollze ),

and hence, by assuming that R < 1, one obtains

p+Ad P q
—P'(1)|lo
gillollze + 5P (Wllolzq (6.21)

< C”JHLLI (HAuIILq + 10wl Lo + [allwealalze + [allwealollze + [VE| o)

Multiplying (6.21) by |||} ,?, we obtain

p+Ad
pr *P’(l)llffHﬁq

< CIIUHLq (Al ze + 10au]lLe + [lullwzallulLe + [lullwzallole + | VE]|Le)
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Integrating the above inequality over the interval (0,t), one obtains, by using (6.6),

A+ A 1 t
ol + 5P 1) [ ol

p—1 1
M+)‘ t P t P
< Z)\wmnﬁf+c(é|wm;ﬁ) ((AuauﬁmS

P
T (e 0szagesy + ol ooy + 1) (;/‘Huuwnq )

+ HVEHLP(O,t;Lq(R3))>

+ A
7“0(0) Hiq + C(p, q, M)\/EHO—HQ;D(O,T;Lq(RB))
p—1

P
+C(p,q, 1t (/ HUH’EMS) (1 + [loll oo (o, Laqmey) + [all oo o,4s00(m3)) ) -

and hence, by letting R be so small such that C(p, g, ,u)\/E < %, one obtains

BEA 1 t
200, + 370 [ s
L BEA + A » T 5
—— o (0)Ize + C(p,q, W R ; |o[|7eds (T4 lloll oo 0,400y + lall oo 0,6520)) -
(6.22)
Plugging (6.4) into (6.22), we obtain
pEA 1 t
H(W%+4PM)/Hﬂﬂ%
p—1
+ A » P
7”0(0)” +C(p, q, p HUHquS (1+ HUHLOO(O,t;LQ(R?))))~
Then, Young’s inequality yields
pEA 1 t
P20 + 5P [ loluds
+A 0 (6.23)
M
- 527 + Clp, ¢, ))RP(1 + o]l Loo (0,10 (R3)))T s

forall 0 <t <T.
Now, we let R be so small that

C(p,q,p)» f( +\/>><—

Due to the fact that [|o(0)| fams) < 5%, we can assume that |o()||zs < VR in some
maximal interval (0, tmax) C (0, 7). If tmax < T, then, |0 (tmax)||ze = 3V R and by (6.23),

1 1 1
iﬁ = Ho—(tmaX)HLq < C(p7qvlu);R(1 + \/E) < 5\/Ea
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which is a contradiction. Hence, t;h.x = T and

lollze < %\/E, for all ¢ € [0, 7). (6.24)
Thus, by (6.23), one obtains (6.19). The proof of Lemma 6.3 is complete. O

We remark that, from (6.6) and (6.19), one has
IVE| ro,r;0am3)) < C(p,q, 1) R. (6.25)

7. GLOBAL EXISTENCE
In this section, we prove the global existence in Theorem 3.2. Define
Thax := sup {T >0: FJue W(0,T) with u = H(u), such that, [[ullyor < R,
[S(a) = 1| Lo o,7ywray < VR, ||o||pe(0,r;20) < VR, and
|7 ()|~ 0 w10y < VE],

where R was constructed in the previous section.
If Tihax = 00, we are done. From now on, we assume that T, < 00.

7.1. Uniform estimates in time. We now establish some estimates which are uniform
in time T'. First we prove the following energy estimates:

Lemma 7.1. Under the same assumptions as Theorem 3.1, we have

IVull 20,7223y < CR?, (7.1)
all oo (0,7;22(r3)) < CR?, (7.2)
1Bl (0,02 ve)) < CR?, (7.3)
lp = 1 oo 0,702 (r3y) < CR?, (7.4)

where C is a constant independent of T € (0, Tinax)-
Proof. First we recall that
uec W0, T; L*(R?) n L*(0, T; W%%(R?))
and
p, E € WH2(0,T; L*(R®)) N L*(0, T; WH2(Q)).

Multiplying equation (1.1b) by u, and integrating over R3, we obtain, using the conserva-
tion of mass (1.1a),

4
dt Jgrs

= —/ pFF ! : Vudz.
R3

1 1
<2p]u\2 +——("+7 - 1)) dr + / p|Vul?de
Y -1 R3
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Here, the notation A : B means the dot product between two matrices. Thus, we have

1 1 !
L (ot -2 - v) o [ [ ivupaods
R3 2 ")/—1 0o JR3
1 5 1 t T
:/ —polug|*+ ——(p§ +~v-1) dx—// pFF' : Vudxds.
RS \ 2 y—1 0 Jrs

From the conservation of mass (1.1a), one has

1 1 t
/ <2p\ul2 t oty - 1)> dx +/ / p|Vul*deds
R3 Y 0 JR3

1 1 t
= / <p0|uo]2 +——(p§ —vpo+~v— 1)) dx — / / pFF ' : Vudzds.
R3 2 Y= 1 0 R3

On the other hand, due to equations (1.1¢) and (1.1a), we have

0 ap, .o OF
pIF F 2p0F : —
i PIFT) = 1+ 208 <
= 8—§|F\2 +2pF : (VuF —u- VF)
= gfyF\? + 2pF : (VuF) — pu - V|F|?
= ZZ_)|F\2 + 20F : (VuF) + div(pu)|F|? — div(pulF|?)
= 2pF : (VuF) — div(pulF|?).

Integrating (7.6) over R3, we arrive at

1d )
—— Fl°dx = F Fldzx.
2dt/wm . /Rsp (VuF)dz

// pF : (VuF) dmds—// PFF ' : Vudazds,
R3 R3

we finally obtain, by summing (7.5) and (7.6),

1 1 1 ¢
/ (p|u|2 F Lo (7 —p - 1)) dot [ [ uVufdsds
R3 2 2 ’}/ — 1 0 R3

1 , 1 A
= - = polFol? + —— (p — ~ 1)) da.
/Rg (2Po\u0| +2Po’ ol +7_1(Po Ypo + Y )) 4

Since

Thanks to Remark 3.4, we have
p(I+E"):Vu=0.
Hence, from (1.1c) and (1.1a), we have

O(ptrE) = 0.

(7.9)
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Therefore, from (7.8), (7.9) and the conservation of mass (1.1a), we finally arrive at

1 1 1 t
Spluf + Spl B+ —— (0 —yp+v—1) ) do + p|Vul*dads
2 2 -1

R3 Y 0 JR3

1 1 1
= / <2PO|110|2 + §PO|EO|2 + ——(p5 —vpo +7 — 1)) dz < R".
R3 v—1

(7.10)

Since p > 0 is a constant and p € [3, 3], then inequalities (7.1)-(7.3) follow from (7.10),
and inequality (7.4) follows from (7.10) and the following straightforward inequalities: for
some 1 > 0, we have

9 .
ey (TR
The proof of Lemma 7.1 is complete. 0
Based on the uniform estimates from Section 6, we have

Lemma 7.2. Under the same assumptions as Theorem 3.2,

IS(w) = Ul rwray < VR, lolleorsLe < VR, (7.11)
for any T € [0, Trpax]-
Proof. According to (6.24), it is obvious to see that

s lollza(t) < VR

Hence, we are only left to show

S(u) -1 ¢ R.
féﬁ%” (u) = wa(t) < VR

Indeed, for any t € (0,7), we have, by using (1.1a) and (6.19),
|S()(t) — 1|7q
= lon =105+ | IS()(s) = 150
=l =105+ S [ (IS - 1057
X / IS(u)(s) — 1]972(S(u)(s) — 1)838(u)(s)dx>ds (7.12)
R3

t
o a a—
< llpo = 1[Za + q/o IS(w)(s) = 1l ga " 10:S ()| Ladls

20 (e ¢ (53q166)p p,%l ! p %
<o ([ise - as) T ([ laswigas)”

where

~ (5¢—=6)(p—1)
Q—T-Fl.
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From (1.1a) and (1.1d), we obtain

HatpHLP(O,T;Lq(]R?’)) =||Vp- u”Lp(o,T;Lq(R3))

) (7.13)
< 2lloll L o,1;za@s)) lull oo, 1m0 r3)) < CR.
On the other hand, from the Gagliardo-Nirenberg inequality, we have
o — 1HL‘1(R3 < Cllp = 72w IV (e = Dl pa(esy < Cllp = U172y 191 o s
with 6 = . Thus, by Holder’s inequality, (7.4), and (6.19), one has
Hp - 1” (%ug(OTL 0 (83)) <Clp- 1HL°° (0,T;L2(R3)) HU”LP(()TLq(R?»)) CR,
which, together (7.12) and (7.13), yields
[S()(t) = 1][e < CR.
Hence, according to (6.19), we obtain, by letting R be sufficiently small,
max max {[S()() = o lo®llwws } < VE (7.14)
The proof of Lemma 7.2 is complete. O
Lemma 7.3. For each 1 <1 < 3, 8—5 satisfies
OF OF Ju Ju oF ou
Or— -Vo—=—-——-VE+V E+Vu—+V— 7.15
on T Vom T om0 <ax> Vs T Vo (7.15)

in the sense of distributions, that is, for all v € C§°(Qr), we have

/ |, o oot + / ' [, divtun) 3

ou oF ou
/ /R3<_8$l VE + V<a$>E+V 87l+va >7J)dl‘d7§

for any T € (0, Tnax)-
Proof. The proof is a direct application of the regularization. Indeed, one easily obtains,
using (1.3),

O(SeE)+u-V(S.E)=S.(0E+u-VE)+u-V(S:E) — S:(u-VE)

7.16
= S:(VuE +Vu)+u-V(S:E) — S:(u- VE). (7.16)
Differentiate (7.16) with respect to z;, we get
5, 0S:E — 0S:E
(9:6] 895[
(7.17)
_ 5. (2 (vuE + vu) +i(u V(S.E) - S (u-VE)) _ 0 gsE
B Oz Ox; : ox;

Notice that
0

i (u V(S.E) — S-(u- VE)) M GsE-s. (8“ VE>

ory Oxy

OFE oF
ruvs, (2) s (w2,
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According to Lemma 6.7 in [26] (cf. Lemma 2.3 in [21]), we know that

ou

ou
—_— E —
-VS. S <8:cl

-VE
az) \Y >—>0,

and

u-Vs. <8E> - S, <u-VaE> — 0,
oxy

in L1(0,T; L4(R?)) as ¢ — 0. Hence,
0 (u V(S.E) — S.(u- VE)) -0
890[

in L1(0,T; L4(R3)). Thus, letting e — 0 in (7.17), we deduce

oF oF ou ou oF Oou
Oy — —=—-——-VEFE E — —
t@xl T V@:cl ox; vV +V<8x > +Vu oxy +v8xl
in the sense of weak solutions. The proof of Lemma 7.3 is complete. O

Using (7.15), formally we have,
E|"?0E
0 0 oF .

/ 5 (8E\ |9F
R3 t ox; ) |0z oxy

OE  Ou Ou 8E Ou |OE

< C(HVHIILOOHVEH @) T 1Bl L>(qr) \IUIlwquVEHLq ko) T [ulln2a [ VE(T, )

q28E

< C(IVull [Vulh o) + VRIullwza VEI G oy + ulwea [ VE)E").
(7.18)

We remark that the rigorous argument for the above estimate involves a tedious regular-
ization procedure as in DiPerna-Lions [9], thus we omit the details and refer the reader to
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[9]. Using (7. 18), one obtains

ok
' axl( ) La
AE(0) ]| /t d ||oE , ||
=||—— + — ||=—(s ds
0x; |14 o ds ﬁxl( ) 14
p t p—q q—2
[ L p IO ORI (O 5 (9F ) g a
a:lil La q Jo 81’1 La R3 81’1 c‘m 8%1
OE(0) || p OE||P~¢
< B — «||VFE
< |52 e (B) [l stz
+ VRl w2l VEI o) + lalwaal VEIL, |ds
OF(0
<[ o (2) [ 1vE vl 19E g + 0+ VRl

<52p+c< ></ vaqus> (/ [lf2.,ds )p(tnﬁ] \VE\|+\/§+1>
S El

<+ C (q) RP <trr%(f)1x IVE| + VR + 1)
(7.19)
Taking the summation over [ in (7.19) and taking the maximum over the time ¢, one has,
tIE]f[l(?X] IVE|P < 6% +C (q) RP <t§&¥] IVE|| + VR + 1) )
and hence, by letting R, d be sufficiently small and using (6.25), we obtain,

max ||[VE|P < 6% + CRP < (VR)P. (7.20)
te[0,T7]

We are now left to deal with the quantity || E||1qrgs). To this end, from the Gagliardo-
Nirenberg inequality, we have

1Bl asy < ClIEN G2 I VEI (g,
with 6 = . Thus, by Holder’s inequality, (7.3), and (6.25)

HEHL(53<1q—_66)P (0.7:La(R3)) < CHEHLOO(OTL2 (R3)) HVEHLP 0,7;L3(R3)) <CR. (7.21)

Hence, we have the following estimate:
Lemma 7.4. Under the same assumptions as Theorem 3.2, it holds
1B || oo o,7s20r5)) < VR, (7.22)
for any T € [0, Tinax]-
Proof. By (1.3), (6.25) and (7.20), and letting

(5 —6)(p—1)
S SLAY S |
0" 30— 6 + 1,
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one obtains,

IE@|Zs

t
(6% d o
—IEO)I + | SIEG5ds
0 S

= [|E(0)]|%, +Z/Ot <||E / |E(s)|72E(s)9,E(s )dat) ds

t
_ yE(O)H%mLZ/ (HE / |E(s)|[92E(s )[quJrvu u- VE}d:c)d
0
t
(6% « a—
<IEO)ig + / (1B 157 (219l |1 Bllza + | Va4 ) ds
q (7.23)
(5¢—6)p el
< 12015+ ([ 1B ) 7 lallsoravso
x (2 sup [[E(t)]| Lagrs) + 1)
t€(0,Tmax
(59— 6)p ijl
< IO+ () = (/ B )
< | E(0)[1§0 + CR|E||° G, oo
L 36 (0, La(R3))
Then, according to (7.21), one has, for all ¢ € [0, Tiax],

IE()$ < 6% + CR* < VR", (7.24)
if R is sufficiently small. Thus, (7.22) follows from (7.24). The proof of Lemma 7.4 is
complete. O

Lemma 7.4, together with (7.20) and Lemma 7.2, gives
max maox 1S = by (), oo (0, 1T o (0} < CR< VR (720
Similarly, we can obtain
max max {[|S(u) — 1|y12(t), [|o]|z2(#), [T(0)|[wr2(t)} < CR < VR. (7.26)

t€[0,T)

7.2. Refined estimates on Vp and VFE. In order to prove Theorem 3.2, we need some
refined estimates on ||Vp| r2(0.1;zews)) and |V E|| p2(0,7;04(r3))-

Lemma 7.5.
IVollL20,m;0(R3)) < R?, (7.27)
for any T € (0, Tnax)-
Proof. Taking the divergence in (1.1b), and using diva = 0, one obtains
AP(p) = div(div(pEET)) + div(div(pE)) — div(pu - Vu) — div((p — 1)0u).  (7.28)



STRONG SOLUTIONS TO INCOMPRESSIBLE VISCOELASTIC FLUIDS 35

Since, div(p(I + E)") = 0, we get

o 0 0 o 0
div(div(pE)) = D 87(pEU) = 8787('0E”) =—Ap
7 J J ?

in the sense of distributions. Hence, (7.28) becomes
AP(p) + Ap = divdiv(pEE ") — div(pu - Vu) — div((p — 1)dsu). (7.29)
Hence, one obtains, using L? theory of elliptic equations and Taylor’s formula,
”v/)||L2(O,T;Lq(R3)) < C(HPUVUHL2(0,T;Lq(R3)) + HdiV(PEET)HL2(0,T;Lq(R3))
+ 11t = V0l 20 7:ar)))
< (oo IVl 2oz @y Il o o7:o(e)
+ HVPHL?(O,T;LG(]W))HEH%OO(QT)
+lloll e @ IVE L2079 ®3) | Bl Loo (@)
+ llo = Uz 10l 20 720wy
< C<”P||L°°(QT) ullz2(0,rw2a@sy) 10l oo 0,700 (R3Y)
+ IVl 20,720 @) | Bl oo 0,710 (r3))
+ HPHL“’(QT)HVEHLQ(O,T;L‘I(]R?’))HEHLOO(O,T;WL‘I(R?’))) + RQ)
< CR?.
The proof of Lemma 7.5 is complete. 0
Ir order to refine ||V E||12(0,7;14(r3)), We need the following estimate:

Lemma 7.6. \
|0eull 200,10 (m3)) < CR2, (7.30)

for any T € (0, Tnax)-
Proof. We first notice that, by the Gagliardo-Nirenberg inequality, for ¢ € (3, 6],
lallzz0,7;20(r3)) < CHqui%O,T;L?(H@))Hu||i;(907T;L2(R3)) < CR™, (7.31)

with 6 = 3('12;2) € (3,1]. Next, we multiply (1.1b) by d,u and integrate over R? x (0,¢) to

t
// p|8tu|2d:1cds+u/ |Vu(t)|*dx
0 JR3 R3

t t
= M/ |Vug|?dx — / / pu-Vu- doudzds — / VPoudxds
R3 0 JRr3 0o JRr3

t t
+/ / div(pEET)c?tudazds—F/ / div(pE)drudxds
0 JR3 0 JR3

4
2
:—u/ Vg dac—i—g I;,
R3‘ | P '

deduce

(7.32)
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with the following estimates on I; (i = 1...4): recalling Q7 = R3 x (0,7,
1| < IV L2 lIvell Lo @ lall oo 0,722 o)) VU L2 0,7 L0 (R3))

T
< 1/ / ploru|dzds + CRY,
1 r 2 2
2] < ClIVpl 2o llvVeoral L2y < 8 ) e plopal“dzds + C|Vpll72 (g

1 T
< / / p|8tu\2dxds + CR*:
8 0 R3

I3 < ClIVpll L2 | EllE o (@p VPOl L2(0r) + CIIEl oo (@) IV E | 2@ VPOeull L2
T
gl/ / p|lopu|*dzds + CRY,
8 0 R3
t

|1y < / O (pE)Vudxds| + / poEoVuodz| + ‘/ p(TE(T)Vu(T)dz
0o Jr3 R3 R3

< (lollze @O B L2(@r) + 1B Loo(@m [10tpl L2 @) IVl L2 (01
+CR® + (IVo(T)l| 23 | E(T) | oo sy + IVE(T) | 2 sy (T | oo (o)) () 2 s
< CR’,
where, for the estimate I;, we used equations (1.1a), (1.1c), Lemma 7.1 and estimate
(7.31). Thus, from (7.32), one obtains

18|12 (0, < CR?, (7.33)

and
3
HquLoo (0,T;L2(R3)) < CR>. (734)
Now, we differentiate (1.1b) with respect to ¢, multiply the resulting equation by d,u, and

integrate it over R? to obtain
1d
2dt Jgs

:1/ Btp\atu\zd:c—/ Oipu - Vu - dpudzx
2 R3 R3

ployulda —|—,u/ |Vopu|da
R3

- / poa - Vu - dpudr — / pu - Voo - dpudr — Vo, Poyudzx
R3 R3 RS (7.35)

— / O (pEET)Vdudx — / Oi(pE)Voyudz
R3 R3

Jj,

M-

1

j
where using (7.34), we can control J; (j = 1...7) as follows:

< ||ocull 6]Vl zsllull s < OR?||VOul 72

| 1] = ‘/ Vpu|dpu|?da
R3
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| Jo| < 10l oIV pll s lull 26| Vul o < RVl 2| Vull2: || Aul| 2
< R*|Vouu|7. + R?||Aul|7»;

Js] < ol [Vl 903 < ol ful . IVl £ 90l < CRE Va3
[l < llpllzoe s VOl 29l s < CRIVOuZa;
Js| < Clloupl 2l Vapullzz < CIIVpull 2| Vorull
< CIIVpllgs ul sl VOl 2 < ClIVpl sVl 2| Voyul| 2
< LIVaw|3. + CR|Vul:;
6l < 19upl 2 | Bl < V000l 2 + o] 2| L2110 2 | V] 2
< R*||Vplsllull e[ VOl 2 + R|VUE —u- VE + Vu| 12| VOpu| 12
< B|[Vpll ]|V 2 Va2
+ R(IVull ]| Bl s + IVE] psull s + [Vl 2) VO] 2
< RO|Vulge + LIV 5. + R (R Vulf: + | Vul 72):
and
7] <l 0Bl 2Vl 12 + Bl |91 2 | VO] 2
7]
< LIVo|2. + B[ Vullfs + [ VulZa + B2V puls

< %Hvatulliz + R VulZs + [|Vul 7. + RY[Vul7..
We remark that in the above estimates, we used several times the interpolation inequality:
£ w2 @s) < [1LF 522 gee) L F 1ya s,
for some 6 € (0,1). These estimates and (7.35) imply that, for R sufficiently small,
1d
2dt
Integrating (7.36) over (0,7), we obtain that, using (7.1),
IVosul| 20, < CR2. (7.37)

ployul?dz + g/RS \VopuPde < R*||Au|)2, + C||Vul|3: + R?||Vu||25.  (7.36)

Here we used the estimate
1p0diu(0)[|z2 < Cllug - Vg2 + |Auol|z2 + [ Vpollz2 + [V Eo| 2 < 6*

by letting t = 0 in (1.1b). Thus, by (7.33), (7.37) and the Gagliardo-Nirenberg inequality,
we obtain

|0cu]| 12 (0,T;La(R3)) < Hatquﬂ (Qr) ”V&tuHLz (@Qr) < CR2
for some 6 € (3,1]. The proof of Lemma 7.6 is complete. O
With (7.30) in hand, we can now get the estimate for ||V E| 2.0 1;r4r3))-

Lemma 7.7.

nlw

IVE| r20,7:00(r3)) < CR?, (7.38)
for any T € (0, Tiax)-
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Proof. Substituting the following two facts
OydivE = div(—u - VE + VuFE) + Au,
and
div(pE) = div((p — 1)E) + divE,
into (1.1b), multiplying the resulting equation by |divE|?2divE and integrating it over
R3, we can obtain

wd, . .
gﬁ\ldlvEII%q + [|divE]7,

< ' / poyu|divE |7 2divEdx
R3

+ ‘ / puVu|divE|?2div Edx
R3

+ / VP|divE|?2divEdz| +
R3

‘ / div(pEE")|divE|72divEdz
R3

(7.39)
+ div((p — 1)E)|divE|2div Edx
R3

+ / div(VuE —u- VE)|divE|"2divEdx
R3

6
S
m=1
where
M < |pllze< [|0ru] pal|divE]F5 "
. — . 1
My < lpllpee [[u]l pal| V]| oo |divE]| T3 < Rlfully2ags)[divE ],
M; < ClIVpHLquWEHLq ;
. -1
My < |[Vpllpal Bl |divE| 95" + pll oo | Ell oo |V E| o | div E | 4,
< (R?||Vpllza + RIIVEIILq)HdlvEHLq ;
M5 < |lp = 1z | VE|| o |V E( T + Vol ol Bl < || divE ]| T,
< R(|VE| s + | Vpllzo)|[divE[$5";
-1 . -1
Mg < ([[Vul| L[| VE| Lo + [ Au|| Lol B ) |divE| 7, < RlullwealldivE| 7,
Here in Mg, we used divu = 0. With those estimates in hand, we multiply (7.39) by
|divE \%;q to deduce that, using Young’s inequality,

\dlvEHLq +divE|Zs < Clopllze + B2 [[ulfa, + [VolLa + B¥IVE|Z..  (7.40)

2 dt
On the other hand, we still have

leurlE|[ 70 < |E|1<VE|Z. < CR|IVE|Z,.

Hence, substituting this into (7.40), we get

5 dtHleEHL‘I +VE|[L: < Clopllte + R ullfyes + VolZa + CRY|IVE|L,.  (7:41)
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Integrating (7.41) over (0,7) and using the estimates (7.27), (7.30), we obtain
3
IVE| 201,003y < CR2.
The proof of Lemma 7.7 is complete. U
7.3. Proof of Theorem 3.2. First we have the following estimate on [[uflyy(o,r):

Lemma 7.8.
[ullwo.r <R, (7.42)
for all T € [0, Thmax], if R is small enough.

Proof. First from Theorem 4.1, we have
[ullwo,ry = IH@)llwo,r)
< C(g) (Jluollyza + 11 = S(u)Apull 2o rzaces))
+ IS()(u- Viull 20, 7500@s)) + [[VP(S ()| L2(0,7;10 m3))
V(S + T@) I+ T () ) 2rzae )
From the previous computations in Lemma 7.2, we have
(1 = S()0eul[20,7;00ms)) < [S(0) = 1| Loo (@ [[allwio,m)
< C|[S(a) = 1| oo o,mwrawsy [[allwio,r)
< C(q)R=.
Similarly, one has

S0 (0 V)ull oo rizay < I8z~ @n lv.r < Cla)R%
I P(S ()220 zagey) = IP(S) Vol ooy < OB

and

Idiv(S(w) (I + T ())(L + T () ")l z2(0,7;10(m9))

< |IVollz2(0,7;09(r3)) (1 + HEH%OO(QT)>

+ IVE|l 20,1293y 12l o2 (@r) (1 + 1Bl oo (@r))

< C(q)R>.

Thus, we obtain,
Il < C(@)(R?+ R3) < R, forall T € [0, T,

if R is small enough. The proof of Lemma 7.8 is complete. O

Finally we are in the position to give the proof of Theorem 3.2 as follows.
Let T,, /" Thax be an increasing sequence with limit equal to Ti,.x. Then, it is necessary
to have, according to Theorem 4.2,

sup ||u(7, _1, <
sup (T o <
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which, combining with the definition of T},.y, implies

[((T5), S(u)(Tn) = L, T (w)(Tn))llype < Clg, co) .

Therefore, if we take each triple (u(7,),S(u)(7,)—1,7 (u)(7},)) as a new initial condition,
then according to Theorem 3.1, we know the solution can be extended to the interval
(0,T,+Tp), for some Ty > 0. Hence, the solution can be extended to the interval (0, Tipax+
To), which, together with (7.25) and (7.26), is a contradiction with the maximality of Ti,ax.
So it cannot be true that Tiax < 00, but Tinax = 00, i.e. u, S(u), and 7 (u) are well-defined
on R? x (0,00). The proof of Theorem 3.2 is complete.

ACKNOWLEDGMENTS

Xianpeng Hu’s research was supported in part by the National Science Foundation grant
DMS-0604362 and by the Mellon Predoctoral Fellowship of the University of Pittsburgh.
Dehua Wang’s research was supported in part by the National Science Foundation under
Grant DMS-0604362, and by the Office of Naval Research under Grant N00014-07-1-0668.

REFERENCES

Admas, R. A., Sobolev spaces. Pure and Applied Mathematics, Vol. 65. Academic Press, New York-
London, 1975.

Amann, H., Linear and quasilinear parabolic problems. Vol. 1. Abstract linear theory. Birkhuser
Boston, Inc., Boston, 1995.

Bergh, J.; Lofstrom, J., Interpolation spaces. An introduction. Grundlehren der Mathematischen
Wissenschaften, Springer-Verlag, Berlin-New York, 1976.

Bird, R. B.; Armstrong, R. C.; Hassager, O., Dynamics of polymeric liquids. Vol. 1. Fluid mechanics.
Wiley Interscience, New York, 1987.

Chemin, J.; Masmoudi, N., About lifespan of reqular solutions of equations related to viscoelastic
fluids. STAM J. Math. Anal. 33 (2001), 84-112.

Chen, Y.; Zhang, P., The global existence of small solutions to the incompressible viscoelastic fluid
system in 2 and 3 space dimensions. Comm. Partial Differential Equations 31 (2006), 1793-1810.
Dafermos, C. M., Hyperbolic conservation laws in continuum physics. Second edition. Grundlehren
der Mathematischen Wissenschaften, 325. Springer-Verlag, Berlin, 2005.

Danchin, R., Density-dependent incompressible fluids in bounded domains. J. Math. Fluid Mech. 8
(2006), 333-381.

DiPerna, R. J.; Lions, P.-L., Ordinary differential equations, transport theory and Sobolev spaces.
Invent. Math. 98 (1989), 511-547.

Goktekin, G. B.; Bargteil, A. W.; O’Brien, J. F.; A method for animating viscoelastic fluids, ACM
Transactions on Graphics 23 (2004), 463-468.

Gurtin, M. E., An introduction to Continuum Mechanics. Mathematics in Science and Engineer-
ing,158. Academic Press, New YorkLondon, 1981.

Joseph, D., Fluid dynamics of viscoelastic liquids. Applied Mathematical Sciences, 84. Springer-
Verlag, New York, 1990.

Kunisch, K.; Marduel, M., Optimal control of mon-isothermal viscoelastic fluid flow, J. Non-
Newtonian Fluid Mechanics 88 (2000), 261-301.

Larson, R. G., The Structure and Rheology of Complex Fluids. Oxford University Press, New York,
1995.

Lei, Z.; Liu, C.; Zhou, Y., Global ezistence for a 2D incompressible viscoelastic model with small
strain. Commun. Math. Sci. 5 (2007), 595-616.

Lei, Z.; Liu, C.; Zhou, Y., Global solutions for incompressible viscoelastic fluids. Arch. Ration. Mech.
Anal. 188 (2008), 371-398.



(17]
(18]
(19]
20]

21]

(22]
23]
(24]
25]
(26]

27]

(34]

(35]

STRONG SOLUTIONS TO INCOMPRESSIBLE VISCOELASTIC FLUIDS 41

Lei, Z.; Liu, C.; Zhou, Y., Global solutions for compressible viscoelastic fluids with small initial data.
Preprint.

Lei, Z.; Zhou, Y., Global existence of classical solutions for the two-dimensional Oldroyd model via
the incompressible limit. STAM J. Math. Anal. 37 (2005), 797-814.

Lin, F; Liu, C.; Zhang, P., On hydrodynamics of viscoelastic fluids. Comm. Pure Appl. Math. 58
(2005), 1437-1471.

Lin, F; Zhang, P., On the initial-boundary value problem of the incompressible viscoelastic fluid
system. Comm. Pure Appl. Math. 61 (2008), 539-558.

Lions, P. L., Mathematical Topics in Fluid Mechanics. Vol. 1. Incompressible Models. Oxford Lecture
Series in Mathematics and its Applications, 3. Oxford Science Publications. The Clarendon Press,
Oxford University Press, New York, 1996.

Lions, P. L.; Masmoudi, N., Global solutions for some Oldroyd models of non-Newtonian flows.
Chinese Ann. Math. Ser. B 21 (2000), 131-146.

Liu, C.; Walkington, N. J., An Fulerian description of fluids containing visco-elastic particles. Arch.
Ration. Mech. Anal. 159 (2001), 229-252.

Matsumura, A.; Nishida, T., The initial-value problem for the equations of motion of viscous and
heat-conductive gases. J. Math. Kyoto Univ. 20 (1980), 67-104.

Matsumura, A.; Nishida, T., Initial-boundary value problems for the equations of motion of com-
pressible viscous and heat-conductive fluids. Comm. Math. Phys. 89 (1983), 445-464.

Novotny, A.; Straskraba, 1., Introduction to the mathematical theory of compressible flow. Oxford
Lecture Series in Mathematics and its Applications, 27. Oxford University Press, Oxford, 2004.
Oldroyd, J. G., On the formation of rheological equations of state, Proc. Roy. Soc. London, Series A
200 (1950), 523-541.

Oldroyd, J. G., Non-Newtonian effects in steady motion of some idealized elastico-viscous liquids,
Proc. Roy. Soc. London, Series A 245 (1958), 278-297.

Renardy, M.; Hrusa, W. J.; Nohel, J. A., Mathematical Problems in Viscoelasticity. Longman Scientic
and Technical; copublished in the US with John Wiley, New York, 1987.

Salvi, R.; Straskraba, 1., Global existence for viscous compressible fluids and their behavior as t — oo.
J. Fac. Sci. Univ. Tokyo Sect. IA Math. 40 (1993), 17-51.

Sideris, T. C., Nonlinear hyperbolic systems and elastodynamics. Phase space analysis of partial
differential equations. Vol. II, 451-485, Pubbl. Cent. Ric. Mat. Ennio Giorgi, Scuola Norm. Sup.,
Pisa, 2004.

Sideris, T. C., Personal notes on viscoelasticity, 2007.

Sideris, T. C.; Thomases, B., Global existence for three-dimensional incompressible isotropic elasto-
dynamics via the incompressible limit. Comm. Pure Appl. Math. 58 (2005), 750-788.

Slemrod, M., Constitutive relations for Rivlin-Ericksen wids based on generalized rational ap- proxi-
mation. Arch. Ration. Mech. Anal. 146 (1999), 73-93.

Yu, J. D.; Sakai, S.; Sethian, J. A., Two-phase viscoelastic jetting , J. Computational Physics 220
(2007), 568-585.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTSBURGH, PA 15260, USA.
E-mail address: xih15@pitt.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTSBURGH, PA 15260, USA.
E-mail address: dwang@math.pitt.edu



