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Abstract

We study the validity of the quasistatic approximation in the fully evolutionary
Stokes-Darcy problem for the coupling of groundwater and surface water flows,
as well as the dependence of the problem on the specific storage parameter. In
the coupled equations that describe the groundwater and surface water flows
for an incompressible fluid, the specific storage, Sy, represents the volume of
water that a fully saturated porous medium will expel (or absorb) per unit
volume per unit change in hydraulic head. In confined aquifers, Sy takes values
ranging from 10~% or smaller to 1072. In this work we analyze the validity of
the previously studied quasistatic approximation (setting Sy = 0 in the Stokes-
Darcy equations) by proving that the weak solution of the fully evolutionary
Stokes-Darcy problem approaches the weak solution of the quasistatic problem
as Sp — 0. We also estimate the rate of convergence.

Keywords: Stokes-Darcy, Groundwater flow, Surface water flow, Specific
Storage.

1. Introduction

In the time-dependent Stokes-Darcy problem that models the coupling of
groundwater with surface water flows, given in (1.1), the term SO%, where ¢
is the hydraulic head and Sy is the specific storage, arises because aquifers are
poroelastic media. This means that the space between the pores responds to
changes in the pressure of the water occupying the pores. See e.g., Bear [1]
for a clear derivation of (1.1) from basic conservation laws. There has been
considerable study of the poroelastic effect and its many consequences, see e.g.,
Biot [2] and Wang [3]. In confined aquifers the values of Sy range from 106 or
smaller for rock to 10~2 for plastic clay, see Domenico [4], while in unconfined
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aquifers, Sy can be larger!. In Table 1 we give a few representative values for Sy
in confined aquifers, see Anderson [5], Batu [6], Domenico and Mifflin [7], and
Johnson [8]. The quasistatic approximation is obtained by setting Sp = 0 in the
Stokes-Darcy problem. It is thus equivalent to an inelastic assumption on the
aquifer and is used in e.g., Cesmelioglu and Riviére [9], and Badea, Discacciati,
and Quarteroni [10]. In this report we justify the validity of this quasistatic
approximation. We prove in Theorems 4.1 and 4.2 that the solution of the fully
evolutionary Stokes-Darcy problem, (u,¢), where u is the velocity in the fluid
region and ¢ is the hydraulic head in the porous media region, converges to
the solution of the quasistatic Stokes-Darcy model, denoted (u®?%, $%@%), as Sy
converges to zero, under mild assumptions on the initial data and body forces,
and the shape of the fluid and porous media domains. We obtain one half or
first order convergence depending on the assumptions.

Table 1: Specific Storage (So) values for different materials

Material Specific Storage Sy (m™1)
plastic clay 20x 1072 —-2.6 x 1073
stiff clay 2.6 x1073 - 1.3 x 1073
medium hard clay 1.3x107% - 9.2 x 10~*
loose sand 1.0x 1073 —4.9 x 1074
dense sand 2.0x107% - 1.3 x 1074
dense sandy gravel 1.0x 107 —4.9x107°
rock, fissured jointed 6.9 x 107° — 3.3 x 1076
rock, sound less than 3.3 x 1076

Let the fluid and porous media domains be denoted by Q¢ and (2, respec-
tively, Q/, C R?, d = 2 or 3, and assume they lie across an interface, I, from
each other as shown in Figure 1. Both domains are assumed to be bounded
and regular. Before introducing the Stokes-Darcy problem and its quasistatic
approximation, we list below the variables and parameters of the problem:

u=u(z,t) = (ui(x,1t),...,uq(x,t)) = fluid velocity in Qy,
¢ = ¢(z,t) = hydraulic head in Q,, = = (z1,...,2q4) € Uy,
f#, fp = body forces in fluid region and sources or sinks in porous region,
K = hydraulic conductivity tensor (symmetric positive definite),
g = gravitational acceleration constant,
v = kinematic viscosity of fluid,

ff/p = unit outward pointing normal on €/,

LA confined aquifer is one bounded above and below by impervious formations. In a well
penetrating such an aquifer, the water level will rise above the base of the confining formation.
An unconfined aquifer is one with a water table serving as its upper boundary, see Bear [1].



I interface -

,: porous domain

_ — S /

Figure 1: Fluid and porous media domains

The specific storage?, Sy, represents the volume of water that a portion of a
fully saturated porous medium releases from storage, per unit volume, per unit
change in hydraulic head, see Freeze and Cherry [12], and Hantush [13]. All
material and fluid parameters above are positive. Moreover,

0< kmin S A S kmaa:a

where A € A(K), and A(K) is the spectrum of the hydraulic conductivity tensor,
K. The fluid velocity v = u(z,t), defined on €y, and porous media hydraulic
head ¢ = ¢(z,t), defined on Q,, satisfy

up — VAU + Vp = fr(x,t),V-u =0, in Qy,
SO¢t -V (]CV¢) = fp(xvt)a in Qpa
u(z,0) = up, in Qf, ¢(x,0) = ¢o, in Qp, (1.1)
u(z,t) =0, in 9Q,\I, and ¢(z,t) =0, in OQH\I,
+ coupling conditions across I,

where the pressure in the fluid domain, p, as well as f, are rescaled by the
fluid density. We assume Dirichlet boundary conditions on the exterior bound-
aries (not including the interface I); our analysis extends to other boundary

conditions as well.
The coupling conditions are conservation of mass across the interface

u-ny—KVe¢-n, =0, onl,
and balance of forces across the interface
p—vis-Vu-ns=gep, onl.

The last condition is a condition on the tangential velocity on I. Let 7;, i =

2The specific storage is defined as Sy = %, where S the storativity coefficient (dimension-

less) and b the height of the aquifer. For more information see Watson and Burnett [11].



1,...,d—1, denote an orthonormal basis of tangent vectors on I, d = 2 or 3. We
use the Beavers-Joseph-Saffman-Jones condition, see Joseph [14] and Saffman
[15]:

@
which is a simplification of the original and more physically realistic Beavers-
Joseph condition, see Beavers and Joseph [16]. The latter states that the tangen-
tial component of the normal stress of the flow in the conduit at the interface
is proportional to the tangential velocity in the conduit at the interface. In
(1.2), @ > 0 is a dimensionless, experimentally determined constant. For more
information on this condition see e.g., Mikeli¢ and Jager [17], and Payne and
Straughan [18].

One common model used in e.g., Cesmelioglu and Riviére [9], and Badea,
Discacciati, and Quarteroni [10], is based on the assumption that the porous
media pressure adjusts instantly to changes in the fluid velocity, in other words,
the term Sy¢; is dropped in the Stokes-Darcy equations. This leads to replacing
(1.1) by the quasistatic approximation:

—vT; - Vu -y = u-7;, fori=1,...,d—1, on I, (1.2)

u®® — vAUQS + vp@S = f(2,t),V-u? =0, in Qf, (1.3)
—V - (KV$9®) = fo(a,t), in Qp,

with the same interface coupling and boundary conditions for u®%, $?9, and
initial condition for u@®. We consider herein the mathematical foundation for
this simplification. Problems of the type eu; + Au = 0, € small, are treated
in Lions [19]. However, problem (1.1), with Sy small, does not fit within the
general theory in [19].

The rest of this paper is organized as follows. Section 2 presents the varia-
tional formulation for both the Stokes-Darcy and the quasistatic problems. In
Section 3 we obtain a priori bounds on the velocity and hydraulic head for both
problems. In Section 4 we justify that

u— u® and ¢ — ¢9°, as Sy — 0,

through Theorems 4.1 and 4.2. We prove one half and first order convergence in
Sp of the Stokes-Darcy solution to the quasistatic solution, under assumptions on
the initial data and body forces. Convergence of the pressure is then standard.
This analysis justifies the inelastic or quasistatic approximation provided

So << kmin.-

Finally, we present conclusions in Section 5.

2. Variational formulation

We denote the L? norms on €/, by ||-|| ¢/, respectively, and the L? norm on
the interface, I, by || - ||7; the corresponding inner products on €y, are denoted



by (-,+)f/p- Moreover, the H' norm on €2, is denoted by || - ||1,7/,. Define the
spaces

Xp={ve (H ()" :v=0o0ndQ\I},
X, = {y € H(Q) 11 =0o0n 0\ },

Q= Lg(Qf)v
Vi={veX;:(V-v,q);=0forall g Q}.

Define the norms on the dual spaces X} and X by

(f?v)f/p
[fl-rpp = sup ==
f/v OqéueXf/pHVUHf/p

In what follows, we will use the basic estimates

[ull 200, < CQ)\Null [Vl s (2.1)
61l 2269,) < C(Qp)\/ 191V llp, (2.2)

where by a scaling argument, C(2s/,) = O(\/Ly/p), Ly = diameter(S2s,,).
Define the bilinear forms
d—1 N
) = WV, V (w7 ds,
af(u,v) = (¥Vu v)f—i—i_zl/l m(u 7i)(v-7) ds
ap(¢7d)) = (Kv¢7 V¢)p7
cr(u, @) = g/(bu Ry ds.
I
Lemma 2.1. The bilinear forms ay(-,-),ap(:,-) satisfy

C(Qf)a

s (u,0) < masc {1 5L ul o, (23)
d—1
ar(u,u 2VVu2+L /u-ﬁQda::VVuQ—FLu-%Z,
u,u) > v||[Vul} \/%; 1( ) [Vullf \/%H 17
(2.4)
ap(9,¥) < kmaal[ VOV lp, (255)
ap($,9) > kmin| V2, (2.6)

for allu,v € Xy and all ¢, € X,,.

Proof. Let ¢,¢ € X,,. Since K is positive definite, and 0 < kpyin, < MK) < knag,
(2.5) and (2.6) are straightforward. For u,v € X, and using 7; - K - 7; > kmin,



Vi, the Cauchy-Schwarz inequality, and the trace inequality (2.1) we have

C(Qr)a
ag(u0) < VISl 190l + S22l 19l ol 19l

Applying the arithmetic-geometric mean inequality we obtain (2.3). Finally,
using 7; - K - 73 < kpmas, Vi, we get

ag(u,u) > v||VullF +

u-7) 2 do =: VHVUH + — ||u7A'H2
V ma/m Z\/ f \Y kmax !

O
The key quantity in the analysis is the interface coupling term, ¢y (-, -).
Lemma 2.2. The bilinear form c;(-,-) satisfies
9C (2, Q)
ler(u, §) < === full1 41615 (27)

2
for allu,¢ € Xy, X,.

Proof. (2.7) follows by applying the Cauchy-Schwarz inequality and the trace
inequalities (2.1)-(2.2). O

The variational formulation of the Stokes-Darcy problem then is to find
w:[0,00) = Vi, ¢:[0,00) = X, satisfying

(ut, ) +ap(u,v) +cr(v,¢) = (fr,v)y, (2.8)
9S0(@t,V)p + gap(d, ) — cr(u, ) = g(fp, ¥)p, (2.9)

Vv € Vi, Vip € X, where u(x,0) = up(z), ¢(x,0) = ¢o(x) are given. Existence
and uniqueness of a solution (u, ¢) to problem (2.8)-(2.9) follow by the Hille -
Yosida theorem, see Brézis [20].

The variational formulation of the quasistatic approximation is obtained by
setting Sp = 0 in (2.8)-(2.9):

Find u®% : [0, 00) = V}, ¢95 1 [0,00) — X, satisfying
(i, 0) 5 + ap(@®,0) + er(v,69%) = (fr,0);, (2.10)
gap(¢QSu¢) _Cl(uQsaw) = 9(fp:¥)p, (2.11)

Vo € Vi, Y € X, where u®?9(z,0) = ug(z) is given. ¢@%(x,0) is defined
through (2.11), by solving

9a(69%(,0), ¥(@)) = c1(uo(x),9()) + g(f(2,0), (), Vo € X,,

for the unknown ¢@%(z,0).



3. A priori estimates

The difference between variational formulations (2.8)-(2.9) and (2.10)-(2.11)
is the term ¢Sy (¢+,1),. Thus, convergence will hinge on & priori bounds on the
hydraulic head ¢.

cr = C*(u07 ¢07 ff/pv 9, Qp) and C** = C**(UOa ¢Oa ff/;m v,g, kmina knmw)
will denote finite constants, independent of Sy, and

T
L*0,T;X)={v:[0,T] = X : / lv(t)||% dt < oo},
0
L¥0,T;X) ={v:[0,T] = X : [sup]{||v(t)\|x} < oo}
0,T
Theorem 3.1 Part 1, gives a priori bounds for the velocity and hydraulic

head for both problems. The second part gives bounds for the time derivatives
of the same quantities for both problems.

Theorem 3.1. 1. In the variational formulations (2.8)-(2.9) and (2.10)-(2.11)
assume the initial data and body forces satisfy

wo € L2y, f1 € L3O, Ts H (), fy € L2(0,T5 H1(2,).
Then for u®S given by (2.10)-(2.11)

u?% € L>=(0,T; L*(Q4)),Vu?S € L*(0,T; L*(2)),
u®% . 7 € L2(0,T; L*(1)),V¢@ € L*(0,T; L*(Q,)). (3.1)

If in addition ¢g € L*(), then for u,¢ given by (2.8)-(2.9)

we L=(0,T; L3(Q5)),\/Sop € L=(0,T; L*(,)),
Vu € L*(0,T; L*(Qy)),u-7 € L*(0,T; L*(I)), Vo € L*(0,T; L*(Q,)).  (3.2)

2. Assume that the body forces satisfy
fre € L0, T HH(SX)), foe € L2(0, T HH(S)),

where fr/,, denotes differentiation with respect to time. If the initial data for
(2.8)-(2.9) satisfy ut(0) € L*(Qf), ¢:(0) € L*(SYy,), then

up € L®(0,T; L3(Q)),7/So¢s € L=(0,T; L2(€2,)),
Vuy € L2(0,T; L*(Qy)),us - 7 € L*(0,T; L*(I)), Vb € L*(0,T; L*(Q,)). (3.3)

If the initial data for (2.10)-(2.11) satisfy u®®(0) € L2(€y), then

ul® € L®(0,T; L3(Qy)), Vul® € L*(0,T; L2 (2))),
ul® 7 e L2(0,T; LA(1)), VoP® e L(0,T; L*(1,)). (3.4)



Proof. The result follows from Propositions 3.1-3.4 below. O

Proposition 3.1 is the first energy estimate for the Stokes-Darcy weak for-
mulation (2.8)-(2.9):

Proposition 3.1. Consider the fully evolutionary Stokes-Darcy problem (2.8)-
(2.9). Assume the initial data and body forces satisfy

ug € L*(Qp), b0 € L*(Qy), fr € L*(0,T; H1(Qy)), f, € L*(0,T; H(Qy)).

We have
sup u(t)||7 + gSollp(t +/ {1/ Vu(t)||F + w-T||7 + gkmin||Vo }
o {7 ollo(®)l3} IVu®)7 mll aly Vel

(1 g -
< fuolf +gsolloll+ [ {21512 0s + Ll | ar O
(3.5)

Proof. Fix t > 0. Set v = u(t), ¥ = ¢(t) in (2.8)-(2.9) and add. Note that
the two coupling terms exactly cancel. The remainder follows by standard
manipulations. Using coercivity of the bilinear forms and Young’s inequality we
obtain

W7 +gSolle®} + vIVu)F + —==lu- 717 + gkminl V)5

5 e i

v 1
<N frll=u e IVully 4+ gl foll-1p 1Vl < §IIVUII? + *Ilffllal,f

kmzn
LY

Vol + 57— ||fp\|2 Ly
Rearranging and integrating over [0,¢] for any ¢ in (0,7] and T < oo, yields
t
lu(®)1F + gSollé ()] +/0 {VHVU(S)H? + mHu 7 + ghminl | Vo(s )Hi} ds

t
g
< 1) + a6 + [ {211y + Ul

Finally, the result follows by taking supremum over [0, 7. O

The next proposition gives the corresponding energy estimate for the qua-
sistatic weak formulation (2.10)-(2.11).

Proposition 3.2. Consider the quasistatic weak formulation (2.10)-(2.11). As-
sume the initial data and body forces satisfy

ug € L*(Qy), fr € L*(0,T; H (), f € L*(0,T; H™ ().



We have

T
2 .
sup 2} + / {unQS(t)u% QS 3 +gkmm|v¢QS<t>||§} at

T
1 g -
<luoll+ [ U P+ s, | s

Proof. Fix t > 0. In (2.10)-(2.11) pick v = u®%(t),% = ¢?°(¢) and add. The
coupling terms cancel and the result follows by manipulations similar to the
ones in the proof of Proposition 3.1. O

Propositions 3.3 and 3.4 provide a priori bounds for the time derivatives
of u and ¢ in the Stokes-Darcy and the quasistatic Stokes-Darcy problems,
respectively.

Proposition 3.3. Consider the fully evolutionary Stokes-Darcy problem (2.8)-
(2.9). Assume the initial data and body forces satisfy

u(0) € L*(Qy), ¢:(0) € L*(Qy),
fra € L2(0,T; H (), forr € L*(0,T5; H ().
Then

T
sup {lluell7 + gSolloe I } +/ {VllVUtHf + ——lue - 7I7 +gkmm\|V¢th}
s 0

V maz

1 "

sHut(0>||?c+gSo||¢t(0)lli+/ {;Ilff,t\l'il,ﬁ—,{g‘ pr,tll’il,p} dt < C77.
0 min

Proof. Start with the weak formulation (2.8)-(2.9), and take the derivative with
respect to time

(utt7U>f +G/f(ut,7}) +CI(U7¢t) = (ff,tav)f7 (36)

9S0(bet, ¥)p + gap(Pe, ) — cr(u, V) = g(fp.es1)p- (3.7)

Fix t > 0. In (3.6)-(3.7) pick v = w(t),v» = ¢(t), and add. The coupling
terms will cancel and the rest of the proof is similar to the proof of Proposition
3.1. O

Proposition 3.4. Consider the quasistatic weak formulation (2.10)-(2.11). If

u?(0) € L*(Q), fre € L*(0,T: H (), fyu € L0, T3 H™' ()



then

T
QS 2 QS ~y2 QS 2
sup (01 + / {unw I+ <o [ 15 + gninl IV |p} dt

)

T
< IS0 + [ {1l + ol | s o

Proof. Starting with the weak formulation (2.10)-(2.11), take the derivative with
respect to time to get

(ug®,0)p + ap(uP®,v) + cr(v, 62%) = (fr.0.0) (3.8)
gap( QS,Q/}) - CI(U?Sﬂ/}) = g(fp,ta’l/))p' (39)

Fix t > 0. Pick v = u®%(t),¢ = ¢@°(¢) in (3.8)-(3.9) and add so that the
coupling terms cancel. The remainder of the proof is similar to the one of
Proposition 3.1. O

In the subsection that follows we obtain & priori bounds assuming less regu-
larity on the body forces, but introducing a constraint on the domains Qy, €2,,.

3.1. A priori estimates using less reqular body forces

By assuming less regularity on the body forces we obtain & priori bounds on
the velocity and hydraulic head. In this case, however, we restrict the domains
Qf and €, by assuming that there exists a C' —diffeomorphism from r to
Q,. We begin with a Lemma that gives a bound on the interface term, that is
essential in the analysis of the less regular case.

Lemma 3.1. Assume there exists a C'—diffeomorphism F : Qy — §,. Then
there exists a constant C such that

ler(u, @) < gCllull m(giv. ) |1 Dll1.p5 (3.10)
where 1102 i gy = 012 + 1V o]2.
Proof. Define ¢ : Qp — Q, by

7 (poF)(z) ,2€Q
W”):{ b(z) ,er.f

Since F is a C'—diffeomorphism, there exist constants C;, Cs such that

_
|det(F")
|F' [ iy < Oy, in Qp, (3.12)

Cy, in Q, (3.11)

10



where F’ is the Jacobian matrix of F, and | - | gy denotes the Hilbert norm.
We have

/Iqsu-ﬁf dSZ/Iq[;u-ﬁf ds = mfa}u-ﬁfds:/gfv-(a}u) ds

= ¢V-ude+ | Vé-udz,
Qf Qf

by the divergence theorem. Thus we obtain

/ ng'u dx / V¢~7~u dx
Qf o
< gllull #rcaivs g 0l 1 (3.13)

|C](U,¢)|Sg +g

by the Cauchy-Schwarz inequality. The change of variables theorem yields

Ilh.s = (/ﬂ (Ipo FI* + V(g0 F)P?) |deb( 7| dx)

|det (F")]

Nl

< (/ (I 0 FI* + V(¢ 0 F)]?) |det(F)|CT dw)

Qf

e (/Q
< (/Qp
< Crmax{l,Cs} </Q

where C' 1= Cimax{1,C2}, Vo = Vg, . 2.),% € Qf, denotes the gradient
operator in Qy, and V,, = V(, ..y, n € {1, denotes the gradient operator in
Q,. The inequality now follows by combining (3.13) and (3.14). O

1
2

(1o + |Va0|?) dn)

P
1
2

(191 + [F' |35V nl?) dﬁ)

2

(16 + Vyol) dn) =Clolp,  (3.14)

P

It is worth noting that in the special case when the interface is flat and €, 2,
are any domains (Figure 2), inequality (3.10) holds with constant C' = 1.

Lemma 3.2. If the interface I is flat (i.e., I is the line x5 = 0 in 2d or the
plane x3 =0 in 3d), then

ler(u, @) < gllull t(giv, )l 0ll1p-

Proof. Embed the two domains in equal sized boxes as shown in Figure 2. Ex-
tend u by zero on B and ¢ by zero on —B, and denote the extended functions

11



Qy: fluid domain ’
0

[ I: interface (z =

I

g
,: porous domain

an, — -B

Figure 2: Fluid and porous media domains with flat interface

by u and ¢ respectively. Let F(x1,22,...,24_1,%4) = (T1,%2,...,%4-1, —Ta),
(z1,...,24) € B. Then |det(F')| = 1. Define ¢ : B — R by

&(1‘1, cen ,.’,Ed) = { gz(sgl"z?)(‘r’;d) . 7xd) = ¢($17 teey _xd) : EE IB

Using the same steps as in the proof of (3.10), with B replacing Qf, we obtain

/I¢u~ﬁfd8:/l(£u-ﬁfds:/angu-ﬁfds
=/BV-(<5u) dx:/Bvé.uder/Bév-udx

< lullsramn.p ( [ 162 + 19,3 dx)

iy ([ (07 + 1920) an)

I ( / (6 + 19,01 dn>

= ||ull z(aiv,p) 10115

where, as in the general proof of the inequality, V,,, denotes the gradient
operator in {2/, respectively. Thus, the inequality follows. O

In our problem, V- = 0 in Qy, in which case the proof of (3.10) yields the
following inequality instead

ler(u, @) < gCllull IVl (3.15)

12



The constant C' in (3.15) is given instead by C := C1C5, where Cy, Cy are the
constants in (3.11)-(3.12).

Theorem 3.2. Assume the initial data and body forces satisfy
ug, Vu(0) € L*(Q),u - 7|4=0 € L*(I),i =1,...,d — 1,V ¢(0) € L*(Q,),

fr € L*(0,T; L*(Qy)), fp € L*(0,T; L*(%y)),
and that the domains Qy, Y, are such that (3.15) holds. We have

1/T 2 /T 2 2 « A2
ut||5 dt + gSo &t||p dt + sup § v||Vul|; + —|lu- T
3/, llwe iy ; ¢l sup IVully M” Iz

kmin T T T
+ T g g2 (t)s/ IL£¢1IF dt+—9/ Il £oll? dt+8<gC>2/ Vol dt
2 0 SO 0 0

2

d—1
gC 2} 2 / a A2
+ su u t) + < v||Vu —|—E ——(u-7;)" ds
[OJP] {kain lull7 g { IVells = JivTi-K- ’f’i( )

+ 9(KV¢, Vo) — 2c1(u, ¢)} (0)<c™.

Then, specifically
uy € L*(0,T; L2(Q)), v/ Soge € L2(0,T5 L*(52)),

Vu € L=(0,T; L*(Q)),u -7 € L>=(0,T; L*(I)),Vé € L=(0,T; L*(,)).
Proof. Fix t > 0 and set v = u;(t), ¥ = ¢¢(¢) in (2.8)-(2.9) and add:

(ug,ue) g+ gSo(dt, dt)p + ay(u, ut) + gay(@, é¢) + cr(ue, @) — cr(u, ¢r)
= (fryut) g+ 9(fp, &t)p-

Thus,

d—1
« A A
Jeat)} + 9Solon 03 + (Vo V) + 3 [ o) ) s
i=1 7 7

+ g(Kv¢7 v¢t)p + Cl(utv (b) - C](U, (bt) = (ff’ ut)f + g(fpa d)t)p'

Using the Cauchy-Schwarz and Young’s inequalities we obtain

1 d d—1 )
||’U/tH?f + gSo||¢t||12, + 5L {V|Vu?c + ;/1 ﬁ(u )2 ds
+ Q(ICV¢, V(b)p} + {C[(Ut, (b) - C](U, (bt)}

1 950

1 g
2 2 2 2
< Wfsllsluells + gl follplldelly < Slluelly + SH1Fell7 + = N0elp + 350 | foll5-

13



Rearranging then gives
d ! e
2 2 2 A2
S — \Y —(u-7)° d
a3 +9 o|¢t||p+dt{u i + 3 [ e o

+9(KVe, V¢)p} +2{er(ur, ¢) —er(u, @)} < |If¢l17 + S%Ilfpllfr

Using
erlu, ) = exu, 60) = — 1 (u,0) + 21 (w1, 6)

we get
d i o
2 2 2 A \2
U + ¢S, + — < v||Vul|5 + /7 u-7;)° ds
| t||f g 0H¢>t\|p dt{ I Hf ;:1 | ﬁwlc-ﬁ-( 7i)

+ 9KV, Vo), — 2¢i(u, ¢)} < IIF¢lIF + S%prllf; —der(ug, ¢). (3.16)

By (3.15) and Young’s inequality we obtain

g gk

2 min

—2c(u, ¢) 2 —gCllull¢Vllp = — Cllulf = =51Vl (3.17)
Moreover, since V - u = 0 in Qy implies that V - u; = 0 in Q, we also get
1
—der(ur, @) < 490w £V elly < Sluel7 +8(9C)* [Vl (3.18)
Using (3.18) in (3.16) and rearranging terms gives

d—1
1 2 2 d 2 / - 32

- il E = _(u-%)?d
2||ut||f +gSOH¢th+dt {l/”vu|f+i_1 Im(u T) S

+ 9(KV¢, V), — 20,(%@} < |Ifell7 + S%prlli +8(9C)* IVl

14



Integrating over (0,¢], V¢t < T, then gives

1 [t ) t d—1 a
= dt + ¢S 2 dt Va3 /7 7)) d
2 A ”ut”f +9g 0/0 Hd)t”p + {V| U‘Hj +Z T m(u T) S

9(KV¢,V)p —2¢i(u } /Ilffo dt + = /Ilfpllp dt

. _
a .
8(90)2/0 HngSH% dt+{1/|Vu?c+ E /Ii\/%ﬁ(un)2 ds
i=1 i i

+ 9(KV, V), — 2¢i(u, ¢)} (0).
(3.19)

Using (3.17), we estimate

d—1
{uwuﬁ + Z/I J%?(u -2)% ds + g(KV¢, V), — 2cl(u,¢)} (t)
i=1 (3 (3

bnin ||V¢||i} (0.
(3.20)

> {unwnf« b A+ ghin [V

\/ max

With (3.20) and after rearranging, (3.19) becomes

1 ! ¢ kmzn
3 )l v aso [ ol de s {uivall + 271+ Lo} o
gC?
< [l v+ & [ 1502 dr+s060 [ 19612 de+ Xl

2 a A2 .
+ {V|VU||f+;/Im(U 73)" ds + g(KV¢, Vo), QCI(U@)}(OL

vVt < T. Taking supremum over [0,T] yields

1/T ) L2
5 llull dt+gSo/ el dt + sup {VHVUH + ﬁHU‘TH
2 0 i Hie [0,7] / kmax !

kmin
v ek o< [T a2 [ 151 a

gC?
8(9C)? / IVol} dt + 57— sup [[u]|F(1)
2kmzn[0T

d—1
+ {vllwllfc +3 [ e ) ds 4 9(KV6.V), — 2011, ¢>} (0).
i=1 v v

15



Since ||| =1,7/p < C|- ||f/p, by (3.2) of Theorem 3.1, we have u € L>(0,T; L?(£2y))
and V¢ € L (0,75 L*(Q,)). Thus, the claim of the theorem follows. O

4. Convergence to the quasistatic solution

In this section we prove that the Stokes-Darcy solution, (u,¢), given by
(2.8)-(2.9), converges to the quasistatic solution, (u@%, ¢@%), given by (2.10)-
(2.11), as Sy approaches zero. We use the & priori estimates from the previous
section to obtain estimates for the errors in the velocity and hydraulic head
between the two problems. For the less regular body forces case we obtain one
half order convergence in Sy. For the more regular case, we obtain first order
convergence.

Let

denote the errors in u and ¢ respectively. Then we have e,(z,0) = 0 and

ey = ¢o(x) — ¢?°(x,0). Subtracting (2.10) from (2.8) and (2.11) from (2.9) we
find that the errors satisfy the quasistatic weak formulation (2.10)-(2.11):

(eutav)f +af(6uav) +CI(’U76¢7) =0, (41)

ga’p(€¢7¢) - CI(€U7¢) = _gSO(¢ta¢)P (42)

This can also be written in the form of the Stokes-Darcy weak formulation
(2.8)-(2.9):
(eut7 U)f + le(eu, U) + CI(Uv 6¢) = 07
9S0(es,s0)p + gap(es, ) = crlew ) = —gSo(9%, 1), (4.4)

Theorem 4.1 gives a result of first order convergence of the solution (u, @) to
the quasistatic solution (u®@%, @), as Sy converges to zero.

Theorem 4.1. Consider the weak formulation (4.3)-(4.4). Assume the initial
data and body forces satisfy

u®(0) € L*(Qy), [|6¢(0)]| -1, < o0,
ff,t € L2(07T§H_1(Qf))a fp’t € L2(07T§ H_l(Qp))‘
Then
sup{l\@ )17+ gSolles( |\2}+/T {VHVG )7 +72LH6 v

Sg C* < C* SO

2

+ gkmm|Ve¢(t)|i} dt < gSol|lpo — #2°(0) |7 +

16



Proof. We apply the energy estimate obtained in Proposition 3.1 to the weak
formulation (4.3)-(4.4) for the error, with f; =0, f, = —Sp$?% | e, replacing u
and ey replacing ¢. Using the Poincare-Friedrichs inequality we have

16271121, < C(Q) Vo512

By (3.4) of Theorem 3.1 we have V¢?° € L2(0,T; L?(9,)). The above inequal-
ity then implies that (b?s € L*(0,T; H~'(Q,)). Therefore,

2a||eu-'f—H§

V kmaz

T
[ 168511, dt < gSollén — 625 O +

T
sup {lew(®)F + aSolles (03 } + /0 (unwu(t)n? + +gkmm||Ve¢<t>||?,> dt

Cc*

kmin

953

kmin

S2,
(4.5)

< gSollpo — ¢ (0) |12 +

which proves the first part of the theorem. For the last inequality, set ¢ = 0 in
(2.9) and (2.11) and subtract the second from the first equation to obtain

950(94(0),%)p + gap(do — $9°(0),9) = 0,v¢ € X,,, (4.6)
where we used that u@%(z,0) = ug(z). Take ¢ = ¢y — $%%(0) in (4.6) to get
gap(do = 6°%(0), 60 — 7%(0)) = g90(6:(0), 6% (0) = o)y

Using coercivity of the bilinear form a,(-, -) and the definition of the ||-||—1 norm
we have

kemin |V (60 — ¢ (0))[12 < Soll6+(0)]| =15V (d0 — 6<% (0))]|,

so that
So

kmin

IV (g0 — 925 (0)]l, < 16¢(0)[-1.p- (4.7)
Finally, using the Poincare-Friedrichs inequality on the left hand side of (4.7)

yields
C(2)50

lgo — 5 (0)]l,, < [66(0)]|-1,p- (4.8)

The last inequality of the theorem now follows by combining inequalities (4.5)
and (4.8). O

kmin

In Theorem 4.2 we assume less regularity on the body forces and prove one
half order convergence of the Stokes-Darcy solution to the quasistatic solution
as Sg — 0.

Theorem 4.2. Consider the weak formulation (4.1)-(4.2). Assume the initial
data and body forces satisfy

ug, Vu(0) € L*(Qy),u - Fili—o € L*(I),i=1,...,d — 1,¢9 € L*(Q),
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fr € L2(0,T; L*(Qy)), f € L*(0,T; L*(Y,)),
and that the domains Qy and U, are such that inequality (8.15) holds. We have

T
2a .
supleal§+ [ {IVeul + 25 w15 + ghul Vel a
gS T 2 *
< / <V50||¢t||p) dt < 7— So.
man JQ min

Proof. We will use the energy estimate obtained in Proposition 3.2 and apply
it to the weak formulation (4.1)-(4.2) for the error, with f; =0, f, = —So¢x,
ey in place of u®S and ey in place of #?5. By Theorem 3.2 we have in addition
that v/Sop: € L?(0,T; L?(€2,)). Thus, we conclude

T
2a
supleal + [ {vveal+ 7
[0,7] 0 max

Sy [T 2 C
< /O(\/S>O||¢t”p) at <

lew - 72 +gkmm||w¢||f,} at

So.

min

mwn

O

Theorem 4.2 is important because it proves convergence of the Stokes-Darcy
solution to the quasistatic solution as Sy converges to zero assuming less reg-
ular body forces. Notice that the assumption on the body forces in The-
orem 4.1 is that the time derivatives of the body forces in €, belong to
L?(0,T; H=1(Qy,)) respectively, while the requirement in Theorem 4.2 is that
fe/p € L*(0,T; L*(4,)). Less regular body forces occur, for instance, in set-
tings involving wells. One half order convergence is obtained in Theorem 4.2
by making a few more assumptions on the initial data for the Stokes-Darcy
solution (u, @) given by (2.8)-(2.9) and assuming in addition that there exists a
C'-diffeomorphism between the domains Q¢ and .

Remark 4.1. From the results in Theorems 4.1 and 4.2 it is clear that dropping
the term So¢y from the fully evolutionary Stokes-Darcy equations, if Sg is small,
18 justified provided So << kmin -

5. Conclusions

The solution of the fully evolutionary Stokes-Darcy problem converges to
the quasistatic solution, as Sy approaches zero, under mild assumptions on the
initial data and body forces. First order convergence is obtained. Provided
that Sp is small and Sy << kpipn, the term Sp¢p; can be dropped from the
Stokes-Darcy equations.

18
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