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1. Introduction. In the numerical solution of higher Reynolds number flow
problems one of the most commonly reported results is that ”the method failed”. Of-
ten ”failure” means that the iterative method used to solve the linear and/or nonlinear
system for the approximate solution at the new time level failed to converge within
the time constraints of the problem or the resulting approximation had poor solution
quality. The first type of failure can usually be overcome easily by using an upwind or
artificial viscosity (AV) discretization at the expense of decreasing dramatically the
accuracy of the method and possibly even altering the predictions of the simulation
at the qualitative, O(1) level, therefore increasing the likelihood of the second type of
failure.

One interesting approach to attaining (by a convergent method) an approximate
solution of desired accuracy is the defect correction method (DCM). Briefly, let a
kth order accurate discretization of the equilibrium Navier-Stokes equations (NSE) be
written as

NSE"(u") = f, (1.1)
The DCM computes u?, ..., uz as

—ahAMlt + NSE"(ul) = §, (1.2)
—ahAMu + NSEMul) = f — ahA™u) |, for 1 =2,... k,

where the velocity approximations u?* are sought in the finite element space of piece-
wise polynomials of degree k.
It has been proven under quite general conditions (see, e.g., [LLP02]) that for the

intermediate approximations of the equilibrium NSE
lunse = uf'llenergy—norm = O(h* + hllunse = uf_i lenergy—norm) = O(h* +A'),
and thus, after | = k steps,
lu = ugllenergy—norm = O(h*).

Note that (1.2) requires solving an AV approximation k times which is often cheaper
and more reliable than solving (1.1) once.

In problems with high Reynolds number we may expect turbulence. In that case
the DCM needs to be combined with appropriate turbulence models. These models
tend to introduce extra nonlinearities (due to the closure of the model); it might be
possible to incorporate them into the residual on the right-hand side, as was done in
the quasistatic case by Ervin, Layton, Maubach [ELMOQ].

There has been an extensive study and development of this approach for equilib-
rium flow problems, see e.g. Hemker[Hem82], Koren[K91], Heinrichs[Hei96], Layton,
Lee, Peterson[LLP02], Ervin, Lee[EL06], and subsection 1.1 for a review of this work.

For many years, it has been widely believed that (1.2) can be directly imported
into implicit time discretizations of flow problems in the obvious way: discretize in
time, given u" (torp), the quasistatic flow problem for u"(tygw ) is solved by applying
(1.2) directly, resulting in

—ahAhui‘(tNEW) + B(Ulf(tNEW%UZ(tOLD)) + NSEh(ulf(tNEw)) =, (1.3)
—ahAMi (tnew) + B (tnew), uj(torp)) + NSE™ (] (tnepw))
= f - OéhAhu;L_l(tNEw), for [ = 2, ceey k,
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where B is a time stepping operator (e.g., Backward Euler), and k is the degree of
piecewise polynomials in the finite element space.

Unfortunately, this natural idea doesn’t seem to be even stable (see Section 7).

On the other hand, there is a parallel development of DCM’s, for initial value
problems in which no spacial stabilization (such as —ahA”" in (1.2)) is used, but
DCM is used to increase the accuracy of the time discretization. This work contains no
reports of instabilities: see, e.g., Heywood, Rannacher[HR90], Hemker, Shishkin[HSS],
Lallemand, Koren[LK93], Minion[M04]. Yet, in spite of this parallel development and
after 30+ years of studies of (1.2), there has yet to be a successful extension of (1.2)
to time dependent flow problems.

This report will present this extension of (1.2) to the time dependent problem. We
notice that the obvious extension, described above, is in fact unstable, see Section 7 .
We give a small but critically important modification of the above natural extension
to time dependent problems, that we prove to be unconditionally stable (Theorem 3.3)
and convergent (Theorem 4.3). We complement the stability proof of the modified
DCM by a complete error analysis, which confirms the expected error in the resulting
method: [[u(t,) — ul'(tn)|lenergy—norm = O(At® + hF 4+ hl), 1 =1,....k, where a is the
order of accuracy of the (implicit) time stepping employed.

The error analysis is necessarily technical. To keep the details under some control,
we study the backward Euler time discretization (It will be clear from our analysis
that extension to more accurate time discretizations requires no new ideas and only
more pages).

In subsection 1.1 we review important previous work on DCM in space and DCM
in time. Section 2 begins with (the inevitable) notation and preliminaries. Section
3, the heart of the report, gives the stability proof. The error analysis is given in
Sections 4, 5.2 and Section 7 gives a numerical illustration.

Consider the time dependent, incompressible Navier-Stokes equations

Ou 1
E—Re Autu-Vu+Vp=f, forx e Q0<t<T, (1.4)
Vu=0,z€Q0<t<T,
’LL(SC, O) = UO(:C)v z € (),
ulogo =0, for 0 <t < T,
where Q ¢ R4, d = 2,3.

Before proceeding with the analysis we shall present carefully next the precise
extension of (1.2) to the time dependent NSE that we study.
Let X" ¢ X,Q" C Q be finite-dimensional finite element spaces. Denote the
finite-element discretization of the Navier-Stokes operator by
h _ Ou —1Ah h h
Np.(u,p) = E—Re Au+ (u-V*u+ V'ip.
Adding an artificial viscosity parameter to the inverse Reynolds number leads to the
modified Navier-Stokes operator
ou
h — —1\Ah h h
Ng, (u,p) = i (h+ Re Y )AMu + (u - VM)u + V'p.
The method proceeds as follows: first we compute the AV approximation (u1,p1)
€ (XM, Q") via

N}%e(uhpl) = f
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The accuracy of the approximation is then increased by the correction step: compute
(ug,p2) € (X", QM), satisfying

NP (ug,p2) — Np (u1,p1) = f — Np(u1,p1).

The Backward Euler time discretization, combined with the two-step defect cor-
rection method in space leads to the following system of equations for (u}"" ™ pl" 1),
(ug’"“,pg’"“) € (XM QM,voh € X" at t =t, 11, n >0, with k1= At =t —t;

uh,n+1 _ uh,n
(0 o) (ot Re™ (V™ 90) 4+ 5 (™, o) (15)
hyn41
_(pl n+ V- Uh) = (f(thrl)?vh)v
uh,n-‘rl _ uh,n
2 2 oM 4+ (h+ Re_l)(Vug’"H, Vol + b*(ug’"Jrl,ug’"H,vh)
_(p;l,n+17 \E vh) = (f(tn+1)7 vh) + h(vu}ll7n+17 Vvh)a

where b* (-, -, -) is the explicitely skew-symmetrized trilinear form, defined below.
The initial value approximations are taken to be u’f’o = ug’o = ug, where uj is

the modified Stokes projection of 1y onto the space V" of discretely divergence-free

functions (this projection and this space are defined in section 2). The stability and

error estimate for the modified Stokes projection are proven in the sections 3 and 4.

1.1. Previous results. Many iterative methods can be written as a Defect Cor-
rection method, see e. g. Bohmer, Hemker, Stetter [BHS]. In the DCM we consider,
no iterates occur; a small number of updates are calculated to increase the accuracy
of the velocity and pressure approximations. Thus it is most similar to DCM’s which
are close to Richardson extrapolation (see, for example, Mathews, Fink [MF04]).
In the late 1970’s Hemker (Bohmer, Stetter, Heinrichs and others) discovered that
DCM, properly interpreted, is good also for nearly singular problems. Examples for
which this has been successful include equilibrium Euler equations (Koren, Lallemand
[LK93]), high Reynolds number problems (Layton, Lee, Peterson [LLP02]), viscoelas-
tic problems (Ervin, Lee [ELO06]).

There has also been interesting work on Spectral Deferred Correction (SDC) for
IVP’s (e.g., Minion [MO04], Bourlioux, Layton, Minion [BLMO03], Kress, Gustafsson
[KGO02], Dutt, Greengard, Rokhlin [DGRO00]). With the exception of the SDC meth-
ods for time stepping, the majority of the results has been obtained for the equilibrium
problems - an odd fact, since, e.g., for the Euler equations the time-dependent prob-
lem is natural. For example, it has not been known apparently if the natural idea of
time stepping combined with the DCM in space for the associated quasi-equilibrium
problem is stable.

2. Mathematical Preliminaries and Notations. Throughout this paper the
norm || - || will denote the usual L?(Q2)-norm of scalars, vectors and tensors, induced
by the usual L? inner-product, denoted by (-,-). The space that velocity (at time t)
belongs to, is

X =1 Q) = {ve L*()?: Vv e L2(Q)** and v = 0 on 9Q}.

with the norm ||v||x = ||Vv||. The space dual to X, is equipped with the norm

11 = sup 29

vex VoI’




The pressure (at time ¢) is sought in the space

Q=13 = {a: 0 € LX), [ qla)dz =0}
Q
Also introduce the space of weakly divergence-free functions
XoV={veX:(V-v,q) =0,Yq<cQ}

For measurable v : [0,T] — X, we define

T
1
lollzoosx = ( / lo@)lBdi)s, 1< p < oo,
and

[vllze<0,1;x) = ess sup [lv(t)|x.
0<t<T

Define the trilinear form on X x X x X
b(u,v,w) = / u- Vv - wdz.
Q

The following lemma is also necessary for the analysis

LEMMA 2.1. There exist finite constants M = M(d) and N = N(d) s.t. M > N
and
b(u, v, w)

b(u,v,w)
M = sup L <oo,N= sup < 0.
wwwex ||Vull[[Vo[[|[ V] wowev [[Vaull[[Vol[[ V|

The proof can be found, for example, in [GR79]. The corresponding constants M"

and N" are defined by replacing X by the finite element space X" ¢ X and V by
V" ¢ X, which will be defined below. Note that M > max(M" N, N"*) and that as
h — 0, N* — N and M" — M (see [GRT79)]).

Throughout the paper, we shall assume that the velocity-pressure finite element
spaces X" C X and Q" C @ are conforming, have typical approximation properties
of finite element spaces commonly in use, and satisfy the discrete inf-sup, or LBB",
condition

h h
inf  sup @, v-v) > >0, (2.1)
g e€Q" ynexn [VOr|llg"|
where " is bounded away from zero uniformly in k. Examples of such spaces can be
found in [GR79]. We shall consider X" C X, Q" C Q to be spaces of continuous
piecewise polynomials of degree m and m — 1, respectively, with m > 2. The case
of m = 1 is not considered, because the optimal error estimate (of the order h) is
obtained after the first step of the method - and therefore the DCM in this case is
reduced to the artificial viscosity approach.
The space of discretely divergence-free functions is defined as follows

Vh = {h e X (", Vo) =0,V¢" € Q"}.

In the analysis we use the properties of the following Modified Stokes Projection



DEFINITION 2.2 (Modified Stokes Projection). Define the Stokes projection op-
erator Ps: (X, Q) — (X", Q"), Ps(u,p) = (@,p), satisfying
(h+ Re™")(V(u—a),Vo") — (p—p,V -0") =0, (2.2)
(V . (U’ - ﬂ)vqh) =0,
for any v € VP ¢" € QM.
In (V" Q") this formulation reads: given (u,p) € (X,Q), find @ € V" satisfying
(h+ Re™")(V(u—1a),Vo") = (p—¢",V-0") =0, (2.3)
for any v € V" ¢" € Q".

Define the explicitly skew-symmetrized trilinear form

1 1
b* (u,v,w) :== §(u - Vo, w) — i(u - Vw,v).
The following estimate is easy to prove (see, e.g., [GR79]): there exists a constant
C = C () such that
6% (u, v, w)[ < CQ[Vull[[Voll [ Vel (2.4)

The proofs will require the sharper bound on the nonlinearity. This upper bound
is improvable in R2.

LEMMA 2.3 (The sharper bound on the nonlinear term). Let Q C R%, d = 2,3.
For all u,v,w e X

0% (u, v, w)| < CEOQV |ulll[Vul[[Vol[[[ Vel

Proof. See [GR79]. O
We will also need the following inequalities: for any u € V

inf ||V(u—0)|| <C(Q) inf [[V(u—v), (2.5)
veVh veXh

inf —v|| < C(Q) inf — . 2.6
Jnf Jlu—vl < C(Q) inf |[V(u—o)] (2.6)

The proof of (2.5) can be found, e.g., in [GR79], and (2.6) follows from the Poincare-
Friedrich’s inequality and (2.5).

Define also the number of time steps N := %

We conclude the preliminaries by formulating the discrete Gronwall’s lemma, see,
e.g. [HR9O]

LemMA 2.4. Let k,B, and ay,,by,cu, v, for integers > 0, be nonnegative
numbers such that:

an—&—k‘Zbu < kZ’yuaM—&—k‘Zcu—i—BfornZO.
pn=0 n=0 pn=0
Suppose that kv, <1 for all i, and set o, = (1 — kv,)~'. Then

Qp, +k2bu S ekZLomﬂu . [kZCN +B]
n=0 1=0
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3. Stability of the Velocity. In this section we prove the unconditional sta-
bility of the discrete artificial viscosity approximation uf and use this result to prove
stablhty of the hlgher order approximation u%. Over 0 < ¢ < T < oo the approxima-
tions u? and u% are bounded uniformly in Re.

Hence, the formulation (1.5) gives the unconditionally stable extension of the
defect correction method to the time-dependent Navier-Stokes equations. We start by
proving stability of the modified Stokes Projection, that we use as the approximation
40 to the initial velocity uo.

PROPOSITION 3.1 (Stability of the Stokes projection). Let u, @ satisfy (2.3).
The following bound holds

(h+ Re ™ Y)||[Val? < 2(h + Re™)||Vul? (3.1)
2d(h+ Re™ )™ inf ||p—¢"|?,
+2d(h + Re™") ththHp 7"

where d is the dimension, d = 2, 3.

Proof. Take v" =@ € V" in (2.3). This gives

(h+ Re™ Y| Va||? = (h+ Re—l)(w A (3.2)

-(p-¢",V-a).

Using the Cauchy-Schwarz and Young’s inequalities, we obtain

h+ Re~!

(h+ Re D[ Val? < (h+ Re™H)|Vul® + | val? (33)

1 h+ Re™!

d(h+Re™)™! inf lp— ") + TV -al%
qhth

Using the inequality ||V - @||? < d||Vi||? and combining the like terms concludes the
proof. O

Now we prove the main results of this section - stability of the AV approximation
u? and the Correction Step approximation uf.

LEMMA 3.2 (Stability of the AV approximation). Let u? satisfy the first equation

of (1.5). Let f € L*(0,T; H-*(2)). Then forn=0,..,N —1
™ I+ RS (b Re ™)V < Jug?

1
Zn+1 2 .

Also, if f € L?(0,T;L?*(Q)) and the time constraint T is finite, then there exists a
constant C = C(T') such that

™" I+ RS (b + Re™)|[Vy 12 (34)
< C(llugll® + kS E)IP)-

Proof. Let v" = u’f’"“ € V" in the first equation of (1.5). Since b*(u,v,v) = 0,
we obtain

hyn+1 hon  hn+l
Juy™ " * = (uy™" u" )

Uy, u
Lo + (h+ Re )| Va2 = (" Vo m

= (f(tng1),up™ ).
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Since p!" € Q" and W € V7 it follows that (pl"" !, Vw1 = 0. Applying
Cauchy-Schwartz and Young s inequalities gives
h
[

2k

h,n |2
P 4 (4 Re Y ITE TR < (Fltnsn), ul Y. (35)

The definition of the dual norm and the Young’s inequality, applied to the inner-
product on the right-hand side, lead to

L u ™) < Vg ) (3.6)
h+Re™ O hntiy2 1 2
< ———mm— ’ _ tn ‘.
< T IV s U )2y
We obtain
ud ™2 = )P B+ ReTt s 1 2

— || f(t, <. (3.7
— P IV < s I )2 (87)

Summing (3.7) over all time levels and multiplying by 2k gives
[y P + (B + Re RS |V |* < flug]? (3.8)

RS ()]

+h + Re—1

This proves the first part of Lemma.
Consider (3.5). Apply the Cauchy-Schwarz and Young’s inequalities to the right-
hand side. Different choice of constants in the Young’s inequality gives

1
(f () uy ™) < [ ) ™ 1] < 5 || TR+ I Es)l® - (3.9)

and

L hn
T RS ()P (3.10)

(Flmsa) ™) < 1 F ) a1 <

Sum (3.5) over all time levels, using (3.9) at the time levels tg, t1, ..., t, and (3.10) at
t = t,+1. We obtain

(&

2k

2 2 Rl )2 + Z" L llf )P

- HUSHQ Z’ﬂ+1 h R —1 V h,i 2 3 11
+i:1(+e)”u1” (3.11)

1 h,n+12
< s
< R 4 2
Multiply by 4k and simplify to obtain
a2 4 4kSrF L (B 4 Re Y[Vl 2 (3.12)
< 20| + 4R f(tn )1 + 2657y 1 () |1° + 2Ky [l )12

For the finite time constraint 7', the discrete Gronwall’s lemma yields

Hu;“"Jrl”Q+4k2n+1(h+R671)HV’UJ ”2 (3.13)
< 2650 (g |2 + KR £ (1) ).



We use the result of Lemma 3.2 in the following
THEOREM 3.3 (Stability). Let ul, ul satisfy (1.5). Let f € L?(0,T; H=*(Q)).
Then forn=0,....,N — 1: " wl" " are bounded and

2
2h h,n+1

™2+ s TP + RSP (h+ ReTY|[ Vb ? (3.14)
(h+ Re™ 1)
2h? .
<0+ Gy el
h? 9 .
Ut G e i R e I @I

Also, if f € L*(0,T;L?(2)) and the time constraint T is finite, then there exists a
constant C' = C(T) such that
2h? hynt1

TRl P R (e Re TV (315)

Jluz ™% +

< Cllugll® + ESE S E)IP)-

It follows from (3.15) that both approximations u} and u} are bounded at any
time level and for any viscosity, provided that the initial approximation and the forcing
term are L%-integrable.

The rest of the section is devoted to the proof of Theorem 3.3.

Proof.

Take v" = "™ € V" in the second equation of (1.5). This gives

hyn+1 h,
TR = fug™

1 — n n
a5 U2 )+ (h+ Re™)[Vuy ™ P < (f(tnga) uy™) (3.16)

+h(Vul" T vulmth,

The Cauchy-Schwarz and Young’s inequalities give

1 h,n h,n — h,n
o Ul P = us™1P) + (b + Re™ )| Vuy ™2 (3.17)
1 2 h + Re_l h,’l’L-‘rl 2
< m”f(tnﬂ)uq + f”vuz |
h? hat1ya , W+ Re™! hon+12
+WHVU1 | +f”vuz [°.
Multiply (3.17) by 2k and simplify to obtain
s ™ 2 = flus ™| + (b + Re™ k|| Vus ™2 (3.18)
2 2h?
< k| f )2 + s KVl
Summing over all time levels leads to
[us ™ P + ST (B + Re™ )| Vug |2 (3.19)
S 2 n
< [lugl® + szi:11\|f(ti)||2—1
2h?

n — h,i
+( gkzi:il(h"'R@ OIVay”

v 12
h+ Re~1) ’
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Inserting the bound on kX}H!(h + Re™1)||[Vu!"||? from the stability result (3.8) in
(3.19) gives

luy™ 2+ (b + Re™ RS [ Vuy |* - (3.20)

< sl + e RS (),
2h? N Bty 2 1
————([Jud||* — ' . N (AT )
g gy U1 = I S I 12)
Thus
Rl (o Re RS [ (320)
2 (h+R€71)2 1 i=1 2 .
2h?
<14+ ———)[Jug?
_( + (/’L+R671)2)||UOH
h? 2
1 XN ()2
+( + (h+R€_1)2)h+R€_1 i=1 ”f( )”—1

This proves the first statement of Theorem 3.3. To conclude, consider (3.16);
as in (3.9)-(3.10), use the Young’s inequalities differently at different time levels to
obtain

h,n h,n
lug ™2 = Jlug ™| 1 hont1 )2
o + (h+ Re™)||Vusg I (3.22)
1 h,n
S K| f(tngn) I + e 2
h? hntlg2 , B+ Re™? hont12
ETCES = G B M
and
hyii+ly2 h,i12 )
[ e 7 Oy o)

2k
1 |
< SIFEDI + b2

; h+ Re™! ;
[Vl 2 4 2T e,

2
Tah Re)
for Vi=0,1,..,n— 1.
Sum (3.23) over all time levels and add to (3.22); multiply by 4k to obtain
luz ™ = 2[|wg|® + 2k (b + Re ™) || Va2 (3.24)

< 26Ty fuy | + 47| f (b))

2h2 n _ i
G R E (e RVl

Insert the bound on kX! (h+Re~1)||Vul"!||? from (3.13) into (3.24) and simplify.
For the finite time constraint T', the discrete Gronwall’s lemma yields

F2EST L F ) +

||U}2L’ +1||2 + m”u}f’ +1||2 + kaiill(h + Re 1)||Vug’ > (3.25)

h2
Dlugl? + B3 1 ) 17)-

< (26(%) 4R
- (h+ Re 1)
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]

The result of Theorem 3.3, combined with the result of Proposition 3.1, proves
the unconditional stability of both /" and w2 for any i > 0.

4. Error estimates. In this section we explore the error estimates in approx-
imating the NSE velocity u by the Artificial Viscosity approximation w; and the
Correction Step approximation us. The results agree with the general theory of the
defect correction methods: ||u— u?”energy_norm < C(h™+h), |lu— uSHeneTgy_norm <
C(h™ + h?), where the velocity approximations u and ul are sought in the finite-
element space of piecewise polynomials of degree m.

In the error analysis we shall use the error estimate of the Stokes projection (2.3).

PRrOPOSITION 4.1 (Error estimate for Stokes Projection). Suppose the discrete

inf-sup condition (2.1) holds. Then the error in the Stokes Projection satisfies
(h+ R )|Vl — @) < Cl(h+ Re™) inf [V (41)
vhreVh

+(h+Re™')™t inf p—¢" |,
areQr

where C' is a constant independent of h and Re.

Proof. Decompose the projection error e = — @ into e = u—I(u) — (a— I(u)) =
n— ¢, where n = u — I(u), ¢ = @ — I(u), and I(u) approximates u in V. Take
vh = ¢ € V" in (2.3). This gives

(h+ Re M| Vo|> = (h+ Re™")(Vn, Vo) (4.2)
—(p—q",V-9).

Since Q C R, we have ||V - ¢||2 < d||Va|>.
Applying the Cauchy-Schwarz and Young’s inequalities to (4.2) gives

(h+Re™H)[[Vo|? < 2(h + Re™)|[V]? (4.3)
+2d(h + Re™Y)™! inf |jp — ¢"|*
qhth

Since I(u) is an approximation of u in V", we can take infimum over V*. The proof
is concluded by applying the triangle inequality. O

The following constants (depending upon Q and u) are introduced in order to
simplify the notation.

DEFINITION 4.2. Let

Cu = [[u(x, )| Lo (0,112 ()
Cvu = [[Vu(z, )| L (0,1;0(0))

and introduce C, satisfying

inf ||[V(u—0)|| <C inf |[V(u—0)| <CLE™|ullgms < Ch™,
veVh veXh

Also, using the constant C() from Lemma 2.3, we define
C = 1728C*(Q).

The main results of this section are presented in the following theorem:
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THEOREM 4.3 (Error estimates). Let f € L2(0,T; H-1()), let u},ub satisfy
(1.3),
h+ Re™!
402 +2(h + Re=1)Cyy + 2CC4(h + Re—1)=2p4m’
we L2(0,T; H™ Q) [ L0, T; L™ (Q)), Vu € L=(0,T; L>()),
ug € L2(0,T; H™(Q)), uye € L*(0,T; L*(Q)),p € L*(0,T; H™(Q)).
Then there exists a constant C = C(0, T, u,p, f,h+ Re™'), such that

1<i<N
i=1

n+1 1/2
max [lu(t;) — u)™| + (kz (h+ Re™ [V (ut;) - 'f’i)||2> < O™ +h+k),

and

2 lults) =

n+1 1/2
(kz (h+ Re™))||V(u(t;) — ufg’i)|2> < O(h™+h*+hk+k).

i=1

Hence, the second (Correction) step of the method gives an approximation of the
true solution, that is improved by (roughly) an order of h compared to the first step
(Artificial Viscosity) approximation.

The goal of this section is to prove Theorem 4.3 - that is, that the method is of
the first order in time and that the order of the approximation in space depends upon
the step of defect correction procedure.

Proof. By Taylor expansion, w = uy(tpi1) — kp" Tt where p"t! =
Ut (tnto), for some @ € [0, 1]. The variational formulation of the NSE, followed by the
equations (1.5), gives for u € X,p € Q,u1,us € X", p1,p2 € Q", Vv € V"

(M, v) + (h+ Re N (Vu(tni1), Vo) + b* (u(tni1), u(tni1),v) (4.4)

_(p(tn-i-l)’ V- U) = (f(tn+1)7 U) + h(vu(tn-ﬁ-l)’ VU) - k(pn+17 ’U),
uh,n—i—l _ uh n

() (et Re™ ) (Va1 Vo) 57 (™ up " ) (45)
_(p}ll’nJrlv v : ’U) = (f(thrl)vU)?
hn+1l  hn
(Yo U - Y2 0) + (h+ Re™Y) (Vo™ o) + b ("l v) (4.6)

(P 0) = (f(tasn), ) + (T ).
Subtract (4.5) from (4.4). Introduce the error in the AV approximation el = u(t;) —
u!™ Vi, This gives

entl —en
(171 v) 4 (h+ Re™ ) (Ve ™, Vo) (4.7)

B (ultna1)s wltngn ), 0) = b (" u T )
~((pltn41) =PI,V - 0) = A(Vu(tnir), Vo) = k(o™ v).

Adding and subtracting b* (u}""!

b (u(tni1), w(tng),v) = b (uy ™ uf "t v) (4.8)
= b*( n+17 (tn-‘rl)vv) +b*(u? n+1,e?+17v).

,U(tnt1),v) to the nonlinear terms in (4.7) gives
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Decompose the error
ei:u(t)—u}l”—u(t)—u +a —ult =gt =l (4.9)
where 4’ € V" is some projection of u(t;) into V",
and % = u(t;) — @', o' =ul' — @, ¢l e VP vi.
Take v = ¢!"" ™' € V" in (4.7) and use (4.8). Using also b* (-, ¢{"" "', ¢"" 1) = 0 and
VP 1Q", we obtain
n+1 n h,n+1 h,n
n -1 h,n+1 — ¢y’ h,n+1
(=T gty (P20 ghotty (1)
+(h 4 Re™ ) (Vi Vo) — (h+ Re || Ve
+b*( nJrl7 (thrl) h, nJrl) b*( h n+1 (tn+1) h, n+1)
+b*( v n+1, 77?+17 }f n+1) - (p(tn+1) - qh n+17 V- (blll n+1)
= W(Vultns1), Vo ™) — k(o™ 61",
Apply the Cauchy-Schwarz and Young’s inequalities to (4.10). Since ||V - ¢"" 1|2 <
||Vl 2 for Ve > 0

h,n+1 h,
o™ 012 = gy " I1P

+ (h+ Re Y| Vel™ 12 (4.11)

2k
1 n+1 n
-1 hn+1 2 M — M2
_ n h+Re*1 n
telh+ Rl + B gy

A wltng), 61T (6T ultn ), @)
|b*( hn+1 n+1 hn+1)‘

T 91
d
_1 h,n+1)2 h,n+1(2
e | e e = R |
h2
-1 h,n+1)2 2
R | e e A

h R—l V h,n+12 2 n+12 .

pelh + Re Y|VOL P 4 s k2

We bound the nonlinear terms on the right-hand side of (4.11), starting now with the
first one. Use the bound (2.4), the regularity of u and Young’s inequality to obtain

B (3 ultugn) 61" < ek Re )|V P (4.12)
1 n
Ch+R —1 Hv +1H2

The second nonlinear term can be bounded, using the definition of b*(-,-,-) and the
regularity of u. This gives

¥ n n C u N ,1 s
b (1" u(tngr), o7 < S| P + W Ve ) (4.13)

CVu

6" 2 + e(h + Re 1)||V¢h 12 4 Wﬂfl’h .
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For the third nonlinear term of (4.11), use the error decomposition to obtain

x/ hn+l n h,n+1 * n h,n+1
|b (ul * 7771+17 1 * )| S |b (u(tn+1)7771+1ﬂ 1 * )| (4'14)

G [ A e A I

Use the regularity of u and the inequality (2.4) to bound the first two terms on the
right-hand side of (4.14). Applying Lemma 2.3 to the third term gives

% (er "L T < @IV TR M A I (4.15)

We apply the Young’s inequality to (4.15) with p = % and ¢ = 4. Finally it follows
from (4.14) that

b (T gt 0| < e(h+ Re )|Vl (4.16)
C n N
o gt IV + 9 )

2704(9) n h,
WHV%“H“H%’”“HQ,
where C(2) is the constant from Lemma 2.3 .

Take € = - in (4.11). Using the bounds (4.12)-(4.16), we obtain

"2 = 6V 12 | A+ Re™ | hniige
’ 4.17
o + Ve @)
< C U;LH—W{L 2
< — |l 124
h + Re k

+C(h+ Re™ ") Vi tH?

inf ¢ __hnt1p2
T ReT inh [p(tntr) — """l

C
+Wh2|\vu(tn+1)|\2
C n C " .
YT Re T K2 p" 1%, + = Va2 + V)
+(§CV’LL + h+R671 + (h+R6,1)3||V,’71+1”4)H¢T7 +1”2’

Sum (4.17) over all time levels and multiply by 2k. It follows from the regularity
assumptions of the theorem that

EY IR, R o <

1=0 1=0
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Therefore we obtain

Q" M2 + (h+ Re Mk > Va2 < [l (4.18)
i=0
2C . 771i+1*77§ 2 —1\2 i (2
k h+ R Vn§
s I e B

HIVALI? + (IVnil* + inf Ip(t) — ¢+ h® + k)
q'EQh

- 202 20
+k;(cw it Re T T iR

. .
IV ey 2.

Take @' in the error decomposition (4.9) to be the L2-projection of u(t;) into
Vh for i > 1. Take @° to be uj. This gives gb’f’o =0 and e = 7?. Also it follows
from Proposition 4.1 that ||[Vn?|| < Ch™; under the assumptions of the theorem the
discrete Gronwall’s lemma gives

13" HZ 4 (o Re™ M)k Y [V P (4.19)
i=0
C .= ;
< mk’ Z[H$”%1 +Vni?
=0

IVt + inf [lp(ts) — ™7 + B+ k7).
thQh
Using the error decomposition and the triangle inequality, we obtain

, hon+1
e < Hlm I+ Nl (4.20)
hynt1
leF 12 < 2l + 20l )2,

Vet > < 2 VaitH® + 2 Ve %,
B> (h+ Re™")||Veit|
=0
n . n )
<2k (h+Re M|V ™2+ 2k "(h+ Re )| Vit
=0 1=0

Then it follows from (4.19),(4.20) that

||€7f+1H2+kZ(h+Refl)HVeiﬂHQ (4.21)
=0
c e i
< mk Z[||1Tl||2—1 + [V |?
=0

HIVaillt + it () — ¢ + B+ K.
qheQn

Use the approximation properties of X", @Q". Since the mesh nodes do not depend
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upon the time level, it follows from (2.5),(2.6) that

i+1
kz ||’71 i 12, < C’kz \Iull2 < Ch2m, (4.22)

=0
kY IVil® < on’m,
i=0
kz mf Hp —¢")2 < ChP™.
= 0

Hence, we obtain from (4.21),(4.22) that

[u(tnsn) = w2+ Y (h+ Re [V (u(tnrr) —up™ | (4.23)
i=0
< th h2 k2
~ h+ Re—l[ + A%+ kT,
where C' = C(Q,T,u,p, f).

This proves the first statement of the theorem.
Now subtract (4.6) from (4.4). Introduce the error in the Correction Step approx-

. . i h,i . . .
imation €} := u(t;) — uy’,Vi. This gives

(e;“HT—eg v) 4 (h 4+ Re™ 1) (Ve ™, Vo) (4.24)

HO" (u(tng1)s ultnen),v) = b (u ™ uy " o))
~((pltn+1) =p3™1), V- 0) = h(Vel ™, Vo) — k(o™ v).

Note that (4.24) differs from (4.7) only in the first term on the right-hand side. Using
the Cauchy-Schwarz and Young’s inequality, we obtain that for any € > 0

n - 1 n
|h(Ver Tt V)| < e(h+ Re™ )| Vo? + mthVelHHQ. (4.25)
Therefore,
EY (Ve Vo) <k e(h+ Re )| Vo2 (4.26)
=0 =0
1 n
———————=h’k Y (h+ Re ")||[Vel ™|,
+46(h+R6_1>2 ;( +R6 )Hvel ||

Using the bound on k31 (h + Re™!)||[ Vet from (4.23), we obtain

B Vet Vo) <k e(h+ Re )| Vo2 (4.27)
i=0 i=0
O 22,
(h+ Re~1)3
Decompose the error
e’é:u(t)—ugz—u(t-)—u +at —ugl—né—gbg’i, (4.28)

where % = u(t;) — @', o' =ub’t — @, ¢ht € VP vi.
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To conclude, repeat the proof of the first statement of the theorem, replacing
u?,el,th m by ul,es, o8, ma, respectively, and using (4.27). Note that the term
h n Re,l h? on the right-hand side of (4. 23) which was obtained from the bound on

h(Vu(t,+1), Vo), is now replaced by 7,13 h2m+2 + b* + h2k2]. Hence, we obtain
+ (h+Re=T)

(i) —ug™ ™% + & Z(h +Re )|V (ultngr) —us™ > (4.29)
i=0
< 2m | pd | 212 | 1.2
< (h+Re*1)3[h + h* 4+ hok° + k7,
where C' = C(Q,T,u,p, ).

0
This completes the proof of Theorem 4.3. Thus, we have derived the error esti-
mates, that agree with the general theory of the defect correction methods. Namely,

the Correction Step approximation u} is improved by an order of h, compared to the

Artificial Viscosity approximation u?.

Next we shall prove stability and derive the error estimates for the pressure.
5. Pressure. This section gives the proof of stability and the convergence rates

for pressure approximations p? and p.
For the pressure analysis we shall need the bounds on discrete time derivatives

ntl__n ntl__n
| = and || =——2||. For pressure stability it is enough to bound these quantities
by a constant, but a more subtle estimate is needed for proving the convergence rates.
We start by proving this estimate as a theorem.

Throughout this section we use the error decomposition ez» = u(t;) — u;” =
i — ¢, j=1,2,i=1,..n, introduced in (4.9),(4.28).
Also, taking @' = u§ on the initial time level gives gi)’f’o = 121,0 =0 and €} = n?,

ey =nJ. It follows from Proposition 4.1 that |[Vn?|| < Ch™ and |Vn$| < Ch™.
THEOREM 5.1. Let the regularity assumptions of Theorem 4.8 be satisfied. Let
pe € L2(0,T; H™(Q)), upe € L*(0,T; L*()).
Also let k < min(h, (h+ Re~1)3). Then for any time level n > 0

+1
iz Y kz (h+ Re ) [V(——0)|2)1/2 < (™ 4 h + ),
=1
and
n+1

n +1
i Ml ST S (h+ Re Y|V (2——2 >|| N2 < O(B™ + % + hk + k).
=1

h,n h,n
Proof. Start with the proof of the bound for ||%|| Consider (4.7) with
(4.8) forn >1

,v) + (b + Re™ 1) (Ve ™, Vo) (5.1)
O ), o) 6 e )

~((pltn+1) = P1"™), V- 0) = W(Vultnir), Vo) = k(o™ v),

u(thrl) — u(tn) )

where kp" ! = Ut(tnt1) — ’
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h,n+1__  h,n
Take v = % =: s+l ¢ YV in (5.1). Then consider (5.1) at the previous

time level and make exactly the same choice v = "1 € V" Subtract the equations,
using the Taylor expansion to simplify the last term on the right-hand side. We obtain

1 -1
k(n?Jr - 2;72? + 07 sl (ghantl _ghan ghatly (5 0)
n+l

(b + Re™ Yk(V(Pl), V") — (h 4 Re™ k| V"
(L utg), S B (e s

b (e ulta), 5 = B e )

7k((p(tn+1) - pilmhq) B (p(tn) 7p111,n) AV 5h,n+1)
k/‘ b)
_ hk_(v(u(tn-‘rl) — u(tn+1) )’ Vsh,n+1) _ Cka(p?—i-l7 Sh,n—i—l)7

k
where p"t = wy(tnye) for some 0 € [0,1].

Consider the nonlinear terms of (5.2). Adding and subtracting b* (e}, u(t, 1), s""*1)
and b* (ul"" T en shm ) gives

b (el gn), ") = (€, ulta), 8P (5.3)
—|—b* (uflL,n-‘,-l7 e?Jrl, Sh,n+1) b (uibfn7 e»il’ Sh,n-‘rl)
= [ (e ultnrn), 8" ) = 05 (e ultngn), 8™
+b" (e, ultnr), ) = b7 (el ultn), 8™ )]
)

x( hn+l n+l _hn+l x¢ hnt+l n _hnt
+[b (Uq y€1 S )_b(u1 ,€1,8

LN

Rl e M) — bl el st )

Use the error decomposition (4.9). Since b*(-, s+, s +1) = 0, it follows from (5.3)
that

b* (e{”‘l, w(tns1), sh’"H) —b* (e}, ulty), sh’”H) (5.4)

x¢ hn+l n+l _hntl x/ hn n _hntl
+b (ul )€1 ) S )7()(11,1 y€1, S )

n+l _  n
= kb (Bl ), 84 = R (M ), 8™
kb (e, U(tn+1)l<;_ u(tn) st 4 g (o 77?“}; n ghmt1)y
uh,nJrl o uh,n
+kb*( 1 1 ,6?,Sh’n+1).

k

Use the regularity of v and the Cauchy-Schwarz and Young’s inequalities to obtain
the bounds on the terms in (5.4). It follows from (2.4) that for any € > 0

it =y
e AR W) R G
_ n c nitt =y
< e(h+ Re k|| VshmH12 + h+Re_1k||V( L ; Ly)I2.

For the second term on the right-hand side of (5.4) use the regularity of u and the
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Cauchy-Schwarz and Young’s inequalities to obtain

FIo™ (" utng), "] < e(h + Rem k| V"2 (5.6)
C

1
+h - R Czknsh,n-&-le + §Cvuk/’||8h’n+1”2.

The third nonlinear term on the right-hand side of (5.4) is bounded by

v n+1 W(tn —u(tn n
(e, et ) g (5.7

< e(h+ Re VK| Vs 12 + E||Vertt2.

h+ Re—1!

For the fourth nonlinear term, add and subtract wu(t,11) to the first term of the
trilinear form. Using (2.4) and Lemma 2.3 leads to

n+1 _an
kb (uPmtt, L T shnbly) < 9¢(h 4 Re~ DR[| VsP L2 (5.8)

k
C et =t T et/ N
O VT 2 4 ol ver v e

k

For the fifth term add and subtract u(¢,+1) to the first term of the trilinear form to
obtain

“?’R—H - u;un u(tn1) — u(tn)

e st < pfpr (R I e e (5.9)

n+l

n
+k|b*(7h - Uil n Sh’n+1)|—|—k|b*(8h’n+1,€?,sh’n+1)‘.

7617

Apply the result of Lemma 2.3 to the last trilinear form in (5.9) and use the Young’s
inequality with p = % and ¢ = 4. This gives

uh,n+l _uh,n
b (e, ") (5.10)
_ n c n
< 3e(h + Re 1 )k||Vsh +1||2+mk|\vel||2
C it —pp C
k n|2 1 1 2 LIV n4| h,n+1 2.
e FIVE IV =0 + G Ve ™

Apply the Cauchy-Schwarz and Young’s inequalities to (5.2), using the bounds (5.4)-
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(5.10) for the nonlinear terms. This gives
h,n+1H2 _ Hsh,n
2

s ?

+ (h+ Re™hk|| Vs 112 (5.11)
< 13¢(h + Re M )E[| Vs T2

C K nptt = 2np Pt

2 1 77?“ =N\ 2
e 21+ C(h+ Re v (1|

k2 k
_ hn+1 _ _hmn
h+ Re~ 1l gheqn k k
C 777114—1 =N\ 2 2 77?“ =N\ 2 2
kl||V Vel V(—— Ve?
e MV B 2 + Ve 2 + |V (B2 |2 v
it =0t 4
+Ck[let[I*Ver|? +0kIIV(1T)II
C 2 u(tng1) — u(tn) 2 21 m+12
+h+R€71k h Ilv( k )H + h+R€71k k ||pt ||—l
TN e —— T RS
“"h+Re ! (h+Re 13" ! '

Since ugyy € L?(0,T; L*(9)), we have
n ) n )
X N2, < ey oi? < C
i=0 i=0

It follows from the assumption £ < h and the result of Theorem 4.3 that
max [|Vei || < C,

max || Veb|| < C.
(

Take € = % in (5.11), simplify, multiply both sides of the inequality by 2 and
sum over all time levels n > 1 to obtain

||sh,n+1H2+ (h—l—Re_l)k’ZHVSh’H_l”Z < Hsh,1||2 (5.12)
i=1
c S =2
—k
+h+R€_1 ;[” k2 ||71
i+l i i+l g
ot BT PIV R + IV
i+1 i
- nmoo—n
+(h+ Re V()"
tin1) — plt; hyitl _ ghii
qheQn k k
c " e no
+mk2(h+36 DIVe|® +Ck Y llei]?
=1 i=1
+Ckzn:(CV TS - : IVer )l
" h+Re ' (h+Re 13! '

i=1
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Consider the error decomposition (4.9). Take @’ to be the L? projection of u(t;) into
V" for all i > 1. Since the mesh nodes do not depend upon the time level, it follows
from the approximation properties of X", Q" and the regularity of u, p that

n 7+1 7 7—1 n 7+1 7 7—1
n =20+ n =201+ m
kZII ! S \|2_1§Ck2\| ! L2 < o, (5.13)
=1 )

k2 k2
kZ Iv(* )||4 < Ch*m,
— . p(tit1) —P(tz‘) g, 2
k f — < Ch"™.
;q;th 1= - P <
Using (5.13) and (4.23), we derive from (5.12) that
Is" P 4 (o + Re™ Dk D [V < P (5.14)
i=1
+COR*™ + h® + k7]
. 012/, 1 i (|4 h,i+112
+CkY (Cyu + + Vel )™,

P h+ Re=!  (h+ Re™1)3

Take @° = u§ on the initial time level. This gives (bi“o =0and e =79 = up —u.

h,1 h,0
For the bound on ||s™!||? = ||%H2, consider (5.1) at n = 0 and take v =
h,l1  ,h,0
%. This gives
1_ .0 4h1l A0 h,1 _ ,h,0

(A Uy (h—l—Re‘l)(Ve%,V(%)) (5.15)

hl . h0 h _ h0

o (ed, (), LA ? T SO B s ; h

h,1 h,0
(o) ~ P, ¥ - (00

hl k0 Rl B0
= h(Vu(t), V(AP (!, AT,

Rewrite the left-hand side of (5.15) so that we could use the properties of the modified
Stokes projection (2.3)

1,0 4hl _ kO 1_ .0 h1 _ R0
(61 - 61’ ¢1 : ¢1 )+ (h+R6_1)]€(V(el 7 61)7V(¢1 A (bl )) (516)
h,1 h,1 h,0
el (), ) o, A
h,1 R0 h,1 hO
—I—(h—s—Re‘l)(Ve?,V(%)) ((p(tr) — p}""), v (Qb1 : )

= h(Va(t), V(A1) — k(o'

k )
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h,1_  h,0
Since % € VP and p}f’l € Q", it follows from the choice of initial approximation
@° and from (2.3) that

h,1 h,0 h,1 h,0
(h-+ Re (Ve V(P 2) — (o) ), 7 - (B = 0.5.07)

Hence, using the Cauchy-Schwarz and Young’s inequalities, we derive from (5.16)
and (5.17) that for any €, e > 0

h1_ g0 nA_ g0
e L (e L N CRE
gt — ! n =
SQH%HQ"‘CH - 1H2
¢ — ¢y n —nf
+e(h+Re*1)kH%H2+C(h+Re*1)kHV( L - Ly|1?
o L pho
Fal DA R 4 R+ e+ R RIT (A 2
C 2 u(ty) —uo o qﬁb’l_‘ﬁ}f’o 2 2 2
+mh kHV(T)H +€1HTH + Ch*|| Aug|

1.0 hl k0 R k0
b (A (), B (e (), B
. gl _ gh ) gl _ phi0
+b (u(t ) 6%,%) +b (¢§L ! 6%7 %)
. Gl gh
—b (771’61’ 4 L : )
h,1 h,
Using the fact that qbib’o = 0, we obtain b*(, ?’1, %%%0) = 0. The nonlinear
terms in (5.18) are bounded by applying Cauchy-Schwarz and Young’s inequalities.
We obtain
1_ .0 h1 hl
(e, A (e ), A (1)
gt g0 o h1_¢h0
OOy (gt e, P
hl R0
bl e %7%)

+b” (u(t1)7 61%7

C =1 o 1 N
< k h k O
< bl 1P el Re DRIV (F— )|
h,1 h,0 1 0
1 ¢1 _¢1 2 C M — M2
+e<h+Re )knw P e IV
B ¢h0 ¢h1 ¢h0
+e(h+ Re 1>k||V< —IP + (MR,l)gkuwill IH—
¢h1 h,0
+26r]|H— [P+ Clnf P + Ol VR
¢h1 h,0
+261 || = + Clln |* + C[| Vi )®
Rl _ h,0
Tl AT 2 o2t

k
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The inequalities (5.18)-(5.19) give

gl _ i - gl _ g0
e L I e LS CRCE'Y

¢ ¢ Ly 60— 9o

< L T2

< e+ ek + G eIV A
N

+5e(h+ Re V(P

1 0

n —ny - m—n
FOOM 2 4 (h oy Re b (B 2

u(ty) — ul(to

2 + mh%nw%w + 12 A

1 m = 2 1912 112 -2 114
b IV b2 4 [V 4 22 )

It follows from the approximation properties of X, Q" that

¢h,1 _ ¢h,0
(h 4+ Re " )k[|V( %)H? (5.21)

< OR*™ + h* + k),

h,1 h,0
H¢1 (bl ||2

and the triangle inequality gives

0
—ef

1
+ (h+ Re k|| V()12 (5.22)
< CR*™ + h? + k).

h,1_ 4 h,0
Insert the bound on H% | into (5.14). The restriction on the time step k allows
to apply discrete Gronwall’s lemma. This leads to

hn+1 _(bh,n h,i+1 ¢hz
= . —|* + (7 + Re™! kZHV ——)|? (5.23)

gC[h2m+h2+k ].

Using the triangle inequality we obtain

1 e g RS (e (5.24)
=1 k .
< C[h*™ + h? + K2).

This result proves the first statement of Theorem 5.1.
h,n+1

For the bound on || M || consider (4.24), n > 1. Following the proof above,

Rantl_ ghon h, n-‘rl . . .
take v = =2——2— =:5,""" ", then consider (4.24) at the previous time level, make
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: hyn+1
the same choice v = s5" "

and subtract the two equations. This leads to

n+1 ) n+ n—1
BB ) — (s T ) (5.26)

n+1

+(h+ Re (T (), Vi) — (h+ Re ™)k Vsy ™|

07 (5t utnrn), sy ")+ 07 (uy ™ e sy
—b (5, ultn), sy ) = U (up " e, 55"

k((p(tnﬂ) —py"™) = (p(tn) — P5") v s

k

), Vsy ") = Ok (pp sy ™).

+1)
Jrl)

n+1 n
G 4

= hk(V (=

The nonlinear terms in (5.25) are bounded in the same manner as those in (4.24), with
s, ¢ and n; replaced by s%, ¢ and 7,. Using these bounds and the Cauchy-Schwarz
and Young’s inequalities, we obtain from (5.25) that

h,n+1 h,
s 11 = llso™|I?

+ (h 4 Re™Y)k|Vshm 2 (5.26)

2

< 13¢(h + Re " )k||Vshmth|?
C ms =2y 4yt o s =g e

k h k = <
ekl = 20+ C(h+ Re k92—

C tn _ tn hn+1 _ _hmn
N ko ”p( +1) —p(tn) ¢ "2

h+ Re qheQh k k
C 773“—773 2 n|2 77;+1_775L 2 n2
+h+Re,1k[||V( I IVe T+ IV (F——) Ve |I]
2 2 77;+1_77£L 4
+Ckllez [IFIVez ||” + Ck|IV(==——=)]
C et _en

:ZC . h2 v 1 1 2 :ZC . k2 n+12
ek PV ek KRl
c(C Ci% 1 n|4 k h,n+12
+C(Cyy + + s IVez 1))kl ™[I

h+Re= 1 (h+ Re 1)

It follows from the assumption k& < h and the result of Theorem 4.3 that max; ||Veb|| <

C.

Take € = % in (5.26), simplify, multiply both sides of (5+?6)by 2 and sum over all
time levels n > 1. The bound on (h + Re™ ")k Y " | [[V(Z——)|? is obtained from
(5.24). Using the approximation properties of X", Q" and the triangle inequality, we

obtain

[SBm 2 4 (bt Re RS [V < B2 (5.27)
=1
+COR*™ + h* + h2k? + k]
FORY (Cput — i L gy
Ve U 4 Re 1 " (h+ Re-1)3! 77211 172 '

i=1
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1 h,0
The bound on |[sh!|| = HMH is obtained in the same manner as the bound on

R, h,0 h,1_ 4 h,0
H%H Consider (4.24) at n = 0 and take v = sh'! = % This leads to

oyt — ¢’ 2, 4 oy — )
[Pl (o Re RV (2 >|| (5.28)
C c obt — b0
<
< G+ e Tt G R ka3 |4 2——2— k &
¢h1
2

+5¢(h + Re™ VK| V(Z2—2— 3 )||2

1 0
77 77 - 2 — N
+O[| =21 + (h + Re k| V(Z——2)|1?
k k
k2 112 th v 2 h2 A 2
PR+ e 9 )

1 775_778 2 112 12 -2 114
IV A+ 27+ Va2 |7+ A7 Vg 7).

+h + Re!

Use the bound on (h + Re‘l)k‘HV(%)H2 from (5.22). It follows from the
approximation properties of X", Q" and the triangle inequality, that

¢h1 (bho B ¢h,1_¢h,o
12— 22 (e Re V(222 P (5.29)

< Ch®™ + h* + A2k + k2

and
es — €9 _ — €9
1= + (b + Re UkHV( =) (5.30)
chm+M+MH+ﬁy
Insert the bound on || M |2 into (5.27). The restriction on the time step k allows

to apply discrete Gronwall’s lemma. This leads to

gmﬂ_‘bgm 2, 1 QHH ¢}2L’i 2
10 e R IV s

k
i=1
< Ch®™ 4 bt 4 h2E? + k2.
Using the triangle inequality we obtain

IE =B g RS V(2 (5.52)
=1 k .
< C[R* + h* + h2k* + k2]

This completes the proof of Theorem 5.1. O

5.1. Stability of the Pressure. The stability of the pressure approximations
p? and pl follows from the discrete inf-sup condition (2.1). The required bound on
the time derivative of velocity is obtained under the assumptions of Theorem 5.1.
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THEOREM 5.2. Let f € L?(0,T; H-*(Q)). Let p and p} satisfy the equations
(1.5) and let the assumptions of Theorem 5.1 be satisfied. Then there exists a constant
C=C(T, f,h+ Re™ ', uf) s.t.

n
EY I <
i=0

and

kz Iy < C

Proof. Consider the first equation of (1.5). It holds true for Yo" € X". Apply the
Cauchy-Schwarz inequality, divide both sides of the inequality by ||Vv"|| and regroup
the terms, leaving only the pressure term on the left-hand side. Using Lemma 2.1
gives

(ph’"+1, v. Uh) Yt b ) .
I L2+ (h+ Re Y| Va™ | (5.33)

k
AM[V " A ) f () -1
It follows from (5.33) and the discrete LBB condition (2.1) that

h,n+1 h,n

u —
BT < 1 I+ (h + Re™ )|V (5.34)

+ M| Vuy " P LS ()]

Decompose the first term on the right-hand side of (5.34), using the error decompo-
sition and the triangle inequality. This gives

W ) et e

| < L (535)

Multiply both sides of (5.34) by k and sum over the time levels. Using (5.35), we
obtain

n 1+1

i t; eftt —el
ﬂthth +1||</~s§j|| “ ) 1+k2|| Ll (5.36)

+(h+ Re™") kz IV + Mkz IV 2 + kz (FACTRV] R

1=0 =0 i=0

The discrete Holder’s inequality gives

kz ||v hl+1 | — kz ||v h2+1 (537)

< (kY IV ) kzl )t = Ot P,

=0 =0
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Similarly,

n i+1

6 6 6 6 1 e l
kZII v - 1<CkZH v %)z <0 kZH - ?)2(5.38)

=0

The stability bound on & Y27 [|Vu!"™||2 is obtained from Lemma 3.2. Using
(5.38) and Theorem 5.1, it follows from (5 36) that

5hk2|| P < HTHUSHZ h+R (htRe 1?2 ZHf ir)[124]) (5.39)

Hence, if the forcing term f is sufficiently smooth, the pressure approximation p’ is
stable.

Next, consider the second equation of (1.5). Apply the Cauchy-Schwarz inequality,
divide both sides of the inequality by || Vv"|| and regroup the terms. Following the
outline of the proof above, we obtain

K z 6 6
ﬂthIIPh “|<k2|| H | 1+k‘ZII 2 221 (5.40)

=0 1=0 1=0

+(h+ Re™t) kz [ Vul | + Mk;z [Vulth)?

=0 =0

+th IVay ™+ kD0 (i) |1
=0

Use the discrete Holder’s inequality as in (5.37). It follows from Theorem 5.1 and
Theorem 3.3 that

ﬁthHp“*lnw anf iw)|24]). (5.41)

gl +
h+ Re—11"0 (h+R

5.2. Error estimates for the pressure. In this section we estimate the error
in pressure approximations ||p(t;) — pi"'|| and ||p(t;) — ph*||. The results are obtained
by using the inf-sup condition (2.1) and the result of Theorem 5.1. The main result
of the section is

THEOREM 5.3 (Pressure Convergence Rates). Let u,p,uf, ph, ul, plh satisfy the
equations (4.4)-(4.6). Let the assumptions of Theorem 5.1 be satisfied. Then, for
Vn >0

B lp(tien) — o < CIR™ + b+ k] (5.42)

and

kY llp(tis) — ph | < C[R™ + h? + bk + k). (5.43)
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Proof. Decompose the error in the pressure approximation

h, R
Pltnsr) =" = (p(tnsr) — g™ 1) — (p T gl (5.44)
h, 1

where ¢"" 1 is some projection of p(tn41) into Q. Thus, " € Q™.
Divide both sides of (5.1) by ||[Vv| and regroup the terms. Use the result of
Lemma 2.1 and the Cauchy-Schwarz inequality to obtain

( h,n+1 V ’U) +1
<4
2 k
+(h+ Re |V | + MIValta )V ]+ MIVal ™ Vert |
b p(tan) = 0" BVt |+ Ko™

— el
t-1 (5.45)

Apply the discrete inf-sup condition. Multiply both sides of (5.45) by k& and sum over

all time levels. Decomposing uh ntl u(tni1) — et gives

ﬂthIIwh”lKkZHel “4), (5a6)

=0

+(h+ Re™) k: Vel + 2M Jnax, |Vu(t k; Ve”'l |
1

=0
FMEY Ve + hkz IVu(ti)]
=0 =0
#h 3l (i) ="+ ke kS I

Applying the discrete Holder’s inequality and the triangle inequality and using The-
orem 5.1 and Theorem 4.3 proves (5.42).
Next, subtract (4.6) from (4.4). This gives for any v € X"

627,1) + (h+ Re 1) (Vel ™, Vo 5.47
k 2
+b* (5™ ultng), ) + b7 (uy " €5t 0)
—((P(tns1) = P5"), V- 0) = h(Vel !, Vo) = k(" v).

Following the proof above, we obtain
n ettt — et
ﬁthHwh < kZH 2 22| (5.48)

+<h+Re‘1)kZHVeé“II+2M max ||V ’)IIkZIIVeé“II
=0 :
FMEY Vst + hk ) [ Velt!|
=0 1=0

n n
DS inf p(tn) — " kY
=0

=0
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Applying the discrete Holder’s inequality and the triangle inequality and using The-
orem 5.1 and Theorem 4.3 leads to (5.43). O

6. Computational Tests. We test the convergence rates for a two-dimensional
problem with a known exact solution. Consider the Chorin’s vortex decay problem in
the unit square = (0,1)2. Take

. (— cos(mx) sin(wy)exp(—Zw%/Re))
sin(rz) cos(my)exp(—2m2t/Re) |’

p =~ (cos(2me) + cos(2my)eap(~ 47t/ Re),

(6.1)

and then the right-hand side f and initial condition ug are computed such that (6.1)
satisfies (1.4).

In order to reduce the influence of the time discretization error, the time step is
taken to be very small: At = O(h?).

For Re = 1, Re = 100000 and final time 7" = 1/320, the calculated conver-
gence rates in Tables 6.1-6.4 confirm what is predicted by Theorem 4.3 for (P, P;)
discretization in space.

TABLE 6.1
AV approzimation. Re = 1.

h [|u— u’f HL2(O,T;L2(Q)) rate | ||u— u}f ||L2(07T;H1(Q)) rate
1/4 0.000295318 - 0.0111291 -
1/8 5.77794E-05 2.35 0.00280563 1.99
1/16 2.28146E-05 1.34 0.000756655 1.89
1/32 0.000011235 1.02 0.000244007 1.63

TABLE 6.2

Correction Step approzimation. Re = 1.

h [|u— ug ‘|L2(O,T;L2(Q)) rate | ||u— U}QL ||L2(07T;H1(Q)) rate
1/4 0.00027283 - 0.0110347 -
1/8 3.56252E-05 2.94 0.00271592 2.02
1/16 4.55025E-06 2.97 0.000665649 2.03
1/32 5.77583E-07 2.98 0.000164297 2.02

The convergence rate of ||u— ug||L2(07T;L2(Q)), predicted by Theorem 4.3, appears
to be improvable in the case of moderate Reynolds’ number. However, for the flow with
sufficiently large Reynolds’ number, the computed rates agree with those predicted
by the theorem.

TABLE 6.3
AV approzimation. Re = 100000.

b [ lu—uf(lr2mze@ | rate | [[u—ul [[r2omm1() | rate
1/4 0.000339015 - 0.00534596 -
1/8 7.39569E-05 2.2 0.00104601 2.35
1/16 3.19763E-05 1.21 0.00025783 2.02
1/32 1.62156E-05 0.98 9.19028E-05 1.49
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TABLE 6.4
Correction Step approximation. Re = 100000.

h [|u— U}QL HL2(O’T;L2(Q)) rate | ||u— u’QL ||L2(07T;H1(Q)) rate
1/4 0.000300427 - 0.00525358 -
1/8 0.000040032 2.91 0.000975526 2.43
1/16 5.94795E-06 2.75 0.000190267 2.36
1/32 1.37357E-06 2.11 4.26364E-05 2.16

7. Comparison of the approaches. For many years, it has been widely be-
lieved that (1.2) can be directly imported into implicit time discretizations of flow
problems in the obvious way: discretize in time, given u"(torp), the quasistatic flow
problem for u" (¢ y pw) is solved by DCM of the form (1.2). In this section we compare
this approach and our method (1.5), applied to the same problem.

Apply both methods to the one-dimensional singularly perturbed equation

Up — €Upg + Uy = f

Our method leads to the coupled pair of equations

n+1 4 unJrl n+1 n+1

n+1 n n+1
Uy, —Up, Uy 41— 2“1,i 1,41 Uri4+1 — Ug5-1
—(e+h) 2 +
At h 2h
_ fnJrl
= frt,
n+1 n n+1 n+1 n+1 n+1 n+1
Ug,i — U2 (e+h) Ugj—1 — Quz,i + Uy n Ugit1 — U241
At h? 2h
n+1 n+1 n+1
nal uy g —2uy Uy
= f —h )
3 h2
whereas the other method gives
n+1 n n+1 n+1 n+1 n+1 n+1
Ui — U2 (e + 1) Uy 41— 2“1,i T U4 i Uyipr —Uri—1 f"'H
At h? 2h v
n+1 n n+1 n+1 n+1 n+1 n+1
Ui — U2 (e +h) Ug i1 — 2“2,1‘ + Uy i Ug i1 — U251
At h? 2h

n+1 n+1 n+1
— hul,i—l —2uy; tug iy
= f 3 .

Consider 0 < z < 1,0 <t <1, u(0,t) = 0, u(l,t) = 25, u(z,0) = 0, f(x,t) =
tz? + 20z, e = 0.000001.

As one could have predicted, if we let the time interval be fixed and reasonably
big (At = 0.1) and decrease the space-interval, both methods give almost the same
results, since they mainly differ in treating the time-derivative. But if we fix Ah
and monotonically decrease At, we immediately see the oscillations of the solution,
obtained by the alternative method.

Figures Fig.7.1-Fig.7.4 show the solution, obtained by our method (denoted by
the solid line) and the solution, obtained by the alternative approach (dashed line
on the graphs). The spacial mesh is fixed (with Ah = 0.01) and the time step At
decreases to zero (see the captions).
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As we see, although this alternative approach uses the Correction Step approx-
imation of the true solution on each time level (instead of the AV approximation),
the results are worse even for a simple one-dimensional problem with the bounded

domain and bounded right-hand side.

We conclude the comparison of the methods by applying them to the Navier-
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Stokes equations in R?. Consider the Chorin’s vortex decay problem in the square
Q= (-1,1)% with

272

Ln Sin(me)exp(47T2t/Re)> (7.1)

fla,y.t) = (3” sin(2my)exp(—4n*t/ Re)

and Re = 10°. The final time is taken to be T'= 1/10 and the mesh diameter is fixed
at h = 1/4. As the time step At is decreased, the error estimates, obtained by the

DCM (1.5), do not change - see the following table.

TABLE 7.1

DCM. Re = 100000, T = 1/10, h = 1/4

At [ Ju—ub 2075220 | v —ub |[r207500 @)
10-3 0.00682 0.0585
10~4 0.00682 0.0585
10—° 0.00682 0.0585

At the same time, applying the alternative approach we obtain

TABLE 7.2

ALTERNATIVE APPROACH. Re = 100000, T =1/10, h =1/4

At [ lu—ub|[r20m522) | v —ub [[L207500 @)
1073 0.01019 0.1104
1012 0.01449 0.1759
10-° 0.01582 0.2076

Hence, in the alternative approach the error increases as At tends to zero.

We have seen from Figures Fig.7.1-Fig.7.4 that the alternative approach gives
worse results than the DCM, when solving the convection diffusion equation. Com-
paring the Tables 7.1-7.2, we conclude that the Defect Correction Method (1.5) also
behaves better, when applied to a more difficult Navier-Stokes problem.
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