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NUMERICAL ANALYSIS OF A FINITE ELEMENT,
CRANK-NICOLSON DISCRETIZATION FOR MHD FLOWS AT
SMALL MAGNETIC REYNOLDS NUMBERS

GAMZE YUKSEL AND ROSS INGRAM

Abstract. We consider the finite element method for time dependent MHD
flow at small magnetic Reynolds number. We make a second (and common)
simplification in the model by assuming the time scales of the electrical and
magnetic components are such that the electrical field responds instantaneously
to changes in the fluid motion. This report gives a comprehensive error analysis
for both the semi-discrete and a fully discrete approximation. Finally, the

effectiveness of the method is illustrated in several numeral experiments.
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1. Introduction

Magnetohydrodynamics (MHD) is the theory of macroscopic interaction of elec-
trically conducting fluid and electromagnetic fields. Many interesting MHD-flows
involve a viscous, incompressible, electrically conducting fluid that interacts with
an electromagnetic field. The governing equations for these MHD flows are the
Navier-Stokes equations coupled with the pre-Maxwell equations (via the Lorentz
force and Ohm’s Law). The resulting system of equations (see e.g. chapter 2 in [22])
often requires an unrealistic amount of computing power and storage to properly
resolve the flow details. A simplification of the usual MHD equations can be made
by noting that most terrestrial applications involve small R,,; e.g. most industrial

flows involving liquid metal have R,, < 10~2. Moreover, it is customary to solve a
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quasi-static approximation when an external magnetic field is present R,, is small
since the time scale of the fluid velocity is much shorter than that of the electro-
magnetic field [3]. We provide herein a stability and convergence analysis of a fully
discrete finite element discretization for time-dependent MHD flow at a small mag-
netic Reynolds number and under a quasi-static approximation. Magnetic damping
of jets, vortices, and turbulence are several applications, [3], [18], [21], [23].

Let Q be an open, regular domain in R? (d = 2 or 3). Let R,, = UL/ > 0
where U, L are the characteristic speed and length of the problem, n > 0 is the
magnetic diffusivity. The dimensionless quasi-static MHD model is given by: Given
time T > 0, body force f, interaction parameter N > 0, Hartmann number M > 0,
and setting Qr := [0,7] x €, find velocity u : Q7 — R? pressure p : Qp — R,
electric current density j : Qr — R, magnetic field B : Q7 — R?, and electric

potential ¢ : Q7 — R satisfying:

N-l(u+u-Vu) = f+M2Au-Vp+jxB, V-u = 0
(1) —-Vo+uxB = j Vj =0
VxB = Rnj V-B = 0

subject to boundary and initial conditions

u(x,t) =0, V(x,t) € 002 x [0,T]
(2) b(x,t) =0, Y(x,t) € 0Q x [0,T]

u(x,0) =up(x), Vxe
where uy € H}(Q2)4 and V - ug = 0. When R,, << 1, then j and V x B in (1)(3a)
decouple. Suppose further that B is an applied (and known) magnetic field. Then

(1) reduces to the simplified MHD (SMHD) system studied herein: Find u, p, ¢

satisfying

N~ (u;+u-Vu) f+M2Au—-Vp+BxVe+(uxB)xB

(3) V-u 0

—Ap+V-(uxB) = 0.
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subject to (2). This is the time dependent version of hte model first proposed by
Petrerson [19].

We provide a brief overview of previous applications and analyses of MHD flows
(high and low R,,) in Section 1.1. In Section 2, we present notation and a weak
formulation of (3) required in our stabilty and convergence analysis. In this report
we prove stability estimates for any solution u, p, ¢ to a semi-discrete and fully
discrete approximation of (3) in Propositions 3.3, 4.3 respectively. We use these

estimates to prove optimal error estimates in two steps:

e Semi-discrete (finite element in space), Section 3
e Fully-discrete (finite element in space, Crank-Nicolson time-stepping), Sec-

tion 4

Let h > 0 and At > 0 be a representitive measure of the spatial and time discretiza-
tion. We investigate the interplay between spatial and time-stepping errors. We
prove that the method is unconditionally stable and, provided that At < CReh,

the errors satisfy to ensure
error(u, p, ¢) < O(h™ + At?) — 0, as h, At — 0.

See Theorems 3.4, 4.4 and Corollaries 3.5, 4.5.

1.1. Overview of MHD models. Applications of the MHD equations arise in
astronomy and geophysics as well as numerous engineering problems including lig-
uid metal cooling of nuclear reactors [2], [7], electromagnetic casting of metals [16],
controlled thermonuclear fusion and plasma confinement [24], [8], climate change
forecasting and sea water propulsion [15]. Theoretical analysis and mathematical
modeling of the MHD equations can be found in [10], [3]. Existence of solutions to
the continuous and a discrete MHD problem without conditions on the boundary
data of u is derived in [25]. Existence and uniqueness of weak solutions to the
equilibrium MHD equations is proven by Gunzburger, Meir, and Peterson in [6].

Meir and Schmidt provide an optimal convergence estimate of a finite element
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discretization of the equilibrium MHD equations in [17]. To the best of our knowl-
edge, the first rigorous numerical analysis of MHD problems was conducted by
Peterson [19] by considering a small R,,, steady-state, incompressible, electrically
conducting fluid flow subjected to an undisturbed external magnetic field. Further

developments can be found in [12], [13], [1].

2. Problem formulation

We use standard notation for Lebesgue and Sobolev spaces and their norms.
Let || - || and (+,) be the L?-norm and inner product respectively. Let || - ||, =
H~HW§(Q) represent the W} (€2)-norm and |'|W11)€(Q) the W} (€)-semi-norm. We write
HF(Q) := WEF(Q) and || - ||x, | - | for the corresponding norm and semi-norm. Let
the context determine whether Wpf“ () denotes a scalar, vector, or tensor function
space. For example let v :  — R%. Then, v € H'(f) implies that v € H'(Q2)¢ and
Vv € H*(Q) implies that Vv € H'(Q)™. Write W/ (0,T; W} () = W (WF)
equipped with the standard norm. For example,

1/q

T
(/ |v<-,t>||g,kdt> if1<g<oo
0

ess supgy<p|[V(,)[pk, if ¢ = oo

\|V||Lq(wg) =

Denote the pressure, velocity, potential spaces by

Q =IL3Q) = {geL*Q): [ya=0}
X =H{Q)? = {veHYQ):v]pg=0}
S =H{Q) = {YeH (Q):Ylspq =0}

respectively. Let X*, S* denote the dual space of X, S respectively with norm

-1l
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A weak formulation of (3), (2) is: Find u : [0,7] — X, p : [0,T] — @, and

¢:[0,T] — S for a.e. t € (0,T] satisfying

N7 ((ug,v)+ (u-Vu,v)) + M 3(Vu,Vv) — (p,V - V)

(4) +(uxB,vxB)— (Vé,vxB) = (£,v), WweX
(5) (Voug) =0, YgeQ

(6) (V6. V) — (ux B,VY) =0, V€S

(7) u(x,0) = up(x), ae. x Q.

We obtain (4) from (3)(1a) by applying the following identities.

Lemma 2.1. For allu, v € L?(Q), B € L*=(Q), ¢ € H(Q),
(8) ((uxB)xB,v)=—(uxB,vxB), (B xV¢,u) =(uxB, Vo).

Proof. Follows from scalar triple product identities, see e.g. [11]. [

Herein we write B := |[B||pe(z=). Let V := {v e H}(Q):V-v=0}. We
assume that (u, @) is a strong solution of the SMHD model satisfying (4), (5), (6),
(7) and u € L2(0,T;X) N L>(0,T; L?(2)) N L4(0,T; X), ¢ € L>(0,T; H (1)),
ug € L?(0,T; X*), and u(z,t) — ug(x) €V ae. ast — 0.

Restricting test functions v € V reduces (4), (5), (6), (7) to: Find u: [0,T] =V

and ¢ : [0,T] — S for a.e. ¢t € (0,7 satisfying (6), (7), and
N~ ((ug,v) + (u-Vu,v)) + M~?(Vu, Vv)
(9) +(uxB,vxB)—(Vop,vxB)=(f,v), VWweV.
Solving the problem associated with (9), (6), (7) is equivalent to (4), (5), (6), (7).
Let 7" be a uniformly regular triangulation (see [5] for a precise definition) of

Q with £ € 7" (e.g. triangles for d = 2 or tetrahedra for d = 3). Set h =

supge,n {diameter(E)}. Let X" c X, Q" C @, and S C S be a conforming
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velocity-pressure-potential mixed finite element space. We assume that X" x Q" x
Sh satisfy the following:

Assumption 2.2. There exists C > 0 such that

inf sup (LYY

>C>0.
9@ vexr [VIillqll

Assumption 2.3. If u, p, ¢ satisfy Assumption 2.4 for some fized s,k,m > 0,

there exists C > 0 such that

inf |ju—v"||+h inf [lu—v"[i < CKE**|ullpsr
hexh, VhEXh
. o h m

(ORI T < OB gl
. __h s+1
thggh\lp qa"| < Ch¥H|plls+1.

Assumption 2.4. u € L2(H*1), p € L2(H**Y), and ¢ € L>(H™T) for some

k>0, m>0,s>0.
Assumption 2.5. There exists a C > 0 such that
(11) Vi < ORIV v e X

Let VI = {v e Xh: fQ qgV-v=0 Vqe€e Qh}. Note that in general V" ¢ V.

We use the explicitly skew-symmetric convective term:

(12) b*(u,v,w) = - ((u-Vv,w) — (u-Vw,v)).

DO =

2.1. Fundamentals Inequalitites. Denote by C' > 0 a generic constant inde-
pendent of h, At, and v. We collect some estimates from [4] and [5]. For a,b > 0

and any 1/p+1/g=1for 1 <p,q < oo and any £ > 0

(13) ab < oy

a? + qu, Young’s inequality.
q
For1/r+1/s=1,1<r,s<oo,and ue L"(), Vv € L*(Q)

(14) (u,w) < |ullor||wl|lo,s, Holder’s inequality.
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For v € H(9),

V][ < Clvli, Poincaré’s inequality

If u € H?(Q), then u € L>(Q) N C°(0,7T) and
l[uflo,c0 < Cllulf2.

The following estimates of the convective term are direct results of the previous
inequalities. See [14] for a comprehensive compilation of associated estimates. For

ueVandv,we HY(Q),
(15) A'(u,v,w) = (u-Vv,w) = —(u- Vw,v), (u,v,v)=0.
If, on the other hand, u € H{ (),

b*(u, v, w) < CV/|[ul[lufs|v]i|wli,
(16) b*(u, v, w) < Clufy|[v]iV/|[wl[[w]y.

Moreover, if v € H?(Q), then
(17) b*(u, v, w) < Cllul[[[v]lz|wls, % (u,v,w) < Cluli||v]]2][w]].

The elliptic projection is used in the forthcoming error analysis and is given by

P, :V — V" 50 that 4" := Py (u) satisifies
(18) /V(u—ﬁh):Vv:O, Vv e vh
Q

We similarly define the scalar elliptic projection Py : S — S” so that éh = Pa(9)

satisifies
(19) / V(ipg—9¢"): V=0, Viyesh
Q

The following is a well-known property of Py, Ps.
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Lemma 2.6. The projections " = Py(u) and ¢" = Py(¢) defined in (18), (19)

respectively are well-defined. Moreover,

(20) |u—ﬁh|1§thig§(h lu—v",
“h : h
(21) 6= <C nt lo— "
Proof. See e.g. [5]. O

One can show through a duality argument (see e.g. p. 97 in [20]) that

(22) [[u—@"||_1 +hljlu—a"|| <Ch? inf |u-—v"2
vheXh

3. Semi-discrete approximation
We first state the semi-discrete formulation of (4), (5), (6), (7). Suppose that

feX*, BeCo(0,T], L= (Q)).

Problem 3.1 (Semi-discrete FE-approximation). Find u® : [0,7] — X", ph :
(0, 7] — Q", " : [0, T) — S" satisfying

N7 ((uf,v) + b (", ", v)) + M*(Vu", Vv) — (", V- v)

(23) + (u" x B,v x B) — (V¢", v x B) = (f,v), WveX"
(24) (V-u",q)=0, YgeQ"

(25) (Vo , Vip) — (u x B, V) =0, Vo e St

(26) u"(x,0) = ug(x)

where uf(x) € X" is a good approzimation of ug(x) for a.e. x € Q.

Recall that the electric current density j = —V¢ 4+ u x B. This motivates the

formal identification

Definition 3.2.

j = —V¢" +u" x B.
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This definition makes sense in L?(§2) as we show in Proposition 3.3. We provide
proofs of the a priori estimate Proposition 3.3 in Section 3.1 and of the convergence

estimate Theorem 3.4 in Section 3.2.

Proposition 3.3 (Stability, semi-descritization). Suppose that (u”,p", ¢") satisfies
(28)-(26). Then, u" € L*(0,T; H*(Q)) N L>(0,T; L*(Q)), ¢" € L>(0,T; H*(Q)),
and j* € L*(0,T; L*(Q)) so that

N7 G (g2 + M 72| VU2,

(27) 2013132 ey < N7H I + M2 31
and

=2
(28) V6" 13 12y < B” (110l + NM2|6][22 51 ) -

For the following convergence estimate, it is convenient to introduce the term
h g 9 k
F"(u,p, :M_Q/ inf —(u—v")|%,ds
(w.p,0) [ v
T

+ N?B h(in)f h||u—vh||2ds
o Vvh(,s)eX

T
2 : h|2
+||u||L°°(H1)/O vh(-}.?)fexh‘u_v |1ds
T
29 +N2/ ( inf —¢"|>’+ inf — h2>ds.
(29) ; qh(.ﬁs)thllp q"| wh(~,s)esh‘¢ Y3

Note that F* — 0 as h — 0 for smooth enough u, p, ¢. This is made precise in

Corollary 3.5.

Theorem 3.4 (Convergence of semi-descritization). Suppose that (u,p, @) satisfies

(4)-(7) and (u",p" ¢") satisfies (23)-(26). Suppose further that u € L°°(H?'),
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p € L*(L?), and B € L>(L*>°). Then,

CM? . h 2
N F +0<1§£th(gl)fexh”u(.’s)_V Gl

(30) lu—u[|F e (12) <

C.M* o
B V=) < S P [ ) =V C)fds

vh(.,s)eXh
. .hn2 c.M? e (T h 2
13 —=3"z2cz2) < e F"+B ; vh(.}il)ixh||u(.’s)_v (-, 8)||°ds
g h 2
32 +/ inf - S) — -, 8)|1ds
(32) [t 10 =0 o)
and
C,M?

BF'+ B inf inf  |[u(,s) — v"(, 8)[]?

hy |12
— i <
||V(¢ (;5 )||L (L2) = N 0<5<T vh(.8)exh

(33)
+ inf inf |¢(78) —¢h(73)ﬁ

0<s<T ¢h(-,5)€Sh

where Cy > 0 is a Gronwall constant given in (46).

Corollary 3.5. Under the assumptions of Theorem 3.4, suppose further that, for
some k >0, u € L®(H*1), w, € L2(H"1), p € L2(HY), and ¢ € L>(H*1).
Then

[ —u"|[Fo 2y + MT2N[|V(u—u") |72

(34) + Nl = §"F2z2) + IV(0 = )7 (12) < CR**

where C' > 0 is independent of h — 0.

3.1. Proof of Proposition 3.3. Set v = u”, 1) = ¢" in (23), (25) to get

1 d
2N dt

(36) "2 — (u" x B, V¢") = 0.

(35) [u(]? + M 2"} + (-V¢" +u" x B,u" x B) = (f,u")
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Add (35) and (36) and recall that j* = —V¢" + u” x B to get

1 d

ﬁaHUhHQ + M2} + ()] = (£, u").

Duality of X and H~! and Young’s inequality provides
1d - .
N7 2+ M2l 4 215 < (]|

Integrate over [0,t] to get (27). Next, set 1 = ¢ in (25), apply Cauchy-Schwarz
and simplify to get

[¢"[1 < Blju"|].

Apply estimate (27) to prove (28).

3.2. Proof of Theorem 3.4. The idea is to derive an error equation for both u”

and ¢" to estimate the convergence rate. Decompose the velocity error
E,=u"—u=U"—9, Ut =u" —ah, n=nu-—a"
and the electric potential error
Ey=¢'—¢=0"-¢  o'=¢"-4"  (=¢-9"

Let @" and ¢" be the elliptic projections defined in (18), (19) respectively. Fix
§" € Q". Note that (p",V -v) = 0 for any v € V", Subtract (4) from (23) and test

with v = U” and apply (18) to get the error equation

1 d
ﬁ%HUth + M72|U"? + (-V®" + U" x B,U" x B)
= _(p - qh7 % Uh) - Nﬁl(rr]tth) - Nflb*(uhﬂ’]a Uh)
(37) — N7*(U" u, U") — N~1*(n,u, U") — (=V(¢ + 71 x B,U" x B).

Subtract (6) from (25) and test with and ¢ = ®" to get

(38) (=VO" + UM x B, V") = —(=V( 41 x B,Vo").
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Add (37) and (38) to get

1 d

o g U I+ M72U" 4[] - VOr + U < B
=—(p—q",V-U") = N (n, U") = N"'b*(u", 9, U")
— N7 (U u, UM — N=1*(n,u, U")

(39) —(=V¢+nxB,-Vd" + U" x B).

We proceed to bound each of the terms on the right-hand side of (39), absorb
like-terms into the left-hand side. Throughout, fix ¢ > 0 to be some arbitrary
constant to be prescribed later. First applications of Cauchy-Schwarz and Young’s

inequalities along with p € L?() give

- . dM? - 1
(40) (p_q}7vU})§T|‘p_q}||2+€M2|Uh|§
Also,

_ M? 1
(41) N~ (n, UM < WHWHQA + mmhﬁ-

Recall j* = —V¢" +u" x B. Write
Ej=j"—j=3"-x, JI=j-j x=j-i"
Then, we have
h h M? 2 L2
(42) (=V(+nxB,-Vo" +U XB)STHXH +§||J I

It remains to bound the nonlinear terms.
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Lemma 3.6. Let u satisfy the regularity assumptions of Theorem 8.4. For any

€ > 0 there exists C > 0 such that

— N7*(uh, 5, UM — N=1p*(U", u, U") — N~1b* (5, u, U")

1 -
< UM+ CNTIME (0l + [uly) (U772

(43) + CN M|l |3 1y 0]

Proof. First, u € L*(H') implies

1
eM?

N~'5* (U, u,U") < CN*MO|[U"||ulf + — [U"}
and u € L>(H') implies

N 1, UY) < ON Al e g 1+ U7
Next, rewrite the remaining nonlinear term

b*(u”, n, UM) = b*(u,n, U") — b*(n,n, U") + b*(U", 5, UM).
Then u € L>°(H?') implies

1% _ 1
N7 (u,n, U") < CN2MP[u] |7 g1y 0l + mmhﬁ

and similarly for b*(n,n, U"). Lastly, with u € L*(H'), we apply (16) and Young’s

inequality to get

N7 (U, UM) < CN7Y|UM Y2 [U P ),

_ 1
< ONTMO| UM nlt + UM

The above estimates prove (43). O
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Set ¢ = 6. Note that |n|f < C|u|i. Apply estimates (40)-(42) and (43) to the

error equation (39), and simplify to get

d
SN+ MUENTUME + NI P

< ON il [2y + CMN B g
(4) + CMN|lp = | + CMNIx|I* + CN =M [ul{|[T"

Let a(t) := CN=3M°®u(-,t)|}. Since u € L*(H"'), then a(t) € L*(0,T) so that we

can form its antiderivative
t
A(t) ::/ a(s)ds < oo, lu(-, 1)y € L*(0,T).
0

Multiplying (44) by integrating factor exp(—A(t)), integrating over [0, ¢], and mul-

tiplying through the resulting equation by exp(A(t)) gives
t t
100l + 02N [ URC s+ N [0 s
0 0

t t
<C.N / (-, 9)| 2 1ds + AN Jull2 g1 / In(-, 5)[2ds

t t
@) +CAPN [l =) Pds + CAPN [ () s
0 0
where
t
(46) C, = CN_3M6/ lu(-, s)|ids.
0

Then the triangle inequality ||E,|| < |[[U"|| + ||n|| and ||E;|| < ||J*|| + ||x|| and
elliptic projection estimates (20), (21) applied to (45) proves (30), (31), (32).

Starting now with (38), apply (19) to get
(47) 9"} = (B, x B,Ve") < B||E,[||®"]:.

So, the triangle inequality ||Ey|| < ||®"]| +]|¢|| along with estimates (20), (21) and
(30) applied to (47) proves (33).
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Lastly, with u, p, ¢ satisfying Assumption 2.4, the estimates (10), (22) applied

to the results in Theorem 3.4 proves the estimate in Corollary 3.5.

4. Fully-discrete approximation

The semi-discrete model Problem 3.1 reduces the SMHD equations to a stiff
system of ordinary differential equations. A time-discretization is required to be
chosen carefully to ensure stability and accuracy of the approximation scheme. We
consider now a full-discretization via Crank-Nicolson time-stepping of the SMHD
equations by following a similar development as for the semi-discrete formulation
in Section 3. Let 0 = tg < t1 < ... < tg = T < oo be a discretization of the
time interval [0, 7] for a constant time step At = t,, — t,,—1. Write z, = z(t,,) and

Zn+1/2 = %(zn + Zn+1)-

Algorithm 4.1 (Crank-Nicolson). For eachn =1,2,...,K—1, find (uZJrl,prJrl, qﬁZJrl) €

XM x QM x 8P satisfying

— uﬁ - uf}}t * —
N~ ((E,v) +0 (u2+1/2,u2+1/2,v)> +M 2(VUZ+1/2,VV)

— (Pl i1/ Vo v) 4 (W o X Brgaya, v X By
(48) - (V¢Z+1/2,v X Bpiiy2) = (fug1y2,v), Vv E X"
(49 (Vouy,0)=0, VgeQ"
(50) (V¢Z+1/2> Vi) — (u2+1/2 X Bni12, Vi) =0, V¢ eS"

(51)  u"(x,0) = uf(x)

where ug € VP be a good approzimation of uy.

The discrete Gronwall inequality is essential in the error analysis of Algorithm

4.1.
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Lemma 4.2 (Gronwall - time step restriction). Let D > 0 and Ky, Ay, Bp, Cp, >0

for any integer n > 0 and satisfy

K K K
Ak +AtY By <AtY kuA,+AtY Co+D, VK >0.
n=0 n=0 n=0

Suppose that for all n, Atk,, <1, and set g, = (1 — Atr,)~ L. Then,

K K K
AK+AtZBn<exp<AtZgnnn> AtZC’n+D , VK >0.
n=0 n=0 n=0
Proof. See pp. 369-370 in [9]. O

The estimates in (52), (53), (54) are used in Corollary 4.5: Foranyn =0,1,..., K—

1,
Zn4+1 = Zn |2 oy [t 2
(52) HTH < CAt ) [[2¢(t)[|"dt
tn+1

(53) znt1/2 = 2(tng1/2)|; < CAt?’/t |22 (1) Rt

1 ) 5 tn+1 )
(54) HE(ZnJrl —zn) = 2t(tny1/2)||” < CAL [[2ee ()|~ dt.

tn

where z € HY(L?), » € H*(H*), and z € H?(L?) is required respectivley. Each
estimate (52), (53), (54) is a result of a Taylor expansion with integral remainder.
We now show that that u”, ¢ obtained by solving (48)-(51) are stable and

converge to u, ¢ solving the SMHD equations (4)-(7).

Proposition 4.3 (Stability). Suppose that for eachn =1,2,...,K—1, (u®,pl, ¢")

solve (48)-(51). Then,

K-1

h||2 -2 h 2

max [[ugl[*+ M NAtzjllun+1/2|1
n=

K-1 K-1
(55) +2NAEDY 5k ol? < NIl + MENAEY (£, tnray2)l24
n=1 n=1
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and

1<n<K
- n=1

K-1
—2
(56) max_[¢) ;0] < B (IHS”II2 + NM?At Yy ||f('7tn+1/2)||21> :

For the following convergence estimate, it is convenient to introduce the term
h 2 h b2 2 [ 9 hy[[2

Fh(u, = M2N|lu" - @ +M*/ inf  ||—(u—v")|?2,ds
(.. 0) ;a5 AT

k
2752 . h112 2 . h|2
+AEY (N Bt [lu, = vy +||u||Lm(H1>V§g(h|un—vn|1)

n=0
k k
57 + N2At inf |[pn — ¢"||> + N2At inf |¢, — "2 | .
7 > <hthllp AP NAY o, 4

Note that F,? — 0 as h, At — 0 for smooth enough u, p, ¢. This is made precise

in Corollary 4.5.

Theorem 4.4 (Convergence). Suppose that (u, p, ¢) satisfies (4)-(7) and (ul, ph ¢7)

satisfies (48)-(51). Suppose further thatu € L>=(H?*)NC°([0,T]; H'), u; € C°([0,T); H~1),

p € C°([0,T); L?), ¢ € C°([0,T); H'), B € L=(L>), f € C°([0,T); H~1) and that
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At > 0 is small enough, e.g. (83). Then,

max [[u, —u?|?* < max inf ||un —vh?
1<n 1<n<K vheX
(58)
O M2 K—1
S P+ Cary” (MANTUED, + NED,)
n=0
K—1 K
At Z Wtz — un+1/2|1 < Atz 1n£< u, — vyt
n=0 n=0"n
(59)
oM, = X
o Fl+ CMENTIAL Y (m2N1E(L, + NEZL,)
n=0
K—1
- < At inf u, — V> + inf |, — 22)
80 3 lnsars ~ Sl Z (B jut, o 2P+t 6~ ol
(60)
C*M2 K-—1
Ay cad S (v tel v
n=0
and

h h|2 : h|2
o 6~ 0nff < B mox int [fue -3+ max e o, — vl

K-1
c M > (aNTUED), + NERL,)

n=0

(61)

where Cy > 0 is given by (85) and ES)N, Eff)m are given by (79), (81) respectively.

Corollary 4.5. Under the assumptions of Theorem 3.4, suppose further that, for
some k >0, u e L>®(HY), u, € L2(H*1), p € L2(H*), and ¢ € L= (H**!) and
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uy € L*(H'), wyy € L2(W™12), py € L*(L?), £y, € L*(W12). Then,

NAt
h||2 h|2 h 2
0l = w4 a6 — 0L+ i D s~ ol
-
K-1
(62) + NAt Z lint1/2 —Jnsr ol < C(RF + ALY
n=1

where C' > 0 is independent of h, At — 0.

4.1. Proof of Proposition 4.3. Set v = u2+1/2 in (48) to get

Ly
2N At

(63)

[lags 17 = [ ]?) + M 72 Jug o7

+ (—V¢Z+1/z + UZ+1/2 X Byj1/2, UZ+1/2 X Bpii2) = (fag1)2, UZ+1/2)-

Set ¢ = ¢l ., in (50) to get

n

(64) 601 jalt — (Whiy o X Brgaya, Vo, ) = 0.
Recall that jZ+1/2 = 7V¢Z+1/2 + uZ+1/2 X Bpy1/2. Add (63) and (64), apply

duality of X and H~!, and Young’s inequality to get

1

oy (Il 2 = [ 2) M2+ (52

h M? 2 1 h 2
= (Fot1/2, Upy1y0) < 7||fn+1/2||71 + m|un+1/2|1'
Then, absorbing like-terms from right into the left-hand-side of the previous esti-

mate, we sum from n =0ton =K — 1 to get

K-1 K-1
- h — h sh
N 1||11K||2 +M2At Z |un+1/2|% + 2A¢ Z ||Jn-|-1/2H2
n=0 n=0
K-1

< N7 [ug|? + M2AE Y (£ 2]24

n=0
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which proves (55). Next set ¢ = V¢! +1/2 10 (50), apply Cauchy-Schwarz and
simplify to get
|¢Z+1/2|? < ||uZ+1/2 x By 12lldntii-

Then,

h n h
|¢n+1/2|1 <B 1§nm£a;{<_1 Hun”

which, together with (55), proves (56).

4.2. Proof of Theorem 4.4, Corollary 4.5. The consistency error for the time-

discretization is given by, for any v € X, ¢ € 5,

_ u — u
Tr(bl)(V) =N"! (nHAtn - ut(tn+1/2)7v> - (pn+1/2 —p('7tn+1/2)7v V)

+ N7 (W12, Unga 2, v) — N5 (e tgag2), (s b y2), v)
+ [(Wos1/2 X Bujaya, v X Buyye) = (Ul tuyiga) X B tngaye), v X B(tng)2))]
— [(Véng1/2,Vv X Bry12) = (VO(s tug1y2), v X B(, tny1)2))]
(65)
+ M2 (V(Uni1y2 = Ul tnga2)), VV) + (£ tngay2) = fagage, v),
W) == (V(dni1/2 — S tnsay2)), V)
(66)

— [(Wpg1y2 X Brgay2, V) = (0, tpgay2) X B tgay2), V)] -
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Using (65), rewrite (9) in a form conducive to analyzing the error between the

continuous and discrete models: Find u, 11 € V, ¢, 41 € S satisfying

_ Up, — Up * _
N~ ((HAt,V) +b (un+1/27un+1/2av)> +M 2(Vun+1/27VV) — (Pnt1/2, V- v)

+ (Wpt1/2 X Bryi/2, v X Bgiy2) — (Vényi/2, v X Brgi)2)
(67)

:(fn+1/2,V)+’T£1)(V), VveV
(68)

(Véni1/a, V) — (Wuy1jo X Bryio, Vi) = 7D (), Vo € S.

We first construct the error equation for velocity and electric potential. Decompose

the velocity error

Eum:uﬁ—un:UZ—nn7 Uh:uZ—ﬁh nn:un—ﬁh.

n mn?

and the electric potential error
Epn=¢n—¢n=0p—Cn,  Cp=0n—0  Cu=0¢n— 0.

Let al, NZ be the elliptic projection defined in (18), (19). Fix ¢ € Q". Note

that (p",V - v) = 0 for any v € V". Subtract (67) from (48) and set v ="U, ,,
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— oh .
Y =,y to get the error equations

1
2N At

+ (*VQZH/Q + UZ+1/2 X Bn+1/2>UZ+1/2 X Bpt1/2)

(1G5l = [URI) + M72[UL ot

= Nﬁl(%a UZ+1/2) - Nﬁlb*(UZH/Qv Un41/2, UZ+1/2)
+ N (Mn+1/2> Ung1/2, UZ+1/2) + N_lb*(uz+1/27 Mn+1/2 UZ+1/2)
+ (Mng1/2 X Bn+1/27UZ+1/2 X Brti1/2) = (Vg2 UZ+1/2 X Bpt1/2)
(69) + (§Z+1/2 — Pny1/2, V- UZ+1/2) - 77(11)(UZ+1/2),

(V(I)ZH/Q - UZ+1/2 X Bpy1/2 V(I)Z+1/2)

(70) = (VCni1/2, VL1 19) = Mgz X Bugaya, VO o) = 72 (Bl ).
Recall the formal definition j* = —V¢" +u” x B. Write j* = —V¢" + " x B and
Ejn=in—Jn=30—x0 Ib=0l-0t  Xo=Jn—Jh

Add (70) and (69), combine terms to get

1
2N At

—1,.7M 1= — 1%
=N 1(%7[}2“/2) — N7 (UL o Wy ya, Uy )

(1G5l = [URIE) + M 7205 ol + 1375 ol

+ N0 (172, Ungr )2, UZ+1/2) + N_lb*(u?zﬂ/zv Mnt1/2; U2+1/2)
+ (§Z+1/2 — Pnt1/2: V- UZ+1/2) + (Xn+1/27JZ+1/2)

(71) - TT(Ll)(UZ+1/2) - Tr(Lz)(‘I)Z+1/2)~

Note that (70) can be written

|‘I)Z+1/2|% = (UZ+1/2 X Bn+1/27V@Z+1/2)

(72) (V12 Vh 1 10) = (12 X Brg1ya, VOI Ly o) = 7(D) 1 /o).
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Now add (72) to (71) to get

1
2N At

_1,Mn+1 — Tn —11x%
=N 1(+TaUZ+1/2)_N ' (UZ+1/27un+1/2aU2+1/2)

(1G5l = [MORIP) + M72[UL ol + (135 2l 4 19540 0

+ N_lb*(ﬁn+1/27 Wyt1/2, UZH/Q) + N_lb*(uz+1/27 Mn+1/25 UZ+]/2)

+ (@Z+1/2 — Pnt1/2: V- UZ+1/2) + (Xn+1/2,JZ+1/2)

+ (UZ+1/2 X B2, V(DZ-H/Q) — (Xn+1/2 V‘I’ZH/Q)
(73) - Tél)(UZH/z) - 27—52)((1)2-5-1/2)-
In order to prove the desired error estimation, we majorize the terms on the right-
hand-side of (73), absorb like-terms into the left-hand-side, and then sum from
n = 0,...,K, and finally apply the discrete Gronwall inequality to take care of
remaining terms on right-hand-side involving ||[U"||. Let ¢, g9 > 0 be a generic

Young’s inequality constants to be fixed later in the analysis. First, u, € H~1(Q)
and p € L*(Q) implies

e —2)Mt1 — 1 1
(74) N 1(nTtl’UZ+1/2) < CM*N 2||%H2—1 + EW“JZ-H/Q@

- - 1
(75) (Pny1/2 — QZ+1/2>V ‘ UZ+1/2) < CM2||Pn+1/2 - QZ+1/2H2 + m|Uﬁ+1/2ﬁ~

Application of Cauchy-Schwarz and Young’s inequalities also provide

(Xnt1/2:I01/2) + (Ul 1o X Brgay2, VI L1 0) = (Xnga/2, VI o)

—2 1 1
(76) < C|lxnt1/2|> + CB ||UZ+1/2H2 + §||JZ+1/2||2 + 5\¢Z+1/2|?~

We bound the convective terms in the next lemma.
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Lemma 4.6. Let u satisfy the regularity assumptions of Theorem 4.4. For any

€ > 0 and for any integer n > ng there exists C > 0 such that

N_lb*(UZ+1/27un+l/27UZ+1/2)
— N‘lb*(U?LH/% Mnt1/25 Uzﬂ/z) - N_lb*(”nﬂ/% Un+1/2; UZH/Q)
1 oy

= EW|UZ+1/2|§ + CMPN 720 g 2 3100 ol

(77) + CMAN2([Jal[7 o g1y + [Mng12[D 1207 -

Proof. First, u € H%() implies

N1y (UZ+1/27 Upi1/2, U2+1/2)

_ 1
< CMPN 72| |up g 0l[3][UL L ol P + m\UZH/ﬂ%
and u € L*®(H'(Q)) implies

N7 (Mns1/25 Wnga 2, Ul o)
< OM N[0l ey P+ 375 U1
Next, rewrite the remaining nonlinear term
b*(uﬁ+1/2»7in+1/2>U2+1/2) =b"(Wpq1/2, 77n+1/2’UZ+1/2)
- b*(nn+l/27 Nn+1/25 UZ+1/2) + b*(UZ+1/27 Nn+1/25 UZ+1/2)~
Then V -u = 0 so that u € L>(L?(Q)) implies

N_lb*(un+1/2, 77n+1/27UZ+1/2> = N_l(un+1/2 ’ V77n+1/2v UZH/?)

B 1
< CMPN7?(|al[f oo (12) 1t /2l7 + M|U2+1/2|§
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and similarly

. _ 1
N~ (nn+1/2777n+1/2’UZ+1/2) < CM°’N 2|77n+1/2|411 + mm?}iﬂ/zﬁ

Lastly,
N7 (UL grng1y2, Ul o)
< CNTI UL lI[00 ol ol UL ol
o, _ 1
< CM?N~*h 1|Tln+1/2|f||UZ+1/2||2 + m\UZH/QE-
The above estimates prove (77). (]

Lemma 4.7. Let u satisfy the reqularity assumptions of Theorem 4.4. Then, for

any € > 0 and any integer n > 0

1
T7(11)(UZ+1/2) < m‘UZHmE

(78) + 5|6 G, taga2) BT ol + CM2N2EL),

N

where ES)M >0 is given in (79).

Proof. First, u; € H~! implies

1, Upt1 — Up
N 1(+T — ut(tn+1/2>7UZ+1/2)

— un+1 — Uy, 1
S CM2N 2||T - ut(tn+1/2)‘|%1 + W|UZ+1/2|%

and u € H(Q) implies

(V(@ng1y2 = ultng1/2)), VUL o)

1
< OM?[ayp1ys — (s tnp1y2)li + W|UZ+1/2|?
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Similarly, p € L?(Q) implies

(Pny1/2 = P(stngry2), V- UZ+1/2)

1
< CM?||ppsij2 — P(s g2l + WIULWI?

and f € H~1(Q) implies

(f(, tn+1/2) —In+1/2s UZ+1/2)

1
< CMP||f(tng1y2) = fas1p2ll®1 + M|UZ+1/2|%

We decompose the nonlinear terms so that

b*(un+1/2,un+1/2,UZ+1/2) —(u(tng1y2) - vu('vtn+1/2)7UZ+1/2)
= b*(un+1/2 - u(’7tn+1/2)aun+1/2aUZ+1/2)

+ 0" (Ul typ1/2), Uppr/2 — (s, tyga/2), UZ+1/2)'

Then, u € L*®(H!(Q)) implies

N_lb*(un+1/2 —u(-, ty1/2), Ung1/2, UZ+1/2)

_ 1
< CM°’N QHuH%OO(H1)|un+1/2 —u( tyg1)li + mmﬁﬂ/zﬁ

and similarly for b*(u(-,t,41/2), Unt1/2 — (-, tngi/2), UZ+1/2)'
We have the electromagnetic force terms remaining. First notice that
(Wnt1/2 X Bygiyo, UZ+1/2 x Bri1/2)
— (u( tng/2) X B(~,tn+1/2),Uﬁ+1/2 x B(,tni1/2))
= ((Wng1/2 = Ul tny1/2)) X Bugio, Ul y o X Brjayo)
+ (U, tngry2) X (Bug12 = Bl tns1/2)), Uk iy /o X Buyi)

+ (u(-y tyg1/2) X B('vtn+1/2)aUZ+1/2 X (Bng1/2 — B( tng12))-
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Here, B € L>°(L*°) implies

(Wpt1/2 = (s tpgay2)) % Bn+1/27U2+1/2 X Bri12)
=2
< B[upq12 — u('7tn+1/2)||”U'Z+1/2H
. 1
< CMB |[unsr/z = uCtus)IP + 751Ul ot

and B € L®°(L>), u € L>*(L*>) together with Cauchy-Schwarz, Poincaré’s, and

Young’s inequalities implies
(s tnyiy2) X (Bnyye — B(',tn+1/2)),UZ+1/2 x Bpy1/2)
—2 1
< CM?B [|ul|po (o) |[Bps1/2 = B(s tngry2)|]* + m\UZH/Qﬁ
and similarly for (u(-,t,41/2) x B(-,tn+1/2),U2+1/2 X (Bpyi/2 — B(- tnt1/2)))-
Next,
(Vénii/2, UZ+1/2 X Bpt1/2) = (Vo(-, tht1)2), UZ+1/2 X B(-,thy1/2))

= (V(¢n+1/2 - ¢('7tn+1/2))7 UZH/Q X Bn+1/2)

+ (Vo (s tngry2), Uiy o X (Brsya — B, tng1)2)))-

Here, B € L>°(L*°) and Poincaré’s inequality imply that

(V(dng172 — (5 tugry2)), UZ+1/2 X Byi1/2)
< Blépi1)2 — ¢('7tn+1/2)|1||UZ+1/2||

. 1
< OMPB |¢pi1y2 — O(- tnsr o)l + M'UZ“/QE

and

(Vo(-stnr12), Uiy o X (Bugijo — B tns12)))
= (Bus1/2 = B( tng1/2)), VO tug12) x Ul yy )

1
< = |Buyij2 — Bt ) l)* + ﬁ‘@b('atn+1/2)|?||UZ+1/2||2'
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Lastly, set

1 Up+1 — U
E’I(L,)At = || = AL = — ut(tn+l/2)||271

+ (HuH%w(Hl) + N?) g1y — uls torryo)l

—4 2
+CN?*B Wy 4172 — u('ytn+1/2)”2 +CN*B |Pnti1/2 — ¢('7tn+1/2)|%
+ N?{|ppirjz = pCrtnsr2)|® + N2EC tog1y2) — fagagally

=2
(79) + N(NB™|[u|[pee(z2) + M2N2)|‘Bn+1/2 - B(, tn+1/2)||2'
The above estimates prove (78). O

Lemma 4.8. Let u satisfy the reqularity assumptions of Theorem 4.4. Then, for

any € > 0 and any integer n > 0

1 2
(80) P (®hiage) < 12 pll + CELY,

where Er(f)m >0 is given in (81).
Proof. Cauchy-Schwarz and Young’s inequalities imply
(V(@ng1y2 — 0 tug1y2), VO L o)
1
< Clensisz — 0 tngry2)|T + ;0|‘I’Z+1/2|%-
Notice now that
(Wg1/2 X Bug1y2, VO 1) — (U, brgrya) X B tagay2), VL o)

= ((Wng1/2 —u( s tny1/2)) X Brgayo, VO o)

+ (u(stng1/2) X (Briijz = Bl tns1/2), VI ).

Here, B € L>°(L*°) implies

(Wns172 —ulstngiy2)) X Boyayo, V‘PZH/Q)

. 1
< OB |[upq1/2 — U(',tn+1/2)\|2 + 5|‘I’Z+1/2\%
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and u € L*(L) together with Cauchy-Schwarz and Young’s inequality imply

(u(stng12) X Brsijz — Bl tng1)2)), VOR L j5)

17+

< Cllul|Fee ooy |Brs1/2 = B tny1/2) |‘I’ 112t

Lastly, set

2) —2
E7(L At = nr1y2 — O tugay2) [T+ B [uns12 —als g o))

(81) + ||u||2L°°(L°°)||Bn+1/2 —B(, tyr12)|*

Apply estimates from (74), (75), (76), (77), (78), and (80) to (73). Set € = 8 and

go = 4 and absorb all terms including |U from the right into left-hand-side

n+1/2|1

of (71). The approximation (10) and u € H? imply
R " [F < Chlful3, "7 < Cllulfy.

Sum the resulting inequality on both sides from n = 0 to n = K — 1. Apply the
estimate (79), (81), and result of (10) from above. Assuming that u € L>°(H?) and

multiplying by N, the result is

K-1 K-1 K-1
[UKIP + M 7ENAEY (UL ot + NAED (T8 ol P+ NAE Y | 0t
n=0 n=0 n=0
K-1
AL (MEN Bl + [0 tugao)F + NB) [[UL o
n=0
= [n "
_ n+1 n
PTG+ OO Y NI ol ol 1
n=0
K-1 K-1
+CMPNAE Y " lgh 1)y — parijel> + ONAE D [Ixnt1/2]
n=0 n=0

+CM2N"'AL Z B\, + CNAt Z EZ),.
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Referring to the notation of the discrete Gronwall Lemma 4.2, let
(83) Kp = {MQ 'Rl ggollz + |6C, tagry2)|; + NB } Atk, < 1.

Then, Lemma 4.2 applied to (82) implies

NAt K—-1 K—-1
Uk + M a2 NAEST (3ol NAE S (@] o2
n=0 n=0
K-—1 77 77
_ n+1 n
sawm%aMW*mzjn F-ww%memﬂ
n=0
K-1 K-1
+ C.M’NAt Z ||§Z+1/2 — pns1y2ll? + CLNAL Z Xnt1/2]l?
n=0 n=0
(84)

+C.M?N 1AtZE1)t+CNAtZEnM
n=0 n=0

where
K

(85) C, :=Cexp <Atz nngn> , gn = (1 — Atry,) ™t
n=0

Then the triangle inequality the triangle inequality ||Ey.n.|| < |[[U%|| + |[n.]| and

I1E; ]l < [|3%]] + ||xn|| and elliptic projection estimates (20), (21) applied to (84)
proves (58), (59), (60).
Returning to (70), majorize the right-hand-side with Cauchy-Schwarz and Young’s

inequalities in addition to (80), absorb like-terms into the left-hand-side to get
2
86)  [®410lf < CBIUL 1 oll* + Ol jalf + OB [l ell® + CEC,.

So, the triangle inequality ||Ey .|| < [|®%|| + [|¢.|| along with estimates (20), (21)
and (58) applied to (86) proves (61).
Lastly, with u, p, ¢ satisfying Assumption 2.4, the estimates (10) and (52)-(54)

applied to the results in Theorem 4.4 proves the estimate in Corollary 4.5.
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5. Numerical results

We consider two distinct numerical experiments in this section. First, we confirm
the converge rate as h, At — 0 for the fully discrete, simplified magnetohydrody-
namic model (48)-(51). Second, we consider the effect of an applied magnetic field
to a conducting flow in a channel past a step by illustrating the damping effect of
B #0.

We use the FreeFem++ software for each of our simulations. We utilize Taylor-
Hood mixed finite elements (piecewise quadratics for velocity and piecewise linear
pressure) for the discretization. We apply Newton iterations to solve the nonlinear
system with a |[u¥) — u0=Y|| 1) < 107® as a stopping criterion.

Experiment 1 - Convergence Analysis: For the first experiment, Q = [0, 71]?,

to=0,T =1, Re =25, B=(0,0,1). The true solution (u,p, ¢) is given by

(87)
¢($,y) = cos(2x)cos(2y), u(a:,yﬂf) = <_aw(‘(§/’y)7awé§y)>6_5t
pEyt) =0, o(a.y.t) = (ey)+a® —y)e .

We obtain f, u|spq from the true solution. We solve one large coupled system for
u, p, ¢. A uniform triangular mesh is used. We set Re = 25 for this experiement.
Results are compiled in Tables 1 and 2 for M = 20, N = M?/Re = 16 and
M = 200, N = M?/Re = 1600 respectively . Write ||| - ||

0,00 = Maxy, || - || and
-Illo.2 = (A, ||-]|?)}/2. The rates of convergence suggested in Table 1 correlate
with theoretical rate O(h? + At?) predicted in Corollary 4.5 for u corresponding
discrete norms. Note that the O(h3) convergence suggested in L?(12) is expected
and can be shown by extension of the estimates in Theorem 4.4 via a duality
argument. Similar results are reported in Table 2 for different error-measures,
including the electric potential ¢.

Experiment 2: Flow in channel over a step is a classic benchmark test. It
is well-known that there exists a critical fluid Reynolds number Re. > 0 so that
the vortex developed in the wake of the step will detach from the step and be

carried downstream for any Re > Re.. In this test, we show how the SMHD
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h At [Eunllloco rate [[|[VEqy,t1/0(llo2 rate
1/10  1/40 3.727e-2 —— 3.659%e-1 ——
1/20 1/80 | 4.477e-3  3.05 8.111e-2 2.17
1/40  1/160 4.498e-4 3.32 1.439e-2 2.49
1/80  1/320 4.564e-5 3.30 2.789%e-3 2.36
1/160 1/640 4.805e-6 3.24 6.285¢-4 2.15

h At |HE]‘7”+1 2|||0’2 rate

1710 1/40 G T E—

1/20  1/80 1.295e-2  2.08

1/40  1/160 3.326e-3 1.96
1/80 1/320 8.451e-4 1.98
1/160 1/640 2.126e-4 1.99
TABLE 1. Convergence rate data for the first experiment, H = 20

h At By nt1/2lllo,2 rate ||[[VE, ,t11/2|[l02 rate
1/10  1/100 3.559%¢-1 —— 1.488e-0 ——
1/20  1/200 3.772e-2 3.23 5.546e-1 1.42
1/40  1/400 4.159¢-3 3.18 2.311e-1 1.26
1/80  1/800 5.299e-4 2.97 7.135e-2 1.69
1/160 1/1600 5.069¢-5 3.39 1.424e-2 2.32

h At IIVEg ny1/2|ll02  rate

1/10  1/100 3.575¢-1 —

1/20  1/200 3.873e-2 2.02

1/40  1/400 4.890¢-3 2.98

1/80  1/800 9.416¢-4 2.37

1/160 1/1600 2.167e-4 2.12

TABLE 2. Convergence rate data for the first experiment, H = 200

model accurately models the damping effect of the magnetic field by suppressing
the shedding of these vortices.

We consider here a [0,40] x [0,10] channel. The step is square with width 1.
The front of the step is located at x = 5. For velocity boundary conditions, let
ul,—0 = 0.04y(10 — y) at the in-flow, do-nothing (—M ~2Vu - f + pi)|z—s0 = 0
at the out-flow, and no-slip u = 0 otherwise. For the potential, let ¢|y,—190 = 0
and V¢ -7 = 0 otherwise. We set Re = M?/N = 1800, M = 1000, so that
N =~ 555.6. We compute the SMHD solution with B = (0,0, 1) as well as the NSE
solution (B = 0) for comparison. We use At = 0.005 in both cases. Both problems
are solved on a non-uniform mesh generated with the Delaunay-Vornoi algorithm,

shown in Figure 1. Notice the mesh refinement along the step. The SMHD problem



FECN ANALYSIS OF SMALL R,, FLOWS 33

contained 58046 degrees of freedom. We show the streamlines for the velocity field
for the corresponding NSE and SMHD solutions in Figures 2, 3 (domain restricted
to [0,20] x [0,4]). Notice that as time evolves, vortices are created and separate
for the NSE flow. As expected, the magnetic field suppresses this shedding for the

SMHD flow though so that the vortex in the wake of the step is elongated without

separation.
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FicURE 1. Experiment 2: Sample mesh - 8761 triangles.

FIGURE 2. Experiment 2: Streamlines at ¢t = 40, Re = 1800 (top)
Navier-Stokes solution, B = (0,0,0), (bottom) SMHD solution,
B = (0,0,1), M = 1000.

6. Conclusions

We introduced a finite element method for quasi-static MHD equation at small

magnetic Reynolds number. We decomposed the approximation into two parts.
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FIGURE 3. Experiment 2: Streamlines at ¢ = 60, Re = 1800 (top)
Navier-Stokes solution, B = (0,0,0), (bottom) SMHD solution,
B = (0,0,1), M = 1000.

In the first part, we presented the stability and error analysis of semi-discrete
approximation. In the second part, we presented the stability and error analysis
of fully-discrete approximation, Crank-Nicolson in-time. We also conducted two
numerical experiments to verify the effectiveness of the proposed model. We confirm
the theoretical rate of convergence derived in this report in the first experiment.
In the second experiement, we investigate how an applied magnetic field affects
the dynamics of the classic flow-past-a-step problem in a channel. As expected,
we show with the SMHD model that the magnetic field suppresses the shedding
so that the vortex in the wake of the step is elongated without separation. For
future work, note that we studied a fully coupled method between fluid velocity
and electric potential. To improve speed and assuage memory requirements, we
are investigating the existence and effectiveness of an uncoupled, approximation of
SMHD. Lastly, we are investigating the integration of LES models to SMHD.
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