NUMERICAL ANALYSIS OF MODULAR VMS METHODS WITH
NONLINEAR EDDY VISCOSITY FOR THE NAIVER-STOKES EQUATIONS
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Abstract. This paper presents a stability, convergence and error analysis for two modular, projection-based
variational multiscale (VMS) methods for the incompressible Naiver-Stokes equations. In VMS methods, the
influence of the unresolved scales onto the resolved small scales is modeled by a Smagorinsky-type turbulent
viscosity acting only on the marginally resolved scales. We analyze a method of inducing a VMS treatment of
turbulence in an existing NSE discretization through an additional, uncoupled projection step. For two nonlinear
eddy viscosity pparameterizations, we prove an error estimate for this approach. Numerical tests are given that
confirm and illustrate the theoretical estimates. One method uses a fully nonlinear step inducing the VMS
discretization. The second induces a nonlinear eddy viscosity model with a linear solve of much less cost.
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1. Introduction. Variational multiscale (VMS) methods have proven (see Section 1.2 for
its generation and some recent work) to be an important approach to the numerical simulation
of turbulent flows. VMS methods are an efficient, clever and simple realization of the idea
of introducing eddy viscosity locally in scale space only on the marginally resolved scales and
tuned to add dissipation to mimic the loss of energy in the marginally resolved scales caused
by breakdown of eddies to unresolved scales:

(1.1) (vr(u")D(I — P)u”,D(I — P)v"),

where D(v) = (Vv + (Vv)T)/2 is the velocity deformation tensor (symmetric part of the
gradient), P is an elliptic projection onto the well-resolved velocities on a given mesh (so
(I — P)u” is the marginally resolved velocity scales).

The success of VMS methods lead naturally to the question of how to introduce them into
legacy codes and other multi-physics codes so large as to discourage abandoning a method or
a model that is already implemented to reprogram another one. In [28], this question was
addressed: a VMS method can be induced into a black box (even laminar) flow simulation by
adding a modular projection step, uncoupled from the (possibly black box) flow code. Although
the numerical tests were quite general, the mathematical /numerical analysis in [28] in support
of modular VMS methods was for constant eddy viscosity parametrizations vp(-). In this report
we continue the development of mathematical support for modular VMS methods in two ways.
First we expand the analysis of [28] to include the fully nonlinear, eddy viscosity case of the
(ideal) ”small-small” Smagorinsky model for which

(1.2) vr(uh) = (C,0)2D(I — P)u”|.

We shall see that this ideal case has the strongest mathematical theory due to the strong
monotonicity on the marginally resolved scales of (1.1) with (1.2). Unfortunately, the choice
(1.2) also increases dramatically the cost of the modular Step 2 required. We therefore consider
methods (i) whose realization is as close as possible to the ideal small-small Smagorinsky model,
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(ii) for which a complete and rigorous mathematical foundation can be given, and (iii) whose
implementation is comparable in cost and complexity to the linear case of v =constant. These
issues lead to our second, related method for which (where e is any given element)

(1.3) vr(u") = (C,0)* Average.(ID(I — P)u"]),

where Average.(¢) = #a(e) fe ¢dx. We shall see that because v is now elementwise constant,
there arises enormous simplification of the modular Step 2. Interestingly, we note that the
restriction to elementwise constant eddy viscosities has also occurred in the works of Lube and
Roehe [8] on full (or monolithic) VMS methods.

To introduce the idea, suppose the Navier-Stokes equations are written as

Ou

(1.4) N + N(u) + vAu = £(t).
Let II denote a postprocessing operator. The method we extend and then analyze, adds one
uncoupled postprocessing step to a given method (we select the commonly used Crank-Nicolson
time discretization for Step 1 for specificity): given u”™ = u(t"), compute u"*! by

Step 1: Compute w”t! via:
n+l _ .n n+1 n n+1 n
(1.5) hud = TN 2+u ) +vAY 2+u — s,
Step 2: Postprocess w™*! to obtain u™*!:
(1.6) u"tl = IIw" L

Both steps can be done by black box modules. Following Mathew et al [29], eliminating Step
2 gives:

unJrl —u” wn+1 + u” WnJrl + u” 1
N A —
R S SRR

(1.7) (W't — TIw™tl) = fts

where f7t2 = (f*+1 4 £7)/2. We define the operator II in Step 2, following [28] so that the
extra term is exactly a nonlinear Smagorinsky model acting on small resolved scales.

1
At

_ un+1

(1.8) (w , Vi) = (SmagorinskyModel, vy,).
We consider herein two algorithmic realizations of (1.8). The first method analyzed is a
full Smagorinsky model. Let P denote an L? projection onto a space of ”well resolved” defor-

mations, see Section 1.2 for a precise formulation in Definition 1.2.
Method 1. Let vr(¢) = (Cs6)?|[I — P]D(¢)|r, then

— Wn+1 +un+1 Wn+1 + un+1

(1.9) 2 (W™ —w vy = (o (C )1 = P, [T~ PID(v1),
where Cs > 0 is a Smagorinsky constant, § > 0 is the averaging radius, which is connected
to the resolution of the finite element spaces involved in the VMS method (mesh size & of the
fine scales or H of the large scales, see below) and |- | denotes the usual Frobenius norm of
a tensor defined by for all T € RV*N T2 =3, i1 ~(Tij)%. Computationally, Step 2 reduces
to the following nonlinear problem of each time étep;

Given w1, solve the nonlinear system (1.9) for u™*!, subject to the constraint that

V- u"tl=o0.
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The difficulty with the modular, full or ideal Smagorinsky VMS method is exactly the cost
of this nonlinear solve each time step. To reduce this cost we also give a full numerical analysis
of the following Method 2 which is closely related and much less expensive.

If e denotes a typical triangle, define

A.(¢) = Average,(¢) = ﬁ [ oix.

Let vp(-) denote the same turbulent viscosity parameterization, then lagging and averaging
vr(-) in Step 2 gives

Method 2. (See Algorithm 4.1, Section 4)

1

7 n+1
At(

n+1

W' —u , Vn)

w" u” Wn—i—l un+1
(1.10) — (Al (T - PID(—

), I = PID(vh)).

There are two ideas behind (1.10). The first and obvious one is that lagging vp(-) reduces
the computational problem of (1.10) to solving one (multiscale) linear equation per time step
for u"*!. The second one is that with the projection operators employed, (1.10) reduces to:
given w”t! solve for u"*! subject to V- u™*! = 0:

(Ae(vr () = PID(u™*),D(vy)) + é(u"“,w)

2

(1.11) ==

(W' i) = (Ae(vr ()T = PID(w" ), D(v4)).

Note in particular the D(v},) replaces [I — P|D(vy,). This change simplifies the computational
work of (1.10) substantially.

For both methods we prove unconditional stability and delineate their energy balance (in-
cluding induced model and numerical dissipation). We give a full convergence analysis of
Method 1 in Theorem 3.1. This analysis uses the discrete Gronwall inequality at the last
step and thus inherits the limitation introduced by its use ( i.e. small time step restriction).
These consequences have recently been thoroughly analyzed in [9] (for Step 1 without Step
2). Confirming numerical experiments are given in Section 5. For more numerical tests of the
modular/partitioned VMS approach, see [28].

1.1. Previous Work. The VMS method is an active and rapidly developing approach to
the simulation of turbulent flows; see the work of Hughes and his co-workers [5, 6, 10, 11] for
its inception and recent developments. Mathematical study of it has taken several approaches,
see [4, 21] for early work and [2, 3, 12, 13, 14, 15, 16, 17, 22] for some recent developments. The
idea of imposing a VMS treatment of turbulence through an uncoupled Step 2 is from [28]. This
work builds an work on time relaxation and filter based stabilization in [7, 19, 25, 26, 27, 29].

In the VMS considered in this paper, a ”small-small” Smagorinsky eddy viscosity model is
introduced acting only on the discrete resolved small scales (fluctuations). The main motivation
behind the Smagorinsky model is the concept of energy cascade [1, 7], which suggests that the
main role of the small scales is to extract kinetic energy out of the system. Many people use
this model, [2, 10, 11, 13, 14, 15, 16, 17]. The VMS approach has gained a remarkable success in
simulating the behavior of turbulence, so there is a natural need to introduce a VMS treatment
of turbulence within legacy codes, in complex multi-physics applications and in other settings
where reprogramming a new method from scratch in not palatable.



4 W. J. Layton, L. Shan and H. B. Zheng

The idea of stabilization by a separate, modular step first appears with filtering in [26, 27],
see also [25, 29]. This work also is connected to research on time relaxation stabilizations in
numerical methods, continuum models and approximate models via (1.7).

This paper is organized into four sections. In the remainder of this section we establish
the notations that will be used throughout the work and present a standard weak formulation
of the Navier-Stokes equations. In the second section, the uncoupled projection-based VMS
scheme is described and the stability of the method is provided. In the third section we present
the error estimate for the algorithm. We also present the variant of the method and analyze
its stability in section 4. The last section describes the implementation of two algorithms and
presents the some numerical results to confirm the theoretical analysis.

1.2. Notations. Let © be an open, bounded region in R% d = 2 or 3 with a Lipschitz
continuous boundary. Throughout this paper, standard notations are used for Lebesgue space

LP(£2) and Sobolev spaces W*P(Q),1 < p < 00,k = 0,1,2,.... The corresponding norms are
denoted by || - ||z» and || - ||yyx.», Tespectively. HF(Q) is used to represent the Sobolev space
W*k2(Q) , |- |x and || - || denote the semi-norm and norm in H*(£2), respectively. Particularly,

we will denote H°(Q) by L?(Q) and the standard L? inner product by (,-), L? norm by || - ||.
The space H~*(Q) denotes the dual space of H*(Q2). In addition, the vector spaces and vector
functions will be indicated by boldface type letters. For the function v(z,t) defined on the
entire time interval (0,T), we define

T
Vlloo s := EssSupjo.r)|[v(t, )|k and [[v][m .k := (/0 v (t, )l de)t ™.

Define the velocity space X, the pressure space @ and the deformation space L as follows:
X:=H}Q)={v:veH (Q),v=0o0n 00},
Q:= I = {s€ I*©). [ adv =0},
L:={Lec (L*Q)™L=L"}.

We denote the dual space of X by X*, with the norm || - ||«. The space of divergence free
functions is given by

Vi={veX:(V:-v,q)=0, VqgeQ}

Let 7y denotes a coarse finite element mesh which is refined (once, twice, . ..) to produce the
finer mesh 7y, so h < H. Let (X", Q") be a pair of conforming velocity-pressure finite element
spaces satisfying the usual inf-sup condition (see Gunzburger [33]): there exists a constant (3
independent of h such that

(", V- v"

(1.12) inf  sup ————2>43>0.
gheQ" ynexn [|q"|[[[VV]|

Examples of such compatible spaces are the mini-element spaces [34], the Taylor-Hood spaces
[33] and the continuous piecewise quadratics for the velocity space and discontinuous piecewise
constants for the pressure space [35]. We assume that the spaces X" and Q" contain piecewise
continuous polynomials of degree k and k—1, respectively, and suppose that the spaces (X", Q")
satisfy the following approximation properties:

int {lla = v"|+ BV = v} CH ulis, ¥ € B (@) N X,
vie

inf ||p — ¢"||< Ch*|ply, ¥V p € HF ()N Q.
qheQh
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Through the paper, C denotes a generic constant which is does not depend v, h, H,§, unless
specified.
Furthermore, we introduce the discretely divergence free subspace of X",

Vhi= (v e XM (Vv gt =0, ¥ ¢ € Q")

We shall use a space of ”well resolved” velocity deformations. There are two natural ways to
define this L¥: (i) via a coarser mesh, and (ii) via a lower polynomial degree element on the
same mesh. If X" is a higher order finite element space on a given mesh, one approach is to
define the large scale space using lower order finite elements on the same mesh. For low order
elements, the only option is to define the large scale space L on a coarse mesh leading to a
two-level discretization. In our numerical tests, we choose finite element spaces L C L on the
coarse finite element mesh 7. To present the method, we introduce the following definitions
of projection operators.

DEFINITION 1.1. (L? projection) Pru : L — LH is the L?— orthogonal projection opera-
tor.
We take a coarse mesh velocity space, denoted X*, and select

L7 = (D(v"): Vv e X H > h},
so that Pru satisfies

(1.13) (PpoL,L7) = (L, L¥),v L e L,L¥ ¢ L7,
(1.14) I|(I — Ppu)L|| < CHF|L|;,V L € LNH*Q).

DEFINITION 1.2. (Elliptic projection). Py : X — X is the projection operator satisfying

(1.15) (D[w — Py (w)],D(v¥)) =0, Vv cVH,

From [24], see also [22] and [13], we have the following result:

LEMMA 1.3. Let v € X and L = D(XH), Then

(1.16) Ppu(D(v)) = D(Pyv) and (I — Ppa)D(v) = D((I — Py)v), Vv € X.

We are interested in approximating the solution of the evolutionary Naiver-Stokes equations

(1.17) u+u-Vu—20V-D(u)+Vp=£f in (0,7] x Q,
(1.18) V-u=0 in|0,7] x Q,
(1.19) u=0 in[0,7]x AQ,
(1.20) u(0,x) = up in 2,
(1.21) /pdx =0 in (0,7).

Q

Here, D(u) = (Vu + (Vu)?)/2 and f € H7(Q) is the given body force, v is the kinematic
viscosity, which is inverse proportional to the Reynolds number R, ug is the initial velocity
field, and [0, 7] is a finite time interval.

The variational formulation of the Navier-Stokes equations (1.17)-(1.21): find u: [0,T] —
X,p:(0,T] — Q satisfying
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(1.22) (ug,v) + bs(u,u,v) + v(D(u),D(v)) — (p, V- v)= (f,v),
(1.23) (¢,V-u)=0,
for all (v,q) € (X,Q). Here

bs(u,v,w) = %((u -V)v,w) — %((u -V)w,v)

is the skew-symmetric trilinear form of the convective term. It has the following properties:
(1.24) bs(u,v,w) = —bs(u, w,v),
for all u,v,w € X and consequently
(1.25) bs(u,v,v) =0, Vu,veX.
LEMMA 1.4. Let Q C R?, then
(1.26) [bs (u, v, w)| < C[[Vul[[[Vv][|[Vw]],

for allu,v,w € X.
LEMMA 1.5. Let Q C R3, then

(1.27) [bs (, v, w)| < C(Q)[[ul[V2[| V]| /2]| V][] [Vwl],

for allu,v,w € X.
In the divergence-free space (1.22)-(1.23) can be reformulated as follows: find u: [0,7] - V
satisfying

(1.28) (u, v) + bs(u,u,v) + v(D(u),D(v)) = (f,v),

for all v € V.

2. Uncoupled projection-based VMS method with nonlinear eddy viscosity. In
this section, we consider an uncoupled algorithm with nonlinear eddy viscosity for the finite
element discretization of NSE (1.17)-(1.21). FEM in space discretization and Crank-Nicolson
(CN) method in time discretization with an additional postprocessing step presented as follows.

Algorithm 2.1
Step 1: Given u}, compute WZ‘H € Xh,pzI+1 € Q" satisfying

n+l_ _-n n-+1 n n+1 n
(s ) o b (e, )
@1) . (D) D(va) — V- va) = (07 v,
(v : WZ 7qh) = 01

for all (vi,qn) € (X", QM).

n+1

Step 2: Given w; " solve the following to obtain uZH:

(M v = (Vv
ntl | ntl A1y gt
(2.2) —|—((€51(5)2|[I — PLH]D(WNF[I - PLH]D(%)’ [[ = Pra|D(vs)),
(V . uZ ,qh) = Oa
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for all (vy,,qn) € (X", Q"), where Py is a L?—projection operator defined by (1.13).

Using the property of projection (1.16), one can rewrite Step 2 in the following way.

Restated Step 2: Given wh 1 solve the following to obtain uZ“:

n+l_n+tl
(Fe—i—, Vi) = (pp 1,V - vn)
n+1+uz+1

(2:3) +((Co8)ID(T — Py ) (1 — Py
(V . uZ+17qh) = O,

);D([I = Pr]vn)),

for all (vi,qn) € (X", Q"), where Py is an elliptic projector defined by (1.15).

Before discussing the stability of the method, we recall some important analytical tools in
the analysis of the Smagorinsky model, see [21].

LEMMA 2.1. (Strong monotonicity and local Lipschitz continuity) There is a constant
C > 0 such that for all u,v € W13(Q),

(2.4) (ID(w)[FD(w) — [D(V)[FD(v), D(u = v)) > C||D(u - v)|[7s,

and the local Lipschitz continuity: there exists a constant C' > 0 such that for all u,v,w €
W1’3(Q),

(2.5) (ID(u)|rD(u) = [D(v)|rD(v), D(w)) < CCL|D(u = V)| 3] |D(W)] | s,

where Cr, = maz{||D(u)]||rs, ||D(V)||rs}-
The theory begins with a clear global energy balance. It is derived in proposition 2.3, and
its proof utilizes the following lemma.

LEMMA 2.2. Let Cs > 0,8 > 0 defined as above, then there holds

(2.6) Wi HI? = Jup ™1 + 2 A tC(C.0)? DI — Pr)

wit puptt ntl g

———— and g, = p;," in (2.3), by using the monotonicity (2.4)

ntl,  nt1
with u=D([ — PH]W) and v = 0, note that since wj ™' € V", we get

Proof. We choose vy, =

n+1(12 n+1
(W = )
n+1 n+1 n+1 n+1 n+1 n+1
+u;, w, " +u W +uj,
— (COP(BAT — Pl ™) D1 — Pyl ™) D1 — Py )
n+1 n+1
+u;,
> C(Cs6)?|ID([I - PH]fﬂm

On the other hand, by using the local Lipschitz continuity (2.5) with u = w = D([I —

PH]M) and v = 0, we have
1 n+112 n+1
K(HW | || H )
n—i—l n+1 n+1 n+1 n+1 n+1
+ uy, + u, + u,
= (C.6)*(ID([I - PH] 5 )FD([I — PH] 5 ), D([I - PH]f))
n+1 +un+1

< C(C6)2||D([I — PH]fmis-
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Combining the above two inequalities results in (2.6). O

Now, we prove the strong energy equality and associated strong, unconditional stability
property of the method.

PROPOSITION 2.3. Let Cs > 0,6 > 0 defined as above, then the approzimate velocity u"+1
given by the Algorithm 2.1 satisfies the energy equality

1 n+1 +un+1 w4 yr
(2.7) §|Iu§f1||2+mz (CoO)? DI = P =) [} + v DZE— R 2)
!
1 ntl w4y
= §||u2||2 +AEY (f +27%),
n=0
and the stability bound
+1 n+1 n+1
+u, +uy

@8) 3l e +At2 (Cs®)2 DT — Pu] ™[ + 5 D20 2)

1 At .

< SlRll* + an 22

n+1 n
Proof. Setting vy, = w in (2.1) as the test function, this gives

1 " n wi fup nal wit fup
s (Wi = g ?) + oD ™ok 2 = (vt BT 5
The application of Lemma 2.2 to this inequality gives
n+1 n+1 n+1
w +u w +up
2At(H wp P = [[uk][?) + C(C0)* DT — Pu] =" ——"—)lzs + V||D”fh|l2

1 Wh +u2‘

= (g, Ty,

summing over n establishes the energy equality. Using the Cauchy-Schwarz and Young’s in-
equalities on the right-hand side, subsuming one term into the left-hand side gives

"'H—i-u"'*'1 3 v WZ+1+UZ 9
)i + LY

WP = gl ?) + C(Cu0)?|ID([T — Py]— 5

e

< e

Summing over n, the global stability estimate follows. O
The method is thus stable. The viscous and numerical dissipation in the method are
respectively

n+1 n
Viscous dissipation ::1/||]D)th_|—uh\|2,
n+1 n+1
. L 2 +uy, 3
Numerical dissipation :=C(Cy0)*||D([ — PH]#)HL&

Another consequence of the above & priori bound is existence of a solution to the Step 2 problem.
Uniqueness follows by monotonicity (which can also be used to prove existence) in a standard
way.
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COROLLARY 2.4. Consider Step 2 in Algorithm 2.1. The solution uZ‘H exists and s
unique. If the discrete inf-sup condition (1.12) holds then p"Jr1 exists and is unique.

Furthermore, we also prove the stability for Wh

PROPOSITION 2.5. Under the assumption of proposition 2.3, the approrimate velocity W"+1
given by the Algorithm 2.1 satisfies the energy inequality

-1 +1 n+1 n+1 n
1 +u, Atu +u
(29 Wi + A S GO0 DL — P, > % U
n=0 n=0

l
VAN 1
< [Jupl]* + % Z |[E"F=])2.
n=0

Proof. For n = [, a directly application of Lemma 2.2 gives
" L witl 4+ ul+1
wh 12 = [ + 2 A 4C(Cu) DI — Pa] ™2
Take it into the Proposition 2.3, we prove the claim. O

3. Error Estimate. In this section, we present a detailed error analysis for the approx-
imation scheme. In order to establish the optimal asymptotic error estimates we assume the
following regularity of the true solutions:

(3.1) u € L>®(0,T; Wit (Q)) n HY(0, T; H*1(Q)) n H3(0,T; L*(Q)) N W2(0,T; H*()),
(3.2) p € L*=(0,T; H*(Q)), fe H*0,T;L*Q)).

We denote t" = nAt,n=0,1,2,---, Ny and T' = Ny At, we introduce the following discrete

norms:

NT NT
Hollloose = max (0" k, [[olllma = (Y [0 FV™, lorjelllmg = (A8 0" 2],

0<n<NT
=ns n=0 n=0

For notational convenience, we denote
VNVn—i-% o n+1 + uh
h 2 .
To begin the analysis we rewrite Algorithm 2.1 in the following form: For n =1,2,---, N, find
WZH ”H € Xh,p;;“ € Q" such that

(33) (WL vp) + Athy (W) T2 IR v) — AtV - vi) + Atu(DWI, Dvy,)
= (uh,vh) + At(f +2,Vh)7

(3.4) (V-wit qn) =0,
(3.5) up = Iw)
for all (vi,qn) € (X", Q).
We can also consider the following equivalent problem: Forn =1,2,--- Ny find WZH uZ“ €

V" such that
(3.6) ( Wit va) + Athy(wy 2w vi) + Atr(D(w) ), D(v)
= (u,vy) + ALET2 vy),

(37) 2 (Wi — g )
Wn+1+un+1 n+1+un+1
= (C.OPID(T ~ Py ™ )T~ Py ). (I ~ Palvi).

2
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for all v, € Vy,.
Let us start the error estimate at time t"*2 = (n + 1)At with u given by (1.22)-(1.23),
which satisfies

(3.8) ("t —u", vy,) + Atr(D(u2),D(vy)) + Athy(uTE utE vy)
—AHp(t"E),V - vp) = A2, vy) + AR, vy),
for all vi € V*, where R(u"*!,v},) represents the interpolating error, i.e.

un+1 _ un

(3.9) R(u™,v;) = ( Vi) + (DU 2) — D(u(" 7)), D(vs))

by (W T a2 vy) — by (u(ETE), ut"tE), vi) 4+ (FET2) — £7F7 vy).

We split the error into a model error &, according to (3.3)-(3.4), a model error e, according to
(3.5), and an approximation error A as

(310) Wt wpt = = L) £ (Lt - ) & AT e,
(3.11) u" = (- Lut ) 4 (utt -ty & AT et

where I u"*! € V" will be an interpolation of u”*! in V",

THEOREM 3.1. For w,p and f given by (1.22)-(1.23) satisfying reqularity assumptions
(8.1)-(3.2), and uj,w} given by Algorithm 2.1, then for At sufficiently small, i.e., At <
(14 v73||Vu(t™t2)[|4)~1, we have

(3.12) Hlu—uhlll o+l =wll3 o < B(AL b, H,v,8) + C(OR* | [[ul|[3, 41,

+ n
vAtZHD (%) f“hm?sE(At,h,H,u,a>+o<mmt4|\|wtt|||§,o

+C(Qvh*|[[ull3 41, VO < N < N,

where
E(At b, Hyv,8) = C(Q)u™ (B ||u]||3 ey + 2] [Vul[l70 + 2k)
+ OO 2[[uglf3 oy + COv 2R [l |5 gy + COOVAP[[ll]3 14
+ C(Cs0)2h™ 2 H*|||ul|[} 11 + C(Q) ALY o+ IV alll30)
+ C(Q) ALY 50 F Va3 0 + vl Valllio 20):

Proof. First, Let us take the difference of the equation (3.6) from (3.8), and choose v, =

41, .n
w € V" as the test function, we obtain

n+1

1 e, t+ep
(||5h+ 2 - Heﬁl\z)—i—AtuHthHQ
€n+1 n n+1
= —(An+1 A", %) _ AtV(D(AnJ"%)? %)
+1 41
— Atb (un+% unts M)JFA% ( nti WZJF% M)
S ) B , ,
2 2
H nt1 M

(3.13) + At(p(t"T2) — g, V - )+ AtR(u ).

2
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entlygn
Note that since +eh eV (q,,V -t 2+eh) = 0, and we can write

n+1 +ep
2

n+1 + eh

)= (") — n, V- g

(p(t"+%), V- )
for all ¢" € Q.
We want to bound the terms on the right-hand side of (3.13). Consider first the convection
n+1 n
term in (3.13), adding and subtracting the term b, (wh+2, u"ts, W), taking (1.25) into
account, then the trilinear terms can be rewritten as follows:

n+1 n+1 n
1 1 + e} - _ntl € +e
bs(uﬂ+2’un+2’ 5 h)_b( "+2 W;H_Q, h 5 h)
un+1 7Wn+1 +un 7112’ n+1 EZ+1 +€Z ..n+2 un+1 n+1 Fu — uh €Z+1 +82
:be( 9 ,u ) 9 )+b( ) D) ) 2 )
n+1 n n+1 n+1 n n+1
1 1 € +e +ef 1 € +e 41 1 e el
5 5 Sh h h 5 ~h h ~ 7 h h
= by (AR s ST (ST gt STy (TR A S,

In order to bound the first two nonlinear terms on the right-hand side of the last equation,
we use Lemma 1.5, Young’s and Korn’s inequalities:

n+1 n
e,  tey

n+l +€ZH
2

1 1
bs(A"t2 utz 5

) < COIA™3[|3[[TA™ |} || vur+ 3|7 22

n+1 n
T el (o) N S T
(3.14) < DI 2 A AT [
and
n+1 n+1 n n+1 n+1
+ep a1 € +e +e 1 " +ep s
bo(S R s S Ty < o)) S vt b v A 5
2 2 2
Jr
v + e C(Q) 1 n
(3.15) < D2 4 S a4 e+ e )
The last nonlinear term is bounded by Lemma 1.4, Korn’s and Young’s inequalities:
n+1 n n+1 n
by T, And S L) < o) g v ant HIIVWH
+ e _nt+i natl
(3.16) < LI e G want e

The remaining terms in (3.13) are estimated by Cauchy-Schwarz, Young’s and Minkowski’s
inequalities as follows:

+1 n n n +1 n
en +6h):At(A t1_A 75’,;” +eh)
2 At 2
At”A”“ A"H Atuaz*wehw
2

At ¢ At, entl g er
=5 [ [ maan+ G

At o At My en
Ag|2dt)dQ 4+ — || ——R 12
(G [ InPandn + G

(An—i-l o An7

IN

| /\

2

n+1
1 t

t n n
5/ IIAt||2dt+—A4 (e ™ IZ + Mlerl®),
tn

IN

(3.17)
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mads —EpTlpen At eptl 4 ep 5At1/ .
(3.18) Atv(D(A"z), Dt 5 L) < 5 |ID . 5 12+ [VA™ 2|2,
n+1 n+1
1 + ey 1 € + ey
(p("+%) = 1, V - #mupaw—qhnnv %’IH
+ e} nt L
(3.19) =10 H 7””2 ||P(75 F2) —anl

For the last term in (3.13), we present its estimate in the following lemma.

LEMMA 3.2. There holds

ey Ertlpen At eptl 4 en
AtR(u +1,%h) < 7(H‘€h+1”2+ llerlI?) + HD 5 gk
COQAL o
+ T(HVU P [ Vu "))
gttt 1
(3.20) +C(Q)Atzl/ (||uttt||2+’/||vutt\|2+;|\Vutt||4+|\ftt||2)dt
t'ﬂ

Proof. In the same way, we estimate every term in the definition (3.9) of R(,-). The
application of the Cauchy-Schwarz inequality, Young’s inequality and Minkowski’s inequality
shows

utl —un P gen 1, ettt 4en 1, u?tl —un
AR PR A T e

( AV 2 )< 2 2” At
At
(3.21) < TP+ R P + 1 [ Il P
tn
Similarly,
n+1 n+1
V(D) — Blu(rt 1)), b T < 4|1D>%\|2 20| TutE — V(|
Lyep vt [
(322) < ZpI e 220 [ TP,
tn
and
n+i n+i eh +ep ntl)2 4 ntl)2 4 At 2
(323) () — g0, STy < et P et P 2 [ P
t?b

n+1 n
By adding and subtracting the term b, (u(t"+2), u"*2, w» using Lemma 1.4, Young’s
and Minkowski’s inequalities, we can estimate the trilinear terms as follows:

n+1 n n+1 n
bt urtd, ST () ), R
n+1 n n+1 n
= bs(u”+% —u(t"+ ), ”+*,W)+bs(u(t"+§ju”+§ _u(t”+§)7W)
n+i n+2 €Z+1 + ez n+3 n+i
< C(Q)IIV(H 2 = u( )V = (Ve = ||+ [[Vu " 2)])
ey 200 gy ey AF s
< HV B+ (Va2 |+ [[Va(e™ ")) [[2)l| == Vuu (72|
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n+1 et
—|—e At°C nal ntl
< v SEEE sk ae [ IVl
tn
n+1 tntt
+ el At°C n+i n+i
< G EECE T gug v R vt
I/ t’n.
nt1 3 i
+ e Nt°C(Q ntl nal
Gags 2ty SLEEN [T v+ A+ Va1,
t’VL

Finally, Combining all estimates (3.21)-(3.24) and incorporating the similar terms gives the
Lemma. O
Subsequently, combining Lemma 3.2 with (3.17)-(3.19) gives
€Z+1 + eh ||2
2

+ C(Q)ym\|vm+%||2 +

(IIE TP = [lenll®) + IID AL+ =2 [VaE =) ) (llep I + [lexl?)

C(Q) At

14

1
VW, "2 |2 VA3 |2
tn+1

A IVAT Ve R e [ e

tn

c(Q)A
| @t
14

L @At C(Q)AL
14 14

n+3 n41 nt i
Ip(t" =) — anll* + (Va2 1% + || V(e 2)[[*)

tn+1

1
(3.25) + C(Q)At4/ (hagee [ + V][ Vuge | [* + ;||Vutt||4 + [ £l [*)dt

tn

In order to estimate the error of e}}, we need to formulate the relationship between €} and
ep in the next step.
Since uZH and w, ™" are connected through the variational multiscale equation, therefore,
5n+1+€n+1 . n+1 n+1 n+1 5n+1+€n+1 .
we take v, = “t——2— in (2.3), and note that wi ™" + u™" = [u"t! — ==——s— with
Iyu™t! = ut! — A"+l For notational simplicity, we denote a = [I — Pyllu"tt, 3 =

+1

[I - P, ]i then by using the monotonicity (2.4) and Lipschitz continuity (2.5) as well
as the Young’s inequality with exponents 3 and 3/2 , we get

a7 = [l 1) = (Cub)* (Do — ) D( — 3), D)
~(C8P(IB(8 - ) #D(B — a) — [D(~a) #D(~a), D)) + (C.6)*(|D(a)]D(), D(3))

< ~C(CHPID)[Es + C(CHP D) s IB(B) s

< @@ + L @)t + A g,

Sl )QIID(B)H?L’S+%IID(M|I%3,
which means

2 n+1 en-‘,—l )
326) LR 2 e+ SO g LS
SOOI (1L~ Pl ).

On the other hand, note the fact § = a — 5 — (o — 23), by repeated application of mono-
tonicity (2.4) and Lipschitz continuity (2.5), as well as Young’s inequality with exponents 3 and
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3/2 and Minkowski’s inequality gives

lep™HI? = llep T HI%) = (Cs6)*(ID(a — B)| rD(er — ), D(B))
= (C:0)*(ID(er = B)|rD(ex = B), D(a = B)) = (Cs6)*(ID(a — B)|rD(cx — ), D(cx — 203))
> C(Cs0)?[|D(e = B)|[7s — C(Cs8)?|ID(er = B)|[7s|D(ex = 25)]|
40(0 5)2 .
(e = 28)|[ s

2At(‘

> C(C0)?[D(ax = B)l[1s — C(Cs0)?|ID(ov = B)l[1s —

_40(Cy9)*
- 27
_160(Cs9)*
- 27
here we use the fact (a + b)3 < 4(a® + b%), thus the above inequality implies

32At0(C,6)>2
27

256 AtC(C,0)? gt +ept!

LSS DRI 9 KA 1T

Substitute (3.26)-(3.27) into (3.25) and assume ||} || = 0, i.e.,u’ € X}, we obtain

(ID(@)]| s + 2/D(B)|l2)*

128C(C,0)?
(@)1 — AT gy 3,

(3.27) llen 12 < Hlep ™1 + ID([I = P Ipu" )| [

€n+1+ n+1+6n+1
(”e L2 Jjen|?) + ( ||Dh7|\2+20(0 8)2|[D(I — Py)—T5hy|13,)
2

SC<Q>At<1+v“°’|qu<t"+ I Uler 117 +1leh]?) + C(Q)u At | TA™ 2|
+ CQAL (1 + 10|Vt 2)[[*)C(C,8)* DI = Py = A™))|[2,

. En+1 + enJrl
+ C(QAL (1 + v 72| Vu(t"*2)||1)C(Csd)?||D(I — Pr]-" 5 )[7s
2 _ n+l _ An+1yy((3 CQAL o ntd o n+i2
+ C(Q)ALC(C6)7(ID([I — Py](u A" zs + —— [V, 2 [FlIVA™ 2]

C(Q)AL

ntl a1 ntl C(Q)At
+ GOV e w e ware 4 CEOEE

1
Ip(t"*2) — qnlf?
tn+1

C(Q)ALD . !
SO (rvwr it vae I + o [ 1adPa

+

t'n.+1

1
(3.28)  + C(Q)At4/ (Iagel I* + || Vagl|* + ;||Vutt||4 + [|£ee|[?)dt
tTL

We restrict At to be small enough that At < C(Q)(1 4+ v=3||Vu(t"+2)[|4)~1, then we can
”absorb” the terms stemming from the VMS method on the right-hand side into the last term
on the left-hand side, then summing (3.28) up from n = 0 to n = N — 1 and using Minkowski’s
inequality results in

At el en entl 4 entt
*II AP+ - > IIDMIIQ+C(Cs5)2||]D>([I—PH]f)H%)
n=0
N—-1
<CQALY (L4 v ¥ VaE™2)|[*)[lep ™2
n=0

n+1
ymz VA" 3|12 + C(Q Z/ [|Ag]|?dt
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N-1
+ C(QAE Y [((Co8)* D[ = PalA™ |22 + (C.6)*|[DIT = Prlu™*|32])
n=0
CQA R nts ety COOAERS s ol ml
+ SO S gwrtdpwartp + SRS st arsvur
n=0 n=0
COOALRS | s COOAL N 1 el
# S ) P+ SIS S v 9
n=0

tn+1

1
(329) +C MZ / (I + VIVl | + = V[ + 1] [2)

The terms on the right-hand side of (3.29) can be further simplified as follows

N-1 N-1
CQuAt > [[VA™2 |2 < C@uat Y W [uffy, < C@wh|[ulll3 0.
n=0 n=0
By using the boundedness of v /At Z ||]D TR ||?(Proposition 2.3) and Korn’s inequality,
we have
< - ntg 9 ntlp2 - C(Q) 71N71 - ntg2 n+1|2 n(|2
QA Z 19w, PIVAT 2P < == At 3 VW, PAVAT P+ ][VA"P)
n=0 n=0
N-1
C(Q) _ - n+3 n n
< — At P NV T E PR (R + )
n=0

< C(Qv2h|[[ull3 k1

For the next term, using Young’s inequality gives

N-1

C(Q) &= 3 A2 |[|[VA™F2][||Vur+z |2
n=0
N-1 1
< C@at™ 3 (AT I[VA™H |+ [[AMIVA™ ]|+ [[A™[[[[ VA" |+ A [ VA )| Va2 |
n=0
N-—-1
< C@u RPN AE Y (w0 R+ 0 R+ 0 e [ ) [ Va2 7)
n=0
N-1 N—-1
< C@u ALY [ i + A Va1
n=0 n=0

< C@Qu R (|[[ullld gar + IVl o),

as well as
N-1 N-1
1 1
COA ™ Ip(t"2) — gl < CQ A~ > W p"+2) 7 < C(Qv " h?*[|pl[13 4,
n=0 n=0
and

N—1 gntl

N—-1 g+l
(VDY / [1AdPdt < C(2) Y / W2 w4 dt < C(QR 2| [Jwg]|[3 i1
n=0

n=0 tn
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Using Korn’s inequality and the property of projection Prx (1.13), we get

N—-1 N—
CAL S ((Co0)?|IDI — PylA™[3s < CAHC,8)*h* Z [[I — Ppu]VA™ 2
n=0 n=0
. N-1
< C(COPh 2 H* Ay [a" ™,
n=0
< C(Ce8)*h™ 2 H*||[ul[[3 141,
and
N-1 .
CAHC0)* Y DI — Prlu|[7a < C(Co6)*h™ % H*||[ul|[3 41
n=0

Combining above seven inequalities, equation (3.29) reduces to

At EnJrl +6n n+1 +en+1
Lieie + 285 ik e 4 oo - pal S )
n=0
N-—-1 X
<C QALY (L+v7|[VuE™2)|[Y)]lep ™|
n=0

C(@v=( a0+ 223 o)
(Q)h2k+2|||ut|||2k+1+c( v ’2h2k\llulllm,k+1+0( Jrh? [ [[ul]]3 51
C(Cs

c(Q

82 R HM[[u]|[} iy + CQ)AE Y i0)

(3.30) VA ([ [ugee][13,0 + I [ Vuge 150 + V_1|||Vutt|\|4 o + IEell13.0)-

Hence, with At sufficiently small, i.e. At < C(Q)(1 + v=3||[Vu(t*+2)[|9)~!, from the
discrete Gronwall’s inequality, we have

At R entl 4 en eptl 4 eptt
*H h||2+T Z( IIDMI\QJrC(C 8)%(ID([I — P, ] 5 )I3s)
n=0
<C(Q)V_1( + h22[pll13,051)

(Q)h2k+2|||ut|||2 1 +C( 2 [l gy + C(Q)p

C(Cs6)*h () Aatty™( + 1V olll30)
(3.31) (Q)At4(lllutttlllz 0T V|||Vutt”|2 ot Vﬁllllvuttl\lz; o IEeelll3 )-
The estimate given in theorem 3.1 for [[u® — ul'[|? then follows from the Minkowski’s in-

equality and (3.31). The estimate for |[u—wy||? follows from (3.27) and Minkowski’s inequality,
[ —wil |2 = | AY +e[1* < 2/]AN]]? + 2[[ef |2
< 2[AN|2 +2llef ||* + 24¢C(C50)|ID( — PulIpu®)|[7s

N N
+ 2AtC(C8)2|D(I — PH}%)H%}*

< CRP*M 22, | 4 CAKC8)2 R E H*ul}

N N
(3:32) 116 | + AC(C8ID(T — Par) T2 2
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To obtain theorem 3.1, we also use

n+1 n+1
i +
IDu(er ) — T E B P < I tE a2 4 VAP 4 DTk )
Atd "+1 En+1 +en
(3:33) =48 IV |?dt + Ch* [u™ f 4y + Ch* [u"[f . + HD%}LHQ
tn,

Finally, combining (3.32)-(3.33) with (3.31) yields the result of the theorem. O

For the case of Taylor-Hood approximating elements, i.e., k = 2, we have the following
estimate.

COROLLARY 3.3. Under the assumptions of Theorem 3.1, with At = Ch,d = Ch,h = H?
and (X", Q") given by the Taylor-Hood approzimation elements, we have

N-1
(3.34) [ = wnllloo0 + 10 = Wal[[oo0 + (Atv Y [[D(u(E"*7) -
n=0

ﬁ

Dk

< C(A2 +h?).

4. A variant with reduced complexity. The difficulty with the modular, full or ideal
Smagorinsky VMS method is exactly the cost of this nonlinear solve each time step. To reduce
this cost we present a variant on Algorithm 2.1 which is closely related and much less expensive.

Recalling (2.2), one difficulty with this computation is the nonlinearity of the eddy viscosity,
the other is the coupling of fine mesh elements and coarse mesh elements which caused by
the projection, especially in the factor (I — Ppz)D(v). Thus the first and obvious treatment
is lagging vr(-) to reduce the complexity to solving a (multiscale) linear equation per time
step for u"*!, i.e., we replace the coefficient of the viscosity eddy |[I — PLH]D%HF
by |[I — PLH]ID)Wn';“n)\F. Secondly, we redefine the coefficient of the viscosity eddy |[I —
PLH]DWH—;“” )|F element by element in the following way:

n n n n
A, := Average.(|[I — PLH]]]])%)M) = ﬁ/“[ - PLH}D¥)|FC&C7
e

where e represents the element, |e| represents the area of element e. This means we take
the average of |[I — PLH]]D)wn';”nH F on each element as the coefficient of the viscosity eddy.
Obviously, now the coefficient A, is a piecewise constant, so it can be commuted with the
operator [ — Pru]D. Thanks to the orthogonality of projection Ppru, we can simplify Step 2
in Algorithm 2.1 as follow:

Wn+1 _ u"+1 n+1 + un+1
(%,Vh) _( n+1 JVovy) + (CS(S)QAe([I—PLH]DfJD)(Vh))'

Note in particular that D(v},) replaces [I — P]D(vy,). This change simplifies the computational
work of Step 2 substantially. Rearranging terms we can rewrite last equation as follows: given
wh+1 to solve for uh+1 by the following equation:

(CaOP AT~ PoalB(it), D(vi) + 2 (i va) + 20,9 - vi)
(41) = 2 (Wit vi) — (Cob) Acl[T — Py ]D(wi ™), D(wi),

which is much easier to implement than full nonlinear Smagorinsky model. Next, we present
this variant on the method.
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Algorithm 4.1
Step 1: Given uy, compute wj ™! € X pit! € Q" satisfying

n+1l__

n+1 n n+1 n
Wi “h + b, ""“h 7 Wy tuy, Vi
(4.2) ) = Wit 1+§;‘ Y il il
' +V(]D(7h’ 5—=),D(vp)) — (0, V- vi) = (£772,vy),

(v : WZ+17qh) = 07

for all (vi,,qn) € (X", QM),

Step 2: Given wj ™ solve the following to obtain u} ™!

wZ+ _“Z'H n+1 9 w2+1+u2+1
(4.3) { (Tl vi) = (o V- vi) + (Cs6)* Ac([I — Ppu|D=t—5=2— D(vy)),
(v ! uZ+ 7qh) = 03

for all (vy,qn) € (X", Q"), where A, is defined above.
Now, we prove a strong energy equality and associated strong, unconditional stability prop-
erty for this variant.

THEOREM 4.1. The approximate velocity uZ‘H given by the Algorithm 4.1 satisfies the
energy equality

n+1 + un+1

2
|

l
1
(44)  SIE R+ A8 (COP AN ~ PrnlD™
n=0

n+1

l n+1
w, " +up 1 o1 Wit pup
S| ML TN S AR )

n=0 n=0

and the stability bound

! n+1 n+1
1 w +u
(4.5) §||u§f1||2+At§ (C48)2A.||[I — Ppu]D R : AT

n=0
‘|‘uh 21 PRAY nt 32
+Atz DTk 12 < 5lull +*Z\|f 2[5

2v
n=0

where A, = \%I L= PLH}DWH—QMTL”F‘M'

Proof. First, from the orthogonality of the projection P;#, we can rewrite the first equation
n (4.3) as follows:

Z+1 u'z+1 L ) n+1 +un+1
(T ) = (LY )+ (C0P A~ P DVt ) [~ PLalD(v).
+1 n+1
Set v, = 2 W in the above equation, this gives
1 w2 nt1y(2 2 Wit puptt
+ (Cs0)“Ac||[I — Pr=a]D )
S Wi = 7 + (a2 AT — Pyab (V)|
n+1 n
Set v, = w in (4.2), by using the Cauchy-Schwarz and Young’s inequalities, we get

1 . nJrl +un et L Wn+1 +un
57y (w112 = [[uf][2) 4 v DA 2 = (g7 d, T
2 2

2/\t ):
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Combining the above two equations gives

" wn+1+un+1 Wn+1+ll
s i 2 = lufl?) + (Cub? Al — PoaD(Mi T B2 4y p ¥ %2
n+1 n

ntl W +u
:(f +2’hfh)'

Summing this establishes the energy equality. Using the Cauchy-Schwarz inequality and Young’s
inequality on the right-hand side, subsuming one term into the left-hand side gives

n+1 + un+1

(IIU;LHII2 [[uf][2) + AHCL0)* Ac||[T — Pru]D(™ 2

)II?

A2 o At” S (e

n=0

n-l—l
2

HD

Summing over the index n, the global stability estimate follows. O

5. Numerical results. In all experiments, the algorithms are implemented using public
domain finite element software Freefem++ [30].

5.1. Convergence study. Let Q be the unit square in R2. The uniform mesh is obtained
by dividing €2 into squares and then drawing a diagonal in each square in the same direction.
The Taylor-Hood element are chosen for the velocity-pressure finite element space (Xh, Qh),
the large scale space L is using the piecewise constant space on the same grid.

Then, choose the true solution (u = (uy, us), p) as follows:

u; = —cos(mx)sin(my)exp(—21°t/Re),
uy = sin(nz)cos(my)exp(—2n*t/ Re),
p = —0.25(cos(2mx) 4 cos(2my))exp(—4m>t/ Re),

which is the Green-Taylor vortex. It was used as a numerical test in Chorin [18], Tafti [31] and
John and Layton [32] among many others.

First, we compare Algorithm 2.1 and Algorithm 4.1 of uncoupled VMS method with the
classical or monolithic VMS method. We choose Cg = 0.1, § = 0.1h. In Table 5.1, we display
the errors of the classical VMS method for u;, and pp, while Table 5.2 and 5.3 give the results
of both Algorithm 2.1 and Algorithm 4.1 for wy, uy, and p,. Here we introduce the following
symbols

Ew =U—Wp, € =U—Un, € =P Ph.

TABLE 5.1
Errors of convergence using classical VMS, Re=1000

A lleullz20.7:r2) lleullL20:m1) llepllz2(0,7:12)
or 0.0113960 0.6584710 0.00542664
D 0.0009871 0.1329400 0.00095956
Do 6.42669¢-5 0.019094 0.00022907

From these tables, we notice that under the same magnitude of h and At, all three algo-
rithms obtain the similar accurate, which means that uncoupled VMS method is comparable
accurate to the one-step, classical VMS method. As we mentioned in the introduction, Algo-
rithm 4.1 is easier to implement, but the results confirm that it works as well as Algorithm
2.1.
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20
TABLE 5.2
Errors of convergence using Algorithm 2.1 of uncoupled VMS, Re=1000
L llewlle2orszzy  leullzzorizz)y  llewllzzoray ledlzzomay  llepllrzo,re
% 0.0114657 0.0114564 0.663174 0.662166 0.0054379
00'00255 0.0009905 0.0009904 0.133443 0.133411 0.0009597
N 6.43394e-5 6.43362¢-5 0.019117 0.019116 0.0002291
TABLE 5.3
Errors of convergence using Algorithm 4.1 of uncoupled VMS, Re=1000
= llewll20.r2)  leullzoriey  llewllzzormyy  llewllrzormy  llepllr2o7:c2)
0%15 0.01147343 0.0114676 0.6637040 0.663071 0.0054390
0060255 0.00099064 0.0009905 0.1333457 0.133438 0.0009598
L 6.43402e-5 6.43386¢-5 0.0191171 0.019117 0.0002291

5.2. Flow around a cylinder. The second example is the 'flow around a cylinder’ which
is a popular benchmark problem for testing numerical schemes. This is a well known benchmark
problem taken from Shafer and Turek [36] and John [37]. The domain with meshes is presented

in Figure 5.1.
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F1G. 5.1. The triangulation of the computational domain for uncoupled VMS method.

The time-dependent inflow profile is

6 . mt
up (0,y,t) = uy(2.2,y,t) = WIE sm(g)y(O.éll —y),

u2(07yat) = u2(2'27y7t) =0.

No-slip conditions are prescribed at the other boundaries. Computations are performed for the
Reynolds number corresponding to v = 1073, and the external force f = 0. A mesh with 7510
triangles is used, and Cg = 0.1, 6 = 0.1h, h = 7IpeaT);{diam(T)}.

The development of the flows by both uncoupled VMS algorithms are depicted in Figure
5.2, 5.3, respectively. From these figures, we notice that from ¢t = 2 to t = 4, along with the
flow increasing, two vortices start to develop behind the cylinder. Then, the vortices separate
from the cylinder between ¢ = 4 and ¢ = 5, and a vortex street develops, and they continue to
be visible through the final time ¢ = 8, which agrees with the results of [19, 36, 37].

The evolutions of ¢4 maz, Ci,maez and Ap with At = 0.0025 for Algorithm 2.1 and 4.1 are
presented in Figure 5.4 and 5.5, respectively. The values for the maximal drag ¢q maqz, maximal
lift ¢; mae and Ap(8s) (here Ap(t) = p(t;0.15,0.2) — p(¢;0.25,0.2)) with different time step size
At for Algorithm 2.1 and Algorithm 4.1 are presented in Table 5.4 and 5.5, respectively. The
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F1G. 5.2. The streamline at t = 2, 4, 5, 6, 7, 8 by Algorithm 2.1 of uncoupled VMS method with
6t = 0.0025.

following reference intervals are given in [36],

el £[2.93,297), Y € [047,049), Ap(8s) ! € [-0.115,—0.105].

Cd,maz cl,max

The computation results in both tables show that when the time step size decreases, all
coefficients approach the reference results, which mean that both uncoupled VMS method,



22 W. J. Layton, L. Shan and H. B. Zheng

Fi1G. 5.3. The streamline at t = 2, 4, 5, 6, 7, 8 by Algorithm 4.1 of uncoupled VMS method with
6t = 0.0025.

Algorithms 2.1 and 4.1 are efficient and practical, moreover, Algorithm 4.1 is a little more
accurate than Algorithm 2.1.

6. Conclusions. In this paper, we have analyzed two modular, uncoupled variational
multiscale methods focusing on analysis specifically on the case of nonlinear eddy viscosity for
the Navier-Stokes equations. We separated the VMS treatment as a separate step, which means
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FiG. 5.4. The evolutions of cqmaz, Cl,maz and Ap by Algorithm 2.1 of uncoupled VMS method with
6t = 0.0025.

Fi1G. 5.5. The evolutions of c¢qmaz, Cl,maz and Ap by Algorithm 4.1 of uncoupled VMS method with
6t = 0.0025.

TABLE 5.4
Results mazimal drag c¢q,maz, mazimal lift ¢; ymar and Ap(8s) for different time step size by Algorithm 2.1

At t(cd,maw) Cd,max t(cd,max) Cd,mazx AP(SS)
0.025 3.9 2.39891 5.8 0.424975 -0.098419
0.01 3.91 2.70969 5.73 0.454301 -0.109673
0.005 3.92 2.82000 5.715 0.460827 -0.111061
0.0025 3.92 2.87696 5.7125 0.463704 -0.111484
TABLE 5.5

Results mazimal drag cq,maq, mazimal lift ¢; ymar and Ap(8s) for different time step size by Algorithm 4.1

At t(cd,maw) Cd,mazx t(cd,max) Cd,max AP(SS)
0.025 3.9 2.59824 5.8 0.430873 -0.097808

0.01 3.91 2.79716 5.73 0.456948 -0.109780
0.005 3.93 2.86682 5.715 0.462216 -0.111104
0.0025 3.93 2.90233 5.7125 0.464294 -0.111503

one can utilize legacy codes to deal with the NSE in Step 1. We proved stability and performed
an error analysis of the method. Numerical tests were given that confirm and illustrate the
theoretical results as well.
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