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This paper analyzes the dynamicsiofi-Newtonianfluids, those whose viscosity is not constant. First,
the NavierStokes equations are modified by introducing a new parameter with units of viscosity. Then,
the energy equation and micrscale of the model are derived. This allows the @a@ftithe parameter

to be determined in order to make the micszale the order of the mesh widttkinally, the Finite

Element Method with Backward Euler discretizatiorpimgrammedusing FreeFEM++ to simulate the
model, a problem with known exact solutias used to test convergencd the method and the step

problem is also discussed.
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1.0 THE PROBLEM

1.1 INTRODUCTION

Consider the flow of a fluid in a regianin 51 3. The NavieStokes equations (NSE) describe the motion
of fluids. They are based on the conservation of mass and conservation of momentunfrtaws.
Newtonian fluids, those with constant viscosity, that are incompressible or divergence free, the NSE are
given by the following
n®»=0 (1.11)

0o+ 00 Yo+ 1/="Q8
Here,u(X, t)is the fluid velocity vectoris theconstantkinematic viscosityp(x, t)is the pressure, and
f(x, t)is the body force vector. The NSE are nonlinear partial differential equations describing the
velocity of a fluid as a function of space and time. The NSE will be accompanipdrimdic boundary
conditions on the domain = (0,0)3, such that

6w+ 0, =0w, 1,23

andu, w, pandfall have mean value zero,
e 10 Q= 0, "@i e = 0,04,N,6EQQ

The followingnon-Newtonianfluid flow modelwill be derived and analyzed:
nH»=0
0y | Y0+ 00 Yo+ | Y6 06 ='Q



whereh is a positiveconstantparameter with units of viscosity ands a time scale with units of time
After taking the inner product of the NSE wittand then integrating over the domaiw, the energy
equation for this modebecomes

Q 1 t

= —gb§+|—gné§ Qo+ ReF+| N6 06 Qo= Q.

(90] 2 2
This provides the kinetic energy and energy dissipation rate, allowing the energy cascade and micro
scale of the model to be found. In order to make the miscale the order of tb mesh widththe

parameteralpha should be choseas

31 e Y6 A%
> 216T*| 4+ 46656 8 55,2960—9‘1 1243 |

1= 2

Wl P

where! is the length scale,is the time step, and) andL are the velocity and length at the large scales,
respectively.

After analyzinghe non-Newtonianfluid model, a program witen in FreeFEM++ utilizes the
Finite Element Mthod with Backward Euler time discretization to approximate the solution to the NSE.
First, a problem is derived using an exact solution in order to test theofilstr convergence of the
method that is expected. Then the solution to the step problem is computed, and the plots are

discussed.

12 PHENOMENOLOGY OF THE NSE

The energy equation is derived by taking the inner product of {lvtith u and then inegrating over

the domainm. The result is

2 1 O Qo+ TROT = OO
® 2% o=
whereO 0 = %35§'Qbis the kinetic energy and 0 =’ 9108 Quis the energy dissipation rate.

The energy cascade over the inertial range, which will be discussledail later, is given by

- v 2, 2
0Q=w30Q3,

2



Wherecis the Kolmogorov constant, amkds the wave number. Two assumptions must be made in
order to determine the micrescale of the NSE. First, the Reynolds nurieat small scales, those with
largewave numbers, is of order 1. Also, the energy in at large scales equals the energy out at small

scales. Under these two assumptions, the bottom of the inertial range is at length sediere

3
—s~o = U ('YQ %) for 3d turbulence.



2.0 NONNEWTONIARLUID FLOW MODEL

2.1 DERIVATION OF THE MODEL

Non-Newtonianfluids are those whose flow properties are not described by a single constant value of
viscosity. Therefore, a change must be made to the NSE for these types of fluids. A prapesed
Newtonianfluid flow modelis
nH=0 (2.11)
0y | TYOs+ 066 'Yo+nn="Q
whereh is a positive parameter with units of viscosity arid a time scale with units of time
The connection between this model and a numerical regularizatioesafiem looking at the

standard NSE implicit discretization:

n Q’)é*'l — 0

of*tl ¢

—+ 6f noETL o YeETL 4 qr‘]é+1 ="g+1l
Yo

If we rearrange and solve for th8" terms, we get
E+1 of 1 1

=G 0 ] ,yC’)€+=u—‘ n£++Q+,
Y o

where the spaialdiscretization has been suppressed.
Unfortunately, this system of equations is hard to solveAfa a Yl f f = &2 @ Ay ONBI
the left hand side (LHS) and adjust for this increase on the right hand side (RHS) as follows,

SO OF I Y Y eEtt=S apEtlegtt | Yot 2.1.2

Now, if we go back to the NSE, we have



c’)“;—bc')s B é“;—bés + ot DLOETL Yt 4 npEtl = @t

In the continuum limit, this gives (21) with _ =Y&; however, it onlycauses a change in the kinetic
energy and not the energy dissipation rate. Changing the model energy changes the details of the
energy cascade through the inertial range but not the model reécae. To do this requires changing
the energy dissipationate. Therefore, a further modification must be made, leading to another model
for non-Newtonianfluid flow.

In order to change the energy dissipation, we can take a spacial average of the velocity at the
previous time step on the RHS of (2.1.2

Lot Y | yetti=S aptrlegel ) St 2.13

This is precisely the method studied as a numerical approximation in [ALP]. We develop it herein as a

continuum model. To do so, we rewrite the RHS df.82.as

0¢ . , . . . . X
— nnEtl+gtl Yot +| Y 68 0fF .
5 n | |
Thus, when we go back to the continuum limit, we have the following model

n¥H=0 (214
6y | YO+ 00 Y6+ | Y6 6 =7Q
with the hope hat the newterm | ¥ 6 & will cause a change in the energy dissipation and allow us
to make the micrescale the order of the local length scale. This paper will analykzd)2along with L

periodic boundary conditions.



3.0 THE ENERGQUATION

3.1 KINETIC ENERAND ENERGY DISSIPATION RATE

To find the energy equation, we take the inner product of @.withu and integrate over the flow

domainm. This gives the equation
0D | T, Yo, Qo+ 026 DA (3.11)
’ Yo Qo+ B | YO0 06) D= O
Again,this will be accompanied by-periodic boundary conditions on the domain= (0,0)3, such that
0w+t 0 =06 W, ™ 1,2,3
andu, w, pandfall have mean value zero,
U WO w= 0, @i 0= 0,06,n,6QQ
Calculations will be simplified using the summation convention that indices repeated in a multiplicative
term are summed from 1 to 2, and indices occurring after a cardemote differentiation with repect
to that variable, as in [LayR9For example, the vector product and tensor contraction can be written
as:
0 ) = 0101 + 0,05 = OREEQ
2 2
Y'Y= %% Y
Q1 &1

respectively. Also,



é'—g§§é~—Tédx‘z’Qé~~— 2 1%
@Q_ ) ,Q T CQ)! ,S'!D 7@1T (‘1%2
Using this notation, we can simplify the six terms on the LHS of(3ndividually.

VS T
l. " 0y D= o E@gm

I L Yo, = | T, Vo= | tg. YOB@Q= |t

3l

6 caisto
Using integration by parts (IBP), this is equivalent to
1o [(Gaddn OudadQn (312)
By the Divergence Theorem, 12) equals
| TE Oap&d + | ’r8 Ok
D , (93]
whereK adenotes the boundary of\ Znd¢ is the outward unit normal.

Because of the periodicity of the boundawyis the same on each boundary, and the outward unit

normals are of oppositeigns. ThereforgT Oap&dd = 0. Hence,

|t

Y0, D= | T babo | T L916$Qo= — X

(@0]
1. . 00 DW=, O0®oPd=_ [(0®dq O0wwdoLbyIBP. Sinc@uy= " 3 = 0,
then

6 M6 BWo= | [(69Pda Odeded (313)
again by IBP. By the Divergence Theorem and periodicity of the boundary) &juals

odddl  Ofgolb= 000 W
1
We havethat 06 D= | 00 DQAyso 66 D= 0.
\% L Yod= T opdId= . [(0addn Oaded

= ', oabddl 4. Ogbab= | 9690

by the same arguments usedlin



Voo M=, Ned=, [(0d)q Now (3.1.4)
by IBP. By the Divergence Theorem @ariah = 0, (31.4) equals

OdjE-l .
!

Thus, this term is exactly zero due to the periodic boundary conditions.

VI. | Y6 0) Q= |, (0 O)gpd= | . [0 0 -gddq (0 O)ada=
|y (0 O)apg &+, (0 O)gpafXo=], 106 0O

Hence, the energy equation becomes

T
2

o §$§+ N6 Qo + "QEEH| N O 60 Qo= 98,104
where, ¢ +-96¢ Q= Qeamand, NOL+| N O 0116 A= e, Next, we

needtoprovethat | M 6 06 :n6w 0, to show that this term dissipates energy.

3.2 FOURIER SERIES AREBITMFOR ENERGY DISSIPATION RATE

Inorderto showthat | n 6 0 :n0Qw O, Fourier series expansions will be used. The expansion

foruis

0 Wo =
B 000

Z.=2(Q79,°Q), " u% e= a,0,0y ,and the Fourier coefficierd

0

OoQ'®P

0 @Wo =
B 000



and solve for the Fourier coefficiebtk, t). The differential filter in the periodic case is, givents
averageo is the solution of

12¥6+ 6= 0,
where! is the length scale of the filter. We have

12Y0+06= 12Y+106=
E 000

+1Qﬁ‘:

and hence,

Now, we can compute® 6 0 :n06 using these Fourier series expansions. First, we calalatse,

6 0= |%Yo= 2 i o)
= = =
g o,o,o@| 3+ 1
andh 6 0,
no o6 —1 i 0
12¢+1
|
andno,

with § denoting the tensor product. Therefore,
12°G

B R
-

127G 5
TG+ 1
g

by the property that the inner productQ'Q = Bg"

127G %
TG 1
g o

thus showing that the new term dissipates energy.

9



4.0 PHENOMENOLOGY OF THE MODEL

4.1 THE ENERGY CASCADE

The energy cascade can be summarized in the fallgway, as in [P0 Energy is input into the largest

scales of the flow. There is an intermediate range, called the inertial range, in which nonlinearity drives

the energy into smétr scales and conserves the global energy, since dissipation is negligible. At small

enough scales, i.e. at the Kolmogorovmigrd®d £ S ' = (KS SySNH& RAAAALI GAz2Y

the energy is driven by the viscosity to zero exponentially fakts theory is visualized in Figure 1.

10



In(E(k))

A

energy cascades

energy
in
[&— inertial range—» energy out
v _ In(k)
large eddies small eddies

Figure 1.The Energy Cascade of the NSE

The K41 theory presented by Kolmogorov describing this energy cascade conjectures that the
1AYySGAO SySNH& RSLISYyRa 2yfteée 2y (KSk Bohfthisivde RA & & A LI
postulate the following relation over the inertial range

0'Qé &Y.
L¥ GKAa K2fRax UKSYy GKS dzyataszx RSYy20SR o0& wiex 27
three quantities are
0= ; - = CQ—M GO0 = M
(s 6 (.10 gac ’ dga
Inserting these units into the relation gives

5a - sace mam (P9 ean

and thus3 = 2aq band2=3aora=§andb= g Hence, Kolmog&r@dQa [ ¢ T2ttt 2ga

11



- v 2, 2
0Q=w3Qs3,

over the inertial range, witle being the universal Kolmogorov constant whose value is generally
believed to be between 1.4 and 1.7.

Next, we time average and expaBghqe(k). We have

1 1t 5 1, | T
§$§2+7§0§2 o= 7P §2+7

g

oy L or

= (1+] Td)ﬁ@ 53
g
. 1 - -
= (1+] Q) SO@T= 1+ 13 A7

Q 0 1<gs Q 0

We know that
. T~ _ % 2/3 *~5/3
Qean Q= Geomgeom 277
2P0SNJ 6KS Y2RSftQa AYSNIAIFE NIy3aSsz az
ol 2/3 =
00 = U&é'fm‘dé’gxz‘x Qs/3
1+ ¢

Looking at two cases, if 1"k then
o~ % 213 =
0Q = Qeamgoam Q3
and ifh t® > 1, then
o~ ol 2/3 =
0Q = (’aé'fm'dé'gxngll/3| 1-‘- 1_
Figure 2 illustrates the behavior of the energy cascade.

12



In(E(k)) :

wlu

v

A

= z — In(K)

Figure 2.The Energy Cascade of the Ndewtonian NSE

4.2 THE MIROSCALE

In order to determine the micrscale of the model, we will make two assptions about the flow, as in
[LO9. Let the Reynolds numb&ebe defined byoﬁ a dimensionless parameter of the flow. The

Reynolds number represents the ratio of the inertial forces to viscous forces of the flBsis iflose to
zero, then viscous forces dominate; for lafge the viscous forces can be neglected. Let the reference
large scale velocity and length be denotedbgndL, respectively. Also, at the scales of the smallest

persistent eddies, i.e. the bottom of the inertial range, denote the smallest scale vedocitiength by

13



Usmar@nd' . The smallest scales Reynolds number measures the relative size of viscosity on the smallest

persistent scales and is non negligible. Thus, we must have
YQa in € 1,

. $EEAOQT KA s L . _
where'YQD SO @Al This gives assumption 1 (Al):
1.,
r , —0 S A
_ Digain NOjaams _ — -laam
1= $ Y(6iacm Oiacn)sS 2 1
i & ol i & i I__2 Ot i (]j"'l Ot i

Next, there is an assumption of statistical equilibrium; energy in at large scales equals energy

out at small scales. The large scale ener@yi$), where™Y= ,,% therefore, the rate of energy in is

0 f =0 ? . SiNCEQ, gy = ., %3’3@2 + ‘%slégz 'ty which scales likél + '0—2)7\2, the energy

Y
|+, "8

input rate is approximatelyl + 2 5 The small scales energy dissipation from the viscous terms

scales like
g € D0 g 1S O Oacn ¢ OaamS
We will only be concerned for length scales that are much larger'than Thusawill be negligible,

and we have assumption 2 (A2):

It 12 ,
I+5 57 %ean —Z*1  Ogam Oiad
Solving Al fotsma, We get
112

Plugging this in fousmgin A2 and solving fdr, we have

| 38
|1
1+?_G_

_40 2 4 _2)3 —

Since we cannot solve explicitly farwe will look at the case whete T oqe).0VWe want to

find how to pick in order to make.  ['so We rearrange to get

First, ifh t<<?, then‘o—z is negligible and we pick
Y
| =251 Y3,
o

When'o—;r becomes non negligible, then we have an equation of the form

14



TG G=0,0man= 851 4 @0d= 87 4 (4.2.1)
We can now linearly approximateas a function o&in order to get a nice equation for how to pitck

| el 0+ =20

where
TR
3 (> @
v 4
by implicit differentation of (42.1). Pluggingia=0,] 0 = 2%‘] sand *0 = %% Hence, we

have the approximate formula for pickihgo force' modell in terms ofa:

~ ~.

Y 190 '
| ) e 2—_°| 43 4 — =] 4/3(1'.10"@%: 8—311 4,
0 6 Y 0

Thus, after plugging in fa, we have an equation in termsiofafter some simplification:

2"‘Y 4/3 4"\2-‘1 8/3
1€ Tt s

We can find an exact equation forby using the known formula for the roots of cubic functions.

If we have a cubic of the fora? + cxo+ @= 0, then the real root is given by:

N 1 5 5 [
= = Z 270+ (2702 4( 303 .

Plugging ind= 8;;11 4 Qo= 8?‘] 4 we get

1 = 1*1 216\8‘]4+ 46656Y6‘]8 55296lY9*| 1243
T 33 0 ARz T '

15



5.0 FINITE ELEMENT METHOD WITH BACKWARD EULER

5.1 DERIVATION OF THE CODE

In order to use the Finite Element Method (FEM) to approximate the solution to théenNe8Esing
FreeFEM++we must first derive theveak orvariational formulation.We have the following PD®&ith
nonhomogeneou®irichlet boundary conditions
Oy | TYOs+ 066 Yo+ | Yo o ="Q@ll
n=0,"L
O y="0
0 W0 =0y w.
We want to find u &= ('G(L}))2= 0~ (O I1)20hy=0 andp 0=03 L] = AN

0 LJ .y N= 0 such that

04,0 | 1Y¥65,0 + 66,0 Yo,0 + 1,0 | YO 6,0 = QU 0N
n%,q =0, AN D. (5.1.1)

ApplyinglIBPand theDivergence Theorem on the first equation of (5.1.1) leads to the variational
formulation:

0,0 +] TNO0 | T NOgDH A + &6,6,0) +’ o0 now XA

T T
ntua + nnad +| no o,mu | ne 6 WA =), vV ®
T T

16



where (QJ denotes the Einner product,nis the outward unit normal, anc G @ k % A1 IATH

%(db:)l &) in order to make a linear system of equations. Discretizing in space using Backward Euler,

we get:

éé+1 ()é . éé+1 éé . éé+1 éé o
: MVREE S - i |t N - DA
Yo Yo Ty Yo

+J)(')é,(f)é+l,b + rl(f)éJ’l,fll:) , neé+tl gy g hé+1,n3‘) + hé+103‘:n
T TL
+ noftl 6t np | noftl 4t WA = QLo 0N @2
T

n :bé+1’r'] — 0,] r']N DQ
whered = £Y0, 68 () e 6(a,0), 7 (0) e n(&,6), V'is the P2 velocity space of continuous

piecewise quadratics, arfl is the P1 pressure space of continuous piecewise linears.

5.2 CONVERGENCE TESTS

The FEM with Backward Euler discretization is a first order method. Intortkst the convergence of
the code, we will develop a problem from a kmwotrue solution. We considéhe NSE
O+ 00 'Yo+n=02 O=a?
nH=0,

with u = ainitially. Then, i satisfies

Vo= _@ 1= 091, (5.2.1)
then6 = 'Q '-°@satisfies the NSE with pressure p such thae 6 216 [W9Z. IfA is an
eigenfunction of the Laplacian, with eigenvalughenw= ( ,, ) satisfies (5.2.1). Let =
cos x cos(y),and thus_= 12+ 12 = 2. Then

6="10 -°%='Q%% cosx siny ,sin x cos(y) .
For the first problemh Z, and Awill be fixed in ordeto see what happens as the spal steph

and time stepdt go to zero TheFreeFEM code is:

17



/I Sara Hritz 3/10/2010

/[ Non-NewtonianFluid Flow Model

I/l Solve u_talpha*tau*laplacian(u_t)+u.gradau*laplacian(u)+gadp-alpha*laplacian(tubar)=f,
div(u)=0, in omega

/I u=g on the boundary of omega

/I uexact=exp{nu*lambda*t)*a, where a=curl(p§=(-cos(x)sin(y), sin(x)cos(y))

/I psi=cos(x)cos(y), lambda=2

/I ubar=(1/(lambda*delta™2+1))*u

/I omega=(0,1)x(0,1)

/I Fix alpha, deltaand nu; Take hnd dtto O

/I time and parameter information

real dt=1.0/10.0 I/l time step size = tau

real TO = 0.0; // initial time
real Tf = 1.0; /I final time

real t;

real nu = 10; Il viscosity

real alpha = (0.1)(4/3); // parameter
real delta = 0.1; /I differential filter length

/I define macros

macro grad(u) [dx(u),dy(u)] //

macro div(ul,u2) (dx(ul)+dy(u2)) //

macro dot(ul,u2,v1,v2) (ul*vi+u2*v2) //

macro ugradvl(ul,u2,vl) (ul*dx(vl)+u2*dy(v1)) //

macro cc(ul,u2,v1,v2,wl,w2) (ugradvl(ul,u2,vl)*wl+ugradvl(ul,uweyy

macro cch(ul,u2,vl,v2,wl,w2) (0.5*(cc(ul,u2,vli,v2,wleeyl,u2,wl,w2,v1iv2))) //

macro contract(ul,u2,v1,v2) (dx(ul)*dx(v1l)+dx(u2)*dx(v2)+dy(ul)*dy(v1l)+dy(u2)*dy(v2)) //

/l define the triangulated mesh
mesh Th=square(10,},0// h=1/10

18



/I define the called functions

func f1 =0; // RHS

func f2 =0;

func g1 =exp(2*nu*t)*( -cos(x)*sin(y));// BC
func g2 = expR*nu*t)*(sin(x)*cos(y));

/I create the FE velocity space Vh of continuous piecewise quadratics and pressure space Ph of
continuouspiecewise linears

fespace Vh(Th,P2);

fespace Ph(Th,P1);

/I define the FE functions
Vh ul,u2,ulold,u2old,ulbar,u2bar,v1,v2;
Ph p,q;

/I define the variational formulation of the NSE fdon-Newtonianfluids
problem NSE([ul,u2,p],[v1,v2,q]) =
int2d(Th)(
(1/dt)*dot(ul,u2,v1,v2)
+ 2*alpha*contract(ul,u2,v1,v2)
+ cch(ulold,u2old,ul,u2,v1,v2)
+ nu*contract(ul,u2,vl,v2)
- p*div(vl,v2)
+ g*div(ul,u2))
+intld(Th)(
-(2*alpha+nu)*cc(vl,v2,ul,u2,N.x,N.y)
+p*dot(vl,v2,N.x,N.y))
-int2d(Th)(
(1/dt)*dot(ulold,u2o0ld,v1,v2)
+ alpha*(contract(ulold,u2old,v1,v2)+contract(ulbar,u2bar,vi,v2))
+ dot(f1,f2,v1,v2))
+intld(Th)(

19



alpha*(cc(vl,v2,ulold,u2old,N.x,N.y)+cc(vl,v2,ulbar,u2bar,N.x,N.y)))
+on(1,2,3,4,ul=g1,u2=g2);

/I define the variational formulation of the differential filter problem for u
problem dfiltu(Julbar,u2bar],[v1,v2]) =
int2d(Th)(
dot(ulbar,u2bar,v1,v2)
+ (delta”2)*contract(ulbar,u2bar,v1,v2))
-int2d(Th)(
ul*vl+u2*v2)

+ on(1,2,3,4,uldr=(1/(2*(delta”2)+1))*gl,u2bar=(1/{2delta*2)+1))*g2);

[/l initialize variables before time stepping loop; u=a when t=0
ul =-cos(x)*sin(y);

u2 = sin(x)*cos(y);

ulbar = (1/(2*(delta”2)+1))*ul;

u2bar = (1/(2*(delta™2)+1))*u2;

t=TO;

/I begin time stepping loop
while (t < Tf)

{

ulold = ul;

u2old = u2;

t = t+dft;

/I solve for [ul,u2,p]

NSE;

/I solve for ubar at current time step
dfiltu;
plot([ul,u2],wait=0,value=true);

} /I end while loop
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/I plot the computed pressure and velocity
plot(p,fill=1,wait=1,ps="pressurefinadps",value=true);

plot([ul,u2],wait=1,ps="velocityfinal&ps",value=true);

/I compute the errors grad(pexacfrad(p), (uexaeti)
Ph gradperrl = abs(gradv1(ul,u2,uliix(p));

Ph gradperr2 = abs(gradvl(ul,u2,u2jly(p));
Vhuerrl = abs(gul);

Vh uerr2 = abs(gd2);

/I print the L2-norm of the errors in grad(p) and u
cout << "gradient of pressure error=" << sqrt(int2d(Th)(gradperr1”*2+gradperr2"2)) << endl;

cout << "velocity error=" << sqrt(int2d(Th)(uerrl”2+uerr2~2)) <<;endl

Running the code for different valuesioanddt, starting withh =dt =% and then cutting them

in half, we get a table of the values of thenborm of the errors in the gradient of éhpressure and

4
velocity values. We pitk=1 3,1 = 0.1, and’ = 1. The errors are computed at the final time T = 1.0.

Table 1.Errors for Problem 1

h, dt AN Ny | Ratio Rate A Oy | Ratio Rate
1/10 0.0196014 0.000132747

1/20 0.011572 1.694 0.760 7.52336€e5 1.764 0.819
1/40 0.0055604 2.081 1.057 3.54803e5 2.120 1.084
1/80 0.00253806 2.191 1.131 1.60419e5 2.212 1.145

Both the pressure and velocity error ratiosnvergeat the rate 2, withry e 1. This first order

convergence is what we expedt As the mesh is refined, the computed solution of the model problem
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convergesslightlyfaster to the true solution of the NSHhe plots of the computed pressuaad

velocityfor each value ofi anddt at the final timeare displayed in the followinggiures:

IsoValue
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Figure 3. Problem 1, hdt =1/10, Computed Pressure
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Figure 5. Problem 1, hdt =1/20, Computed Pressure
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Figure 6. Problem 1, hdt =1/20, Computedvelocity
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Figure 7. Problem 1, hdt =1/40, ComputedPressure
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Figure 8. Problem 1, hdt =1/40, Computed Velocity
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Figure 9. Problem 1, h = dt = 1/80, Computed Pressure
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Figure 10. Problem 1, h = dt = 1/80, Computed Velocity

For the second problem, will no longer be fixed and will depend dnand we will see what

happens a$ anddt go to zero The code for this problem is:

/I Sara Hritz 3/10/2010

/I Non-NewtonianFluid Flow Model

/I Solveu_t-alpha*tau*laplacian(u_t)+u.gradau*laplacian(u)+grad@lpha*laplacian(eubar)=f,
div(u)=0, in omega

/I u=g on the boundary of omega

/I uexact=exp{nu*lambda*t)*a, where a=curl(psi)=gos(x)sin(y), sin(x)cos(y))
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/I psi=cos(x)cos(y), lambda=2

/I ubar=(1/(lambda*delta”2+1))*u
/[ omega=(0,1)x(0,1)

/I Fix nu; Take delta=3h and dtto O

/I time and parameter information

real h =1.0/10.0; Il spacial step

real dt=h // time step size = tau

real TO = 0.0; // initial time

real Tf= 1.0; /I final time

real t;

realnu=1.0 Il viscosity

real delta = 3*h; /[ differential filter length

real alpha = (delta)*(4/3); // paramete

/I define macros

macro grad(u) [dx(u),dy(u)] //

macro div(ul,u2) (dx(ul)+dy(u2)) //

macro dot(ul,u2,v1,v2) (ul*vi+u2*v2) //

macro ugradvl(ul,u2,vl) (ul*dx(vl)+u2*dy(v1)) //

macro cc(ul,u2,vl,v2,wl,w2) (ugradvl(ul,u2,vl)*wil+ugradvl(ul,u2,v2)*w2) //
macrocch(ul,u2,vl,v2,wl,w2) (0.5%(cc(ul,u2,vl,v2,wleul,u2,wl,w2,v1i,v2))) //

macro contract(ul,u2,v1,v2) (dx(ul)*dx(v1l)+dx(u2)*dx(v2)+dy(ul)*dy(v1l)+dy(u2)*dy(v2)) //

/l define the triangulated mesh

mesh Th=square(1/h,1/h);

/l define the called functios

func f1 =0; // RHS

func f2 =0;

func g1 = expR*nu*t)*( -cos(x)*sin(y));// BC
func g2 = expR*nu*t)*(sin(x)*cos(y))
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/I create the FE velocity space Vh of continuous piecewise quadratics and pressure space Ph of
continuous piecewise linears

fespacevh(Th,P2);

fespace Ph(Th,P1);

/I define the FE functions
Vh ul,u2,ulold,u2old,ulbar,u2bar,v1,v2;

Php,q;

/I define the variational formulation of the NSE fdon-Newtonianfluids
problem NSE([ul,u2,p],[v1,v2,q]) =
int2d(Th)(
(1/dt)*dot(ul,u2,v1i,v3
+ 2*alpha*contract(ul,u2,v1,v2)
+ cch(ulold,u2old,ul,u2,v1,v2)
+ nu*contract(ul,u2,vl,v2)
- p*div(vl,v2)
+ g*div(ul,u2))
+int1d(Th)(
-(2*alpha+nu)*cc(vl,v2,ul,u2,N.x,N.y)
+p*dot(vl,v2,N.x,N.y))
-int2d(Th)(
(1/dt)*dot(ulold,u20ld,v1,v2)
+ alpha*(contract(ulold,u2old,v1,v2)+contract(ulbar,u2bar,vi,v2))
+ dot(f1,f2,v1,v2))
+int1d(Th)(
alpha*(cc(vl,v2,ulold,u2old,N.x,N.y)+cc(vl,v2,ulbar,u2bar,N.x,N.y)))
+on(1,2,3,4,ul=g1,u2=g2);

/l define the variationaformulation of the differential filter problem for u
problem dfiltu(Julbar,u2bar],[v1,v2]) =
int2d(Th)(
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dot(ulbar,u2bar,v1,v2)
+ (delta”2)*contract(ulbar,u2bar,v1,v2))
-int2d(Th)(
ul*vl+u2*v2)
+ on(1,2,3,4,ulban(1/(2*(delta”2)+1))*glu2bar=(1/(Z(delta*2)+1))*g2);

[/ initialize variables before time stepping loop
ul =-cos(x)*sin(y);

u2 = sin(x)*cos(y);

ulbar = (1/(2*(delta”2)+1))*ul;

u2bar = (1/(2*(delta™2)+1))*u2;

t=TO;

/I begin time stepping loop
while (t < Tf)

{

ulold = ul;

u2old = u2;

t = t+dt;

/I solve for [ul,u2,p]

NSE;

/I solve for ubar at current time step
dfiltu;
plot([ul,u2],wait=0,value=true);

} /1 end while loop

/I plot the computed pressure and velocity
plot(p,fill=1,wait=1,ps="pressurefinadps"”,value=true);

plot([ulu2],wait=1,ps="velocityfinal&ps",value=true);

/I compute the errors grad(pexacgrad(p), (uexaet)

Ph gradperrl = abs(gradv1(ul,u2,uljix(p));
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Ph gradperr2 = abs(gradvl(ul,u2,u2yly(p));
Vh uerrl = abs(glil);
Vh uerr2 = abs(g@2);

/I print the L2norm of the errors in grad(p) and u

cout << "gradient of pressure error=" << sqrt(int2d(Th)(gradperrl*2+gradperr22)) << endl;

cout << "velocity error=" << sqrt(int2d(Th)(uerr1*2+uerr2/2)) << endl;

4
As we decrease the value bianddt, we geta table of errors We pick =1 3,7 = 3'Qand

=1,

Table 2.Errors for Problem 2
h, dt AN "ireey | Error Ratio | Rate A Ofp(, | Error Ratio | Rate
1/10 0.0241666 0.000139179
1/20 0.0124747 1.937 0.954 7.78572e5 1.788 0.838
1/40 0.00533242 2.339 1.226 3.45882e5 2.251 1.171
1/80 0.00233252 2.286 1.193 1.52253e5 2.272 1.184

Again, we see the errors converging at a rate of about 1, giving first order convergeacthe

convergence increasestightly as the mesh is refined. Wk at the plots for different values tfand

dt.
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Figurell. Problem 2, h dt =1/10, Computed Pressure
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Figure 13 Problem 2, h dt =1/20, Computed Pressure
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Figure 16 Problem 2h =dt =1/40, Computed/elocity

39



IsoValue

H-2.89313
W-2.89247

m-2.88314
-2.88148
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Figure 18. Problem 2, h = dt = 1/80, Computed Velocity

5.3 THE STEP PROBLEM

In order to see how the@on-Newtonianfluid model handles a more realistic problem, we will look at the
step problem, which has a more complex domaiime domain will be reduced by taking p0, 20]. We

will take a parabolic boundary condition on the left boundimyinput to the flowy homogeneous
Dirichletboundary conditions on the top and bottom, anddo nothing boundary condition on the

right. We will examine the plots of theomputed pressure and velocigsthe final time is increasedor
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