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ABSTRACT. We investigate mortar multiscale numerical methods for coupled Stokes and Darcy
flows with the Beavers—Joseph—Saffman interface condition. The domain is decomposed into a
series of subdomains (coarse grid) of either Stokes or Darcy type. The subdomains are discretized
by appropriate Stokes or Darcy finite elements. The solution is resolved locally (in each coarse
element) on a fine scale, allowing for non-matching grids across subdomain interfaces. Coarse
scale mortar finite elements are introduced on the interfaces to approximate the normal stress and
impose weakly continuity of the normal velocity. Stability and a priori error estimates in terms
of the fine subdomain scale h and the coarse mortar scale H are established for fairly general
grid configurations, assuming that the mortar space satisfies a certain inf-sup condition. Several
examples of such spaces in two and three dimensions are given. Numerical experiments are presented
in confirmation of the theory.

1. INTRODUCTION

Mathematical and numerical modeling of coupled Stokes and Darcy flows has become a topic of
significant interest in recent years. Such coupling occurs in many applications, including surface
water-groundwater interaction, flows through vuggy or fractured porous media, industrial filters,
fuel cells, and cardiovascular flows. The most commonly used model is based on the experimentally
derived Beavers—Joseph—Saffman interface condition [10, 55], a slip with friction condition for the
Stokes flow with a friction coefficient that depends on the permeability of the adjacent porous media.
Existence and uniqueness of a weak solution has been studied in [46, 24]. Numerous stable and
convergent numerical methods have been developed, see, e.g., [46, 24, 54, 29, 44, 28, 49, 32, 33] for
methods based on different numerical discretizations suitable for each region, and [47, 4, 19, 59, 45, 9]
for approaches employing unified finite elements. The full Beavers—Joseph condition was considered
in [20, 2]. A coupling of Stokes-Darcy flows with transport was analyzed in [58]. The nonlinear
system of coupled Navier-Stokes and Darcy flows has been studied in [35, 26, 8].

In this paper we develop multiscale mortar methods for multi-domain non-matching grid dis-
cretizations of Stokes-Darcy flows in two and three dimensions. Non-matching grids provide flexibil-
ity in meshing complex geometries with relatively simple locally constructed subdomain grids that
are suitable for the choice of subdomain discretization methods. Mortar finite elements play the
role of Lagrange multipliers to impose weakly interface conditions. In [46], a Lagrange multiplier
approximating the normal stress was introduced to impose continuity of the normal velocity for
discretizations involving mixed finite element methods for Darcy and conforming Stokes elements.
With a choice of the Lagrange multiplier space as the normal trace of the Darcy velocity space,
the analysis in [46] applied to non-matching grids on the Stokes-Darcy interface, although this
was not explicitly noted. A similar choice was considered in subsequent mortar discretizations for
Stokes-Darcy flows [54, 29, 14]. Mortar methods for mixed finite element discretizations for Darcy
have been studied in [60, 5, 52, 6]. The analysis in these papers allows for the mortar grid to be
different from the traces of the subdomain grids with the assumption that the mortar space satis-
fies a suitable solvability condition that limits the number of mortar degrees of freedom. Mortar
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discretizations for Stokes have been developed in [11, 12]. There, the mortar grid was chosen to be
the trace of one of the neighboring subdomain grids, similar to the choice in mortar methods for
conforming Galerkin discretizations for second order elliptic problems [13].

In this work we allow for non-matching grid interfaces of Stokes-Darcy, Stokes—Stokes, and
Darcy-Darcy types. We develop multiscale discretizations, where the subdomains are discretized
on a fine scale h and the mortar space is discretized on a coarse scale H. Our method is based on
saddle-point formulations in both regions and employs inf-sup stable mixed finite elements for Darcy
and conforming elements for Stokes. The mortars approximate different physical variables and are
used to impose different matching conditions depending on the type of interface. On Stokes—Stokes
interfaces, the mortar functions represent the entire stress vector and impose weak continuity of
the entire velocity vector. On Stokes—Darcy and Darcy—Darcy interfaces, the mortars approximate
the normal stress, which is just the pressure in the Darcy region, and impose weak continuity of the
normal velocity. The mortar spaces are assumed to satisfy suitable inf-sup conditions, allowing for
very general subdomain and mortar grid configurations. We consider approximations of different
polynomial degrees on the three types of interfaces and the two types of subdomains. The mortar
spaces can be continuous or discontinuous, the latter providing localized mass conservation across
interfaces. Our method is more general than existing Stokes—Stokes mortar methods [11, 12] and
Stokes—Darcy mortar methods [46, 54, 29, 14]. On Darcy-Darcy interfaces, our condition is closely
related to the solvability condition considered in [60, 5, 52, 6].

The stability and convergence analysis relies on the construction of a bounded global interpolant
in the space of weakly continuous velocities that also preserves the velocity divergence in the usual
discrete sense. This is done in two steps, starting from suitable local interpolants and correcting
them to satisfy the interface matching conditions. The correction step requires the existence of
bounded mortar interpolants. This is a very general condition that can be easily satisfied in
practice. We present two examples in 2 — D and one example in 3 — D that satisfy this solvability
condition. Our error analysis shows that the global velocity and pressure errors are bounded by the
fine scale local approximation error and the coarse scale non-conforming error. Since the polynomial
degrees on subdomains and interfaces may differ, one can choose higher order mortar polynomials to
balance the fine scale and the coarse scale error terms and obtain fine scale asymptotic convergence.
The dependence of the stability and convergence constants on the subdomain size is explicitly
determined. In particular, the stability and fine scale convergence constants do not depend on the
size of subdomains, while the coarse scale non-conforming error constants deteriorate when the
subdomain size goes to zero. This is to be expected, as the relative effect of the non-conforming
error becomes more significant in such regime. However, this dependence can be made negligible
by choosing higher order mortar polynomials, as mentioned above.

Our multiscale Stokes—Darcy formulation can be viewed as an extension of the mortar multiscale
mixed finite element (MMMFE) method for Darcy developed in [6]. The MMMFE method provides
an alternative to other multiscale methods in the literature such as the variational multiscale method
[41, 3] and the multiscale finite element method [40, 22]. All three methods utilize a divide and
conquer approach: solve relatively small fine scale subdomain problems that are only coupled on
the coarse scale through a reduced number of degrees of freedom. The mortar multiscale approach
is more flexible as it allows for employment of a posteriori error estimation to adaptively refine the
mortar grids where necessary to improve the global accuracy [6]. Following the non-overlapping
domain decomposition approach from [37], it can be shown that the global Stokes-Darcy problem
can be reduced to a positive definite coarse scale interface problem [57]. The latter can be solved
using a preconditioned Krylov space solver requiring Stokes or Darcy subdomain solves at each
iteration. An alternative more efficient implementation for MMMFE discretizations for Darcy was
developed in [31], where a multiscale flux basis giving the interface flux response for each coarse scale
mortar degree of freedom is precomputed. The multiscale flux basis is used to replace the solution
of subdomain problems by a simple linear combination. The application of this methodology to
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the Stokes—Darcy interface problem will be discussed in a forthcoming paper. We should mention
that there have been a number of papers in the literature studying domain decomposition methods
for the Stokes—Darcy problem, primarily in the two-subdomain case, see, e.g., [25, 27, 39, 30, 21].

1.1. Notation and preliminaries. Let ) be a bounded, connected Lipschitz domain of IR",
n = 2,3, with boundary 02 and exterior unit normal vector n, and let I" be a part of 92 with
positive n — 1 measure: |I'| > 0. We do not assume that I' is connected, but if it is not connected,
we assume that it has a finite number of connected components. In the case when n = 3, we also
assume that I" is itself Lipschitz. Let

Hor(9) = {ve H'(Q); vl = 0}.

Poincaré’s inequality in H, &F(Q) reads: There exists a constant Pr depending only on € and I' such
that

(1.1) Yo € Hyr(Q), [vllz2) < Prlvlm

The norms and spaces are made precise later on. The formula (1.1) is a particular case of a more
general result (cf. [50, 15]):

Proposition 1.1. Let  be a bounded, connected Lipschitz domain of IR™ and let ® be a seminorm
on HY(Q) satisfying:
1) there exists a constant Py such that

(1.2) Vo€ H'(Q), ®(v) < Pi[o]l g

2) the condition ®(c) = 0 for a constant function ¢ holds if and only if ¢ = 0.
Then there exists a constant Py depending only on 2, such that

(1.3) o € HY(Q), [0l z2(0) < Pa([vf2 gy + @(0)%) 2

We recall Korn’s first inequality: There exists a constant C; depending only on € and I' such
that

(1.4) Yo € Hyp(Q)", [v]m) < C1DO)| 120,

where D(v) is the deformation rate tensor, also called the symmetric gradient tensor:
1
D(v) = E(Vv +Vol).
This is a particular case of the following more general result (see (1.6) in [16]):

Proposition 1.2. Let Q2 be a bounded, connected Lipschitz domain of IR"™ and let ® be a seminorm
on HY(Q)" satisfying:
1) there exists a constant Co such that

(L5) Vo € H'(Q)", B(v) < Callvlli o)

2) the condition ®(m) =0 for a rigid-body motion m holds if and only if m is a constant vector.
Then there exists a constant Cs depending only on €, such that

1/2
(1.6) Yo e HY(Q)", [v]gia) < C3(|1D(0)[22q) + ®(v)?) ">
In particular, Proposition 1.2 implies that there exists a constant Cq, only depending on €2 such

that (see (1.9) in [16]),

(1.7) Yo e H(Q)", ] 1) < Co <||D HLZ ’/ curlv

where | - | denotes the Euclidean vector norm.



For any non-negative integer m, recall the classical Sobolev space (cf. [1] or [50])
H™(Q) = {v € L2(Q); 8"v € L2(Q) Y|k < m} ,

equipped with the following seminorm and norm (for which it is a Hilbert space)
1/2 1/2
vl Em (o) = / D oPd | ollame) = | D 1ol
|k|=m 0<|k|<m

This definition is extended to any real number s = m + s’ for an integer m > 0 and 0 < s’ < 1 by
defining in dimension n the fractional semi-norm and norm
1/2

akz 2 1/2
oy = | 3 [ [ |w_y|n+2§ DWiwdy | ol = (1ol + o)

|k|=m

In particular, we shall frequently use the fractional Sobolev spaces H'/2(I') and Héf(l“) for a

Lipschitz surface I' when n = 3 or curve when n = 2 with the following seminorms and norms:

1/2
[o(@) — v(y)|® 2 2 12
(1.8)  [v[grrzqy = (/F/F‘w_ywdxdy s vl = (HUHLZ(F) + |U‘H1/2(F)> ’

o(z 1/2
(19)  [olgaszey = <er1/2(r IF= N (R

where dgr(x) denotes the distance from @ to OI'. When T" is a subset of 92 with positive n — 1
1/2

measure, Hy,"(I") is the space of traces of all functions of H 6Q\F( ). The above norms (1.8) and

(1.9) are not equivalent except when I is a closed surface or curve. The dual space of H'/2(T) is
denoted by H~'/2(T).
In addition to these spaces, we shall use the Hilbert space
H(div; Q) = {v € L*(Q)"; dive € L*(Q)},

equipped with the graph norm

) 1/2
ollaaivey = (I02(0) + IdivolZzm) -

The normal trace v - n of a function v of H(div;) on dQ belongs to H~/2(9Q) (cf. [34]). The
same result holds when IT" is a part of 9Q2 and is a closed surface. But if I' is not a closed surface,

then v - n belongs to the dual of H(%Z(F). When v - n = 0 on 052, we use the space
Hy(div; Q) ={v € H(div;Q); v-n =00n00}.

2. PROBLEM STATEMENT

2.1. Coupled Stokes and Darcy systems. Let ) be partitioned into two non-overlapping re-
gions: the region of the Darcy flow, €4, and the region of the Stokes flow, €2, each one possibly
non-connected, but with a finite number of connected components, and with Lipschitz-continuous
boundaries 9€2; and 0€):
Q=0Q,UQ,.

Let T'y = 0Q, N 00, T'y = 005 N0, I'sg = 0Q2q N 0. The unit normal vector on I'yy exterior to
Qg, respectively g, is denoted by ng, respectively ng. In dimension three, we assume that I'y, I's,
and I'sq also have Lipschitz-continuous boundaries. Let f,; be the gravity force in £}y, f, a given
body force in Qg, let v4 > 0, respectively vs > 0, be the constant viscosity coefficient of the Darcy,
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respectively Stokes flow, let K be the rock permeability tensor in €24, let ¢4 be an external source
or sink term in 4, and let a > 0 be the slip coefficient in the Beavers-Joseph-Saffman law [10, 55],
determined by experiment. As far as the data are concerned, we assume on one hand that K is
bounded, symmetric and uniformly positive definite in €;: there exist two constants, Ay, > 0 and
Amax > 0 such that

(2.1) Ve € Q4 Vx € R, Amin|X|* < K(2)X - X < Amax|X[*,

and we assume on the other hand, that the source ¢4 satisfies the solvability condition

(2.2) / gqadx = 0.
Qq

The fluid velocity and pressure in €24, respectively €1, are denoted by ug and pg, respectively by
us and ps. The stress tensor of the Stokes flow is denoted by o (us, ps),

o(us,ps) = —psI + 2vsD(us).
In the Darcy region €, the pair (ug, pg) satisfies

(2.3) VdKfl’uld +Vps = fq inQy,

(2.4) div uq = 44 in Qd,

(2.5) ug-n = 0 only.

In the Stokes region 2, the pair (us, ps) satisfies

(2.6) —diveo(us,ps) = —2vsdivD(us) + Vps = f, in Qs

(2.7) divus = 0 in Q,

(2.8) us = 0 only.

The Darcy and Stokes flows are coupled on I's4 through the following interface conditions

(2.9) Ug - Ns+ug-ng=0 on gy,

(2.10) —(U(us,ps)ns) ‘Mg = ps — 204 (D(us)ns) ‘ng =pg on [y,
VK, VK

(2.11) — l(a(us,ps)ns) ST = ——ZQ(D(us)ns) T =us-T, only, 1<1<n—1,
Vs «

where 7;, 1 <[ < n—1is an orthogonal system of unit tangent vectors on I'g; and K; = (K’Tl) Tl
Conditions (2.9) and (2.10) incorporate continuity of flux and normal stress, respectively. Condition
(2.11) is known as the Beavers-Joseph-Saffman law [10, 55, 42] describing slip with friction, where
VK /a is a friction coefficient.

2.2. First variational formulation. For any functions ¢4 defined in 4 and ¢4 defined in €y, it
is convenient to define ¢ in Q by ¢|q, = ¢q and ¢|q, = ¢s. With this notation, regarding the data,
we assume that f € L?(Q)", we extend qq by zero in €, i.e. we set g = 0 and owing to (2.2),
the extended function g belongs to L(f2). Regarding the unknowns, in view of the Darcy and
Stokes operators, it is reasonable for the moment to look for (ug, pg) in H(div;Qq) x H'(£4) and
(us,ps) in HY(Qs)™ x L?(£2). Before setting problem (2.3)-(2.11) into an equivalent variational
formulation, it is useful to interpret the interface conditions (2.10)—(2.11). First we observe from
the regularity of f, that each row of o(us,ps) belongs to H(div;€s); hence o(us,ps)ns belongs

to H=1/2(99,)", and in particular is well-defined as an element of the dual of Héf(F sd)", which
is a distribution space on I'yg. But without further information, it cannot be multiplied directly
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by the normal or tangent vectors, since the boundary is only Lipschitz-continuous. To bypass this
difficulty, following [35] we define the function on I'y4

n—1
Ve
(2.12) g = —Ddms — E (us - T1)71,
= VI

and replace (2.10)—(2.11) by the condition
(2.13) o(us,ps)ns =g on g

As the traces of pg and of all components of us on I'yg belong to H 1/ 2(I'yq), Sobolev’s imbeddings
[1] imply that g belongs to L"(I's;)" for any finite 7 when n = 2 and » = 4 when n = 3. Hence
condition (2.13) makes sense. Let us check that it implies (2.10)—(2.11). First, prescribing (2.13)
guarantees that o (us, ps)n, belongs at least to L*(I'sq)” and thus can be multiplied by the normal
or tangent vectors. Then by virtue of this regularity, (2.12), (2.13) are equivalent to:
n—1 n—1 Ve
((U(usaps)ns) ns)ns + ; ((U(usaps)ns) Tl)Tl Pams lzz; \/E(us TI)TI,

and therefore, by identifying on both sides the components of the normal and tangent vectors
(that forms an orthonormal set), we derive (2.10)—(2.11). Hence (2.13) is the interpretation of
(2.10)~(2.11).

Now, let (ug,pq) € H(div;Qq) x HY(Qq) and (us,ps) € HY(Qs)" x L?() be a solution of
(2.3)-(2.11). In order to set (2.3)—(2.11) in variational form, we take the scalar product of (2.3)
and (2.6) respectively with any test function vg in H'(Qq)" satisfying v4-m = 0 on I'y, and any
v, in HY(Q)" satisfying vs = 0 on I'y. Then we apply Green’s formula in €4 and . This yields

(2.14) V4 Kﬁl’u,d c Vg — / padivvg + / PdVq " Mg = fa-va,
Qq Psa Qq

Qq
(2.15) 21/5/ D(us) : D(vs) —/ psdivos — (o (us, ps)ns, vs)r,, —/ fs-vs,
Qs Qs Qs

where (-, -)r,, denotes the duality pairing between Hégg(Fsd)” and its dual space. The validity of
(2.14) and (2.15) follows from the above considerations. By summing (2.14) and (2.15), by using
the fact that ng = —ng, and by applying (2.13), the term on the interface, say I, reads

I= _<U(u87ps)n57'vs>Fsd - / PV - Mg = —/

g'vs—/ PdvUq - Ns-
Csa Csa Csa

Then the expression (2.12) for g yields

n—1
(2.16) I = IZ;/FM (us - 11)(vs - T1) +/ pa[v - n],

v Kl Csa

where the jump [v - n] is defined by
[v-n] =vs ns+vy-ny.

Finally, we eliminate this jump by enforcing strongly the transmission condition (2.9) on the test
function v. In view of the interior terms in (2.14) and (2.15) and what remains in (2.16), we see
that we can reduce the regularity of our functions and work in the space

(2.17) X ={ve H(div;Q); vs € H(Q)",v|r, = 0, (v-n)|p, = 0},
which is a Hilbert space equipped with the norm

nd 1/2
(2.18) Yo e X, [vllz = (103 @n + 0sn@n) >
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Note that the restriction of v - n on I'sy belongs at least to L4(T's4). Let us denote W = L3(Q)
with the norm [|w[jw = [[w]z2(q). Then we propose the following variational formulation : Find

(uw,p) € X x W such that

Yo e X,y Klud-vd—i-Zz/S/ D(us):D(vS)—/pdivv
Qd Qs Q
(219) n—1

+Z N CRAOR) /f v,

(2.20) VwGW,/wdivu:/ W qq.
Q Q

Lemma 2.1. For any data f in L*(Q)" and qq in L3(Q4), problems (2.19)—(2.20) and (2.3)—(2.11)
are equivalent.

Proof. Tt stems from the above considerations that any solution (ug,pg) € H(div;Qq) x H'(Qq)
and (us, ps) € H'(Qs)" x L2(Qy) of (2.3)-(2.11) is such that (u, p) belongs to X x L?(R2) and solves
(2.19)—(2.20). Moreover as {2 is connected, (2.19) only defines p up to an additive constant and
this constant can be chosen so that p belongs to W.

Conversely, let (u,p) € X x W solve (2.19)-(2.20), and denote its restriction to 4 and € as
above. By choosing smooth test functions with compact support first in 4 and next in Qg, we
immediately derive that (ug, pg) is a solution of (2.3)—(2.5) and (us, ps) is a solution of (2.6)—(2.8).
Furthermore, since both f,; and vy K ~tug belong to L2(Q4)", (2.3) implies that pg € H(Qq).

It remains to recover the transmission conditions (2.9)—(2.11). First, (2.9) is a consequence of
the definition (2.17) of X. Next, we recover (2.14) and (2.15) by taking the scalar product of (2.3)
and (2.6) with a function v € X that is smooth in Q4 and in Q, and by applying Green’s formula
in both regions. By comparing with (2.19), this gives

n—1
VeQx
Pavq - g — (0(Us, po)Trs, V)T, = D / ——=(us - 1) (vs - 7).
/I‘Sd 5y Ps)Ts, V)T oy  Jr., K, s s

By taking into account the orientation of the normal, the regularity of v, and the definition (2.12)
of g, this is equivalent to:

n—1
V(X
<0'(Usaps)n37'vs>FSd = — /Fs(ipdvs ‘Ng — lz:;/l“sd \/Sinl(us : Tl)(vs : Tl) = / g - Us.

Lsa

As the trace space of vs on I'yy is large enough, this implies (2.13). O

2.3. Existence and uniqueness of the solution. For any functions ug, vq in L?(Qg)" and us,
v, in H'(Q,)", we define the bilinear form

(2.21)  a(u,v) =1y K lu,- vd+2vs/ D(us) : D(vs —1—2/ s T1)(vs - T1),

Qq

and for any functions vy € H(div;Qy), vs € H(div; ) and w € L?*(Q), we define the bilinear form

(2.22) b(v, w) :—/ wdivvd—/ w div vs.
Qd s



Note that af(-,-) is continuous on X x X:

- - _ Vg
V(u,v) € X x X, |a(u,v)| < lwallr2oyllvdlln2 (g + 2011V usllp2@) IV sl 2@

)\mm

(2.23)

n—1
F 2 T e il s il
and b(-, ) is continuous on X x L*(Q):
V(v,w) € X x L}(Q), |5(’U w)| < [lvll gllwllzz@)-
Then (2.19)—(2.20) has the familiar form : Find ( ) € X x W such that

(2.24) Vo e X, a(uw,v) + b(v, p) / f-v,
(2.25) Yw e W, b(u, w) = —/ wqq.
Qq
Next, we set
(2.26) Xo={v e X;divv =0},
and more generally, for a given function g € W, we define the affine variety
(2.27) X, ={veX;divv =g}

Then we consider the reduced problem : Find u € f(q such that
(2.28) Yo € X, a(u,v) = / f- v,
Q

recall that ¢ is g extended by zero on Q. It is well known [34, 18] that showing equivalence
between problems (2.28) and (2.24)—(2.25) amounts to proving the following inf-sup condition.

Lemma 2.2. There exists a constant (> 0 such that
b

(2.29) vwew, sup X2

e Tollx

Proof. Let w € W. The inf-sup condition between H}(Q)™ and L3(£2) implies that there exists a
function v € H}(Q)" such that

> fllwlw

1
dive = w in Q and |v|g1(0) < —[|w|12(q)
K
where  depends only on €2; see for example [34] or [18]. Then v belongs to X and it remains to
evaluate its norm in X. Since v is in H}(Q)", we have
[div vl 2y < [v]F1(0),
and by Poincaré’s inequality (1.1):
vl z2(0) < Poclvlm

Therefore
/2 1
lolls < ((Pa + Dol + lingy) < 5 (Poa+2)"lwlizo),

and (2.29) holds with 8 > r/(PZ, +2)"/*. O

Lemma 2.2 has important consequences. First, as noted above, it implies that (2.28) and (2.24)—
(2.25) are equivalent in the following sense.
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Proposition 2.1. Let (f,qq) be given in L2(Q)" x L2(). Let (u,p) € X x W be a solution of
(2.24)(2.25). Then u solves (2.28). Conversely, let u € Xy, be a solution of (2.28). Then there
exists a unique p in W such that (w,p) satisfies (2.24)—(2.25).

Now, let us prove that (2.28), and hence (2.24)—(2.25), is well-posed. This relies on the ellipticity
of a(-,-) on Xg. If Q4 is connected and |I's| > 0, a partial ellipticity result for a(-,-) follows directly
from Korn’s inequality (1.4):

= 1% Vq
(2.30) Vo e X, i(v,v) >2 g}lvslzl(gs) + 1 lvallZza,),

max

with the constant C of (1.4). If Q is connected and |I's| = 0, then I'sg = 0Q up to a set of zero
measure, and proving the analogue of (2.30) makes use of (1.7) and the tangential components on
I'sq. Indeed, we have formally

(2.31) ae. on 0, [(vs x ) ()| <D |(vs - 7)) ()

/ curl'vs:—/ Vg X My = ‘/ curl v,
QS F.sd Qs

Hence (1.7) and a straightforward manipulation yield
(2.32)

and therefore

n—1
< [ (Xtwmi)
Tea =1

Vo, € HY Q)" , 2us||D(vs)]|? + Py - 7|2 U v
s ( s) VSH ( S)HLQ(QS) lz;m” s Tl||L2(F5d) = 2111111( mu—\sd‘” S|H1

As a consequence (2.30) is replaced by

- _ Vg 9
2.33 Yve X, a(v,v) > ——||vg + mm v
(2:33) (0:0) 2 3 oulltaa, O ) el
Finally, if €25 is not connected, the analogue of (2.30) holds on all connected components of 25 that
are adjacent to I'y and the analogue of (2.33) holds on all connected components of g that are not
adjacent to I's.
It remains to establish that the mapping:

1/2
(2.34) v vl g, = (Jvsl o, + lvall7z,) /

is a norm on X equivalent to ||[v||z. This is the object of the next lemma.

Lemma 2.3. There exists a constant Cy such that

S 1/2
(2:35) W € Ko, lvsllzzy < Calloslin,) + [vallia,)
Proof. Let us assume that 25 is connected; the case when €2 is not connected is treated as above.
If T's| > 0, (2.35) follows from Poincaré’s inequality (1.1) applied in Qs and does not require the
norm of v, in the right-hand side. When [I's| = 0, the proof of (2.35) is a variant of the proof
of Peetre-Tartar’s Lemma [51]. Let us recall its argument. Assume that (2.35) is not true. Then
there exists a sequence (v™) in X such that

lim lvg' |20, = lim v 1) =0 and Ym, [|[vg]|2q,) = 1.

As Xo is reflexive, this implies that there exists a function v € XO such that

lim v™ = v weakly in X.
m—00
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Moreover v, = ¢, a constant vector, and vy = 0. Then the fact that v belongs to X implies that
c-ngs =0 on 'y, and since I'yy coincides with 92, up to a set of zero measure, this implies that
¢ =0. Thus

lim v™ = 0 weakly in H' ()",

m—0o0
hence
lim v™ = 0 strongly in L*(2,)".
m—0o0
This contradicts the fact that for all m [[vf*[|12(q,) = 1. O]

Therefore (2.35) combined with either (2.30) or (2.33) yields the ellipticity of af(-,-).

Lemma 2.4. There exists a constant Cs > 0 such that

(2.36) Yo € Xq, a(v,v) > C5HUH_2§(-

With the continuity of a(-,-) and b(-, -), the ellipticity of a(-,-) on Xp, and the inf-sup condition
(2.29), the Babuska-Brezzi’s theory [7, 17] implies immediately that (2.24)-(2.25) is well-posed.

Theorem 2.1. Problem (2.24)(2.25) has a unique solution (w,p) € X x W and there exists a
constant C that depends only on Qg, Qs, Amin, Amax, &, Vg, and vs, such that

(2.37) lull ¢ + 2l r20) < CUIF L2 + llall z2ay))-

In turn, the well-posedness of problem (2.3)-(2.11) stems from Lemma 2.1.

2.4. Domain decomposition of the Darcy and Stokes regions. Let (), respectively (14, be
decomposed into My, respectively My, non-overlapping, open Lipschitz subdomains:

_ Moo = Mys
O Ui:1QS,i , Qg = Uizdlgdﬂ‘

Set M = My + Ms; according to convenience we can also number the subdomains with a single
index 7, 1 < ¢ < M, the Darcy subdomains running from M, + 1 to M. Let n; denote the outward
unit normal vector on 9€);. For 1 < i < M, let the boundary interfaces be denoted by I';, with
possibly zero measure:

I, =09, NoQ,

and for 1 < ¢ < j < M, let the interfaces between subdomains be denoted by I';;, again with
possibly zero measure:

Fij =0; N 8QJ
In addition to ['sg, let I'gq, respectively I'ss, denote the set of interfaces between subdomains of €4,
respectively €25. Then, assuming that the solution (u,p) of (2.3)—(2.11) is slightly smoother, we
can obtain an equivalent formulation by writing individually (2.3)-(2.11) in each subdomain €2;,
1 <i < M, and complementing these systems with the following interface conditions

(2.38) [ug-m]=0 , [pg] =0 on Tyq,

(2.39) [us) =0 , [o(us,ps)n] =0 on I,
where the jumps on an interface I';;, 1 <7 < j < M, are defined as
[v-n|=v;-n;+v;-n;, [on]=0omn;+on; [v]=(vi—v))lr,

using the notation v; = v|g,. The smoothness requirement on the solution is meant to ensure that
the jumps [ug - n], respectively [o(us, ps)n], are well-defined on each interface of T'44, respectively
Tys.

Finally, let us prescribe weakly the interface conditions (2.38), (2.39), and (2.9) by means of
Lagrange multipliers, usually called mortars. For this, it is convenient to attribute a unit normal
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vector m;; to each interface I';; of positive measure, directed from €; to ; (recall that ¢ < j). The
basic velocity spaces are:

Xd = {’U S Lz(Qd)n; Vg, = v’Qd,i c H(div; Qd,i)7 1< < Md,
(2.40) v-ny € HY4T;), Ty € TggUTeg,v-n=0on Ty},

XS:{vELQ(Q )" v = vla, c H! (Qs4)",1<i< Mg, v=0o0nT},

and the mortar spaces are:

VIij € T, Aij = (HV2(T35))",

(2.41)
VFU elgqgUTly, Aij = Hl/z(Fij).

Then we replace X (see (2.17)) by
(2.42) X ={v e L*(Q)"; v :=v|g, € X4,vs := v]q, € Xs},
we keep W = L%(Q) for the pressure, and we define the mortar spaces

As={Xe (D'(Ts))"; Alr,, € (H7Y2(Ty))" for all Ty; € T},
(2.43) Asa={) € L*(Tsa); M|y, € HY?(Ty;) for all Ty; € Ty},
Aq={XN€ L*(Taa); Alr,, € H'*(T'y;) for all T € Tgq}.

We equip these spaces with broken norms:

Mq 1/2 M 1/2 1/2
2 2
Plx, = (3 Wliavnn) o Iolx, = (X 0Bng.,) s lx = (lolk, + I0l%,)
=1 =1

/ /
M= (2 A vey,) = (X Megy,)

Fijerss Fij erd

/
W, = (X IMBpae,)

Iij€laa

Note that in most geometrical situations, Xy (and hence X) is not complete for the above norm,
but none of the subsequent proofs require its completeness.

The matching condition between subdomains is weakly enforced through the following bilinear
forms:

Vv € X5,V € As, bs(’U,H) = Z <['U],H>Fija
FijEFss

(2.44) Yo € X,V € Mg, ba(v.p) = ) ([v-nlpr,,,
I'ijelqq

Vo € X,Vu € A8d7 bsd(vvﬂ) = Z ([’U : n]a/‘)ﬂj'
Tij€lsq
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For the velocity and pressure in the Darcy and Stokes regions, we use the following bilinear forms:

V(u,v) € Xg x Xy, asi(u,v) = QVS/ D(us;) : D(vs;)
Qsi

n—1
+Z/ DY (g ) (s - T) 5 1 <0< M,
(2.45) = Joo. .r.a VKL
V(u,v) € Xg x Xq, aqi(u,v) = vy K lug;-vg,;, 1<i< My,

Qg4

VveX,VwELQ(Q),bi(v,w):—/ wdive; , 1 <i< M.
Q;

Then we set

M, My
V(u,v) € X x X, a(u,v) = Zas,i(u, v) + Zad,i(u, v),
i=1 i=1
M
V(v,w) € X x L*(Q), b(v,w) = > bi(v,w).
i=1

The second variational formulation reads: Find (w,p, Asq, Ags As) € X X W X Agg X Ag x Ag such
that

o € X, a(tt, v) + b0, p) + bua(0, Asd) + ba(v; Ad) + bs(w, Ay) = / oo,
Q

:_/ w 4q,
Qq

(2.46)

It remains to prove that (2.46) is equivalent to (2.3)—(2.11) when the solution is sufficiently
smooth. Since we know from Theorem 2.1 that (2.3)—(2.11) has a unique solution, equivalence will
also establish that (2.46) is uniquely solvable.

Theorem 2.2. Assume that the solution (u,p) of (2.3)—(2.11) satisfies
VFZ-]- S Fdd U Psd; (ud . nd)‘pij S H_l/Z(FZ'j) , VFZ‘j € FSS, (a(us,ps)ns)lpzj S H‘l/z(l“ij)".
Then (2.46) is equivalent to (2.3)—(2.11).

Proof. The argument is similar to that used in proving Lemma 2.1. Let (u,p) be a solution of
(2.3)—(2.11) satisfying the above regularity. Take the scalar product in each Q; of (2.3) and (2.6)
with a test function v in X, apply Green’s formula and add the corresponding equations. In view
of (2.16) and the regularity of (u,p), this gives:

a(u,v) + b(v,p)
= Y lwpdn b, + 3 pafo e, + Y Galocnl, = [ £o.
Iyj€lss Iij€laq Iijelsa @
We recover the first equation in (2.46) by defining
VI € s, Aslry; = —o (us, ps)|r,;mij,
(2.47) VI'ij € Tad, Adlri; = palr,;,
VI € T'sa, Asdlri; = palrs;,
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and the remaining equations follow from the regularity of (u,p).

Conversely, let (w, p, Asg, Agy As) in X X W x Agg x Ag x Ag be a solution of (2.46). By choosing
smooth test functions with compact support in each €; we recover the interior equations (2.3),
(2.4), (2.6), (2.7) in each subdomain. On one hand, we easily derive from the last equation of
(2.46) that u has no jump through the interfaces of I'ss. Hence u € H'(€25)". On the other hand,
we pick an index ¢ with 1 <14 < M, and an interface I';; in I'ys, we take a function v in X, smooth
in Q;, zero outside €2;, and zero on 9€; \ I';;. By taking the scalar product of (2.6) in €; with v,
applying Green’s formula, comparing with (2.46), and using the same process in §2;, we find

)‘S|F¢j = _U(us,hp&i)’l—‘ijnij = _U(uszj’p&j)h—‘ijnij'
As X, is single-valued, this implies that o (us, ps)|r,;1i; has no jump through I';;. This is true for all
interfaces in I'ss. Therefore (2.6) is satisfied in Q. By applying a similar process to the interfaces
of T'gq, we derive first that (ug, pg) belongs to H(div;Qg) x H'(Q4) and next that (2.3) is satisfied
in Q4. Finally, the third equation in (2.46) implies that u belongs to H(div; (), therefore u is in
X and the pair (u, p) solves (2.19)—(2.20); by virtue of Lemma 2.1, it also solves (2.3)—(2.11). O

3. DISCRETIZATION

3.1. Meshes and discrete spaces. In view of discretization, we assume from now on that
and all its subdomains €;, 1 < ¢ < M, have polygonal or polyhedral boundaries. Since none
of the subdomains overlap, they form a mesh, 7; of Q4 and 7; of €, and the union of these
meshes constitutes a mesh 7q of 2. Furthermore, we suppose that this mesh satisfies the following
assumptions:

Hypothesis 3.1. (1) Tq is conforming, i.e. it has no hanging nodes.
(2) The subdomains of Tq can take at most L different configurations, where L is a fized integer
independent of M.
(3) Tq is shape-regular in the sense that there exists a real number o, independent of M such
that
where diam(€);) is the diameter of Q; and diam(DB;) is the diameter of the largest ball
contained in Q;. Without loss of generality, we can assume that diam(€;) < 1.

(3.1) Vi, 1<i< M, <o

)

As each subdomain §2; is polygonal or polyhedral, it can be entirely partitioned into affine
finite elements. Let A > 0 denote a discretization parameter, and for each h, let ’Zzh be a regular
family of partitions of 2; made of triangles or tetrahedra T in the Stokes region and triangles,
tetrahedra, parallelograms, or parallelepipeds in the Darcy region, with no matching requirement
at the subdomains interfaces. Thus the meshes are independent and the parameter h < 1 is allowed
to vary with 4, but to reduce the notation, unless necessary, we do not indicate its dependence on
i. By regular, we mean that there exists a real number og, independent of ¢ and h such that

h
(3.2) Vi,1<i< MNTeT", “L < o,
pT

where hr is the diameter of 7" and pr is the diameter of the ball inscribed in 7. In addition we
assume that each element of ’];h has at least one vertex in €);. For the interfaces, let H > 0 be
another discretization parameter and for each H and each 7 < j, let ’Z;f denote a regular family
of partitions of I';; into segments, triangles or parallelograms of diameter bounded by H, with no
matching conditions between interfaces.

On these meshes, we define the following finite element spaces. In the Stokes region, for each
Qgi, let (X;‘l,Wshl) C HY(Qs,)™ x L*(Qs;) be a pair of finite element spaces satisfying a local

uniform inf-sup condition for the divergence. More precisely, setting X . = X" n H}(Qs,)" and
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Wh, . =Wh 0 L3(Qs;), we assume that there exists a constant 5% > 0, independent of h and the
diameter of ) ;, such that

st . whdiv vl

(3.3) Vi, 1 <i< My, inf sup

> 5.
whewd, s wnext 1V a0,y T

In addition, since X& i C H&(Qsﬂ-)", it satisfies a Korn inequality: There exists a constant a* > 0,
independent of h and the diameter of €2 ;, such that

(3.4) Vi,1 <i< M, V" € X, ID(W")lr2,.) = o 0", )

There are well-known examples of pairs satisfying (3.3) (cf. [34]), such as the mini-element, the
Bernardi-Raugel element, or the Taylor-Hood element. Similarly, in the Darcy region, for each
Qqq, let (ngi, W;LZ) C H(div;Qg;) x LQ(Qdyi) be a pair of mixed finite element spaces satisfying a
uniform inf-sup condition for the divergence. More precisely, setting X(’i 4 =X g,z‘ N Ho(div; Qg)
and W& di = Wé’;i N Lg(Qd,i), we assume that there exists a constant 3} > 0 independent of h and
the diameter of (24, such that

de,i whdiv v”

(3.5) Vi, 1 <1< My inf sup
’ CwreWdy whexp,, 1V a0 0"l @)

> 6.

Furthermore, we assume that

(3.6) Vi,1 <i< My, Vo' e X}, divo" e Wy,

Again, there are well-known examples of pairs satisfying (3.5) and (3.6) (cf. [18] or [34]), such
as the Raviart-Thomas elements, the Brezzi-Douglas-Marini elements, the Brezzi-Douglas-Fortin-

Marini elements, the Brezzi-Douglas-Duran-Fortin elements, or the Chen-Douglas elements. Then
we discretize straightforwardly X  and X by

X} ={veL*(Q)"; vlq,, € X};,1 <i< Mg,v-n=0onTg},
Xh={veL*(Q,)";vlo,, € X', 1<i< M,,v=0o0nT,},

8,17

and we set
W(? - {w € LQ(Qd>; w‘Qd,i S Wz?,z} ) Wsh - {w € LQ(QS); w‘Qs,i € Wsh,z}v

X" ={v e L*Q)"; v|o, € X} vlo, € X'}, Wh = {w e L3(Q); wla, € W), w|q, € W
The finite elements regularity implies that Xfl” C X4, XM c X, and X" ¢ X. Of course, Wh c W.
In the mortar region, we take finite element spaces AX A and Agi. These spaces consist of
continuous or discontinuous piecewise polynomials. We will allow for varying polynomial degrees
on different types of interfaces. Although the mortar meshes and the subdomain meshes so far are
unrelated, we need compatibility conditions between A, Agi and Agl on one hand, and X fj and
X" on the other hand. The following set of conditions is fairly crude and will be sharpened further
on.
(1) Forall T';; € I'ysUT'g4, i < j, and for all v € X, there exists v" € X, v" = 0 on 00 \T'yj

8,17
satisfying
vh~nij—/ U-’I’Lij.
r

(3.7) /F ) )

(2) For all I';; € I'ys, ¢ < j, and for all v € X, there exists v" € Xshﬂ-, v" =0 on 05 \ T'yj
satisfying

(3.8) VuHEAf,/ uH-vh:/ pl v
r

Lij ij
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(3) For all T'y; € I'qq U g4, i < j, and for all v € X, there exists v/ € XC};J, v" - m; =0 on
09Qq; \ I';; satisfying

(3.9) VMHEACII{,VNHEAZ,/ ,quh-nij:/ o - ng;.

Lyj i

Condition (3.7) is very easy to satisfy in practice and it trivially holds true for all examples of
Stokes spaces considered in this paper. Conditions (3.8) and (3.9) state that the mortar space is
controlled by the traces of the subdomain velocity spaces. Both conditions are easier to satisfy for
coarser mortar grids. Condition (3.8) is more general than previously considered in the literature for
mortar discretizations of the Stokes equations [11, 12]. We show one example in 3-D in Section 4.3
and two examples in 2-D in Section 4.4 and the Appendix for which (3.8) holds. The condition
(3.9) is closely related to the mortar condition for Darcy flow in [60, 5, 52, 6] on I'y; and more
general than existing mortar discretizations for Stokes-Darcy flows on I'yy [46, 54, 29, 14]. It is
discussed in more detail in Section 4.5.

Lemma 3.1. Under assumptions (3.8) and (3.9), the only solution (N, N XI) in A < Al < AH
to the system

(3.10) Vol € X by (v, X)) 4 bg (v XY + beg(v”, M) = 0
1s the zero solution.

Proof. Consider any I';; € I'ys with 7 < j; the proof for the other interfaces being the same. Take
an arbitrary v in H}(Q)" and v" associated with v by (3.8), extended by zero outside €, ;. Then

on one hand,
/r

Al v :/ Aol = by (v, AL,
ij Dij
and on the other hand,

bs (v, ) = bea(v", M) = 0.

Therefore

vueﬂg(fz)“,/ My =0,

thus implying that )\SH =0. U

Finally, we define

Vit = {v € Xg; ¥ € Aff ba(v, ) = 0},
VI ={ve X" vue AT by(v,pu) =0},
VP ={ve X" vlo, € Vi vlo, € VI,V € A, bualv, ) = 0},
Z"={v e V" Ywe W" bv,w) =0}

(3.11)

3.2. Variational formulations and uniform stability of the discrete problem. The discrete
version of the second variational formulation (2.46) is: Find (u”, p", A\ NI ATy e X wh x
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AH < AT x A such that
vl € X" a(u, v") + (0", p") + bsa(v", ML) + (0" A + (0" AT = / oo,
Q

vl e W b(u”, wh) = —/ w qq,
(3.12) Q

vuf e ALy, beg(u”, u")
Vu't e AF, ba(ul, )

vu' e AL, bo(u, ")

0,
0,
0.

The last three equations of (3.12) state that u € V. Therefore, we can extract from (3.12) the
following reduced formulation: Find u" € V", p" € W" such that

Vol € VI a(u, o) 4+ b(v", p") = / f ol
(3.13) “
vuh e W, b(uh,wh) = —/ wh 4.
Qq
Lemma 3.2. Problems (3.12) and (3.13) are equivalent.

Proof. Clearly, (3.12) implies (3.13). Conversely, if the pair (u”,p") solves (3.13), existence of
)‘gl’ /\51 , A such that all these variables satisfy (3.12) is an easy consequence of Lemma 3.1 and an
algebraic argument. O

In view of this equivalence, it suffices to analyze problem (3.13). From the Babuska—Brezzi’s
theory, uniform stability of the solution of (3.13) stems from an ellipticity property of the bilinear
form a in Z" and an inf-sup condition of the bilinear form b. Let us prove an ellipticity property
of the bilinear form a, valid when n = 2,3. For this, we make the following assumptions on the
mortar spaces:

Hypothesis 3.2. (1) On each T'y; € Tgq U T g, A§I|pij and A£§|pij contain at least IPy.
(2) On each I';j € I'ss, on each hyperplane F C I'yj, A\ contains at least IP}.
(3) On each Ty € Ty, A|p,. contains at least IPY.

The second assumption guarantees that n;; € AH Ir,;; it follows from the third assumption when
I';; is flat. The third assumption is solely used for deriving a discrete Korn inequality; it can be
relaxed, as we shall see in the 3 — D example. The first two assumptions imply that all functions
v in VP satisfy

M M

S [ awer =3 [ tn=3 [ hn =0

i=1 7% i=1 7O i<y s
Therefore, the zero mean-value restriction on the functions of W can be relaxed. Thus the condi-
tion v € Z" implies in particular that

vuh € WCZZ., /Q whdiv v = 0.
d,i

With (3.6), this means that div ’vg =0in Qg;, 1 <4 < My. Hence
(3.14) vo' € 2", [vjllx, = [vill 2,

First, we treat the simpler case when |I's] > 0 and € is connected.
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Lemma 3.3. Let |I's| > 0 and Q5 be connected. Then under Hypothesis 3.2, we have

(3.15) vo' € 2", a(o", o") > lvilx, + 2 lvtl,

>\max

where the constant C only depends on the shape regqularity of ’];.
Proof. As |T's] > 0 and Q, is connected, we have v”|r, = 0. In addition, since v? € V/ and

P} € Alllp,, for each I'y; € Iy, then Pi[v}] = 0, where Py is the orthogonal projection on P} for
the L? norm on each I';;. Therefore, inequality (1.12) in [16] gives

M,
(3.16) V"’Z € Vsha Z ""Zﬁ{l( o) S 022 | D(v ||L2 (i)’
i=1

where the constant C' only depends on the shape regularity of 75. Hence we have the analogue of

(2.30):

(3.17) Vo' € 2", a(o" o") > lvilix, + 2* Z CAAEN

max

Finally the above argument permits to apply formula (1.3) in [15] in order to recover the full norm
of X, in the right-hand side of (3.17). In fact, it is enough that IP§ € Ag|pi]. foreach I';; € T'y,. O

Now we turn to the case when €y is connected and |I's| = 0, consequently I's; = 95, up to a
set of zero measure.

Lemma 3.4. Let |T's| = 0 and Qs be connected, i.e. T'sq = 0Qs. Then under Hypothesis 3.2, we
have

(3.18) vol e Z" | a(o”,o") >

Vd hy2 h
v mm v
ol + Gomin(2, = Il
where the constant C only depends on the shape reqularity of 7.
Proof. All constants in this proof only depend on the shape regularity of 75. Since (3.14) holds, it

suffices to derive a lower bound for a,(v",v"). To begin with, as v? € V}, we apply Theorem 4.2
ifn=2orb52if n=3in [16]:

vk eV, S ot g, <02(ZH D2, + (@@0)°).

=1

where the functional ® is a suitable seminorm. Let us choose

/ v X )
Fsa

Clearly, ® is a seminorm on X;. Next, considering that
/ curlv|,
Qs

it is easy to check that if m is a rigid body motion, then ®(m) = 0 if and only if m is a constant
vector. Finally, observing that ® behaves exactly like the functional ®9 of Example 2.4 in [16], we
see that ® satisfies all assumptions of Theorem 4.2 or 5.3 in [16]. Thus

M,
(3200 veleV, Y |olfing,,<C (Zr iz, ‘ / vl X g

=1

(3.19) Vo € X, ®(v) =

Yo € HY(Q,)", ®(v) =
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In order to recover the full norm of X, in the left-hand side of (3.20), we apply Theorem 5.1 in [15]

with the functional
n—1
= Z/ lvs - 7).
1=1 7 Tsd

Again, ® is a seminorm on X, and since I's4 is a closed curve or surface, the condition ®(¢) = 0 for
a constant vector ¢ implies that ¢ = 0. The remaining assumptions of this theorem easily follow
by observing that ® has the same behavior as the functional ®; of Example 4.2 in [15]. This yields

(3.21) voi € VI [veliao, <02<Z|v i)+ Z/ s 7 )

By combining (3.20) and (3.21), we obtain
O RERN]

Then (3.18) follows from (3.22) by arguing as in deriving (2.31). O

(3.22) Vol e VI, |v"|%. <C’2<ZHD HL2 Q) ‘/ vl x

The case when {25 is not connected follows from Lemmas 3.3 or 3.4 applied to each connected
component of 25 according that it is or is not adjacent to I';.

To control the bilinear form b in €2, we make the following assumption: There exists a linear
approximation operator ©% : H}(Q)" +— V[ satisfying for all v € H}(Q)™:

[}
(3.23) Vi, 1 <i < Mg, / div(0"(v) —v) =0.
Q .
e For any I';; in I'yg,
(3.24) /F (0" (v) —v) -my; =0.
iJ

e There exists a constant C' independent of v, h, H, and the diameter of ,;, 1 <17 < M,
such that

(3.25) 6% ()llx, < Clvlmio)-

The construction of the operator @Z is presented in Section 4. In particular, a general construction
strategy discussed in Section 4.1 gives an operator that satisfies (3.23) and (3.24). The stability
bound (3.25) is shown to hold for the specific examples presented in Sections 4.2-4.4, see Corol-
lary 4.2.

Lemma 3.5. Assuming that an operator O satisfying (3.23)-(3.25) ewists, then there exists a
linear operator TI! : HY(Q)" + V' such that for all v € H}(Q)",

M
(3.26) v e Wh, Z/ whdiv (I (v) — v) =0,
(3.27) VFU el, / (Hg(v) — ’U) C MG = 0,
r

ij
and there exists a constant C independent of v, h, H, and the diameter of Q;, 1 <1 < M, such
that

(3.28) T2 ()l x, < Clolmio
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Proof. The operator II? is constructed by correcting ©:

1Y (v) = ©4(v) + ¢ (v)
h

0.s; and

where c(v)q,, € X
(3.29) vu" € W&Sﬂ-, 1<i< M, / wh div c(v) = / wh div(v — @Z(v))
Qs i Qs,i

Existence of ¢(v) follows directly from (3.3) and with the same constant
L.
(3.30) et (0)lmia,,) < g I1div(v - 0L ())llz2(a, -

The restriction w” € Wéf s is relaxed by applying (3.23) and using the fact that c’(v) belongs to
X/ .. Finally, (3.28) follows from the above bound and (3.25). O

0,s,2°

The idea of constructing the operator IT” via the interior inf-sup condition (3.3) and the simplified
operator ©" satisfying (3.23) and (3.25) is not new. It can be found for instance in [36] and [12].

To control the bilinear form b in €2;, we make the following assumption: There exists a linear
operator II" : H}(Q)" — VI satisfying for all v € H}(Q)™:

(3.31) Y er,Z/ wdiv (I (v) — v) = 0.

Qd i
e For any I';; in I'yg,
(3.32) vu e AL, /F pH (I (v) = IIE (v)) - mij; = 0.
ij
e There exists a constant C' independent of v, h, H, and the diameter of Qg;, 1 < i < My,
such that
(3.33) TG ()l x, < Clolm o).

The construction of the operator HZ is presented in Section 4. In particular, the general con-
struction strategy discussed in Section 4.1 gives an operator that satisfies (3.31) and (3.32). The
stability bound (3.33) is shown to hold for various cases in Section 4.5.

The next lemma follows readily from the properties of 1" and HZ.

Lemma 3.6. Under the above assumptions, there evists a linear operator 11" € L(HE(Q)"; V")
such that for all v € H}(Q)"

M

(3.34) vl e wh Z/ w'div (1" (v) — v) =0,
i=1 7

(3.35) " ()l < Clo|g1q),

with a constant C independent of v, h, H, and the diameter of 0;, 1 <i < M.

Proof. Take II"(v)|q, = I"(v) and II"(v)|q, = II%(v). Then (3.34) follows from (3.26) and (3.31).
The matching condition of the functions of V" at the interfaces of I'yy holds by virtue of (3.32).
Finally, the stability bound (3.35) stems from (3.28) and (3.33). O

The following inf-sup condition between W" and V" is an immediate consequence of a simple
variant of Fortin’s Lemma [34, 18] and Lemma 3.6.
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Theorem 3.1. Under the above assumptions, there exists a constant 3* > 0, independent of h, H,
and the diameter of I';; for all i < j such that

b h ,.h
(3.36) v € Wh, sup blo, w)

> 3w L2
orern 0Py .

Finally, well-posedness of the discrete scheme (3.13) follows from Lemma 3.3 or 3.4 and Theorem
3.1.

Corollary 3.1. Under the above assumptions, problem (3.13) has a unique solution (u",p") €
Vhx W and

(3.37) "l + 19" 22 () < C(I1F 2@ + l9all 220

with a constant C independent of h, H, and the diameter of I';; for all i < j.

Proof. Since (3.13) is set into finite dimension, it is sufficient to prove uniqueness, and as uniqueness
follows from (3.37), it suffices to prove this stability estimate. Thus let (u”,p") solve (3.13), which
is a typical linear problem with a non-homogeneous constraint. By virtue of the discrete inf-sup
condition (3.36), there exists a function uZ € V" such that

vuwh e Wh, b(uf]”,wh) = —/ wh qq,
Qq

1
(3.38) lullly < Enqdnmd).

Then uf = u” — uZ solves (3.13) with g4 = 0 and the coercivity condition (3.15) or (3.18) and the
discrete inf-sup condition (3.36) imply that

gl + 19" 2y < Cllfllz2o-
With (3.38), this gives (3.37). O

4. CONSTRUCTION OF THE APPROXIMATION OPERATORS ©f AND II?

Constructing an operator ©f with values in V* satisfying (3.23)-(3.25), uniformly stable with
respect to the diameter of the subdomains and interfaces, is not straightforward, particularly in
3 — D. On the other hand, a general construction of II} in Q4 can be found in [5], and we shall
adapt it so that it matches suitably ©" on T'y4. Let us describe our strategy in each region.

4.1. General construction strategy. Let v € H&(Q)" In g, we propose the following three-
step construction.

(1) Starting step. In each Qg;, 1 < i < Mj, take O (v) = S"(v), where S"(v) is a Scott &
Zhang [56] approximation operator, constructed so that Sh(v)lagsyi only uses values of v
restricted to 98 ;, and in particular, S"(v)|r, = 0. Thus S"(v)|q, , € XQZ. and S"(v) € X}

(2) First correction step. For each I';; € I'ss UT'gq with ¢ < j, correct 0" (v) in Qi by setting

QZ(U)‘QGJ = @Z(v)kls,v + CZF” (U)7

where C?’FU(U) € Xgi, cﬁrij (v) =0 on 08, \ I'y;,

(1.1 [ @ mi= [ (0= 5"w)o,)
and satisfies suitable bounds. The existence of C'ZFij (v) (without bounds) is guaranteed by

assumption (3.7). In particular, one can define it on I';; to satisfy (4.1), extend it by zero
on 0€Q; \ I';;, and extend it arbitrarily inside €,; to a function in X ;LZ Note that the



(4.2)

(4.3)

(4.4)

(4.5)
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?Fij(”) only affects values at points located in the interior of {2; and in the

interior of I';;. It has no influence on values at points located on the other interfaces. For
this reason, the discrete term that appears in the right-hand side of (4.1) is the trace on
Iy of Sh(v) coming from €2 ;; this term has not been yet corrected. Once this correction
step is performed on all T';; € T'ss UT'yq with i < 7, the resulting function ©"(v) satisfies on
all these interfaces

correction ¢

/ (02 (®)la,, —v) - ni; =0.
ij
Note that this step does not modify the trace on I';; of S"(v) coming from Qg ;. This trace
will be modified in the next step.
Second correction step. For each I';; € I'ss with ¢ < j, correct @?(v) in €5 ; by setting

0L (v)la., = OL(W)la., +¢jr,, (v),

where C;‘Z,Fij (v) € ng, C;‘Z,Fij (v) =0 on 08 ; \ Iy,

vl e Al [l ) = [ (@hwla, " @a,,).
) 3

and satisfies suitable bounds. The existence of C?I,-j (v) (without bounds) is guaranteed

by assumption (3.8). In particular, one can define it on I';; to satisfy (4.3), extend it by

zero on 0) ; \ I';j, and extend it arbitrarily inside €, ; to a function in X ;L 2 Here also,

the correction C;L,I‘ij (v) has no influence on values at points located on the other interfaces.

Once this correction step is performed on all I';; € I's, with ¢ < j, the resulting function

O"(v) satisfies on all these interfaces bs(0% (v), ) = 0 for all u € A i.e.

dull e Al [ (etw) ut =0

3

Finally, if the second assumption in Hypothesis 3.2 holds, then n € A and (4.2) and (4.4)
imply that on all these interfaces,

[ @@, ~v) n=o0

ij
Therefore ©" (v) satisfies (3.23) and (3.24). Specific constructions of the corrections cﬁrij (v)
and C?,FM (v) that guarantee that ©"(v) also satisfies (3.25) are presented in the forthcoming
subsections.

Next, we propose the following two-step construction algorithm in €.

(1)

(4.6)

(4.7)

(2)

Starting step. Set P¥(v) = R"(v) € X!, where R"(v) is a standard mixed approximation
operator associated with W;. It preserves the normal component on the boundary:

VFZ']‘ C anJg, 1<k< My, V’Uh S Xg, / ’Uh * M (Rh(’v)‘gdyk — ’U) "M = 0,
and satisfies
V1 <i< My, Yo' e WP, / whdiv(Rh(v) —v) =0.
Qg
Correction step. It remains to prescribe the jump condition. For each I';; € I'yq U T'sq with

i < j, correct Pé‘(v) in Qg ; by setting:

P} (v)la,, = Pi(®)la,, + ), (v),
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where C‘I;,Fij (v) € ngj, cﬁrij(v) -n; =0on dQ4; \ T, div C?,Fi]-('”) =01in Qg ;,

VuHeAf,/

[ e, @) = [ (B )y, ~ R (Wlay,)
ij

H H H _h H (17h h

vl e Al [ el @) ny = [ W (), ~ R (@la,) - n,

and cé?’rij(v) satisfies adequate bounds. Existence of a non necessarily divergence-free
C;‘Z,Fi]- (v) (without bounds) follows from (3.9); it suffices to extend suitably R"(v)|q 4, and

RMw)|q 4 OF I1"(v)|q, ,. The zero divergence will be prescribed in the examples. Note that
h

i, (v) has no effect on interfaces other than I';; and no effect on the restriction of P(v)

in g, or on that of HQ(U) in ;. Therefore these corrections can be superimposed.
When step 2 is done on all I';; € I'qq UT'gq with ¢ < j, the resulting function P(?(v) has zero normal
trace on I'y, it belongs to th since, due to the first equation in (4.8), it satisfies for all I';; € T'gq
with ¢ < j

(4.9) e A, [ wPi) nl =0,

and, as the corrections are assumed to be divergence-free in each subdomain,

(4.10) Yol e Wh vl <i< My, / w'div(P}(v) —v) = 0.
Qa,i

Furthermore, due to the second equation in (4.8), it satisfies for all I';; € I'sq,

(4'11) VMH € A?da / MH (H?(vﬂﬂs,i - Pf(’v)bd,j) "Ny = 0.
ij
Therefore, taking I1%(v) = Pl(v) in Q, it satisfies (3.31) and (3.32).

The remainder of this section is devoted to specific examples of corrections CZFij (v) and c;‘L,Fij (v)
where the constants in the stability bounds (3.25) and (3.33) are shown to be independent of the
discretization parameters and the diameter of the subdomains. In particular, the bounds for the
corrections will stem from the fact that each involves differences between v and good approximations
of v. Beforehand, we need to refine the assumptions on the meshes at the interfaces and refine
Hypothesis 3.1 on the mesh of subdomains.

Hypothesis 4.1. Fori < j, let T be any element of ’];h that is adjacent to I';;, and let {T;} denote
the set of elements of ’Z;-h that intersect T'. The number of elements in this set is bounded by a fixed
integer and there exists a constant C such that

Tl

7 =<
The same is true if the indices i and j of the triangulations are interchanged. These constants are
independent of i, 7, h, and the diameters of the interfaces and subdomains.

Hypothesis 4.2. (1) EachQ;, 1 <i < M, is the image of a “reference” polygonal or polyhedral
domain by an homothety and a rigid body motion:

(4.12) Q; = F(Y) , = Fi(&) = A;R;& + b;,

where A; = diam(€2;), R; is an orthogonal matriz with constant coefficients and b; a constant
vector.
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(2) There exists a constant o1 independent of M such that for any pair of adjacent subdomains
Q; and Q;, 1 <14,j < M, we have

D>‘b>

(4.13) L<o

J

By (4.12) diam(;) = 1. In addition, it follows from Hypothesis 3.1 that on one hand the
reference domains €2; can take at most L configurations and on the other hand,

1

O'

(4.14) Vi, 1 <i< M, diam(B;) >
where B; is the largest ball contained in ; and o is the constant of (3.1).

4.2. A construction of CZFM (v). In this section we construct a correction CZFM (v) satisfying (4.1)
and suitable bounds needed to establish the stability estimate (3.25). Recall the approximation
properties of the Scott & Zhang operator of degree r > 1. Let v € H'(Qy;), for some real number
t > 1 and let T be an element of Tih, 1 < ¢ < M. Let Ar denote the macro-element that is used
for defining the values of S"(v) in T. Then (cf. [56]) there exists a constant C' that depends only
on r, t, and the shape regularity of 7;", such that the following local approximation error holds

mm Tt

(415) HU - Sh HLQ + hT‘U - ’HI(T) < Ch ”U|Hmm(r t)(AT)

Owing to the regularity of 7;", when (4.15) is summed over all T in 7}, it gives
(4.16) v — Sh(U)HB(QS,i) + hlv — Sh(v)’Hl(Qs,i) < Chmin(m)’U|Hmin<r,t)(ﬂs’i)~

Let v € HE(Q)". Consider the case when n = 3, the case n = 2 being simpler and also consider
the case when I';; is a polyhedral surface, not necessarily a flat plane. Let X Ty denote the trace
of X&i on I';;, and Thr the trace of T on I';;, 1 <@ < My, i < j; 7;’} is a trlangular mesh of
each flat plane in I';;. In all cases considered, the restriction to each T of funct10ns of X¢ h , contains
at least IP7. Now, choose one of the planes, say F, of I';;. For each interior vertex ak of ’T e

1<k < Np,on F,let O denote the macro-element of all triangles of ’];hrij (i.e. faces on I';)) that
share the vertex aj. Thus

F=u.7’ NF 10k
The set {Oy} is not a partition of F', but it can be transformed into a partition by setting
Ay = O, and recursively Ag = O \ U?;llAg.
Note that some Ap may be empty. By construction, we have
F=U Ay, AgNAg=0,k#0, Ay C Oy

This can be done for all flat planes of I';;. For each k, let b be the piecewise IP; “bubble” function
such that
b(ar) = Og.0

extended by zero to all vertices inside €} ;, and define C?Fij (v) by

Np

(417)  cfr ()= > Y erby , where ¢ = fll)/ (v—5"w)|a,,), e =0, if Ap =0
O k Ay

FEFZ']' k=1
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Lemma 4.1. The correction CZFZ,],(U) defined by (4.17) satisfies (4.1), more precisely

(4.18) VF € Tyj, / v, (v) —/ (v —S"(v)|a,.),
F F
and there exists a constant C independent of h and the diameter of Q,; and I';; such that

Proof. For each k, the support of the trace of by on I';; is contained in a single flat plane, say F,
therefore,

/F ir,, (v /chbk—zck/bk—zck/ bk—Z/ 'v—Sh |QSZ)

since the set (Ay) is a partition of T'.
To derive the estimate (4.19), we consider the faces T' in Ay, pass to the reference element T
where T is the element of ’Z'h adjacent to T”, apply a trace theorem in T, and revert to 7. This

gives
[ o=@ < 3 -5 wla iy

T'CAy

7| 5 .
<C ) ‘T,l/z( v —S"(v)|l 2y + hrlv =S (v)\H1(T)).

T'CAy

In this proof, C denotes constants that depend only on the reference element and the shape regu-
larity of the triangulation. Then considering the regularity of ’Z;h , the local approximation formula
(4.15) with » = ¢ = 1 implies that

/Ak (v— S"(®)l,.)

where Dy, is the set of elements of ’];h where the values of v are taken for computing S"(v), and

| A
Tz\”\Hl(Dk),
P

(4.20)

<C Z hT|T|1/’2|v|H1(AT) <C
T'CA

Pk = Minrtep, PT-

Therefore, considering that |Ag| < |Ok|, ¢ defined by (4.17) satisfies

C
(4.21) ek < 7 lvla Dy
Pk

Now,
?Fw( )’%{1(95,1.):/ | Z ZCkak| Z /\ Z chka‘
Qsi pely; k=1 rerh’ T Felijk=1

But given an element 7 in 7;" there is at most a fixed (and small) number of indices k such that
bi|r # 0. Therefore

|CZFU |H1 /‘ Z chka| <CZ|ck’ |bk|H1

Fely; k=1
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where the sum runs over all indices k such that bg|7 # 0. By substituting (4.21) into this inequality
and estimating the norm of by, we easily derive that

A 11
(4.22) ebe, (i) <€ - Tl p,):
k T

Since pgp% has the same order as |T)|, then by summing (4.22) over all T in 7;" and considering that
there is at most a fixed (and small) number of repetitions in the Dy, we obtain the first inequality
in (4.19). The second inequality in (4.19) follows in a similar manner from the representation (4.17)
and bound (4.21). O

4.3. A construction of c;-"n,j (v) in Qs. The 3 — D case. Recall that constructing a suitable
correction solving (4.3) relies on condition (3.8). In 3 — D this is fairly complex because it amounts
to satisfying many conditions on each interface, and exerting a global control on such a system is
far from easy. It is much easier to achieve when the conditions are local and independent, as is
done above for Czh,Fij (v). In this section we present an example for which (3.8) holds by explicit
construction and consequently (4.3) has a solution. The correction satisfies suitable continuity
bounds that are needed to establish the stability estimate (3.25). We follow the approach of
BenBelgacem [12] who presents a local construction in 3 — D by adding to the space X sh 5 in Q5
a stabilizing bubble function in each face T” of the trace ’]}f}ij of the triangulation ’Z}h on I';; and
choosing for A constant vectors on each face T”. More precisely, for each j, 1 < j < M,, and for
each T in ’Z}h, let P(T) denote a polynomial space such as the mini-element or Bernardi-Raugel
element, used in approximating the velocity of the Stokes problem with order one. For each face
1" of ’Z}hp_, let
Eal ¥
brr |7 = A2 s,

extended by zero elsewhere, where A\x, k = 1,2, 3, denote the barycentric coordinates of the three
vertices of T”. Then set

Xshyj ={v e C%Qs,;)*VT € ’Z}h,T not adjacent to I';;, v|r € P(T),

(423) h 3
VT € 7;*, T adjacent to I';j,v|r € P(T) + b IR°},

and choose

(4.24) A = {py € LP(Tiy)* s VT € Ty pylor € PR}

As by vanishes at all vertices of T, it does not change the approximating properties of P(7T'). Note
that Ay does not satisfy Hypothesis 3.2 (3). Nevertheless a discrete Korn inequality holds in V",
see Propositions 4.1 and 4.2 below. With this choice, we can show that (3.8) holds. Indeed, for
v e X, it is easy to see that

1
ot = Z v7bpr, where vy = —— v
fT' brr Jr

T/E'Z}},ZFZ']'
satisfies (3.8). We now define
1
(4.25) cir, ()= > epby, where e = b / (O W)la,, — S"(v)la,,).
T'eTh, T o1
7 Tig

S,%

where ©”(v)]q, , is computed in the preceding subsection by correcting 5" (v)|q
defined in (4.17).

with C?,F,-j (v)
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Lemma 4.2. The correction c?,l“z-]- (v) defined by (4.25) satisfies (4.3) and there exists a constant

C independent of h and the diameter of Qds;, Qs j, and I';; such that
(4.26)

1 h h
Vv € Hy ()", |Cj,rij(v)|Hl(Qs,j) < C|U|H1(Qs,iuas,j)7 ||Cj,Fi]- (U)HL?(QSJ) < Ch”U|H1(QS,iuQS,j)-
Proof. For any face T" of ’]}hrij, we can write

o= fole' /, (OLw)la,, —v — (S"(v)|a,, —v)).

But on Fz’ja , . .
0 (v)le,; = 5" (v)le,, + €ir,; (v),

owing to the support of each correction. Therefore

1
o / (C?’F” (v) + (Sh(v)‘ﬂs’i —v) - (Sh(v)‘ﬂs,]’ —v)) = A1+ Ay + As.
fT’ bT’ T

Let T be the element of Tjh adjacent to T’. By arguing as in the proof of Lemma 4.1, we easily
derive

(427) |A3bT"H1(T) < O|U|H1(AT)7

where A7 is the macro-element of ’]}h required to define S"(v) in T. The estimation of A is
similar, but more technical because 7" belongs to ’Z}h whereas Sh(v)]QS,i is constructed on 7;". Let
{T;} denote the set of elements of 7, that intersect 7. The argument of Lemma 4.1 gives:

5 1 1/2
| Abr| (1) < CW; T, vlE1(ag,)-

Then Hypothesis 4.1 implies
(4.28) | Agbr iy < CD [0la1 (Ag,)-
L

The bound for A follows the same lines. With the notation of Lemma 4.1,

1
A= —— br.,
1 bwé;%k

where the sum runs over the indices k for which Oy N'T" # (). According to Hypothesis 4.1, the
number of terms in this sum is bounded by a fixed integer. Thus

C
|Aq| < Z 7z vl (D)

k Pk
and ,
. |T|1 2 1
Al < C=—= 3 =5 [vlno,)-
T kPl
Then Hypothesis 4.1 implies that
(4.29) |Avbrr | iy < é’v’Hl(ATe)’

where ATé is a macro-element in ), ; and again the number of elements in ATg is bounded by a
fixed integer. All constants are independent of h and the diameter of Q;, €, ;, and I';;. Finally,
the first inequality in (4.26) follows readily by summing (4.27)—(4.29) and applying Hypothesis 4.1.
The argument for the second inequality in (4.26) is similar. O
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4.3.1. A discrete Korn inequality in V. Since all assumptions except Hypothesis 3.2 (3) hold, it
suffices to examine the jump of functions of V/ through the interfaces I';j € I'ss. The next two
lemmas show that the projection of this jump on polynomials of Py is small.

Lemma 4.3. Let I';; € I'ss, @ < j. There exists a constant C, independent of h and the diameters
of I'ij, Qs4, and Qg ; such that
/ [v"]-p
F, .

]

(4.30) Vo' € V', vp € IPY, < OBy (10" 1o, ) + "m0, )

where Dy}, denotes the layer of elements in $ 1 adjacent to I';;.

Proof. All constants in this proof are independent of h and the diameters of I';;, €, ;, and €, ;.
Let 7" be an element (i.e. a face) of 'Z}hrij, which is the mesh of A#. There is no loss of generality

in assuming that 7”7 lies on the z; — zo plane. Consider a generic component v of v”. Since the
jump already satisfies

it suffices to bound the product of the jump by xz, £k = 1,2, say 1. Then for any constant c,
1
/ [ = / (0" =) (21 = 7 [ @)
!’ !/ |T | T/

L
T Joe

A scaling argument gives

Ty — 1 < C|T'|Mhp.

L2(T")
Similarly,

inf [I[0"] = ell rvy < Chrol[0"]li vy < Chrr (0%, iy + 10"l i ).

On one hand, equivalence of norms gives
A 1
h h
[0 o, ; [ @y < Oz 1" o, 11 @)
Pt
where T is the element of ’Z}h adjacent to T”. On the other hand, arguing as in the proof of Lemma
4.2, we prove that
A 1
h h
v |Qs,i‘H1(T’) < CWW ’Qs,i|H1(AT)7
Pr
where Ay is the union of all elements of 7;h that intersect 7. Then taking the product and summing
over all faces T" of ’Z}’frij, we obtain

/0o

ij

<OWR(N TN o, + [0 o)
TIETJ},LFM

whence (4.30). 0

Lemma 4.4. Let I';; € I, i < j, and let II([v"]) € IP} denote the projection of [v"] onto P on
[i;. There exists a constant C, independent of h and the diameters of I'y;, (s, and Qs ; such that

(4.31) ot € VI (")l < R (0" o, + [0 o,.).
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Proof. By definition II([v"]) € IP$ solves
wert, [ n() p= [ wp

By passing to the reference subdomain Qj, this reads

N

T

vpe Pt [ (") o b "] p,
r
The coefficients of the polynomial of degree one II([v"]) o F} solve a linear system whose matrix

only depends on I'. Therefore, in view of (4.30),
([0 D 2,y < DT 0 Fyll ooy < CH2 ([0, + 0" i1, ) -

This last result enables us to prove Korn’s inequality in Vsh.

Proposition 4.1. Let [I's| > 0 and Qs be connected. Then there exists hy > 0 such that for all
h < h07

M,
(4.32) Vol € VI Y T v i, CZ 1D 720,

i=1
the constants C' and hg are independent of h and the dmmeters of the interfaces I';; and the
subdomains $1g ..

Proof. Let v" € V. Formula (1.12) in [16] gives, with a constant Cj that depends only on the
shape regularity of the mesh of subdomains 7g,

zw\m <01(Z\|D 30, zd S DI,

< cl(z IDO"Fa, ) + Z T (V. + 10" o,
owing to (4.31). But h < diam(I';;) and there exists an hg > 0 such that
2
1
Vh S h07 h ~ S a
ciC " 2

Since Cy and C are independent of h and the diameters of the interfaces I';; and the subdomains,
then so is hg. Hence for all h < hg,

M,
2"l <2CZIID z2(@, -
i=1
O

By arguing as in the proof of Lemma 3.4, we easily derive Korn’s inequality when |I's| = 0 and
() is connected.

Proposition 4.2. Let |T's| = 0 and Q4 be connected, i.e. T'sq = 0Qs. Then there exists hy > 0
such that for all h < hg,

M
(4.33) Vol e VY ot g, <OZ<||D Wiz, + Z/ by )

=1
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the constants C' and hy are independent of h and the diameters of the interfaces I';; and the
subdomains $1g ..

The case when {2 is not connected follows from these two propositions applied to each connected
component of {2 according that it is or not adjacent to I's.

4.4. A construction of C?,Fi]v (v) in Qs. The 2 — D case. Of course, the above construction can
be applied in 2 — D, but since the situation in this case is much simpler, we can work with more
elaborate mortar spaces, without enriching Xfpij. This is made possible by following the sharp
approach of Crouzeix and Thomée [23]. To this end, we slightly modify the underlying Scott &
Zhang operator by asking that the modified operator S" be continuous at the end points of all
interfaces I';; in I'ss U T'gq, and coincide elsewhere with S". This only concerns the set of points,
say ap, 1 < k < P, that do not lie on T, since S"(v) is necessarily zero at those points. Note that
these are all interior cross points of the triangulation of subdomains 7q. To achieve continuity at
any such point a, we choose once and for all an element Ty, in {5 with vertex a and we set

_ fTa”

Tl

5" (v)(a)

Both corrections c?’rij (v) and c;-"mj (v) are defined to satisfy respectively (4.1) and (4.3) with S”(v)

replaced by S"(v). For v € H(Q), this does not change the approximation properties (4.16) of
S" and hence (4.19), except that the domain of definition of v is a little larger than €, ; or € ;
near the end points of I';;. Owing to the continuity of Sh(v) at the end points of I';; and the fact
that all previously made corrections vanish at the end points of the interfaces I';; in I'ys UT'gq, the
integrand in the right-hand side of (4.3) also vanishes at the end points of I';;. Thus the trace of

O v, — gh(v)\gs’j on I';; belongs to HééQ (T'ij)?, see Section 1.1. We shall see that this property
is crucial for estimating uniformly C?Fij (v).

We propose to split the construction of cﬁrij (v) into two parts:

(1) Construct an operator 7% € L’(Hgéz(Fij)Q, X]’frij) such that for all £ € H(%Q(Fij)Z,

queAf,/F ((8) — £) - puyg = 0,
ij

4.34 h :
(4.34) 7y (€) = 0, at the end points of I';;,

S

7)1

< V4
0o (Tig) — ’is‘ ’H(%Q

(Tiz)’
with a constant x, that is independent of h, H, and the measure of I';;.

(2) Define c?’Fij (v) to be a suitable extension of ©!*(0"(v)|q,, — Sh(v)|957j) inside €2 ; so that
it satisfies all uniform properties required for the stability bound (3.25).

h

Note that cﬁrij(v) satisfies (4.3) by construction. Also, the existence of the operator 77 implies

that condition (3.8) holds.
We now discuss the construction of an operator satisfying (4.34). Uniformity with respect to

the diameters of I';; and €, ; is obtained by reverting to the reference subdomains. Let €); be
associated with €2, ; by Hypothesis 4.2 and let I = F;l(Fij). Let the image by Ffl of ’]}hrij be

denoted by 7;. Similarly, set

X;={0o= 'vhon_1 sl e X]]fpij,vh = 0, at the end points of I;;}, A = {1 = uHon_l; pt e AHY.
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Then, given £ in Héé2(f)2, if we construct 7; (£) in X ;j unique solution of

(4.35) vneA,/fﬁj@)-n:/f@‘a,

and satisfying

(4.36) ’ﬁj(z)‘Holéz(f) < C|£|Héo/2(f)’
with a constant C' independent of j and £, then by reverting to Q ; and defining W?(f) by
(4.37) T (L) o Fj = #;(€ o Fy) = 7;(8),

we shall obtain an operator satisfying (4.34). Indeed, uniqueness of the solution of (4.35) will
guarantee that the mapping 7; is linear, and the inequality in (4.34) with the same constant will

follow from the invariance of the H&f seminorm by a homothety and a rigid body motion. But
since explicit constructions of 7; are fairly technical, we postpone them to the Appendix and discuss
the extension part (2) now. First we construct a suitable function v in H*(Qs ;).

Lemma 4.5. For any € ; C €, any interface I' C 08 ; and any £ € HégQ(F) there exists a
function v = E({) € H'(Qs ;) satisfying
vlr =1, vlpa, \r =0,

the mapping E is linear and there exists a constant C' independent of ¢, v, and the diameter of I’
and $ds ; such that

(438) |U‘H1(Qs7j) < C‘£|H362(F) ) HU”LQ(QSJ) < CAJ|£|H(%2(F)>
where Aj is the diameter of §)g ;.

Proof. With the notation of Hypothesis 4.2, let {=/o F;. Then i belongs to H(%Q(IA“); hence it can
be extended by zero to 9§); and the extended function, say £y belongs to H'/2(9€);) with

(4.39) \lo| 1 12(00,) < é|éyH(%2 "

)
There exists an extension operator E € ﬁ(Hl/Q(an); Hl(QJ)) such that
<

(4.40) 1B a2 00,501 (00 < ©-

Take o = E({y) and v = 9 o Fj_l. The mapping ¢ — v is linear, v belongs to H'({s ), its trace
satisfies the statement of the lemma, and it remains to check (4.38). The following inequalities
stem from (4.40), (4.39) and a straightforward scaling argument:

. < linia,) < Clolin,) < Cllgagaey < Ol

(4.41)

ollz2c0, ) < CAGlIol 2, < CANga7a )

Next, we take I' = I';; and define
(4.42) cir,(v) = S"(w), w=BE(x}(O:(v)la,, —5"(v)la,,)).
where the Scott & Zhang interpolant S” is constructed so that S(w) vanishes on 9Qs; \ T

The uniform approximation properties (4.16) of S”, (4.36), and (4.38) imply, with constants C
independent of h and the diameters of I';;, {25 ; and Q ;:

(4‘43) HC;‘L,I‘ij (v)”Hl(QSJ) < C"w|H1(QS’j) < C‘GZ(U)‘QM - Sh(v)ms,j‘Héé?(pij)?
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and it remains to derive a uniform bound for the last norm in terms of v. This is the object of the
next lemma.

Lemma 4.6. Let I';; € I'ss, @ < j. There exists a constant C' independent of h and the diameters
of I'ij, Qs and Qg ;, such that

(444) V,U E H&(Q)27 ‘62(0)’95,1 - gh(’vﬂﬂs,g ’H&ég(r‘”) S C"U’Hl(Qs,iUQs’jUOij)?

where O;; contains the few elements near the endpoints a of I';; used in defining Sh(v)(a), and
that are not in Qs ; U () ;.

Proof. Recall that the trace on I';; of ©%(v)|q,, is S'h(v)\gsﬂ. + C?;Fij (v). As cﬁrij(v) vanishes on
09 \ T'ij, then by passing to the reference subdomain €2;, we obtain
h h A b Ap b
’Ci,Fu(”)’H;gQ(rij) = leir,; (v) o Fi|Hég2(f) < Clejr, (v) o Fi|H1(Qi) < Cleir, ()@, -
Therefore it is bounded owing to (4.19), with € ; augmented by O;;. Thus it suffices to consider
the jump [S"(v)] through I';;.

First, by writing [S"(v)] = [S"(v) — v], by passing to the reference subdomains Q, k = 4, j, and
by using the approximation properties (4.16) of S”, we derive

(5" (@) = 0)la, e,y =I(5" () = v) 0 Fulg ey < CHE" () — ) 0 Fill oy

. 1 - 1/2
h 2 h 2
(4.45) < C(|S (v) - U|H1(Qsﬁk) + ngHS (v) - UHL2(QS,;€)>
R h? 1/2
= C(|v|ip(9sﬂkUOij) + Jﬁ‘v‘%l(gs,kuoij)> ’

Since h < Ay, this bounds the first part of the norm and it remains to estimate

a2
Am@m<m,

]
where d(x) denotes the distance between x and the end points of I';;. This part does not have
the same immediate bound as the above correction because the jump does not vanish on the other
boundaries of the subdomains.

Let us first consider the case when I';; is a straight line. There is no loss of generality in
assuming that I';; lies on the axis y = 0 with end point at the origin: I';; =0, L. Let 0 = z¢ <
1 < - <xy < xy+1 = L denote the nodes of ’ZZLFZ,J_ and exceptionally set h,, = x,+1 — . Then
d(x) = Min(z, L — z) and since

1 an 2 L IO B a2
/p..d(w)HS (v)]] s/o 18" )| +/0 15" @)

v

it suffices to examine the first term:

L 1, ~ Tn41 1
/0 —[18"(v)] Z/z v)][.

For any n > 1, we have 2, > h,,_1, and since [S"(v)] belongs to (H'(0,L) N CO(O,L))Q, we can
write

[ st s L @+ [ e

Tn Jg,

< o (S @) + 1S )

n

(4.46)




32

By using an equivalence of norms, arguing as in the proof of Lemma 4.2 in order to control the
discrepancy in the meshes on both sides of I';;, and using the approximation properties of Sh and
the regularity of the triangulations, we infer

2h, . ~ 2hy .~ .1 -
—|[S"(0) (@) < S @70 (2 200y < C ES™ ()72 (2 )
hn,1 hn,1 hnfl *
(4.47) L
= Chnq ||[Sh('l’) - "’”@2(%,%“) < C(”Uﬁ{l(Am) + \’1’@1@%”),
where An,k denotes the set of elements in {2 ;, used in defining Sh(v) on [Ty, Tpi1]. Similarly,
(4.48)
he 11 d an 2 5 1 Gh 2 5 1 Sh 2
hn—l ‘%[S <’U)]‘ L2(zn,zny1) S Chn—l H[S (v)]HLQ(In7In+1) - Chn—l H[S (v) B U}HL2(7;"7$”+1)
2 (10012 2
< Clvlina, ) T hna, )

When n = 0, as [S"(v)(0)] = 0, there only remains the second term in the first line of (4.46), and
we immediately derive

[l = [ ([ 05" ena) @

< /Ogc1 %([gh(v)])‘ . ) = th%([Sh(v)])) ;(o,xl)

Finally, when I';; is a polygonal line, the above argument is valid on the segments that share an
end point with I';; and is simpler on the other segments since then d(x) is not small with respect
to h. 0

Inequalities (4.43) and (4.44) imply the following.

N 9 2
< C(|U|H1(Ao,z‘) * |v|H1(AO,j))'

L2(0,z

Corollary 4.1. LetI';; € I'ss, © < j. There exists a constant C' independent of h and the diameters
of I'ij, Qs and Qs 5, such that

(4.49) Vo € Hy ()%, ||c]r,, (0) i, ;) < Clolmo, v, 00.):

Corollary 4.2. The approzimation operator O constructed in Section 4.1 with corrections cfr (v)

ij

and cﬁrij (v) described in Sections 4.2-4.4 satisfies assumption (3.25).

Proof. Since ©!(v) is constructed by correcting the Scott-Zhang interpolant S" with c?’mj (v) and
c?’mj (v), assumption (3.25) follows from (4.16), (4.19), (4.26), (4.49), and the Poincaré inequality
(1.1). O

4.5. A construction of C?Iij (v) in Q4. Here we construct a correction cﬁrij (v) in Qg satisfying
(4.8) and suitable continuity bounds that are needed to establish the stability estimate (3.33).
Recall that the existence of C?Fij (v) relies on (3.9). In the construction below we directly show
that (3.9) holds for a wide range of mesh configurations.

Let v be given in H&(Q)" Recall that the mixed approximation operator R" defined in each
g, takes its values in Xg and satisfies (4.6) on each I';; C 0Qqp, 1 < k < My, and (4.7) in each
Qqi, 1 <i < My:

Vol e XC’Z, / L ;) (Rh(v)\gdyk — v) -ni; =0,
vl e WC?, / whdiv(Rh('v) — 'v) = 0.
Qq;
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Furthermore there exists a constant C' independent of h and the geometry of €14 ;, such that
(4.50) Vo € Hy ()", |R" ()| g(aivis,) < Clvllm )1 <i < Ma.

This is easily established by observing that the moments defining the degrees of freedom of R"(wv)
are invariant by homothety and rigid-body motion; in particular the normal vector is preserved. In
addition, it satisfies (3.6):

Vi,1 <i< My, Vo' e X}, divo" e Wy,
The above properties also imply (3.5): for all i, 1 <i < My,

B i aih
de’iw div v

inf sup

A h h h Z /837
wheWly wnexp [0 [Hiviaq ) w220,

with a constant 3 > 0 independent of h and A;.
Now, let I';; € I'qqUT's4; by analogy with the situation in the Stokes region, we denote by X, g iy

the trace space of X C}i ;jon I';j. Following [5], we define the space of normal traces
h
X}?Fij ={w-njj;we XdJIij}’

and the orthogonal projection Q_];,Fij from L?(T';;) into X7~ Then we make the following assump-
tion: There exists a constant C', independent of H, h, 4, j, and the diameters of I';; and 24 ;, such
that

(451) viull € A" € AL a2y < OIQr, (8Dl ieqry)

It is shown in [60] that (4.51) holds for both continuous and discontinuous mortar spaces, if the
mortar grid ’];f is a coarsening by two of ’27}” A similar inequality for more general grid configu-
rations is shown in [52]. Formula (4.51) implies that the projection Q;{FU_ is an isomorphism from
the restriction of Af , respectively Afl{ , to I';;, say Agl,ij respectively Agij, onto its image in X}"Fij,
and the norm of its inverse is bounded by C. Then a standard algebraic argument shows that its
dual operator, namely the orthogonal projection from ;}Fij into Agl,ijv respectively Agij, is also
an isomorphism from the orthogonal complement in X;‘?Fij of the projection’s kernel onto Agi,iy

respectively Acll{,ij’ and the norm of its inverse is also bounded by C. As a consequence, for each

f € L*(Ty;), there exists vl n;; € X;}Fij such that
Vi € A Vun € AL, / pHo - n; =/ fuH,

and there exists a constant C independent of h, and the diameter of I';;, such that
h
0" mijll2 ) < Cllfllzze,,)-

This implies that (3.9) holds. Furthermore, the solution v" - n;; is unique in the orthogonal
complement of the projection’s kernel and by virtue of this uniqueness, v" - n;; depends linearly on
f. This result permits to partially solve (4.8).

Lemma 4.7. Let v € H}(0)". Under assumption (4.51), for each I';; € Tgq U sq, there exists
wh - ni; € X]’-?Fij such that

V,uHeAH,/

pllw’ i —/ p! R (v) -],
Ty r

ij

(4.52)
[w" il 2,y < CIHRM ) - n]ll 2y,
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vl e alh [t mg = [ (O, — ' @)la,,) i

[w" il 2, < CHOL®)a,, — R*(v)la,,) - ijll2w,),

with the constant C of (4.51). The mapping v — w" - n;j is linear.

(4.53)

Lemma 4.7 constructs a normal trace w" - n;;j on I';; and we must extend it inside €1y ;. To this
end, let ¢ LZ(HQd’j) be the extension of w" - n;; by zero on 9€); ;. Next, we solve the problem:
Find ¢ € H'(Q24;) N L3(Q4,;) such that

(4.54) Aq=0in Qg , 8‘1‘ = (" on 99,

on,

Lemma 4.8. Problem (4.54) has one and only one solution g € H3?(Qq;) N LE(Qa;) and

la] 1 (04,) <C\/>H n)llL2r,;)
(4.55) lal 320, ,) < CIIR" (v )‘ ]||L2 0y, Lij € Taas
a1 (0,,) < CVA (O )., — RM(v)la,,) - Ml zr,,),
(4.56) |l /20, < CII(OF(0)]a,, = B (W)la,,) - nijll2(r,,)s Tij € Toas

with constants C' independent of h, H, q, i, j, and the diameters of I';; and g ;.

Proof. Since ' contains the constant functions, ¢ satisfies on I';j € T'qq, using (4.52) and (4.6),

and this implies the unique solvability of (4.54). A similar argument holds on I';; € I'yq using (4.53)
and (3.24). In order to check (4.55), we pass to the reference subdomain Qj associated with €1 ;,
let 7 be its eAxterior ur}it normal vector, I' = Fj*l(Fij), G=qoF;and { = ("o F; = (w'o F}) nj;
then ¢ € H'(€2;) N L3(€;) is the unique solution of
. . 94§ . .
Ag=0inQ; , —L = A;0 on 09
8n]~

As £ is in L2(9Y;), it follows from [43] that ¢ belongs to H?/2(£);) and
H@HH3/2(Q].) < CAJ‘MHp(aQ].)a

with a constant C' that only depends on the geometry of Qj. Then (4.55) is a direct consequence
of (4.52) and the following bounds:

(n—1)/2)/5
Aj

n/2—1
HEHL?(BQJ') s |Q|H1(Qd,]) - /

(n32

h
||£ ||L2(Fij) = |Q|H1 Q) |Q|Hd/2 (Qa) — |Q|H3/2(Q x

The argument for (4.56) is similar, using (4.53). O

Now define ¢ = V¢ in Q4;. Then ¢ belongs to H(div;Qq4;) N HY/%(Qy,)" and dive = 0.
Therefore R"(c) is well defined [18] and satisfies the approximation property for divergence-free
functions [48]

(4.57) le = R* ()|l 120, ,) < Ch'lelpr(a,,), 0 <7 <1/2

with a constant C' independent of A, j, and the diameter of €2y ;. We are now ready to define the
correction cj’;rij (v). In particular, take c;ﬁpij (v) = R"(c) applied in 24 ;. Note that c}irij (v) belongs
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to X(]j,j, and (4.7) and (4.6) imply that div c?,l“ij (v) =0in Q4  and cﬁrij (v) - nj =" = wh - ny
on I';;. Therefore (4.52) and (4.53) imply that C?F__(’U) satisfies (4.8). Furthermore, (4.57) yields

h
e, )2, < IR (e) = ellran,) + ez, < Chlelmiz,,) + lellz @),

with a constant C' independent of the geometry of €, ;. Considering that h; < A;, Lemma 4.8
gives

(4.58) HC?L-J( V)20, < CV A4 [R"(v) - n] p2(r r:;)e  Lij € Ldd,

(4.59) I, ()l L2(u,) < CVAIIO%(v)]a,, —Rh( v)loy,)  nijllzer,),  Tij € Dsd,
with a constant C' independent of h, H, v, i, j, and the diameters of I';; and Qg ;.

Corollary 4.3. The approzimation operator HZ constructed in Section 4.1 with corrections C?,Fi]- (v)
described above satisfies assumption (3.33).

Proof. Since Hg is a correction of the mixed interpolant R", which is stable in the sense of (4.50),
it remains to bound HC;‘L,FZ-]- (V)| #(divinq)- By construction div C?,Fij (v) = 0. In the following we
will make use of the trace inequality [38]

~1/2 1/2
(@60)  Vpe BN, Nl < O P leliam,,) + A lelima,,).
For I';; € I'gqq, using (4.58), (4.6), and (4.60), we have
b, )22, < CVA(l0 - nill 2, + v - nill2,,) < Cllvlla @qu0a,),
using also that A; < 1. For I';; € Fsd, we employ (4.59) and (4.1) to obtain
Iefr,, ()2, < CVA (1w =R"(®)la,,) nllz )+l (0= (S"(0) +elr, (0))la,) nill 2,;)
with ci’Fij (v) defined in (4.1) and constructed in Section 4.2. For the first term in the right-hand
side, using (4.6), we have
I(v = R*(v)lay,,) - njllzaw,) < lv-millee,) < Cllvllma,,):
For the second term on the right, using (4.60) and the approximation property (4.16) of S*, we
have
~1/2 1/2
(v = 8"(W)le,.)  nill 2y, < CA7 20 = 8" (W) 2qq,,) + AP0 = 8"(0) | ma,,)
1/2 1/2
< CA; il o, + A ol ., )
< Clvlgiq,,)

using that h; < A; <1, with a similar bound for chh,Fij (v)llL2(, ), in view of (4.19). The proof is
completed by combining all bounds and using the Poincaré inequality (1.1). O

5. ERROR ANALYSIS

In this section we establish a priori error estimates for our method. Let us assume that the finite
element spaces X f and W;L in 5 contain at least polynomials of degree rg and rs — 1, respectively.
Let X C}; and WC? in €4 contain at least polynomials of degree ry and g4, respectively. In all cases
under consideration, either l; = rgorly =rq—1. Let Agl, Af , and A contain at least polynomials
of degree 144, rqq, and 75, respectively. In the analysis we will make use of the following well known
approximation properties of the mixed interpolant R" [18, 34]: for allv € H'(Q), t > 1, there exists

a constant C' that depends only on 74, l4, t, and the shape regularity of 7;h, such that for all 7" in
fz;h

(5.1) |lv — Rh(’U)HLz(T) < Ch"wlgrry, 1<7r <min(rg+1,%),
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(5.2) ||div(v — Rh(v))HLz(T) < CK|divolgrry, 0<r <min(lg+1,t-1),
(5.3) (v — Rh(v)md‘i) “n| g2y < CR"Jv - n|griy, 0<7r <min(rg +1,¢ —1/2),
where T’ denotes an arbitrary element of the trace ’];}h] on I';;. We begin with the following

approximation result for the operator IT" defined in Lemma 3.6.

Lemma 5.1. Under the assumptions of Lemma 3.6, the operator TI" € L(HE(Q)"; V") satisfies for
allv e (HY(Q)NH{()", t > 1,
(5.4) lv— Hh(v)mxs < Ch'|v|grerq)y, 0<r <min(rs,t—1),
(5.5)
o = "@)lix, < C (W10l grs1/2ay + v ol ooy + b0l =10y )

1/2 <r<min(rg+ 1,t —1/2), 0 < ¢ <min(lg+ 1,t — 1), 0 < s < min(ry,t — 1).
Proof. To show (5.4), recall that 11" (v)|q, = I (v), IT? (v) = ©%(v) +c"(v), where c/(v) is defined
in (3.29), and ©" is a correction of the Scott-Zhang operator constructed in Section 4. The triangle
inequality and (3.30) imply that

lo = T (@)l 10, ) < Cllv = 05 (V) 1, -

Recall that ©”(v) is constructed by correcting the Scott-Zhang interpolant S* with C?,F,-,- (v)
and C?,Fij (v). Since ||lv — Sh('v)HHl(sti) is bounded optimally in (4.16), it remains to bound
HC?,FM ('U)||H1(sti) and ”C;'L,Fij(v)||H1(Qs,j)' The bound on Hcﬁrij ('v)||H1(sti) follows from a sim-

ple modification of the argument in the proof of Lemma 4.1. More precisely, by using (4.15) with
0 <r <min(rs,t — 1), (4.20) can be modified as

hin| A
| 0=5"@la.)| = ol oy,
Ak pk

Propagating the above bound through the proof gives

et )2, + hletr, () m@,,) < O olgra,,), 0<r <min(rg,t—1).

We proceed with the bound on ||C§L71—\Z_j (V)1 ;). We first consider the 3 — D case presented in
Section 4.3. Modifying the proof of Lemma 4.2 in a similar way gives
h h .
I€fr,, (@)l2@,,) + hlefr, ()laa,,) < CP  olgriq, ua,,): 0 <r <min(rg,t - 1).
We next consider the 2— D case presented in Section 4.4. Inequz}lity (4.45) in the proof of Lemma 4.6
can be modified, using the approximation property (4.16) of S*, as
|(§h(v) — 'U)|QS’,€|H1/2(FZ_].) < Chr|v\HT+1(QS’kU@Z_‘j), 0 <r <min(rg,t —1),

and (4.47) and (4.48) can be modified, using the approximation property (4.15) of 5", as

Tn+41 11~ 2 R . )
/x . [Sh(v)} < Ch? |v|iﬂ+1(5n)’ 0 <7 <min(rs, t —1),

implying
”C?,Fij(U)HHI(QSJ) < Ch'|v|gri(q, ua, ,u0,,), 0 <7 <min(rs,t —1).
A combination of the above inequalities gives (5.4).

We continue with the proof of (5.5). Recall that I1"(v)|o, = II*(v), where I’ (v) = R (v) +

cﬁpij (v) is a corrected mixed interpolant with a correction satisfying (4.8). Since [[v—R"(v) | g(div:0 )

is bounded optimally in (5.1)—(5.2), it remains to bound C;Fij (v) constructed in Section 4.5. By
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construction div cﬁrij (v) = 0, so we only need to control ||c§ﬁrij ()l z2(q,,)- Consider first I'j € I'aq.
Using (5.3), bound (4.58) gives

1/2 .
e, (@lli0,) < CAY I [olee,) < CH 0l grsvzay 0,y 0 < < minra+1,¢ - 1/2),
where we have used the trace inequality [38]

—1/2
(5.6) elarry) < A7 P ell g,y 7> 0.

For I';; € I'yq, we modify the argument in Corollary 4.3 to use the full approximation properties
(4.16) of S" to obtain

h
i, ()2, < C(hr\|7’HHT+1/2(QS,iqu,j) + W2 v)l gora,u0a,))
0<r<min(rg+1,t—1/2), 0 <s <min(rs,t —1).
A combination of the above inequalities completes the proof of (5.5). O

Next, we need to approximate the functions for the pressure. For any g € L?(£);), let P"q be its
L2(;)-projection onto W/ = Wh|q,,

(¢ — ?hq,wh) =0, Vo' e Wz-h ,

satisfying the approximation property

(5.7) lg — P"q

where r; is the polynomial degree in the space Wih: ri=rs— 1in Qg and r; = l; in Q.

0,0, <Ch'gly, 0<r <1+ 1,

5.1. Error estimates. From the error equation:
(5.8) Vo' € 2" Vg, € Wy, a(u—u",v") = —(b(v", p—¢") +bua(v", Asa) +ba(v", Aa) +bs (0", A,)),
and Lemmas 3.3 and 3.4, we immediately derive

inf
vheVh

(5.9) lu-wly o lu= vl + o= utlw ) + CRL
qa) wheWwh

(
where V' (qq) = {v € V' Vw € Wh b(v,w) = Jo, waat,

(5.10) Ry = sup i [bsa(v", Aea) + ba(v", Aa) + bs(v", )
wrezn V"1 x

)

is the consistency error at the interfaces. Similarly a simple variant of (5.8) with " € V" and
Theorem 3.1 yield

(5.11) lp—p"lw <C(llu—u"|x+ inf [p—ww)+CRy,
wheWwh

where RZ is given by (5.10) with Z" replaced by V". As the bound on the approximation error of

W follows from (5.7) and Lemma 5.1 estimates the approximation error of V" (gy), it suffices to
bound RZ. Note that by virtue of (3.11), we have for all pf € A, uf e AH, Ngl € Agl,

S

i bsa (V" Asg — p1lh) 4 ba(v", Mg — plf) + bo(v", As — )]

(5.12) R = sup
wrevn V"1 x

P

The bound for bs(vh, As — ,uf ) is straightforward because v, is measured in H 1'in each Qg 4, and
therefore its trace can be considered on each I'; ;. But deriving an optimal bound for the other
terms is more intricate because vy, is measured in H(div) in each §4; and this only controls the
trace of the normal component in H—/ 2(0Q4q,;). Consequently, A\gq — ,uﬁé and \g — ,uf must belong
to H1/? (044). In 2 — D, this is easily achieved by interpolating A\sq and Ay with a variant of the
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Scott and Zhang interpolant that is continuous at the vertices of the subdomains; a similar idea
was used in Section 4.4. But in 3 — D, this construction requires an additional assumption on the
mortar grids in the Darcy region.

Hypothesis 5.1. For each Qg; in 3 — D, the mortar grids ’];f on allT';; C 0Qq; \ 0 are chosen
such that their traces on the boundaries of I';; coincide.

This assumption implies conformity of mortar grids along interface boundaries in each connected
region in 24 and it allows us to consider the space Agl’c, which is the subset of continuous functions

in Afl{ U Agj. On Tyq U Ty, let ZH be the Scott-Zhang interpolant in Af’c. We assume that its
definition depends only on function values on I'yy UT'yy. On Ty, let ZH be the L2 (I';;)-orthogonal
projection operator in AX. This operator has the following approximation properties, assuming
sufficient smoothness of p and p:

(5.13) VFZ-J- € Lyq, V1 € Fij, ||u —IH(,M)HHt(T) < CHT7t|M|Hr(AT)7 0<t<1, t<r<rg+1,
(514) VFU € Fsd,VT € Fij; HM —IH(,LL)HHt(T) S CHT_t‘,U‘HT(AT), 0 S t S 17 t S r S T'sd + 17
y g —7H < r <r<
T) = - =T
(5.15)VIyj € Tss, VT € Ty, |l =27 ()l 22¢r) S CH |plgr(a,)y, 07 <res+1,

where A, is the macroelement used in defining Z (1) restricted to 7. The union of all A, for 7 in
0f); may overlap a little interfaces that are not part of 0€2;; we denote the overlap by O.

Lemma 5.2. There exists a constant C independent of h, H, and the diameters of the subdomains
such that, for all v" € X":

M
s “1/2
(5.16) [bs(v", Xs =TT (X)) < CH* > A / 10" 1110, ) [ Asl 200, im0y, 0 < s < res+ 1,
=1

provided A is sufficiently smooth.
Proof. We have

M
bS('Uh7>‘S_IH(>‘S>) = Z /F [vh]'(’\S_IH(AS» < Z thHLQ(aﬂs,mFss)H)‘S_IH(AS)HLQ(BQS’mFss)'

Then (5.16) follows readily from (5.15) and the trace inequality (4.60). O

Lemma 5.3. Under Hypothesis 5.1, there exists a constant C' independent of h, H, and the diam-
eters of the subdomains such that, for all v" € X":
(5.17)

|bsd(vh, /\sd—IH()\sd)) + bd('vh, )\d — IH(/\d))‘

My
<C ( D 10" ez aivion (H I a0, mraa00) + H 2 A gro0,0r..00)
=1

Mg
~1/2 .
+ZZAJ / thHHl(Qs,j)H |)\|Hr(an7imrstO)>’

=1
1/2<q<rga+1, 1/2<r <rgq+1,

provided Agq and \g are sufficiently smooth, and where the last sum runs over all 2, ; adjacent to
Qai-
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Proof. In the following A denotes either A\; or A\gq depending on the type of interface. We can write

baa(0", A — TH()+ba(0" A~ THO)) = 3 / IO —TH (V)

Fzy elqUlMgq

—Z/@QM (A —=TH (A Z/ ‘ns(A =T (N)),

Iij€lsa

where we have used that v" - m = 0 on 9Q,4; N 92 and A — Z7 (\) has been extended continuously
from HY2(094, \ 9Q) to H'/?(0Q4;). The argument of Lemma 5.2 can be used to bound the
second sum above by the last sum in (5.17). Thus it is left to bound the first sum.

Consider first one subdomain €24, that is not adjacent to I'sy. Let us switch to the reference

domain €; and let F denote the extension operator defined in (4.40) relative to Q;. For any f in
H'Y2(8Q4;), define E(f) by: E(f) = E(f o F;); therefore E maps H'/?(9Qg,;) into H'(Qq4,). Thus,
by Green’s formula

/ v ;A =T () = / o E(N—TH (V)
0Qq

00N,
:/ divo"E(\ —TH(\)) +/ vV E\—TH(N).
Qd,i Qd,i

By reverting to the reference domain and observing that Z is invariant under the rigid body
motion F;, this reads

< AP0l gy i IEG = ZO)) g1 0,

/ o ;A= TH ()
Qg ;

On one hand, the bound in (4.40) gives
IEGK = ZOD 0 < CIA = ZON 12000 < ClIA = ZON r1r2(00,000)

(X -2 e)

rcoQ:\o

IN
o

with constants here and below independent of h, H, and the diameters of €0;; and I';;. By space

interpolation between L2(I') and H'(I'), the estimates (5.13) summed on I with ¢ = 0 and ¢ = 1
readily imply that

(5.18) IAN=ZOD N gy < CHT PN ragys 5 <7 <raa+1,

N =

where the mesh size H; on 0); is related to the mesh size H; on 99; by

In the case when r is not an integer, since (5.18) is stated in the reference region I, we choose the
fractional seminorm in the right-hand side to be defined by (1.8) and incorporate the equivalence

constant into C'. The motivation for this choice is that the intrinsic norm is easily transformed by
F;. Therefore

r—1/2 A r 1/2 n— 1 2
1A= ZONN 200, < CH 2 M g panonve) < CHL AT D2\ 1 00, 200 00)-

On the other hand,

~ —n/2 . 1/2
Vol sty = As " (A2div o 220, + 19" B20) -
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By collecting these inequalities, we derive

A \T—1/2 1
/ag o (A =T (V)| < C(AH)TY 0™ | 1 (divi0a. ) [ A 7 (9024 \002U00) 5 Sr<ratl
d,i

By applying (5.18) to a portion of I'y4, using (5.14), the same argument handles the case when 4 ;
is adjacent to I'sy. Then (5.17) follows easily from these estimates. U

Remark 5.1. We can skip Hypothesis 5.1, work locally on each I';;, and use the L? norm for both

factors v” - m; and A — Z (). But this gives rise to a factor of the form (H;/h) V2 4y (5.17), that
is clearly not optimal when h is very small compared to H;.

Let R" denote either R" or R’;. The next lemma estimates R".

Lemma 5.4. Under Hypothesis 5.1, the consistency error R" satisfies
(5.19)

R" < C<A71/2HT71/2|’deHT+1/2(Qd) + ATYPHIT Y pg ey

+ AT H (s gsorayy + 1Pl /2,) )
1/2<q<rgg+1, 1/2<r<rygq+1, 0<s<rg+1,
where A = minj<;<p A;.
Proof. By combining (5.16) and (5.17), we easily derive

My My

Rh S C<Hq_1/2 ( Z |)\|%'—[q (8Qd,mI‘ddUO)) 1/2 + HT_l/Q( Z ’)‘ﬁir(aﬁd,iﬂFSdUO)) 1/2
=1 =1

My M
—11y |2 1/2 r —11y|2 1/2
+ 5 (3 AT W lronoruo) 7+ H (O AT AR on, ravey) )
i=1 =1
1/2<q<rgg+1, 1/2<r<rg+1, 0<s<rg+1.

In view of the representation (2.47), local trace theorems yield:
~1/2
eal i @0u,nr.) < CAT P lpallgesivzy,):
~1/2
[ AdlHa(004,:nT0g) < C4, / 1Pall o172 (0,
—1/2
|>\s|Hs(aQs,mFss) <C4; / (||“sHHS+3/2(QS,¢) + HpS”HS"'l/Q(Qs,i))'
Then (5.19) follows easily from these bounds and the fact that A; ' < H~'. O

Now we use the abstract error bounds (5.9) and (5.11), the approximation results (5.4), (5.5),
and (5.7), and the consistency error bound (5.19) to obtain the following convergence result.

Theorem 5.1.
llw = u"llx + llp = p" lw
< C(W ([[ull grivi ) + 1Pl @) + 2wl grarrrz ) + B (1diV wl| s ) + (1Dl s @)
+ A_lHT4(||US||H’“4+3/2(Qs) + ||p8||H7’4+1/2(Q$))
+ A_1/2HT5_1/2||Pd||Hr5+1/2(Qd) + A_l/QHT6_1/2||pd||HT6+1/2(Qd))7
0<r <rs 1/2<ra<rg+1, 0<r3 <lg+1,
0<ry<res+1, 1/2<r5<rgg+1, 1/2<rg<ryq+1.
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Remark 5.2. In the above estimate, the fine scale subdomain approximation error terms are of
optimal order with constants independent of the size of the subdomains A. The constants of the
coarse scale mortar consistency error terms deteriorate with decrease in A, since in that case the
number of interfaces grows. Nevertheless, higher order mortar polynomials can be employed to
balance the error terms, giving optimal fine scale convergence.

6. NUMERICAL TESTS

In this section we validate our analysis by carrying out some numerical experiments. In all
tests the computational domain is taken to be Q = , U Qy, where Qg = (0,1) x (3,1) and
Q4 = (0,1) x (0, 1). For simplicity we set

U(u87ps) = —pd +vsVug
in the Stokes equation in g, and
K=KI
in the Darcy equation in 24, where K is a positive constant.

To test for convergence we construct the following analytical solution satisfying the flow equations
in Qs and Q4 along with the conditions on the interface I'g4:

" — [ (2 - 2)(15 —y)(y - &)
Tl %+ (€4 1.5) — 1.58y — 0.5 + sin(wz)

| weos(wz)y
4 [ X(y +0.5) + sin(wz) |’

_sin(wz) + x

Ps == o + v5(0.5 — &) + cos(my),
_ x(y+ 0.5)2 _ sin(wa)y
Pa = K 2 K ’
where
VUK 1-G —30€ — 17
=01, K=1, a=05, G= == =25 andw=6.0.
v =10 a=05, G - 13 e X 18 and w = 6.0

The right hand sides f, f,;, and ¢4 for the Stokes-Darcy flow system are obtained by substituting
the analytical solution into (2.6), (2.3), and (2.4), respectively. The boundary conditions are as
follows: for the Stokes region, the velocity ws is specified on the left and top boundaries, and the
normal and tangential stresses (ons) - ngs and (ong) - T4 are specified on the right boundary; for
the Darcy region, the normal velocity ug - ng is specified on the left boundary and the pressure
pq is specified on the bottom and right boundaries. Each region €25 and €y is divided into two
subdomains, giving a total of four subdomains. The subdomain grids do not match across the
interfaces. The Stokes subdomains are discretized by the Taylor-Hood triangular finite elements
with quadratic velocities and linear pressures (rs = 2). The Darcy subdomains are discretized by
the lowest order Raviart—-Thomas rectangular finite elements (rqy = l; = 0). We use discontinuous
piecewise linear mortars on all interfaces (rss = rqq = rsq = 1). To test convergence, we solve the
problem on a sequence of grid refinements. On the coarsest level, the subdomain grids are 3 x 4
in the lower left and upper right subdomains and 2 x 3 in the other two subdomains. We test two
cases, H = 2h and H = v/h. In both cases the coarsest mortar grids have a single element per
interface. In the first case the mortar grids are refined by two each time the subdomain grids are
refined by two. In the second case the mortar grids are refined by two each time the subdomain
grids are refined by four. The non-matching grids on the middle level of refinement are shown in
Figure 6.1. The computed solution and the numerical error on this grid level with mortar meshes
H = 2h are displayed in Figure 6.2. The numerical errors and convergence rates on all refinement
levels are reported in Tables 1-6. We report separately the errors in €5 and )y in their respective
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FIGURE 6.1. Non-matching subdomain meshes 8 x 12 — 12 x 16.

norms. In the Darcy region we also report the discrete L? errors || - ||ar.q, for the pressure and the
velocity, computed via the use of the midpoint quadrature rule on each element.

In the case H = 2h we observe second order of convergence for [|[us—u!|| ;1(q,) and [|ps—p2|| 12 (a,)
as well as first order convergence for |ug — uZHH(diV;Qd) and ||pg — pZHLQ(Qd). These rates are
consistent with the error terms O(h"s) = O(h?) and O(h"4*!) = O(h'*1) = O(h) that appear in
Theorem 5.1. Note that in the case H = 2h the interface consistency error terms are O(h"ss1) =
O(h?) and O(h"4at1/2) = O(h"=4t1/2) = O(h*/?). While the error terms in Theorem 5.1 depend
on the global solution norms, the results indicate that the lower convergence rates in €2y and
on I'gy do not affect the second order convergence in ;. This suggests that it may be possible
to establish interior convergence error estimates. Such estimates were derived in [53] for mortar
discretizations for Darcy flow. Another possible reason for the negligible effect of the Darcy error
on the Stokes error is the fact that the solution in the Darcy region exhibits superconvergence at the
cell centers, as indicated by the O(h?) convergence of ||pg — p/||ar.0, and the O(h3/?) convergence
of |ug — ult||r0,. Superconvergence for mixed finite element discretizations for Darcy flow has
been extensively studied in the literature, see, e.g. [5] and the references therein. The reduced
superconvergence order for the Darcy velocity is due to the O(h3/ 2) mortar error term, as shown
in [5].

In the case H = v/h, we observe approximately O(h) convergence for all error norms. Note that
in this case the interface consistency error terms are O(h("ssT1/2) = O(h) and O(h("4at1/2)/2) =
O(h\7=at1/2)/2) = O(h3/*), so their effect on the convergence in the Stokes and Darcy regions is
more significant. In this multiscale case, one may utilize higher order mortars to recover optimal
fine scale subdomain convergence, see [6] for the Darcy case.

7. APPENDIX

We present here two simple particular cases when I';; is a straight line segment and the traces
of the discrete spaces on I';; are piecewise [P finite elements, where one can construct an operator

7l satisfying (4.34) that was needed for the construction of the correction c?rij('v) in Qg in the
/2 ‘

2 — D case. In particular, given £ in Héo (I')2, we want to construct 7§ () in X 4, unique solution
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FIGURE 6.2. Test I: computed solution (left) and error (right) on subdomain
meshes 8 x 12 — 12 x 16 and mortar meshes H = 2h.

mesh | |[us — uZHHl(QS) rate | ||ps — p’;”Lz(Qs) rate

2x3 3x4 3.93e-01 2.64e-02

4x6 6x8 8.95e-02 2.13 6.37e-03 2.05
8x12 12x16 2.10e-02 2.09 1.53e-03 2.06
16x24 24x32 5.08e-03 2.05 3.75e-04 2.03
32x48 48x64 1.25e-03 2.02 9.29¢-05 2.01
TABLE 1. Test 1: H = 2h. Numerical errors and convergence rates in )

mesh | [lug — ulill piaivia,) | rate | lpa — ol 12, | rate

2x3 3x4 3.51e+00 1.01e-01
4x6 6x8 1.79e+00 0.97 5.05e-02 1.00
8x12 12x16 9.00e-01 0.99 2.52e-02 1.00
16x24 24x32 4.50e-01 1.00 1.26e-02 1.00
32x48 48x64 2.20e-01 1.00 6.28¢e-03 1.00

TABLE 2. Test 1: H = 2h. Numerical errors and convergence rates in {)yg

mesh | luqg — ullara, | rate | Ipa — p2lag, | rate

2x3 3x4 2.60e-01 1.65e-02

4x6 6x8 6.71e-02 1.95 4.13e-03 2.00

8x12 12x16 2.09e-02 1.68 1.01e-03 2.03

16x24 24x32 6.85e-03 1.61 2.50e-04 2.01

32x48 48x64 2.32e-03 1.56 6.22e-05 2.01

TABLE 3. Test 1: H = 2h. Numerical errors and convergence rates in {}; using the
discrete || - || ar,0, norm.

P-error

0.014
0.012
0.01
0.008
0.006
0.004
0.002
0
-0.002
-0.004
-0.006
-0.008
-0.01
-0.012
-0.014
-0.016
-0.018
-0.02
-0.022




44

mesh | ||us — UZHHI(QS) rate | ||ps — pZHL2(QS) rate

2x3 3x4 3.93e-01 2.64e-02
8x12 12x16 5.99e-02 1.41 3.51e-03 1.46
32x48 48x64 1.03e-02 1.22 6.02e-04 1.27

TABLE 4. Test 2: H = v/h. Numerical errors and convergence rates in €

mesh | |ug — ulll iaivio,) | rate | lpa — Pl | rate

2x3 3x4 3.51e+400 1.01e-01
8x12 12x16 9.10e-01 0.97 2.53e-02 1.00
32x48 48x64 2.30e-01 0.99 6.32e-03 1.00

TABLE 5. Test 2: H = /h. Numerical errors and convergence rates in g

mesh | [[uqg — ul|ao, | rate | lpa — plllaq, | rate

2x3 3x4 2.60e-01 1.65e-02
8x12 12x16 1.10e-01 0.62 3.65e-03 1.09
32x48 48x64 5.01e-02 0.57 7.57e-04 1.13

TABLE 6. Test 2: H = v/h. Numerical errors and convergence rates in g using the
discrete || - || apr,0, norm.

of (4.35):
VﬂeA,[ﬁj(2)~g—/2-ﬂ,
I

r
and satisfying (4.36).
Without loss of generality, we can suppose that I is the segment [0, 1], that the nodes of ’j; are
0 =29 <21 < - <IN < Znyy1 = 1, and we set Bn = Tpy1 — Tn, 0 < n < N. We choose
each component of the functions of X ;j piecewise IP; in the subintervals [Z,,, Z,+1], with degrees of
freedom at the nodes Z,,, 1 <n < N.

7.1. First example. As a first example, we choose each component of the mortar functions of A
also piecewise IP; in the subintervals (&, Z,+1], with degrees of freedom at the nodes Z,, n = 0,
2<n<N-—1,and n = N 4+ 1. The nodes 21 and Z are deleted so that Xj and A have the
same dimension 2N; thus the matrix of the linear system (4.35) is square. In order to express
these functions in terms of a basis, it is convenient to modify slightly the standard Lagrange basis
functions for the velocity. More precisely, we define

(7.1)
Po ()] ! (B2 —2) , Pn41(2)] T (2 —in-1)
T)|[30.30] — = ~—\Tr2 — ), T)gn_ 1.8 = = = — —-1),
%0 [#0,22] ho + Iy 2 PN+1 [EN—1,2N 1] Ay + A1 N-1
L 1 A A r..
T)|[30.30] — = =\ —Xo) , T)l[g9.42] — 7= X3 — ),
Pa( )|[ 0,%2] h0+h1( 0) » P2 )|[ 2,d3] h2( 3 )
. . r .. . N 1 . .
1) |ian s ] = = T—ITN_2), —1(Z)|1an 1.2 = —F(T — ),
on-1( )|[ N_2,2N_1] thl( N—2), ¢n-1( )\[ No1,EN11] hN,H—hN( N+1 )
1

S‘Bn(i)“infl,in] = il (53 - i’nfl) ) @n(i‘)|[£n,£n+1] =
n—1

(Zp41—2),m=1,3<n<N-2,n=N,

1
i



45

extended by zero elsewhere. We take

N
(7'2) Xj = {i’ S H&(Ov 1)2 ; ﬁ(j) = Z @n@n(i‘)}v
n=1
) N—-1
(7.3) A={pe H'(0,1)%; (@) = fu(20)o(2) + Y ful(#n)@n(®) + (EN+1)@N11(2)}-
n=2

On one hand, the set {@o, $n,2 <n < N—1,pn41} is indeed a Lagrange basis for A. On the other
hand, the set {¢,,1 < n < N} is a basis but not a Lagrange basis for X;; however, it is easy to
check that

(7.4) v1 =0(21) —0(Z2)P2(21) , Uy =0(2y),2<N<N—-1, oy =0(Zn) —V(TN_1)PN-1(ZN).
The system (4.35) can be decoupled into two independent systems in IRY, one for each component,
and each system has the form Ma = b, where o € IR" is the unknown, the non zero coefficients
of M per row are
1, - 1 . .
My = g(ho +2h1), Mip = é(ho + h1),

~

1, - A 1. A A h
My, = 6(2710 +hi), Myo = g(ho +hi+hy), Myz= €27
B 1. . b,
Mn,n—l = 6 ! > Mn,n = §(hn—1 + hn) s Mn,n-‘,—l = F73 <n<N -2,
iLN_Q 1 . A ~ 1 - ~
My_1Nn—2 = 6 My_1n-1 = g(hN—2 +hy_1+hn), Myin = g(hN—l +2hyN),

1 - a 1 - N
My n = 6(%]\7_1 +hy), MnN = é(hN—l + hy).

Denoting by ¢ a generic component of 2, the components of b € RY are

Zo Z3 Ep1
m:/ 5@0,522/ e@,bn:/ ipn3<n<N-2,
Zo o T

n—1

i‘N+1 R i‘N+1 N
bn_1 :/ lon—1, b :/ CON+1.
z IN-1

N—-2

(7.5)

The matrix M is tridiagonal but not symmetric, the coefficients of its three diagonals are all strictly
positive, and it is strictly diagonally dominant, hence invertible, but this is not sufficient to obtain
a sharp estimate for its inverse. To this end, we use the approach of Crouzeix and Thomée [23].
More precisely, let D be the principal diagonal of M and factor M into M = D(I + K) where
K is a tridiagonal matrix with principal diagonal zero. Denote the diagonal terms of D by d,, > 0
and note that D'/? is well-defined. The next lemma relates 7; (¢) and o Recall that | - | denotes
the Euclidean vector norm.

Lemma 7.1. For each componenté ofz we have
(7.6) 1#50) 2y < 21D 2al.
Proof. Considering the support of the basis functions ¢,,, we have

112 2 2 P

Oy = [ (o +azp? + Y [ (i
xo n=2 " In

. ) EIN+1 . . )

+ Ut 1Pn41) +/ (aN_1PN-1 + anf1PN41)

EIN-1
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By substituting the expression of these integrals and rearranging terms, we derive
9 N—2

s @) < 5 (a%(ho i) + a3ho + by + he) + 3 a2 (huy + )
n=3

+ O‘?\f—l(hN—Q +hnoq+ iLN) + Oqu(ilN—l + BN)).

In view of the diagonal terms d,, of D, this can be written

- ho + I h +h
A 2 270 1 2 NN—-1 N
5 D)2y < 2(ad =5 +Za dn + o ).

But

ho + h ho + h h

ot L. ot ! <2d1, and similarly w1+ hy 2dn

3 ho +2
Hence
X 1/2

(7.7) 1750 2y < (Za dn) "
whence (7.6). O

This lemma shows that an L? bound for 7;(f) relies on a bound for |[D'/?al. But D'/« has
also the following expression

D'2a = (I+D'?KD~'/?)"(D~/?).

Therefore Lemma 7.1 implies that

(7.8) 175D 2y < 21 (I + DY2PKD™2) || D2,
where || - ||2 denotes the matrix norm subordinated by the Euclidean norm, and more generally

| - |l is the matrix norm subordinated by the [” vector norm. The next lemma gives a bound for
|D~1/?p|.

Lemma 7.2. We have
(7.9) |D~'/?p| < \/§HEIIL2@)-

Proof. By integrating the basis functions ¢,, we derive
(7.10)

N
|D—1/2b|2 _ nglbi

ha + 1 s p 3 N-2 2 -
1 h0+h1 212 h0+h1+h2 519 hn—1+hn S
: 5( ar Nlz2Go) + =g ¥lz2ga0a0) + 2} R el L IO
]/LI’N—I + ]tLN 512

hN 2+ hN 1+ hN
) + THEHLQ(QA:N_MQN-H))‘

dn_ ||€|’L2(§3N—2,i1\7+1

Then proceeding as in Lemma 7.1, we obtain
N
—1/27,2 A2 7112 7112 7112 7112
D720 < 101122 0.60) + 10 T2 00,00) + D M0 T2 i) + W Z2 o rn) 10 T2 0 s

n=1

whence (7.9). 0
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It remains to evaluate ||(I + D'?KD~Y 2)_1|]2. Following Crouzeix & Thomée, we introduce
the restriction on the mesh length B

Hypothesis 7.1. There exist two constants co > 0 and v > 0 independent of N such that

(7.11) Vn,m,0<n,m<N, — < CO,Y|nfm|_

This condition holds for quasi-uniform meshes, but it is also satisfied by much more general
meshes.

Proposition 7.1. If Hypothesis 7.1 holds with suitable constants co and -y, then there exists a
constant C independent of N and j such that

(7.12) I(I+D'?KD '), < C.
Hence with the same constant C,

(7.13) v e LA, (175 (D) oy < 2VBCI Loy,

Proof. The proof follows the ideas of [23] but is more complex because the functions of X j vanish
at the end points of I' whereas those of A do not. Let us prove convergence of the series

Z HD1/2K7“D71/2H2;
r=1
this will yield

(7.14) I(I+D'V2KD2) 7y <143 IDYV2K D7V,

r=1

As K has three diagonals, then K" has 2r + 1 diagonals. In addition, since the coefficients of these
diagonals are non negative, this implies that

IDYV2RTD Ay < (2 + 1| DVARTD T,
and by interpolation,

||D1/2K7'D—1/2H2 < (27“ + 1)1/2HD1/2KTD_1/2”00-

Therefore
1/2 1/2 dn \1/2 1/2

(7.15) IDV2K" D2y < sup  (SM)7 2+ )Y

[n—m|<2r ~tm
Thus a sufficient condition for the series convergence is:

dp \1/2 )
(7.16) sup (—n) < c< )T,

[n—m|<2r dm ||K||OO

where ¢ > 0 and 0 < § < 1 are two constants independent of r. First, assuming Hypothesis 7.1, a
simple but tedious computation gives for 0 < v < 2

d
(7.17) sup  — < 2¢o(1 4+ v+ 43y
[n—m|<2r Ym
Hence the series converges if

1
~ < Min(2, 7)
( 1K [|oo
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It is easy to check that

ho+hi  hy+h 1 h 1 h
1K ||oo = Ma ( oth v+ ANy 50 ) (1= e\ )
h0+2h1 hN+2hN 1 ho+hy+hy” 2 hn_o+ hy_14+ hy
To simplify the notation, set § = cpy. Owing to Hypothesis 7.1, for 8 > 1, we have

1 0 6 1 0
(7.18) 1Kl < 5 (1+ Max(5 0 5gg2)) = 5 (1 T5g)

Take for instance § = 3; then (7.18) yields || K|ls < 3. Therefore the series converges for v = 3
and in turn cg = %. Then (7.13) is an immediate consequence of Lemmas 7.1 and 7.2. t
Now we estimate 7; (£) in H'(I)? for £ € H}(I)2. First, we have the analogue of Lemma 7.1.
Lemma 7.3. We keep the notation of Lemma 7.1. Under Hypothesis 7.1 with v > 1, we have

~ 5 2 oy 1/2) H-1/2
(7.19) \Wj(f)\Hl(f) < \/;(cofy(l—f-'y)—i—Q—l— 1+7) |D / al.
Proof. Let us denote the derivation on I’ with a prime. Then
N
Tj (0) = Z O‘TLSO;L?
n=1
and a straightforward computation gives
N-2
1 1 1 1 1 1
HA( ” <2<C¥2A7+T +a2ﬁ+ﬁ+ CMQA + —
B e = 208G ) i ) G )
1 1 1 1
tada(—— ) +ak(—+ ).
hn—2 hyn—1+hy hn-1 hn
Hypothesis 7.1 yields
1 1 1 1 1 1 coy? 1 1 2
— + = ~ +c ,ﬁ‘i’i_ C 1+ +2+ sy 7 4+ = §71+C
ho 3 2d1( 0Y) ho+ by Ry~ 3da (07( ) 1+,y) 1 T 3dn( 07)
1 1 1 coy? 1 1 1
- + = — < coy(1+7v)+2+ , m—— + — < — (1 + o).
hn_—o hy_1+hn 3dn-1 ( 07 v 1+ 'Y) hn_1 hn 2dN( 07)
Then (7.19) follows readily from the fact that for v > 1,
(1+7) D 91 4 )
c coy)-
07 Y 1+~ 07
O

Comparing with (7.8) and the proof of Lemma 7.2, we see that a direct estimate of 7; (€)' relies
on a bound for ]D_?’/ Qb\ which we can hardly expect to be sharp. This difficulty can be bypassed
by using the fact that £ belongs to Ho (I')? and arguing as in [23]. Uniqueness of the solution of
(4.35) in X implies that 7; (I (£)) = I(#) where I denotes the standard Lagrange interpolant in X; s
that is well-defined because I is a line segment. This permits to write

(7.20) wi(0) = (0 —1(B)) + (I(8) — &) + 7.

First, we easily derive that

11(8) = &l 1 1y < 208 g 1y
Therefore

(7.21) | ( )|H1(P < 3‘£‘H1 @ T |7r](£ I( ))’Hl Ty
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and it suffices to derive a bound for this last term. Let M a = b be the system (4.35) for a generic
component of £ — I(£). Applying (7.12) and the analogue of (7.8), we obtain
(7.22) 7050 = T(0) g1 7y < (I + D2K DY) 7y D73/2b] < C| D5/,

with the constant C of (7.12), provided ¢y and v are chosen as in the proof of Proposition 7.1. Here
we use the fact that (7.15) is also valid for |[D~'/2K"DY?||5. It remains to estimate |D~%/b|.

Proposition 7.2. Let Y, belong to HO( )2. If Hypothesis 7.1 holds with the constants co and ~y
chosen as in the proof of Proposition 7.1, then each component ¢ ofE satisfies

-3/2 ;
(7.23) |D~3/%b] < V30c|l] 1 5,
where ¢ depends only on the interpolant I. Therefore,
(7.24) e € Hy (D) 17 (0)] iy < (34 V3O0CO) €l a5y
with the constants ¢ and C of (7.23) and (7.12).

Proof. We sketch the proof. To simplify, set w = (-1 (é) Arguing as in Lemma 7.2, we recover
a bound for [D~%/b| by replacing d,, by d3 and ¢ by w in (7.10). The key point here is that the
properties of the interpolant I imply

2 291712 291512
||w”L2(§;O,;i1) < C(hOM‘Hl(jo,jl) + h1|£‘H1(£1@2))a
for a constant ¢ independent of IV, with analogous expressions for the norms in the other subinter-

vals. The factors involving hy, in ]D_?’/ Qb\ can be bounded by applying (7.11) with cpy = %, as in
the proof of Proposition 7.1. This gives

N
—3/21.12 012 012 012 012 012
|D~3/2b|% < 10c(1031 30 20) T 13 ao.2m) T D 30 a0y 000) + 3 e inen) T 0 G i)
n=1
and (7.23) follows. O

Finally, space interpolation between (7.13) and (7.24) gives
5 /2,802 1~ (5 A1
(7.25) Ve € HOO (F) s ’71']‘ (£)|H362(f) < C|£|H(%2(f)’
with a constant C independent of N.

7.2. Second example. In the first example, A and X ;j have the same dimension, but of course this
is not necessary. For the unique solvablhty of (3.8), it is sufficient that the set of degrees of freedom
of A be an adequate subset of those of X ; ;. sufficiently rich to guarantee a good approx1mat10n
property of the Lagrange interpolant I. Let us briefly give another simple choice of A with roughly
half as many degrees of freedom as in the first example. Let N be an odd integer, keep the same
©o and Q41 as in (7.1), and choose

A .. A L. .
%01(93)’[@0,@1] = T(CU - $0) , <,01(:L")|[§31,§;2} = T(IL’Q — :U),
hO h1
A r .. A . .
N (%) [y an] = m(iﬂ —&N-1) s N @)gn.ini] = E(mN+1 — &),
(7.26) o
p n By Top_2,T =@ -z n—2),
802 ( )|[ 2n—2; 2n] h2n_2+h2n_1( 2 2)
PN 1 R R N
@2n($)|[i2n,i2n+2] = f(l?rwr? - x)a 1<n< 5,

hon + hopt1
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extended by zero elsewhere. We take
(7.27) Xj = {0 € Hy(0,1)*; 9(&) = 0191(2) + Y_ 9(2n)f2n(2) + On@n ()},

A (N+1)/2
(7.28) A={peH' (0.1 a@)= > plion)fon(®)}.

n=0

With this choice, (4.35) is uniquely solvable and it can be checked that all the results established
for the first example carry over to this second example, with different constants.
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