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Abstract. Discontinuous Galerkin (DG) and mixed finite element (MFE) methods are two popular
methods that possess local mass conservation. In this paper we investigate DG-DG and DG-MFE
domain decomposition couplings using mortar finite elements to impose weak continuity of fluxes
and pressures on the interface. The subdomain grids need not match and the mortar grid may be
much coarser, giving a two-scale method. Convergence results in terms of the fine subdomain scale
h and the coarse mortar scale H are established for both types of couplings. In addition, a non-
overlapping parallel domain decomposition algorithm is developed, which reduces the coupled system
to an interface mortar problem. The properties of the interface operator are analyzed.
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1. INTRODUCTION

In modeling flow and reactive transport in porous media, it is important to employ algo-
rithms that preserve mathematical properties of physical systems, such as local mass conser-
vation and continuity of fluxes. In addition, geological media such as aquifers and petroleum
reservoirs exhibit a high level of spatial variability at a multiplicity of scales, from the size of
individual grains or pores, to facies, stratigraphic and hydrologic units, up to sizes of forma-
tions. Two methods that are well-suited to subsurface modeling are the mixed finite element
(MFE) and discontinuous Galerkin (DG) methods. Common features of these methods are
local conservation of mass and accurate treatment of rough coefficients and grids.

MFE and related methods have been very popular in the porous media modeling commu-
nity. They provide accurate approximation for both the pressure and the velocity. A number
of approaches have been developed to eliminate the velocity and reduce the MFE method to
a cell-centered or face-centered algebraic pressure system with a substantially smaller dimen-
sion, see, e.g., [40, 7, 6]. For single phase flow, the reduced system in most cases is symmetric
and positive definite, allowing for the use of efficient solvers. These reduction techniques,
however, apply in most cases to low order MFE methods on relatively structured grids and
may lead to deterioration in the accuracy on highly irregular or unstructured grids.

DG methods are finite element methods that use discontinuous approximations. Examples
of these schemes include the Bassy-Rebay method [9], the Local Discontinuous Galerkin
(LDG) [3, 20] methods, the Oden-Babuska-Baumann (OBB-DG) [32] method and interior
penalty Galerkin methods [23, 37, 44]. DG methods are of particular interest for multiscale
problems because they 1) support local approximations of high order and are capable of
delivering exponential rates of convergence; 2) are robust and non-oscillatory in the presence
of high gradients; 3) are implementable on unstructured and even non-matching grids and
can thus treat highly heterogeneous porous media. On the negative side, because of the
number of unknowns, DG solvers can be expensive.

Non-overlapping domain decomposition is a useful approach for spatial coupling/decoupling.
A subsurface flow example is the multiblock mortar MFE methodology described in [4, 34, 35,

45]. The governing equations hold locally on the subdomains and physically driven matching
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conditions are imposed on block interfaces in a numerically stable and accurate way using
mortar finite element spaces. References on the mortar approach for other discretizations
include [12, 11, 46, 10] for conforming Galerkin and [24] for finite volume elements. Domain
decomposition solvers and preconditioners for mortar discretizations have been developed in
(28, 1, 2, 27, 33].

Some computational advantages of the multiblock approach are as follows: 1) multiphysics,
different physical processes/mathematical models in different parts of the domain may be
coupled in a single simulation: 2) multinumerics, different numerical techniques may be em-
ployed on different subdomains; 3) multiscale resolution and adaptivity, highly refined regions
or fine scale models may be coupled with more coarsely discretized regions, and dynamic grid
adaptivity may be performed locally on each block; 4) multidomains, highly irregular do-
mains may be described as unions of more regular and locally discretized subdomains with
the possibility of having interfaces with non-matching grids; and 5) parallelism, the approach
leads to domain decomposition algorithms with near optimal computational load balance and
minimal communication overhead.

Couplings of DG and MFE methods have been previously studied in the literature. In [39],
a DG-MFE coupling is introduced, which uses two Lagrange multipliers to impose continuity
of fluxes and pressures. A method for coupling LDG and MFE is developed in [21] by choosing
appropriate numerical fluxes on interface edges.

In [5], a multiscale mortar mixed finite element method was introduced for modeling Darcy
flow. There, the continuity of the flux is imposed via mortar finite elements on a coarse grid
scale, while the equations in the coarse elements (or subdomains) are discretized on a fine
grid scale.

In this paper we develop mortar couplings of DG with DG or MFE methods, using possibly
different scales in the mortar and subdomain grids. Such couplings allow for 1) the flexibil-
ity of applying DG to subdomains where general grids are required for treating pinchouts,
discrete faults and fractures, and highly variable full permeability tensors; 2) developing a
mortar domain decomposition parallel DG solver via reduction to an interface problem and
employing conjugate gradient or GMRES for its solution; efficient interface preconditioners
such as balancing could be developed [30, 22, 33]; 3) applying the MFE method, which has
substantially fewer unknowns than DG, in regions with relatively smooth or structured grids;
4) achieving model reduction through multiscale approximations.

We study mortar couplings of type DG-DG and DG-MFE, based on four different DG
formulations, the OBB-DG [32], the nonsymmetric interior penalty Galerkin (NIPG) [38],
the symmetric interior penalty Galerkin (SIPG) [8, 44, 41, 43], and the incomplete interior
penalty Galerkin (IIPG) [41, 23, 43]. The mortar variable has a meaning of pressure and it is
used as a Lagrange multiplier to impose weak continuity of normal velocities and subdomain
pressures on the interface. This is achieved via a Robin-type matching condition, which
involves a flux jump term and a penalized pressure jump term. Our approach differs from
the one in [39], where two Lagrange multipliers are used and the method cannot be reduced
to an interface problem.

The paper is organized as follows. In the next section we introduce the model problem
and set up some notation. In Section 3 we develop and analyze DG-DG mortar couplings.
In particular, we establish equivalence between the DG weak formulation and the partial
differential equation, existence and uniqueness for the discrete solution, and convergence
estimates. The error estimates are derived in terms of h and H, the discretization parameters
for the subdomain and mortar spaces, respectively. We also develop a parallel non-overlapping
domain decomposition algorithm for the solution of the algebraic system based on a reduction
of the algebraic system to an interface mortar problem. Similar results are obtained in
Section 4 for DG-MFE mortar couplings. We end with some conclusions in Section 5.



2. PROBLEM STATEMENT AND NOTATION

2.1. Model Equations. Let the domain be Q = Q;UQ,UT'15 € RY, d = 1, 2 or 3. Although
for simplicity we only present the method for two subdomains, our results easily extend
to geometrically nonconforming domain decompositions with finite number of subdomains.
Similarly, our results can be generalized to more general boundary conditions than (2.2)
below, such as Dirichlet or mixed Dirichlet-Neumann boundary conditions. We consider the
following equation, which can be used to model a single-phase flow process in porous media:

(2.1) -V-KVp = f inQ,
(2.2) —-KVp-n = ¢ on o

The above system can also be written in a mixed form:

u = —-KVp inQ,
V-u = f inQ,
u-n = g ondf.

Here n denotes the unit outward normal vector to 2. We assume that the data f belongs
to L%(Q), g belongs to L?(99) and they both satisfy the compatibility condition

(2.3) /Q fdx = /8 gdo.

With (2.3), system (2.1)-(2.2) defines p uniquely up to an additive constant. The conductivity
K is assumed to be uniformly symmetric positive definite and bounded from above. In €21, we
use a DG formulation; in 25 we use either a DG or a mixed formulation, with the matching
on the interface being achieved by a multiplier.

Throughout the paper we will use the following standard notation. For D C R%, we denote
the norm in the Hilbert space H*(D) by ||-||s,p. Consequently, ||-|/o,p will denote the norm in
L?(D). We may omit the subscript D if D = Q. We denote by C' a generic positive constant,
independent of h and H, that may not have the same value at different occurrences. In
addition, we denote by € a fixed positive constant that may be chosen arbitrarily small.

Let £,(€2;) be a non-degenerate partition of Q;, i = 1, 2, composed of line segments if
d = 1, triangles or quadrilaterals if d = 2, or tetrahedra, prisms or hexahedra if d = 3. If
MFE discretization is used in o, we only consider affine elements there. The partitions
do not need to match on the interface I'1o. If SIPG, NIPG, or IIPG is used in §2;, we
allow &,(;) to be non-conforming by refining the mesh in some of the elements. We denote
En(Q) = Ep(Eh) U E(Qa).

Here h is the maximum element diameter for the mesh. The non-degeneracy requirement
(also called regularity) is that the element is convex and that there exists p > 0 such that, if
h; is the diameter of E; € &,(12), then each of the sub-triangles (for d = 2) or sub-tetrahedra
(for d = 3) of element E; contains a ball of radius ph; in its interior. If E; is a triangle
(or a tetrahedron) then its sub-triangles (or sub-tetrahedra) coincide with E;. The set of all
interior points (d = 1), edges (d = 2) or faces (d = 3) within &, (2;) is denoted by I',(€2;). Let
In(Q) =Th(21) UL (22). On each element face v € I',(€2), a unit normal vector n is chosen
once and for all. This could be done by numbering the elements of £,(€2;) and directing n
from Fy to E; if By and E; are adjacent and k& < [. On 052, the normal vector n coincides
with the outward unit normal vector ngg. On I'io, the unit normal vector n is chosen as
n = npo, = —Nyo,. On I';s we introduce a mortar finite element partition I'yy, where H is
the maximum diameter of mortar elements. We allow for I'y to be different from the traces
of the subdomain grids on I'ys.
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Let E; and E; be two adjacent elements in £, (£2) with ¢ < j and let v = 0E;NOE; € 'y (2);
then n is exterior to F;. We denote the average and jump on ~ for an element-wise smooth
function ¢ by

16} 1= 58l ), + (8l ), 6= (9l )], — (95, -

The following functional spaces will be used in weak formulations of our problem:

3
X(Q) = {q€L*(): VE € &), qlp € H'(E)}, s> 5 i=land2,

Vo(Q2) = {veH(div;Q): v-n=0on 9\ 2},

W(Q) = L2(Q), A:=H2(Ty).

1 1
Here v - n is defined in a weak sense, i.e., in the dual of H,(0€2 \ I'12), where H,(D) is the
interpolation space between L?(D) and H3(D) [29]. The space X (€;) is equipped with the
norm

2
s, E

(2.4) I

58 — Z B

Ee&n ()

For the DG discretization we will use the finite element spaces

Xn(9) = {qn € L*(%) : VE € &), anlp €PH(E)}, i=1,2, r>1

For the MFE discretization in {29 we will use any of the usual mixed spaces, including the RTN
spaces [36, 31], BDM spaces [16], BDFM spaces [15], BDDF spaces [14], or CD spaces [18].
We denote these spaces by V,(Q2) x Wp,(Q2) where V,(Q2) x Wy,(Q2) C H(div; Q2) x L?(Qy).
To enforce the boundary condition on 99 \ I'12, we set

Vio(Q2) = Vi (€2) N Vo(Q2).

On an element FE, the restriction of V,(€2) is denoted by Vj,(E). We assume that the
velocity space V3 (E) contains (P,,(FE))%, m > 0, with normal components on each edge
(face) in Py, (), and that the pressure space W, (E) contains P;(E). In all cases | = m or
[=m—1, when m > 1.

On the interface we will use a mortar finite element space to approximate the pressure and
impose weakly continuity of flux and pressure:

Ap == {py € L*(T12) : V7 €Ty, ppl, €Pr(r)}, 7> 1.

In the above, r, m, and 7 are possibly different constants. We note that all results in this
paper hold if Ay is replaced by its continuous version

G o={pg € C°T12) : V7 € Ty, pl, €Pr(1)}, 7>1.

3. CouPLING DG wiTH DG USING A MORTAR SPACE

From now on, we assume that the tensor K is sufficiently smooth in each element, so
that the trace KVp - n is well defined on element faces. In this section we consider coupled
schemes involving DG discretizations in both 27 and {29 and matching conditions on the
interface imposed through a mortar finite element space.
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3.1. Weak formulation. We define bilinear forms and linear functionals for the DG scheme
in Q=12

Bi(p,q) : /Kvp Vodr — > /{Kvp n} ¢

Ee&r(Q ~ETL ()
(3.1) — Sform Z /{KVq n} [p| do — KVp-nagiqbi do
IED)
YETH(Q
o
sform/ KVg - np0,plg, o+ Z ”/ ddo+ 30 7 [ plosdla,do
YETR (D2 TEFH
(3.2) Li( / fqdx— / gqdo— Sform/ KVgnpgq, )\da+z /q|Q Ado.
0Q;\I'12 Tely

Here storm = —1 for NIPG or OBB-DG, stom = 1 for SIPG, and sirm = 0 for IIPG.
The penalty parameter is a discrete positive function that takes the constant value o, on an
interior element face v and o, on a mortar element 7. We let o0, = 0 for OBB-DG and assume
0< 03 <oy < a% for SIPG, NIPG, and IIPG. For all methods we assume 0 < 02 <or < ai.
We will also show solvability for all schemes if o, = 0, assuming condition (A.1) holds for
either Xp(921) or X;,(Q2), but will provide no convergence analysis in this case.

We take Sgorm = —1 for all methods. This leads to an easy control of the terms involving
integrals on I';2. The choices 0 or 1 for Sg,m, are also possible. However, in these cases, the
weights in the last terms of B;(-,-) and L;(+;-) must be modified. More details are given in
Remark 3.1 and Remark 3.3.

The weak formulation is: find p € L?(Q) with p|g, € X () for i = 1,2, and A € A such
that

(3-3) Bi(p,q) = Li(¢;\) Vqe X(Q), i=1,2,
(3.4) —/Fm KVp-n ]uda—i—T;H /21:2 Plo, — Npdo =0 V€ A,

3.2. Equivalence. We next show that any solution of the mortar DG weak formulation
satisfies the original problem. It is easy to check that the converse is true, provided the
solution of the original problem is sufficiently smooth.

Theorem 3.1. If (p, \) is a solution of (3.3)-(3.4), then p satisfies (2.1)-(2.2) in the sense
of distributions.

Proof. We first consider the domain ;. For any fixed E € &,(), taking ¢ € C§°(E)
n (3.3), we easily see that (2.1) holds within £. We next consider two adjacent elements
E; C Q1 and Eo C Q1 with an interface 7. Letting ¢ € Hg(El U~ U E3) in (3.3), we have

KVp - Vqdx + KVp - Vgdx — storm /{KVq -n}[p|do
g

E1 Es
= / fqdx = — V- (KVp)qdx — V- (KVp)qdx
F1UE> F1 E>
= </ KVp - Vqdzx —/ KVp - -npg, qdo) ,
1=1,2

where we have used the fact that —V - (KVp) = f in E, VE € £,(€1). Therefore

(3.5) Sform /{KVq ‘n}[p]do = / [KVp - n|qdo.
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For OBB-DG, NIPG and SIPG, we have s¢m, # 0 and we can choose ¢ € Hg(El U~y U E»)

1
such that ¢ is zero on v and {KVq-n} is arbitrary in H2 (). Then (3.5) implies that [p] = 0
on . When running over all interior faces of Q, this means that p belongs to H'(£;). In
3
turn, we can choose ¢ € HZ(Fy U~y U FEs) such that g|, is arbitrary in HZ(v); then (3.5)
implies that the jump [KVp-n] =0 on . Thus KVp belongs to H(div; ;) and therefore,
the interior equation —V - KVp = f holds globally in ;. The same conclusion holds in 2s.
If storm = 0 (i.e., if we use IIPG), then (3.5) directly implies that [KVp-n] = 0 on .
Next, choosing for i = 1,2, q in (3.3) such that ¢|g, € H?(E;) with ¢ and V¢ - n both zero
3

on d(E;) \ v, q arbitrary on HZ (v) and g = 0 elsewhere, we see that (3.3) reduces to

‘,j—j e do =0,

which implies that [p] = 0 on 7. Then we conclude as above that p belongs to H*(;) and
(2.1) is satisfied in ©; for the four DG versions. Clearly, the same result is true in .

Now, substituting this information into (3.3) with ¢ = 1,2, we obtain that p and X satisfy,
for any g € X ()

o, -
KVq-ngo,plg, do+ ) F/ (pg)lg, do = F/q’m)\da
(3.6) T2 7ely T YT relfy T YT

— / (9+KVp-npq,)qgdo + KVq - npg, A do.
0Q;\I'12 T2

To recover the boundary condition (2.2), let E be an element of &,(€2;) adjacent to 9€; \ I'12,
and v = 0E N (082 \ I'12). Taking gl 5 = 0and q|f € H?*(E) with g =0and Vg-n =0
on OF \ 7, (3.6) reduces to

—/KVp-nqu:/qua.
¥ ¥

3

Since the trace of ¢ is arbitrary in HZ(7), we conclude that —KVp-n = g on 7. Therefore
(2.2) is satisfied on 0€; \ I'12, and (3.6) becomes

or or
KVq - npq,plg, do + Z F/ (pa)lq, do = Z F/Q’Qi)‘dg
(3.7) b rely T U7 el T

+ KVgq- nagi)\ do.
T2

Finally, we turn to the interface I'13. For i = 1,2, let E be an element of £,();) adjacent
to 'y, and v = OF NT'1. Taking Q|Qi\E =0 and q|; € H*(E) withg=0and Vg-n=0
on OF \ v, (3.7) becomes

Or
> ( KVq - 00, (pla, = Ndo + - /(plgi — \qla, da) — 0.
7€l g, 7Ny#D T T

By choosing KV¢ - n and ¢ arbitrarily in the interior of 7, we show that p|o, = A on 7, and
consequently for ¢ = 1,2, p|Qi = X on I'1. This implies in particular that p € H*(Q2). The
matching condition (3.4) now becomes — me [KVp-n]udo = 0, which implies KVp - n is
continuous across I'12. Thus we have (2.1) over the entire domain . O



3.3. Discretization. The mortar DG-DG finite element scheme is: find
(Prla, > Prla, s Am) € Xn(€21) x Xp(Q22) X Ap such that

(3.8) Bi(pn,qn) = Lilgn; ) Van € Xp(), i=1,2,

UT
(3.9) / [KVpy-n]pgdo = Z /Z Prlg, — Am)pmdo, Yum € Ag.
T2 T

TEFH

In the analysis we shall use the following inequalities, which hold if the penalty parameter

02 is chosen to be sufficiently large.

Lemma 3.1. Fori=1,2, let £,(€) be non-degenerate. Then, with each ~y in I'y,(€2;) we can
associate a positive number o~ such that the following inequality holds for all q, € Xp(§;)
and all g € X ()

(3.10) > [ &Varn}lado| < IKIValo + 5 > T [ lafder

~el,(92:) 77 ~ETR()

Proof. For each E in £,(;), let A2 resp. A" denote the maximum, resp. minimum, of
the eigenvalues of K on E. By assumption, Ap** < kpax and )\rgi“ > kmin > 0, with Apax
and kpi, independent of h and E. Let v = 0F; N OE> belong to I',(€2;) and let us expand

1
[{KVan-n}oy < 5 Z IKVanls; o = 5 > B Vanl g,
J 1,2 j=1,2

‘077'

By reverting to the reference element E, and using the equivalence of norms on a finite-
dimensional space on F, there exists a constant ¢, independent of h, such that

(3.11)

max; 1] ¢ ABy 1

I{KVaqy -n}oy < 5 Z A ( | |)2Hv%”0E =3 Z \/W(\E |)2||K
] 1,2 Jj=1,2 E;

Therefore

> [{xvaenie] <5 Y Y S (i valos o,

YETH () /7 YETR () =12 \/ B Amm 2

Applying Young’s inequality with parameter € > 0, this becomes

> /{Kwh-n}[q]da Y Y Ik Valy,

YEDL () 77 ’YEFh(Q )i=1.2

max

l\3|Q>

(3.12)

max

Z > CB b,

ﬂ/erh yi=1,2 TEj

It is easy to see that in the first sum an element E is counted at most L times, where L is
a fixed number that depends on the type of elements used; for instance L = 4 in the case of
tetrahedra. Therefore, choosing ¢ = ﬁ, we can take

7] hy
Byl i

( max)Q

(3.13) oy =4L&

j=1,2
a quantity that is bounded above and below independently of h, owing to the non-degeneracy
of the mesh. With this choice, (3.12) implies (3.10). O
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We next analyze the solvability of the system (3.8)-(3.9) . This is a square finite dimensional
system and existence is equivalent to uniqueness. Let f = 0 and g = 0. Take ¢, = pp, in (3.8)
and sum over the two subdomains 7 and €25 to obtain

(3.14) Z /KVph Vpndz — (1 + Storm) Z /{KVph n} [py) do

Ee&L(Q) YETH(Q)
U‘r
+ Z /ph dU—i—Z /th\gda
el ( hy TEI‘H T
or
= / [KVpy, - n] Agdo + Z / thyﬂ Aprdo.
12 TEFH
Summation of (3.14) and (3.9) with g = Ay leads to
1
(3.15) Kz Vonllio — (1 +storm) > [ {KVpy-n}[p]do
yETR(Q) 7
or
T3 - /ph Pdot Y7 /z Pl — Aar)? dor = 0.
ey ™ fer 1

First consider the case 0 < 09 <o, < 01. For OBB-DG and NIPG, we have

Z UT/Z ph\Q —)\H 2do = 0.

Tel'y

1 (o}
316 IKIVplEa+ S 7 [mdrs
) Y

YELK(Q

Since K is positive definite in €2, the above equation implies that Vp;, = 0 in each F € &,(Q)
and pp|o, = Ag on I'jg, i.e., py is continuous across I'12 For NIPG, we see, in addition, that
pp, is continuous in €27 and €2y, and therefore pj, is a constant over the entire domain € and
Ag is the same constant on I'qs.

For OBB-DG and i = 1,2, (3.8) now implies

(3.17) 3 / {KVgy - n} [pi] do
YEL R ($2:)

Let v € T'x(9;) and let v+ C OE, E € &,(). If r > 2, we can construct g such that
qh|Q\E =0, glp € Py, f7 KVyq, -ndo =1, fﬂ/, KVyqp, -ndo = 0 for 7/ C OF \ v (see [38]).
Equation (3.17) implies that [ps] = 0 on . Hence py, is continuous in Q;, ¢ = 1 and 2, and
therefore py, a constant over the entire domain 2 and Ay is the same constant on I'qs.

For SIPG and ITPG, assuming that 02 is sufficiently large, we employ the inequality (3.10)
in 1 and Q9 with ¢, = ¢ = pp and conclude from (3.15) that

or
318) 02 3K VnlRa gy Y P [pftaer S /Z pilo, = i) do.

761" (Q TEFH

We then conclude that pj, is a constant over the entire {2 and Ay is the same constant on I'ys.
Let us now consider the case o, = 0; we see from (3.8), using (3.17), (3.16) or (3.18), that
for all schemes we have

(3.19) KVQh‘Qi . nagi(phbi - )\H)dU = 0, i=1and 2.
ISP

If the mortar compatibility condition (A.1) is satisfied for X,,(Q1), we have Ag = pnlq,
from (3.19) with ¢ = 1. Since Ay and pylq, are both constants, we further conclude, from
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(3.19) with 7 = 2, that pp|g,, prlg, and Ay must be the same constant. This concludes the
argument for o, = 0.

We have shown for all schemes that the null space of the linear system (3.8)-(3.9) is the
constant vector. Owing to the compatibility condition (2.3), the right-hand side for g, = 1
is [o fdx— [ 9do = 0. Hence the solution exists and is unique up to an additive constant.
We therefore have proved the following solvability theorem.

Theorem 3.2. For OBB-DG, we assume that r > 2. For SIPG and IIPG, we assume that
02 is sufficiently large. We make no assumption for NIPG. Then the scheme (3.8)-(3.9)
possesses a solution (pp, Apr) unique up to an additive constant that is the same for py and
Air. The same conclusion holds if o, = 0, assuming that the compatibility condition (A.1)

holds for either i =1 or 2.

3.4. Convergence of the DG-DG schemes. Now, we use an interpolant p of p that has
particular properties on the elements adjacent to the interface I'y2. On the other elements F,
we take p to be the interpolant constructed in [38] in the case of OBB-DG, or simply take p
to be the L?(E)-projection of p for the DG methods with interior penalties. More precisely,
Pla, € Xn(), i =1,2, for all E € £,(), p|g is exact on P, and for all E adjacent to I'jo

(3.20) /Kvp-nz /KVp-n, Yy C OENTyy.
Y vy

In the case 7 > 2 such an interpolant is constructed in [38]. In fact, that interpolant satisfies
(3.20) on all element sides v C OF. In the case r = 1, we augment (3.20) with the conditions

(3.21) KVp-ndo = KVp - -ndo, -~ C@E\Flg, i=1,...,d—k
Vi i

(3.22) /Eﬁdfc = /Epdz:.

where k is the number of sides that E shares with I'12. Note that condition (3.21) is empty if
k = d. It is easy to see that, if K is a constant on E, (3.20)-(3.22) define p uniquely and that
p is exact for linears. If K is not a constant on F, an extension similar to the one in [38] can
be used. In all cases, p has optimal approximation properties, namely on each E € &,(f2),

(3.23) p = plre < Ch " Fplria e, k=01, 2.
1 _1
Note that, for v C OF, the trace inequality [8] |¢|r < C(hp|P|lkt+1,E + hg” |@|k ) implies

A +3—k
(3.24) p = Bliy < Chyg * Iplrsrm, k=0, 1.
More generally, we have the following lemma.

Lemma 3.2. Let E,(£2;) be non-degenerate, i = 1,2. Then there exists a constant C, inde-
pendent of h, such that for all p in H*(;), s > %,

2

(3.25) S mI{KYp-p)- 03, | <OW pla, p=min(r+1s).
YEL KR ()

Proof. Consider a side v adjacent to an element E. The result follows by switching to the
reference element, applying a trace theorem and using (3.23):

~ h’ |rY| max A
B 1KV (p = Pl w3, < C R 082 (Ip -

2(s—1 ~ 2(p—1
& Le b =) < RVl .

O
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Theorem 3.3. Let p be a solution of (2.1)-(2.2). Let (pn, Ag) be a solution of (3.8)-(3.9).
We assume that p € H*(2) for some real number s > % and that 02 1s sufficiently large for
SIPG and IIPG. Then there exists a constant C, independent of h and H, such that

Y @) lon+ | 30 e, + [ 3 7 3 lenka, —nli,

YETH(Q) rely 7 i=1,2

1
H\?2 - 1
§C<h“1<g> +H“§>, u:min(r—l—l,s),,u:min<r+173—§).

Proof. Since by assumption p is smooth enough, we let p € Ay be the continuous nodal
interpolant of p and define

ni=Au—p, n'i=p-p 0= g-p=n+n".

Define

Ei=pn—p, i=p-p i=p—p=E¢+¢
The interpolant p satisfies [19]
(3'26) |p *p|k,lﬂ12 < CHﬁ_k|p|ﬁ+1/2,Qi7 0<k<l,

where the bound for fractional k is obtained by interpolation between L?(I';2) and H'(I'12).
Subtracting the weak formulation (3.3) from the finite element scheme (3.8) and choosing
qn = &4, we obtain
B €Y = Li(e%am) = L(€hip) + Bi(e! €, =12,
Summation over the two subdomains leads to
2

2
DB e = (Bi€ €M) + L€ ) — Li(€sp)

i=1 =1

2
:ZBi(/sf,gA)jt/ [Kver nda+z Z /5 |, ndo.
i=1 iz

i=171€ly

(3.27)

Similarly, subtracting (3.4) from (3.9), with 4 = ug = n** and noting that p and KVp-n are
continuous across the interface I'19, we obtain

(3.28) /F [Kve! n]ntdo— Y > F T / (&Y, — n*)ndo

i=1271€l'y

sy M

=12717€ly

Summing (3.27) and (3.28) results in

2
IEICRIES S DE-) AT DI iy [CUNEA
=1

i=127€ely i=127ely

2
— (el cAY A T I A
(3.29) —ZBz@,s) /F [KVe? -n]n d”/rm [KV¢' - n|n'do

_Z Z - /fA‘Q n'do — Z Z = / 51}9 yi'do.

= 12T€FH = 127€FH
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We expand the first term on the left-hand side of (3.29):

2
SN Bieheh) = IKVENR g~ (1+ storm) Y. / {Kve! - n} [¢4] do
i=1

vELR(Q) 7
+z"v/ Par+ 3 Y 7 [ €Yo e
yelL( i=127€el'y

We denote by LiEqu and RenEqu the left-hand and right-hand sides of (3.29), respectively.
An algebraic manipulation yields

Lowe = IKEVE g — (1t ) 30 [ {K9E8 ) [64] o
YETR(Q)
< 3 e 3 5 g (6 ) o
~ETK( i=1271€ly

For NIPG and OBB-DG, the second term in Lg,Equ vanishes, leaving only the coercive
terms. For SIPG and ITPG, we employ the inequality (3.10) with ¢, = ¢ = €4 to conclude

Z%/ “do+ = 2207/5‘9—17 do.

'yEFh i=1,27€ly

LErrEqu =

We now consider the right-hand side of (3.29). Expanding its first term as

ZB GROE Z /Kvgf T /{Kvgf n} [¢4] do

Eeé‘ ’}’GFh
~ Storm ) / {Kve?-n} [¢f] do - / [KVeD - ngt] do
"/EF}L T12
+/ [Kver-ng'do+ > ”’Y/gf dJ+ZZUT/£§ )l do,
T12 ~ET () hy i=1,27€ly

and using the fact that 771 and n? are uniquely defined on T2, we have

REnBqu = / Kve' vedde — ) / {KV¢! - n} [¢4] do

E€&L(Q) ~ETH(Q)
Storm Y / (KVe! m) (ot Y 7 / €] [¢4] d
YELR (2 Y€ (Q
Or
- 7 /za g, — 1o
TEFH i=1,2

7

_ Al — D do I n(n® — e do — )
[ Kvetng ) +/FH[KV£ (4 — )] do = 3T

i=1
We now bound each term T; of Rgnrqu. We first bound 75 for NIPG, SIPG, and IIPG:

Di<e Y 2| [ doont
Ve

For OBB-DG we use an argument from [38] and the property (3.20) of p, which holds for all

element sides. On each side v = 0E1 N 0Fy, let ¢, = c,1y 3, where c7 is the mean value of
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¢4 on E;. We have

Tl =| > /{KVfl‘n}([fA]—cv)da

’YEFh(Q) v

€ . )

< X (e - el + O {KE nR, ) < AREVE TG + O
’YEFh(Q) R

where we used that

1
A A A 3 A A
1164 = eylloqy < 1164 8 — SAlloy + 1164 B — Elloy < CRE (€415, + 1641,E)-

We continue with bounds on the rest of the terms T; of Rggqu for all methods:

11| < elK2VENR g, + CIK2VE 2o < e K2VEN R o + OR?2,
1
T3] < € hy/{KV£A.n}2dU+C Z h/[gl]QdO_
Nery () 77 NeTR(Q)
< e|K2VENR g+ Oon?,
Ty < e ﬁ/[gf‘}zda+0h2ﬂ2,
h’Y il
YT R (Q)
Ot A A)? Or 112
CERED SR DI CINETL RUSH-D SRy [ DRI
rely T VT i=1,2 rely T VT =12
+C Z %/ Z (n1)2da
ey T YT i=1.2
Or A A)2 2u—17—1 2% r7—1
< X T [ 3 (g, ) dovormtmt v o
rely T VT =12
< o A A do + Ch22 4 CH#
< X [ X (Mo ) o cnt s cne
rely T VT i=1.2

To handle term T, we use the special properties (3.20)-(3.22) of the interpolant p on the
interface I'15. We define

Tei = — KveA. nagi(nj — fI)|Ql do, i=1,2.
IND
Obviously, we have Ts = Ts1 + Ts2. We bound Tg 1, suppressing the subscript 0§y for
simplicity; the bound for 7§ 2 is similar. By using the same argument as for bounding 73, is
easy to see that

Toal < Ta + T + K2 VE o, + CH*2,
where
Ty = / ‘KV&I . nnf‘ do, Tp ;_/ ‘KV/S . nnl‘ do.
ISP s
To bound term Ty, let Py be the L-projection onto the space of piecewise constants on

En(1) N T2, use (3.20) and revert to the reference element to recover the H? norm in the
second factor below; this gives

2

2
T, = /F KV(p—p) -0y = Poan)|do < C | 3 b KV —p)nl, | | X 0], ] -
12

v€l12 Y€l 12
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Then we apply (3.25) to the first factor and (3.26) with k& = % to the second factor; this gives
T < CW* Y plug, H "2 [pl 1 o, < Ch¥ 72 + CHY
2?

To bound term T, we first subtract (3.3) from (3.8) and take the test function to be a
piecewise constant on £,(21), to obtain the discrete mass balance equation

(3.30) -y /{KV ph—p)-n}tlgldo — | KV(p,—p)- nglo,do
YELL (1) Tz
+ Z / pn) lq) do + Z / Prlg, — Am) qdo = 0.
'yEFh Ql TEFH

Let 71 = Pi(n'), where Py € [,(HE (T'12); H(Q1)) is an extension operator, and let Qj, be the
L?-projection onto the space of piecewise constants on &£, (€21). Using (3.30) and the continuity
of the trace of i)/ across interior interfaces, the term T’z has the following expression

KV¢-nn'do
T2
= Y [{KV(pp—p)-n}[i']do+ | KV(py—p)- nij'do
vET, (1) 77 T2
= Y [ {KV(pn—p) n}[i - Qi'ldo+ | KV(pp—p) n(i’ — Quii)do
"/Grh(ﬂl) 8 T2
D S T S / (3rlo, — An) Quilder = " T
vETH(Q1) 7 v TEFH i=1

To bound the first term, observe that by mapping to the reference element, using a trace
theorem and the regularity of £,(€21), we have on any segment - adjacent to an element E

17" = Qnii' loy < Chw|77 1,5
Applying the continuity of the extension operator P; gives

2

Teal<C| > KV -, H??IH%,FH-
YETH(921)

For the first factor we write p, — p = &4 4+ &7 and apply (3.11), (3.25), and (3.26), thus
deriving

a1 _ 1
Toal < CHP 2 [ply o, (W Iplusn + K3 VE"
< K2VENZ o, + C(R2 2 + HP LY,

with a similar bound for [Tz 2|. The remaining terms are bounded as follows:

0. - - (o} i—
- | Y 7wl -~ <e Y T, +oHP,
:

NeTy () ) Nelp () )

or Or
Tpal < Z /Ph\gl—/\H (Qni" — ") do| + Z /phfgl—AH ) 7' do

Tel'y Tely
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Or 2 202 2i—1
< 3 T llmla, — Aull, + CUEE 2 20
Tely
Combining the results for T4 and Tg;, we obtain

1 A a. 2 g
Toa < ellKz2VENG o+ D T lpnlllo,te D o

yETR () ! T€lH

2 _
o |, rO@ e,

where we have also used (3.24) and (3.26). The last term 77 can be bounded as follows:

2 2
o< (XY olete =t | | 22 X —HKWI\Q nfg -
= 12T€FH i=1271el'y
<Y —|| g, =5 + ChPH.
i= 1276FH
Thus
T3 |1 ¢4] o A 2
m PN Ly Iy =3 |6,
YETRH (D2 1=1,2
< Cp*2 <£> +CoH*
- h
The proof is completed by using the triangle inequality. O

Remark 3.1. It is also possible to choose Sto;n = 0 or 1, independently of sgom. For example,
taking St = 1 in SIPG preserves the symmetry of the method. These choices, however,
require fine scale related weights in the interface penalty terms of B;(-,-) and L;(+;-), in order
to control the terms involving integrals on I'15. More precisely, the last terms of B;(+,-) and
L;(+;+) in (3.8)-(3.9) need to be replaced by

oy oy
(3.31) Z h_/yph|ﬂiqh|ﬂid0- and Z h—/thmi)\Hda,

V€l V€L, 7

respectively. Here, I', ; denotes the trace of £,(£2;) on I'o. Similarly, the interface pressure
continuity term in (3.4) should be replaced by

> Z /ph‘gi_/\H)NHdU-

=1 27€Fh

Then, the terms involving integrals on I';2 can be controlled by the terms in (3.31) and
Il llo.c,» via the inequality, for all g5 € X;(€2;) and all u € L?(T12),

1 Iy 2
= el d
8zh7/wu o,

YELR,;

(3.32) KV, -npudo| <

2

assuming the weights o are sufficiently large. Note that (3.32) can be shown in a way similar
o (3.10). It can then be seen that all modified mortar DG methods are well posed, i.e.,
Theorem 3.2 holds for S, = 0, 1, or —1. Moreover, under the assumptions of Theorem 3.3,
following its argument, we can show that there exists a constant C, independent of h and H,
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such that

K2V (o — ) oo+ | D ”H[phllm > Z(”thlg AHH(Z;,7

~el'L () i=1,2~€ly ;
1

- H\?2 1
SC(h“l—i—H“% <E> ), u:min(r—l—l,s),u:min<r+1,s—§).

Note that if H = O(h) the above bound and the estimate from Theorem 3.3 provide the same
(optimal) asymptotic convergence. However, in the multiscale case H = O(h®), 0 < o < 1,
the bound from Theorem 3.3 is better.

M

3.5. The interface operator and the reduced problem. In the following we present a
non-overlapping domain decomposition algorithm, which involves the reduction of the coupled
system to an interface problem in the mortar space. We are motivated by the algorithms
developed in [26, 4].

Let us split L;(g, A) into a sum of two terms:

Li(g; A) = Li(q) + bi(X, q),

where
(3.3 O / fado— [ gado,
80;\I'12
bi(A,q) = sform/ KVq - ngo,\do + Z /qm Ado
P12 TEFH

(3.34) = / KVq - npg,\do + Z Ir qlo, A do,

T2 HT T

Tel

since we take Siorm = —1. We comment on the choices S¢.n = 0 or 1 in Remark 3.3.

Define a bilinear form dg : L?(I'12) x L?(I'12) +— R for A\, € L?(I'12) by

2
or
(3.35) dg(Ap)=)_ K Vpi(Nlg, - nog, udo — Z / 2iN)g. — Mpdo | |

=1 \712 ey 1
where py (A)|o, € Xn(€%), i = 1,2 is the solution of
(3.36) Bi (pp(N),an) = bi(Aan), an € Xp(§2), i =1 and 2.
Define a linear functional gz : L?(T'12) — R by

2
gu(p) == —Z K Vpilg, - noq,udo — Z /ph\g pdo |,

i=1 \7I'12 TEFH
where ppla, € Xp(€), i = 1,2 solves
Bi (pryqn) = li(qn), aqn € Xp(Q:), i =1 and 2.
It is easy to see that the solution (pp, Agr) of the DG-DG scheme (3.8)-(3.9) satisfies
(3.37) dy (Am,pm) = g0 (pH),  pH € A,
with

pn = DPh(AH) + Dh
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We now analyze the properties of the bilinear form dg(-,-) for the various DG schemes.
We first let g, = pj (1) in (3.36) for some pu € L?(T'12) to obtain

(3.38) Bi (ph(A), P (1)) = bi (A, py(p)), i=1and 2.
Using (3.35), (3.34), and (3.38), we have

di (A, p) = Zb s Ph(A —QZZ = /ph IQud0+2Z /Auda

(3‘39) , i=17€el'y 7€l
* ag.
Y B -2 Y - [ il +2 35 [ o
i=1 =1 71€l'y TEFH

Note that the above representation implies that the interface bilinear form dg(-,-) is non-
symmetric for all DG versions.
To show coercivity, using (3.39) and (3.1), we obtain

dir (AN = K2 VP (V30 = (1+ Stom) D /{KVPZ(/\) -0} [py(N)] do

VETH(Q) 77
+ Z 07/ d0+ZZUT/ )2d0
(3 40) vel'L(Q) i=1,27€l'y
‘ 1
> VRN Ba g Y 7 / 1
VGFh(Q
+ Z Z UT/ )2da,

i=127€ely

where we have used (3.10) for the inequality when sgo, = 0 or 1. Therefore the interface
bilinear form dy(-,-) is positive semi-definite on L?(T'12). The argument in the solvability
Theorem 3.2 implies that dg (A, A) = 0 only if A = constant. We summarize our results below.

Theorem 3.4. Let the assumptions of Theorem 3.2 hold. For all DG versions, the interface
bilinear form dg(-,-) is non-symmetric and positive semi-definite on L*(T'12), with the kernel
consisting of the constant functions.

Remark 3.2. If Dirichlet boundary condition is imposed on a part of 02, I'p, such that
ITp| > 0, then dg(-,-) is positive definite on L?(T12).

Remark 3.3. For a general choice of Sgopm, coercivity of dg (-, -) can be shown for all modified
schemes introduced in Remark 3.1, using inequality (3.32). Recall that taking Sgpm = 1
in SIPG gives symmetric forms B;(-,-). It is easy to see that in this case dg(-,-) is also
symmetric. In particular, using (3.35) and (3.34) with modified penalty terms, and (3.38),
we obtain

g
dy (M p) = —Z (o (M) + > ﬁ/huda
Y Iy

Y€ i
g,
- —Z W)+ S T [ vudor | =i ().
YEh v

Therefore in this case the conjugate gradient method can be employed for solving (3.37).
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4. CourLING DG wiTH MFE USING A MORTAR SPACE

4.1. Weak formulation. We now consider the case where DG formulation is used in €27 and
a mixed formulation is used in {29, the matching at the interface being achieved by a mortar
multiplier. Recall that W(Qg) = L?(s), A = H%(Flg), and B;(-,-) and L;(-;-) are defined
in (3.1) and (3.2) respectively. In this section, we only use the definitions in €2, and drop the
subscripts for simplicity. That is, we denote Bi(-,-) and Ly (+;-) simply by B(-,-) and L(-;).

Let u, be the restriction to Q9 of an extension of ¢ satisfying u, € H(div;2) and uy-n =g
on 9Q. The coupled DG-mixed weak formulation is: find p € L2(Q) such that p|g, € X(Q1),
pla, € W(2), u € Vo(Q2) +uy, and X € A, such that

(4.1) B(p,q) = L(g;\), Vg€ X(),
(4.2) K 'u-vde — / pV - -vdx = —/ v - ngo,Ado, Vv e Vy(Qa),
Qo Qo NP
(4.3) V-uqgdr = fqdz, YqeW(Qa),
QQ QQ

(4.4) /pm(KW'Ql ‘ntu n)udo + ) /

TGFH T

or
T (plg, —Nudo =0, V€ A,

As in Section 3, we take S¢orm = —1. The choices S¢orm = 0 or 1 are discussed in Remarks 4.2
and 4.4.

4.2. Equivalence.

Theorem 4.1. If (u,p, \) is a solution of (4.1)-(4.4), then p satisfies (2.1)-(2.2) in the sense
of distributions. Conversely, if p is a sufficiently smooth solution of (2.1)-(2.2), then there
exists w and \ such that (u,p, \) solves (4.1)-(4.4).

Proof. Using the same arguments as in the DG-DG case, we conclude that p|, € H L)
satisfies (2.1) in 1 and (2.2) on 901 \ I'12, and that p|g = A on I'1a.

We now take v € (CSO(QQ))d and (4.2) becomes
K 'u-vde — / pV -vdxr =0,
QQ Q2

which implies u = —KVp in Qy. With ¢ € C§°(Q2), (4.3) implies V- u = f in Qy. Hence
(2.1) is satisfied in Q9. We have forced that u-n = g on 05 \ I'12, which results in the
satisfaction of (2.2) on 9 \ I'12.

Taking v € (H'(Qs))? with v =0 on 993 \ T2, (4.2) becomes

—/ v -npg,Ado = — Vp-vdx—/ pV - vdx
NP Q2 Q2

= —/ vV - nyo,pdo = —/ vV - nyo,pdo.
Q2 NP

1
Since the trace of v can be arbitrarily chosen in Hg (I'12)?, we conclude that plg, = A on

I"12. Hence p has the same trace on both sides of I'15 and therefore p belongs to Hl(Q)
Finally, on I'12, (4.4) gives — KVp|g -n=u-n=— KVp|g, -n; that is, KVp-n has the
same trace on both sides of I'y5. Therefore (2.1) is satisfied in the entire domain (2. O
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4.3. Discretization. We recall that the DG and MFE approximation spaces were introduced
in Section 2. Let II;, € L(H"(Q2)% V4(€2)) be the standard MFE interpolation operator
satisfying on any E € £,(Q2) [17]

(45) [V - mwands =0, va, € Wi (E)
E

(4.6) /(u—Hhu) ‘nvy-ndo, Vv, e Vy(E), VyeldE
v

(4.7) ITTpul| g aivs ey < Cllulla, e,

(4.8) Hu — HhuHOE < Chm+1|ulm+17E.

These properties imply that for all MFE spaces under consideration [17]
(4.9) V- Vi0(Q2) = Wh($22).
More precisely, we have the following inf-sup condition.

Lemma 4.1. Let &,(Q2) be non-degenerate. For any pp in Wy(Qe), there exists vy in
Vi5,0(Q2) such that

V'Vh:ph) in QQ)
and a constant C' independent of vy, pn and h such that
(4.10) Vil #(divins) + Ve - nllor, < Clipnllo.o.-

Proof. First, we extend pp, by a constant function in €2y so that its mean-value is zero in ).
Let pj, denote the extended function. Then

1Prllo. < Cllpallo.0,-
As jj, has mean-value zero in €2, there exists v in H}(92)? such that (cf.[25])

Vv =pp, iHQ,

and

(4.11) VlLa < Cllprlloga < Cllpnllo.g.-

Take vj, = IIpv. Then we easily derive from (4.5)-(4.7) and the regularity of v that the
restriction of vy, to 2o belongs to Vi, 0(£22) and satisfies (4.10). O

Let up 4 be an adequate approximation of uy in V5, (€2). The finite element mortar DG-
MFE discretization is to find (palq, , Prlg, > Uns Am) in Xp(Q1) x Wi(Q2) X (Vi,0(Q2) +up,g) X
A g, such that the following equations hold for all (qh\Ql , qh\Qz Vi, o) in Xp (1) X Wr(Q2) X
Vhp(QQ) X AH:

(4.12) B(pr,an) = L(qn; Am),
(4.13) K 'u, vyde = / oV - vpdr — / v, - Do, A do,
Qo Qo IBD)
(4.14) V- upqpder = fqndzx,
QQ QQ
or
(4.15) / up -nupdo = / KVpilg, -nppdo + Z A /(ph|g1 — Am)pmdo.
T2 NP TJT

Te€ly

Note that both u, and w4 are only introduced for theoretical reasons and in practice we
only need to approximate g.
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We now address existence and uniqueness of the solution of the above system. This is a
square finite dimensional system and existence is equivalent to uniqueness. Let f = 0 and
uy g = 0. Taking g, = py, in (4.12), we have

(4.16) /KvPh Vpndz — (1 + Storm) Y {KVpp, - n} [y do
Ee&L () vely (1) 77

+ > / 12do + Z o /ph|91da

YETR (1) TGFH
/ KVph|a, - nhgdo + Z /ph]QIAHdU
TEFH
Taking v;, = uy, in (4.13) and ¢, = pp, in (4.14), we have

(4.17) K 'uy, - upde = —/

uyp - IIQQQAHdO' = / up - n)\Hda.
Q2 ISP}

T2
Taking pg = Ay in (4.15), we obtain

(4.18) / uy -nigdo = — / KVph|Q -nAgdo + Z /phfgl )/\HdU.
IND Tely

Summation of (4.16), (4.17) and (4.18) leads to

— (14 Storm) Y [ {KVpn-n} [pa]do + K23,

~
(4.19) Y€K (1)
+ Z /ph d0'+ Z /ph‘Ql—)\H) do = 0.
’yEF TGFH

First consider the case 0 < 0¥ < 0'7- < ol. As in Section 3.3, we easily derive from (4.19)
that for OBB-DG and NIPG, u, = 0 in 9, py, is a constant in €2y and Ay is the same constant
on I';2. The same conclusion holds for SIPG and IIPG, by applying inequality (3.10).

Now, as uy, is zero, (4.13) becomes

(4.20) Vvi € Vio(€2), /

ppV - vpdr = / Vi, - Do, Agdo.
Qo I'i2

Let py, denote the mean-value of py, in Q9: P, = IQ_IQ\ fQ2 prdz. Then (4.20) implies that for
all v, in Vi, ¢(Q2) with v -n =0 on 09,

/ (pn —Pn)V - vpdx = 0.
Qo

As pp, — pp, belongs to W;(€Q2) and has mean-value zero, the argument of Lemma 4.1 implies
that there exists v, in V(Q2) with v - n =0 on 9 such that

| on =007 - vide = I - Bl
2
Therefore py, is also constant in 5 and (4.20) implies

(4.21) Vv, € Vh’O(QQ) s / A\ n()\H — ph‘QQ)dU = 0.
ISP

Since A is constant and coincides with the trace of pj, coming from €2y, we infer from (4.21)
that it also coincides with the trace of p; coming from Q5. Thus py, is constant in €.
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There remains the case o, = 0. With the information we have so far, (4.12) implies

(4.22) . KVQh‘Ql . Il()\H — ph‘ﬂl)dd =0.

12
If the mortar compatibility condition (A.2) is satisfied, since pj is constant in Qg, (4.21)
implies that Ay = palg,. Thus, Ay is constant and (4.22) implies readily that pj, has the
same trace on both sides of I'15. If the mortar compatibility condition (A.1) holds, as py, is
constant in €2y, then (4.22) implies that Ay = pp|q, . Hence Ay is constant and (4.21) implies
again that Ay = ph|92 and therefore pj, is constant in €.

We have shown for all schemes that uj is unique and that the null space of the linear
system (4.12)-(4.15) for p, and Mg is the constant vector. The compatibility condition (2.3)
implies that the right-hand side is orthogonal to the null space and therefore the solution
exists and is unique up to an additive constant for py and Ag. We have proved the following
solvability theorem.

Theorem 4.2. For OBB-DG, we assume that r > 2. For SIPG and IIPG, we assume that
02 is sufficiently large. No assumption is needed for NIPG. Then the scheme (4.12)-(4.15)
possesses a solution (pp, up, Ag) unique up to an additive constant that is the same for py and

Ar. The same conclusion holds if o = 0, assuming that either the compatibility condition
(A.1) fori=1 or (A.2) holds.

4.4. Convergence. We define the interpolant p of p such that p in Qs is the L?-projection
and p in € is defined as in the previous section. Then, on any E € £,(€Q2), p satisfies

(4.23) Ip = pllo.e < ChI plit1 k-

For p, we take again the continuous nodal interpolant of p in Ay. Now, we choose uy 4. On
any v C OE N (099 \ I'12), considering that u-n = g, we define Pyg by

Phg = (Hhu . n)]V.

Since by construction, (IIpu - n)|, does not depend on the interior values of u, Pg only
depends on g. Then we can take for uy 4 any function in V3,(€22) such that u, 4 = Png on
09 \ T'12. All results derived below are independent of this choice and depend only on Pjg.
To prove the convergence theorem below, we need the following trace inequality. The proof
is a variant of those derived by Brenner in [13], see also [42]. It is stated in Q1, but it is valid
in any connected Lipschitz domain.

Theorem 4.3. Let £,(Q1) be non-degenerate and let T' be any portion of 0y with positive
measure. Assume that 0 < 02 <oy < a}y. Then there exists a constant C, independent of h
such that for all functions q in Xp(Q1), the following trace inequality holds:

(4.24) / Gdo < C (K ValEo, + 3 / @) da+' / odo|
I'2

YEL R (1 )

We proceed with the convergence analysis of the coupled DG-MFE methods. We only
consider the cases of NIPG, SIPG, or IIPG, since Theorem 4.3 does not apply in the case of
OBB-DG. We comment on that case in Remark 4.1.

Theorem 4.4. Let E,(€;) be non-degenerate, i = 1,2. Let p € H%(Q2), s > 2, be a solution of
(2.1)-(2.2) and let u = —KVp. Let (pp,up, Agg) be a solution of (4.12)-(4.15), where NIPG,
SIPG, or IIPG is used in (4.12). We assume that 02 is sufficiently large for SIPG and IIPG.
Then there exists a constant C, independent of h and H, such that

1
IKEY (o =P llosa + | D2 2 lnllly, + K2 (e —w)|
sebnion ™

0792
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1
T — H 2 n— = v
+ /2 %!!phIQI—AHH3J§0<hH 1(§>2+H# %+h>,

TEFH
where pp = min (r + 1, s), ﬂzmin(?—l—l,s—%), anduzmin(m—l—l,s—%).

Proof. In addition to the error variables i, n’, n4, &, ¢!, and ¢4 introduced in Section 3.4,
we define

X :=up —u, XI =u — IIpu, XA Zzuh—Hhu:X+X1a

and observe that owing to the choice of uy, 4, x* belongs to V15,0(€2). Subtracting the weak
formulation (4.1) from the finite element scheme (4.12), and choosing g, = €4, we obtain

B M) = B, €Y + LY M) — L(€% p)

Or
=B, ¢N+ | KVEq, -nndo + Y F/gﬂglnda.

F12 TGFH

(4.25)

Subtracting from the mixed finite element scheme (4.13)-(4.14) the corresponding weak for-
mulation (4.2)-(4.3), we obtain the error equations for all (vj,qp) in Vi, 0(Q22) x Wi (€Q2)

(4.26) Ky -vide = §A V- vydr — / v, - Do, Ndo,
Qo Q2 IND)

(4.27) V- xAgndr = 0,

where we have used the properties (4.9) and (4.5). Note that (4.27) and (4.9) imply

(4.28) v-xt=o.
Taking vj, = x* in the equations above and noting that n = —npq,, we have
(4.29) K 'y yAde — / x4 nndo =0.

Qo ISP}

Similarly, subtracting the matching condition (4.4) from its finite element formulation (4.15),
and taking ug = n?, we obtain

(4.30) / y -nntdo = —/ KVﬂQl -nn’do + Z Ir /(5‘91 — T])T]AdO'.
NP NP H: J:

Tel'y

Summation of (4.25), (4.29) and (4.30) yields

B(Eh eM + le-xAdx—/

XA -nndo + / X - nnAda
Qo NP

IBD)

or
= B! e + KV¢lo, -nndo + ) E/Tgf‘]ﬂl ndo

I'i2 Tel'y

Or
— KV¢q, -nn’do + Z il /(5|Q1 — n)nAda.

P12 TGFH
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Rearranging terms results in

BN + K o, + 3 5 [(6g, — e - 2 UT/f o)

7Cl'y Tel'y
Or
B(e! e — A KVedq, -nnldo — Z /g o, 1'd
(4.31) . et
o7
- [ e [ KE ], ot

Tel'y
+ K\ xAdz —/ YA nn! do +/ x' - nndo.
Q2 ISP T2

We denote by Lgrequ the left-hand side of (4.31), and apply an algebraic manipulation to
obtain

LErrEqu = |||K%V§Am8,m - (1 + Sform) Z / {KV§A ' 1'1} [‘SA] do
YETL(1)

o g
+ Z 7/ d0'+||K 2X HOQ2+ Z — / 5 ‘Ql dU.
’yEFh Ql TEFH

For NIPG and OBB-DG, the second term in LgEqu vanishes, leaving only the coercive terms.
For SIPG and ITPG, we employ the inequality (3.10) with ¢p = g = €4 to conclude that

3,1 g
LErrEqu = Z”|KQV€A”|3,QI Z ’y/ §A

'YEFh (Q1)
1 2 o
K% AH _T/ A A
+H X 0,92+ Z H, ), ¢ ‘91 K
Tel'y

We now consider the right-hand side of (4.31), which is denoted by RgiEqu. Expanding
the first term as

Bl et = / Kvel vedde — / {KVe¢! - n} [¢4] do
Ee&n( ~EDLL(Q1)

— Sform Z / {KV£A ] do — KV§I|Q1 : ngAlﬁldU

YETL (1) T2

+ [ KVeg, - nello,do + Z Ty / [ do+ 3 O / |y Moy do,

IBD)

~eT (1 TEFH
we have
REnEqu = / Kve! - vedds — Z / {KV¢!-n} [¢4] do
Ee&y( YETL (1)
—Sform ) _ / {(Kved n} [do+ > /
'yel"h Ql ’YGFh Ql
Py / el —n")(€4]q —n*)do

TGFH

+ Ky Adac—/ XA-nnIda—i—/ XI-nnAdU
Q2 IND ISP
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10
_ KVl o, -n (nf —¢€lg,) do + KvgﬂQl n(n?t - &q,) do = ZTZ‘
NP NP i

We now bound each term in Rgygqu. We skip terms 77 through 75 because they have the
same bounds as in the proof of Theorem 3.3. Next, (4.8) implies:

+ Ch?.

|T6| < €
0,Q2

R

OQQ 092

To bound term T, let 77 = Py(n!), where P, € E(HE(Flg); H(Qy)) is the analogue of P;.
Considering that x“ - n vanishes on 9y \ T'12, we can write

[ ih o
Q2
Then using (4.28) and (3.26), we obtain

|T7| <

< Ix? n||7; 892”77 1 1,00, <C HXAHH (diviQ) H??IH;FH :

+ CH*

N 62

IT7| < e||[K 2y

To estimate Tg, we split it into
[ o mntio = [ (8t - o+ [ (0wt
IED) IED) IEP)

and we consider first the last term. Let g_A = \F17| me ¢4do. The approximation property
(4.6) of II;, implies that

/ (- n)edo = / (! - m)(E* — EN)do
I'12

T2

As €4 — f_A has mean-value zero on I'12 and £—A is a constant, the trace Theorem 4.3 yields:

| o wetas
I'12

1
2

1 (o}
<ClIx" mfor, | IK2VENG o, + Do S EIENIR,

YELK()
As far as the first term is concerned, we write
1 1
2 2
I A A Or A A2 Hr 1 o
()t~ €| < | S0 Tt - L) [ 3D ST R
F12 TEFH T TGFH T

Collecting these inequalities and using the approximation properties of I, we derive:
o o
m<e Y P [ o dkveih, e 30 g [ (e, —0t) do s on
'yGFh(fh GFH
Term Ty can be bounded using the argument for 751 in Theorem 3.3:

1 A g 2 Or
ITo] < elK2VENS 0t Do 2 lpnllloyte Do o
veTH () | rely

2 _
o et

The estimate of the last term is the same as for 157 in Theorem 3.3:

Tiol <€ 32 77 I = euly, + Cn .
T

Te€ly
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Finally, we combine all terms to conclude

1 g 2 A
IKEVE G0+ D 3 Tl + || QXAHO,QQ

YETL (1)
£ or | _77AH2 <olpw2 (2 L v
H- U 0,7 h .
TEFH
An application of the triangle inequality completes the proof. O

Remark 4.1. The difficulty in coupling OBB-DG with MFE in the above proof lies in the
estimate of term Tg. The term is bounded using the special trace inequality from Theorem 4.3,
which involves penalized jump terms on interior edges (faces). An alternative approach to
handle Ty is to construct a special MFE interpolant ITu satisfying

Yug € Ap, / (u—f[u)-n,quazo.
ISP

This can be done assuming a specific relation between the mortar grid and the MFE grid.

Due to lack of space, we do not pursue this approach further here.

Remark 4.2. The cases 5¢,;m = 0 or 1 can be treated as in Remark 3.1. It can be shown for
the modified DG-MFE methods that, under the assumptions of Theorem 4.4, there exists a
constant C, independent of h and H, such that

1
K2V (pr, — p) [0, + Z [pn HO’Y 4 HK (up — u)HOQ
EFh Ql) 'Y N2
1
2 - 1 (H\? ,
> Pllerle, = rall, <€ (h“ L A <ﬁ) T h > ’
YETK() iy

i H .
llon — pllog, < C (h“_l L H: <%> +hY + h”) ,

Whereuzmin(r+1,s),ﬂ:min(f—kl,s—%), V:min(m+1,s—%), v=min(l +1,s).

4.4.1. Convergence for the MFE pressure. To estimate the error on the pressure computed
by the MFE method in {3, we start again with the error equation (4.26). By virtue of the
inf-sup condition in Lemma 4.1, we can choose in (4.26) v, € V},¢(£22) such that:

/Q (o — D)V - vadz = lpn — P20,
2

Vil zdivioq) + [IVa - 0llor, < Cllpp — P
Therefore,

2 = Blloas < € (1K™ (wn = wllo.c, )

The first term on the right is bounded in Theorem 4.4. For the second term on the right we
have

[Ag = pllor., < IAm — prle, + [lpale, — pllo,rse-
The first term on right above is bounded in Theorem 4.4. Finally, choosing the undetermined
coefficient in p;, such that fF12(p — prla,) do = 0, and applying Theorem 4.3, the last term
above can be controlled by terms bounded in Theorem 4.4.
Thus, using a triangle inequality and (4.23), we derive the following theorem.
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Theorem 4.5. Let the assumptions of Theorem 4.4 hold and let me (p—pp)do =0. Then
there exists a constant C, independent of h and H, such that

1
H\?2 _ _
llon — pllog, < C (h“_l <%> L H 4B+ h”) ,

where p = min (r + 1, s), /j:min(f+1,s—%), V:min(m—&—l,s—%), v=min(l+1,s).

Remark 4.3. When (2 is decomposed into several subdomains, then the last step in the
proof of Theorem 4.5 involves the estimate of p — p;, over the union of several interfaces, say
I' = Ui<i<el';. The statement of Theorem 4.3 can be extended to this case. Therefore, it
suffices to choose the undetermined constant in p;, such that fl‘ (pn, — p)do = 0.

4.5. The interface operator and the reduced problem. Recall the definition of I;(-)
and b;(+,-) in (3.33) and (3.34), respectively. We now define a bilinear form dy : L?(T12) x

L?(T12) = R for A\, € L*(T12) by dg(\, 1) := S0y dmi(\ ),

* UT *
dui(Ap) = K Vp;,(A)lg, - noo,pdo — > A /(ph()\)bl — A)pdo,
e rely 7T
dnaOvm) = = [ wiVlg, - nonndo,
12
where py (X)) € X, (1) is the solution of
(432) By (p;kL()‘)v Qh) = b ()\7 Qh) , Vagn € Xh(Ql)a

and uj (A) is the first component of the solution (uj(X),p;(N)) € Vi o(Q2) x Wp(Q2) of

K 'uj()\) - vpdz = /

Py (AV - vipde — / Vi, - Do, Ado, Vv, € Vi o(Qa),
Q2

Qo IRD)

(4.33) V- uZ()\)qhdl‘ =0, Vg, € Wi(Q2).
Qo

Define a linear functional gg : L*(T12) — R by gr(u) :== Yo, gmi(p),

_ Or _
gua(p) = — KvPh‘Ql ‘Do, pdo + Z F/ph‘gl pdo,
F12 Tel'y TJT

gra(n) = / iinlq, - Non,Hdo,
T2

where pj, € X, (1) solves
By (ﬁhv Qh) = U (Qh) , Van € Wh(Ql)a
and 1y, is the first component of the solution (s, pr) € (Va,0(2) +upg) x Wi(£22) of

K 'u,-vpde = /ﬁhV-Vhd% Vv € Vio(22)
QQ QQ

V-uayqpdr = fandx, Ygn € Wi(Q2).
Qz Q2

It is easy to see that the solution (pp,un, Agr) of the DG-MFE scheme (4.12)-(4.15) satisfies
dg (Mg, pm) = gu (Bu),  pE € AH,
with
Ph = Dp,(AE) + Pr, on Qp and Q; up = uy(Ag) + 1y, onf.
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We now analyze the properties of the bilinear form dg(-,:) for the various DG-MFE
schemes. Taking g, = p}(u) in (4.32) and v, = uj(u) in (4.33) for some p € L?(I'y2),
we obtain

(4.34) B (pr(A); ph(1)) = b1 (A, pp (1))

and

(4.35) K 'uj(\) - () doe = —/ u; (1) - ngg, A do.
Q2 ISP

Using (3.34), (4.34) and (4.35), we have the following representation of dg (-, -):

duOi) =bilpspi () =2 Y 57 [ B Wlando

Tel'y

or .
+ Z HT/T)\,uda—/F uy (N, - noq, it do

Tel'y 12

= Bupi 5 2 3 7 [ siOlando

Tel'y

+ Z &/)\,uda%— K 'uf (u)uf(\) de.
HT T Qo
Te€ly
By an argument similar to that used in proving (3.40), using the above representation and
(3.1), we obtain

S 1 3 "
dy (A 2) = JIK VR IG, + 5 D 77 [ (VP do
yerp(@) 77

Or * 2 _1
+ E/T(ph()\ﬂﬂl — ) do + K™ 2uj(A) |3,

TEFH

implying that dpy(-,-) is positive semi-definite on L?(I';3). The argument in the solvability
Theorem 4.2 implies that the kernel of dg(-,-) consists of the constant functions. We have
obtained the following result.

Theorem 4.6. Let the assumptions of Theorem 4.2 hold. For all four versions of coupled
DG-MFE methods, the interface bilinear form dg(-,-) is non-symmetric and positive semi-
definite on L?(T'12), with the kernel consisting of the constant functions.

Remark 4.4. In the case of S = 0 or 1, coercivity of dg (-, -) can be shown for all modified
DG-MFE schemes introduced in Remark 4.2, using inequality (3.32). It is easy to see that
dg(-,-) is symmetric for SIPG with Sgopy = 1.

5. DISCUSSION AND CONCLUSIONS

We have developed a multiscale formulation for coupling DG with DG and DG with MFE
using mortar spaces. The method is based on imposing weak continuity of flux and pres-
sure via a Robin-type matching condition with penalized pressure jump. Although the for-
mulations described in this paper are for two subdomains, the results can be extended to
geometrically nonconforming domain decompositions with finite number of subdomains.

Our mortar formulation can be viewed as a two level domain decomposition solver via
reduction to an interface problem. By choosing the special case of continuous approximating
functions in the subdomains, this approach allows the coupling of continuous Galerkin (CG)
with DG, CG with MFE, and CG with CG. The latter represents a new mortar domain
decomposition algorithm for CG.



27

APPENDIX A. MORTAR COMPATIBILITY CONDITIONS

Here we define the mortar compatibility conditions needed for solvability of the methods
with o, = 0.

Definition. (Mortar compatibility conditions) We say that a DG space X (£2;) is compatible
with a mortar space Ay if, for any pug € Ag,

(A.l) Kth . n/LHdG = 0, th S Xh(Ql) = uUg = 0.

T2
We say that the MFE space V},0(€2) is compatible with the mortar space Ay if, for any
pUH € AH7

(A.2) / vy -npgdo =0, Vv € Vi o(22) = pg =0.
IRD)

Note that (A.1) is imposed only if o, = 0. For DG-MFE methods, either (A.1) or (A.2)
is needed. For matching meshes, one can choose I'; to be the trace of the subdomain grids.
In this case a sufficient condition for (A.1) is » > 7 + 1, and a sufficient condition for (A.2)
is m > 7. For nonmatching meshes, if a compatibility condition is needed, it is imposed only
on one of the subdomains, allowing flexibility for the mesh and the finite element space in
the other subdomain.

The compatibility condition (A.2) limits the richness of the mortar space. It has been stud-
ied in [47, 4, 33] and it has been shown to hold for very general nonmatching configurations
of mortar and subdomain grids and spaces.

Below we give some examples of spaces on nonmatching meshes satisfying the compatibility
condition (A.1) for d = 2. For simplicity we assume that K is a constant tensor in each
element.

Proposition A.1. Let K be constant in each element. Assume that d = 2, r = 2, and that
each element of 'y contains at least two element faces from E,(Q21) N T'12. Then the DG
space Xp,(1) and the mortar space Ay with ¥ =2 or ¥ = 3 satisfy (A.1).

Proof. Consider a mortar element 7 € I'y and assume that 7 D 1 U2, where v and vy are
the edges of two distinct elements E; C &,(21) and Ea C &,(€21). Since K is non-singular
(because K is positive definite), Kn is not zero. Noting that KVgqp, - n = Vg, - Kn (because
K is symmetric) and g, ranges over Pa(;), we conclude that KVg¢;, - n ranges over Py (7y;).

First let us consider 7 = 2 for Ay and take puy € Po(7). The orthogonality condition in
(A.1) yields

/ pipgdo =0, V¥py € Pi(v;),i=1,2.
¥i

In particular, f% ppdo = f,yg pupdo = 0. Therefore, g has a root inside 71, say aq, and a
root inside 7,, say ag. Therefore pgy = C(z — a1)(x — ag). Choosing p; = (x — aq) in 1, we
have fm C(z — a1)?(x — ag)do = 0. Since (z — ag) cannot change sign in v;, we must have
C = 0; consequently ug = 0 and (A.1) holds.

We now let # = 3 and take pugy € P3(7). Then, as before, we have two distinct roots
a1 € v1 and ag € 9. Since puy € Ps(7), we know that py has another real root, say
a3, and then pg = C(x — a1)(x — a2)(z — a3). Taking p1 = (v — a1) in 71, we have
f% C(z —a1)?(x — az)(x — az)do = 0. Since (x — az) cannot change sign in 77, we must have
either C' =0 or a3 € ;. Taking p; = (z — ag) in 2, we conclude similarly that either C' =0
or ag € 2. As v and 2 are disjoint, we must have C' = 0; consequently ppy = 0 and (A.1)
holds. g
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