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Abstract Error estimates for the Crank-Nicolson in time, finite element in space (CN-
FE) discretization of the Navier-Stokes equations require a discrete version of the
Gronwall inequality, which leads to a time-step restriction. We prove herein that no
restriction on the time-step is necessary for a linear, fully implicit variation of CN-FE
obtained by extrapolation of the convecting velocity. Previous convergence analyses
of CN-FE with linear extrapolation rely on a similar time-step restriction as the full
CN-FE. We show: CN-FE with linear extrapolation is unconditionally convergent in
the energy norm. We also show optimal convergence of CN-FE with extrapolation in a
discrete L>=°(H 1 )-norm and convergence of the corresponding discrete time derivative

in a discrete L?(L?)-norm.

1 Introduction

The usual Crank-Nicolson (in time) finite element (in space) (CN-FE) discretization of

the Navier-Stokes equations is well-known to be unconditionally and nonlinearly stable.
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The error analysis of the CN-FE method is based on a discrete Gronwall inequality

which introduces a time-step restriction (for convergence, not for stability) of the form
At < O(RePBR¥3), o At < O(Re™®) (1)

(implicitly reported for W1 *°-solutions in [13], see Appendix A). Here h > 0 is the
mesh width, At > 0 is the time-step size, and Re > 0 is the Reynolds number. Con-
dition (1)(a) implies conditional convergence whereas (1)(b) is a robustness condition

and both are prohibitively restrictive in practice; for example, (1)(b) suggests
Re =100 (low-to-moderate value) = At < (’)(10_6).

Consequently, an important open question regards whether condition (1) is

— an artifact of imperfect mathematical technique, or

— a special feature of the CN time discretization.

We consider the necessity of a time-step restriction in a linear, fully implicit variant

of CN-FE obtained by extrapolation of the convecting velocity u: for example,

n n—1 .
w, u’ = u(z, t;). (2)

This method is often called CNLE and was first studied by Baker [2]. CNLE is linearly
implicit, unconditionally and nonlinearly stable, and second order accurate. In this
report, we show that no time-step restriction is required for the convergence of CNLE

(Theorem 1). Additionally, the error in the energy norm satisfies
error < O(hk + A752)7 k = degree of FE-space

(Corollary 1). Our analysis depends on the eztrapolated convecting velocity in (2),
careful majorization of associated bi- and trilinear forms, and application of a particular

discrete Gronwall inequality. The key difference between our convergence proof for



CNLE and that of CN-FE is the resulting intermediate estimate: for approximations

U}, and constants rn > 0,

N—-1

CN-FE = [[UY [P +... < Y wal U P+ (3)
n=0
N-1

CNLE = [[UY[P+... < > sal|lURIP + .. (4)
n=0

Notice that the term ||UZ [|? is included in the right-hand-side of (3), but not of (4).
Estimates of the form (3) require a discrete Gronwall inequality (Lemma 1) to proceed,
which is the source of a time-step restriction. Conversely, estimates of the form (4)
allow application of an alternate discrete Gronwall inequality (Lemma 2), which does
not require a time-step restriction.

We also prove convergence estimates in other norms. Under a modest time step

restriction

At < h1/4, no Re-dependence (5)

the CNLE velocity approximation converges optimally in a discrete L™ (H 1)—norm and
the corresponding discrete derivative of the velocity approximation converges optimally
in a discrete L?(L?)-norm (Theorem 2 and Corollary 2). The restriction (5) is not a
typical artifact of the discrete Gronwall inequality in that it does not depend on Re or
other problem data. Correspondingly, (5) is much less restrictive than (1). The error
estimate is obtained through a bootstrap argument that utilizes the error in the energy
norm (Theorem 1 and Corollary 1).

The report is organized as follows: the continuum problem is described in Section
2. The CNLE approximation is introduced in Section 2.1. The main results and their

proofs are provided in Section 3.



1.1 Importance of Crank-Nicolson schemes

There are many analyses of Crank-Nicolson time-stepping methods for the Navier-
Stokes equations. Heywood and Rannacher [13] provide analysis of CN-FE. The 2nd
and 3rd order CNLE methods are introduced and analyzed in [2], [3]. Multilevel meth-
ods based on CNLE (building on the work in [20] and [7]) are analyzed in [11], [15].
CNLE approximation of a stochastic Navier-Stokes equation is analyzed in [4]. The
authors in [19] analyze a stabilized CNLE method. Each of these analyses requires,
explicitly stated or implicitly, a time-step restriction of the form (1) to guarantee con-
vergence. A 1st order CNLE is used in [17] in conjunction with a coupled multigrid and
pressure Schur complement schemes for the Navier-Stokes equations. Numerical com-
parison of various Navier-Stokes time-stepping schemes (excluding CNLE) are provided

in [18].

A Crank-Nicolson/Adams-Bashforth (CN-AB) time-stepping, scheme is another
linear variant of CN-FE. Unlike CNLE, CN-AB is explicit in the nonlinearity and
only conditionally stable [10] (i.e. a time-step restriction of form (1)(a) is required for
stability). CN-AB is a popular method for approximating Navier-Stokes flows because
it is fast and easy to implement. For example, it is used to model turbulent flows
induced by wind turbine motion [25], turbulent flows transporting particles in [22],

and reacting flows in complex geometries (e.g. gas turbine combustors) [1].

The CN method is also applied, for example, to a general class of non-stationary
partial differential equations encompassing reaction-diffusion type equations and the
Kuramoto-Tsuzuki equation in [?], the nonlinear Sobolev equations [23], and the Ginzburg-
Landau model [16]. Time-step restrictions of type (1)(b) (where Re has a different

meaning) are implicitly required in the convergence analyses of these discrete models.



2 Problem formulation

Let {2 be an open, regular, polygonal domain in R? (d = 2 or 3). For time T' > 0,
kinematical viscosity v > 0, and body force f, we consider the Navier-Stokes equation:

Findu: 2 x [0,7] — R?, and p: 2 x [0,7] — R satisfying
u +u-Vu=f+vAu— Vp, V-u=0, in 22 x (0,7 (6)

subject to boundary and initial conditions

u(x,t) =0, V(x,t) € 02 x (0,7
(7
u(x,0) = ug(x), Vx € 2

where ug € H&(Q)d and V - ug = 0. Without loss of generality, suppose that v < 1.
The notation used for Sobolev spaces and norms is standard. We denote by (-, ),
[| || the L?(£2)-inner product and norm. For k € R and 1 < p < oo, let || - lkp =
| [lyww.p () e the WHkP(02)-Sobolev norm. Identify H*(22) = W*2(2) and write
[k =l [lwr2(02)- Let [[allym.ago,r,wkr (o)) denote the L(0,T)-norm in time of

||u(m)(t)\|wk,p(9). Write W™4(0, T; WFP(£2)) = W™4(WkP). For example,

T 1/2
lallp2(weey == (/0 ||u(t)|i,pdt) )

Write CO(WHFP) = C9([0,T], WFP(£2)). Lastly, let the context determine whether
whop (£2) denotes a scalar, vector, or tensor function space. For example let v : 2 — R,
Then, v € H'(£2) implies that v € H'(2)? and Vv € H'(£2) implies that Vv €
Hl (Q)dxd

Let Hy(2) == {ve H'(2):v|pp =0} and L§(2) := {q€ L*(2): [,q=0}. A

weak formulation of (6), (7) is: Find u : [0,7] — H3(£2) and p : [0,T] — L&(£2) for



each ¢ € (0, 7] satisfying

/ut»er/ u-Vu-v
2 (9

: Vv — v = v v }
JrV/QVu.V /va /Qf , VYveHyN) (8)
/ qgV-u=0, Vge L%(Q) 9)
2
u(x,0) =up(x), a.e x€ . (10)

Let V := {v €HY}):V -v= 0}. Restricting test functions v € V' reduces (8), (9),

(10) to: find u : [0,T] — V satisfying (10) and
/ut~v—|—/u~Vu-v+u/ VV:VV:/f~v, Vv eV
2 02 2 2

2.1 The discrete formulation

Let 7, be a uniformly regular triangulation (see [8] for a precise definition) of {2 with
E € 13, (e.g. triangles for d = 2 or tetrahedra for d = 3). Set h = supg¢,, {diameter(E)}.
Let X" ¢ H&(Q)d and Q" C L%(£2) be a conforming velocity-pressure mixed finite

element space. We assume that X h x Qh satisfy the following:

— There exists C' > 0 such that

inf sup @,V v) >C>0. (11)
9eQ" vexn |IVVlllidll

— If u, p satisfy Assumption 1 for some fixed s,k > 0, there exists C' > 0 such that

inf [ju—vy|[+h inf |[u—vplli < CRFullpe
v,EXH viREXH

inf [|0¢(u— vyl < CRF H|ug |41 (12)
vipeEXh

inf [|p— qpl| < Ch¥Ipl]s41.
qneEQM



Assumption 1 u € L2(H*Y), u, € L2(H*) and p € L2(H*T!) for some

k>0, s> 0.
— There exists a C > 0 such that
IVvall < Ch7Mvall,  ¥vi € XM (13)

Let V" = {v e xh. quV-v =0 Vgqe Qh}. Note that in general vh zV.

We use the explicitly skew-symmetric convective term:

(u-Vv,w) — (u-Vw,v)). (14)

N[ =

ch(u,v,w) =

Replacing (u - Vv, w) with (14) ensures stability, but may have adverse affects on the
accuracy of the approximation, see [14]. An equivalent formulation of (14) required in

the error analysis of Section 3 is
h 1 1
c'(u,v,w) =(u-Vv,w) — 5((V ‘u)v,w) =—(u-Vw,v) + 5((V ‘u)v,w).

Let 0 =t) < t1 < ... <ty =T < oo be a discretization of the time interval
[0,7] for a constant time step At = t — t,_1. Write 2" = z(tn) and 2"1t1/2 =

%(z(thrl) + z(tn)). Consider the linearization: for some integer ng > 0,

ch(un+1, V, W) & ch(fn(u),v,w), &n(u) == apun + ...+ angUn—ng- (15)
For example,
&n(u) =u” = &n(u) = u" 4+ O(AY)
&n(u) = %(3u" —u" = &p(u) = u" T+ O(A)

En(u) =3u" —3u" !t +u"" % = &, (u) = u" T+ O(AB).
In Corollaries 1, 2 we consider extrapolations satisfying &,(u) = u"! + O(At?) to

preserve the second order accuracy guaranteed by the full CN method.



Problem 1 (CNLE) Let u}ll € V" be a good approximation of u’ for each i =

0,1,...,n9. For eachn =ng,ng+1,...,N—1, find (uZ'H,pZ‘H) € X" x Q™ satisfying

V) + " (€n(up), up T2 v)
F (Va2 g0 — (TR v vy = (72 ), wwex (16)

(V-uptt gy =0, vge Q" (17)

Remark 1 Note that &, (uy) = "2 defines the CN-FE method analyzed in [13] and
h

€n(up) = 3(3u™ — u" 1) defines the CNLE method of [2], [9], [19].

2.2 Fundamentals of estimation

The discrete Gronwall inequality is essential to the analysis in Section 3.

Lemma 1 (Gronwall - time step restriction) Let D > 0 and kn, An, Bn, Cn >0

for any integer n > 0 and satisfy

N N N
AN+ ALY Ba <Aty knAn+AtY Cn+D, VN >0.
n=0 n=0 n=0
Suppose that for alln
Atkn < 1 (18)

and set gn = (1 — Atnn)fl. Then,

N
AtZCn,+D

n=0

, VN >0.

N N
Ay + At Z Bn < exp (At Z gn/{n>

n=0 n=0




Lemma 2 (Gronwall - no time step restriction) Let D > 0 and kn, An, Bn,

Cn > 0 for any integer n > 0 and satisfy

N N—-1 N
AN+ ALY Ba <At Y knAn+ Aty Cp+D, YN >0.
n=0 n=0 n=0
Then
N N—-1 N
AN+ AtY " Bn <exp (Atz nn> Aty Cn+D|, VN0
n=0 n=0 n=0

Proof (Lemmas 1, 2) See pp. 369-370 in [13].

Denote by C' > 0 a generic constant independent of h, At, and v. We collect some
estimates from [5] and [8] used in Section 3. For a,b > 0 and any 1/p+ 1/q = 1 for

1<p,qg<ooandanye>0

ab <

p E q q 3§ :
< psp/qa + qb , Young’s inequality. (19)

For1/p+1/¢+1/r=1,1<p,q,r < oo, and u € LP(2), Vv € LI(2), w e L" (1)
(u-Vv,w) <||ullop||VVl]lo,qllWl|lo,», Holder’s inequality. (20)

For v € H}(92),

[Iv]] < Cl|Vv]], Poincaré’s inequality
[Iv]]o,3 < C||VH1/2||VV||1/2, Ladyzhenskaya’s inequality, d = 3

(21)
[[v]lo.4 < ClIvI[*?||Vv]|*/2, Ladyzhenskaya’s inequality, d = 2

[Ivllo,6 < C|IVV]|, Ladyzhenskaya’s inequality, d = 2, 3.

If u e H%(£2), then u € L>(2) N C°(0,T) and

l[uflo,co < Cllull2. (22)
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The following estimates of the convective term are direct results of the previous
inequalities. See [21] for a comprehensive compilation of associated estimates. Foru € V'

and v,w € H(12),
ch(u7v7w) =(u-Vv,w)=—(u-Vw,v), (u,v,v) =0 (23)
If, on the other hand, u € H&(.Q)7

v, w) < V[l Vull| v vV wll,
(u, v, w) < C|| V||V Iwl[[[Vw]. (24)

Moreover, if v € H2(2), then

h h
¢ (w, v, w) < Clplll[v]l2|[Vw]], " (u,v,w) < C|[Vull||v]]2]|w]]. (25)

2.3 Fundamentals of approximation

The elliptic projection is used in the error analysis of Section 3. It is given by P : V —

V" so that v, := Py (u) satisifies
/ Vu—v,):Vo=0, VveX (26)
9]
The following is a well-known property of Pj.
Lemma 3 v = P;(u) defined in (26) is well-defined. Moreover,
IVu=vp)l| <C inf [[V(u—wvy)ll. (27)
V}LEXh
Proof See e.g. [8].

One can show through a duality argument (see e.g. p. 97 in [24]) that

lu—Vpll—1 +hllu— ]| < CR® inf [|V(u—vp)[*. (28)
vpeEXh



The estimates in (29), (30), (31) are used in Corollaries 1, 2: For any n = 0,1,..., N—1,

n+1 _ tnt1
152 < cat [ e (29)
tn
n+1/2 2 g [t 2
1742~ st < a6 [ ol (30)
tn
1, n 2 3 tnt1 2
I G =) st )IP < 088 [ m@lPa @)
t

n

where z € HY(L?), z € H%(H*), and z € H3(L?) is required respectivley. Each
estimate (29), (30), (31) is a result of a Taylor expansion with integral remainder. The

estimate (29) is used in the analysis of Section 3.

3 Unconditional convergence of CNLE

We first construct the error equation and then state the main results in Theorems 1,
2 and Corollaries 1, 2. The proofs are contained in the proceeding subsections. The

consistency error for the time-discretization is given by, for any v € H&(.Q)7

n+l _ ..n
Tn(V) := /n (% _ut(tn+1/2)) V- /n(pnﬂ/2 —p(tng1/2))V v
+ M (En(w), w2 v) — Pty j0), ulty g 2), V)
e /Q VY2t ) Vv + /Q (Fbsrje) — 72 v, (32)

Using (32), rewrite (11) in a form conducive to analyzing the error between the con-

tinuous and discrete models:
n+l _ ..n
/ T v (), a2 ) - / p Yy
2 At fo)
+l// vu /2 :Vv:/ £"72 v 4 7 (v), Vv e Hy. (33)
2 2
Decompose the velocity error

n n n n n T n ~n n n ~n
Ey=up, —u =Uy -7, h = Up = Vp, N =u’ — V.
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Fix g, € Q". Note that (pj,, V- v) = 0 for any v € V". Subtract (33) from (16) to get

the error equation

At
n" " /2 n+1/2

* ”/ V"2 v — M6 (Uy), 0" T2 v) 4 En (), u TR v)
2

UTL+1 _Un
/ —h _Zhoy +Ch(§n(uh)7UZ+1/27V) —|—1// VUZ'H/2 1 Vv
Q Q

+ M (En(uy), 0" T2 V) —ma(v) e v (34)

Specifying different v in (34) results in error estimates in different norms. For instance

v = UZ+1/2 = Theorem 1, Corollary 1

v = %(UZ‘H — U}) = Theorem 2, Corollary 2
Successive applications of the estimates given in (13), (19), (23),(24)(a)(b), and (25)
lead to an estimate of the form (4). Lemma 2 can then be applied without imposing a
time step restricion to conclude Theorems 1, 2 and Corollaries 1, 2

First, for Theorem 1 and Corollary 1, write

T
B 1) = B + ( inf prqhnz) dt
0 Gn(t)eQr

T
+/ (h2 inf  ||[Voi(u—vp)||> + inf ||V(u—\7h)||2)dt (35)
0

vi(t)eXN vi(t)eXh

where E, 7 is given by (61). For good choice of X" % Qh and sufficiently smooth u

and p, F,T’At(u,p, T) — 0 as h, At — 0. We make this precise in Corollary 1.

Theorem 1 (Unconditional convergence) Suppose that u € L*(H?)n H'(H'),

peC%L?), feC®(W=12) and

lu(t:) — ujl|> < O(Ff a(u,p, T)), fori=0,1,...,n0. (36)
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Then,

sup ||u” — wj|?

no<n<N
N-—-1
oAt Y (VY2 a2 < o Y (i, T (37)
n=no

where Cx > 0 is the Gronwall constant given by (65) and Cx < oo uniformly as h,

At — 0.
Remark 2 Note that u; € L?(H') implies that u € CO(H?).

Corollary 1 Under the assumptions of Theorem 1, suppose further Assumption 1,

us € L2(H1), s € LQ(W_LQ), Pt € LQ(LQ), fi € LQ(W_1’2) are satisfied. Then,

n ny 2
sup [[u” — up||
n

N-1
LA Z ||v(un+1/2 *UZH/Q)HQ SC*VA (h2k+h25+2+At4) (38)

n=ngo

where Cx > 0 is the Gronwall constant given by (65) and Cx < oo uniformly as h,

At — 0.

An estimate for Aty ||(enT1 —e™)/At|| is needed in the error analysis for pressure

and the drag/lift forces by the fluid on imbedded obstacles. Let

N-—1 T
Friar(w,p,T) = By r + At Y ||VEZ“/2H2+/ _inf[|p — gl [idt
n=ng 0 Qh(t)EQ )
r 2 2
+ h  inf Vo, —V + inf Vu-—v dt. 39
/0 (oh,é?exn” W=+ inf [V vh)H) (39)

where E,, 7 is given by (82). For good choice of xh x Qh and sufficiently smooth u

and p, Fj"A¢(u,p,T) — 0 as h, At — 0. We make this precise in Corollary 2.

Theorem 2 Under the assumptions of Theorem 1, suppose further that u € L™ (H2),

pe COHY), f e C¥(L?) and

IV (u(t;) —u})lI? < O(Fiae(u,p, T)), i=0,1,...,n9 (40)
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If

N—-1
ntae ST IVETTA P <0< oo (41)

n=ngo

holds uniformly as h, At — 0, then

vsup ||V(u" - up)||?
n

n+1l _ (ll _ uh)n

2 ok
A [ < Cus By A(u,p, T) (42)

N—-1
+At Y ||(“*“h)

n=ngo
where Cxx > 0 is the Gronwall constant given by (86) such that Cxsx < 00 uniformly as

h, At — 0 and where E2+1/2 is bounded in (87).

Corollary 2 Under the conditions of Theorem 2 suppose further that Assumption 1,

wy € L2(H?), uy € L*(L?), pu € L2(HY), fi € L*(L?) are satisfied. Then (41)

holds if
- (43)
Moreover,
,,S?Lpuv(u" —up)|?
» Nz_:l || (u— uh)n+1At_ (u—up)" 2 < Cor (th L R2T2 At4) (44)

n=ngo
where Cxx > 0 is the Gronwall constant given by (86) such that Cxsx < 00 uniformly as

h, At — 0.

3.1 A note on the sharpened estimates

The CNLE method is analyzed in [2] and [19] and the convergence analysis (corre-
sponding to Corollary 1) assumes that u € L>(W1°°) and a time-step restriction.

The conclusions of Theorem 1 and Corollary 1 in addition to those of Theorem 2
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and Corollary 2 are preserved with the regularity condition u € LQ(H 2) replaced by

u e L®(Wh),

Bounds (72), (80) are crucial in avoiding a sub-optimal convergence estimate error <
O(At™ (W2 + h25+2 £ A?)) in Corollary 2. Correspondingly, the analysis of [19] sug-
gests an associated sub-optimal convergence estimate, in the energy norm, error <
O(hk + 5T 32 A8t 4 At3/2). Such an estimate requires, for instance, At <
B (3+2k) /4

for optimal convergence rate as h — 0, but still predicts suboptimal conver-

gence rate with respect to At — 0.

Lastly, for k = 2,3, ..., we have implicitly assumed sufficient regularity of ug(z, -)
and compatibility between ug and f to achieve the estimates (38) and (44). The com-
patibility condition required (implied by Equation (1.5) in [12]) is infeasible to verify
in practice. Consequently the estimates (38), (44) can be formally altered to include a
time-dependency factor t(=F)/2 for small time ¢ < 1 (consequence of Equation (1.6)

in [12)).

Moreover, the assumptions in Theorems 1, 2 hold a priori if we assume suffi-
cient smoothness and sufficiently small problem data (see e.g. [6]). Moreover, if u €
L>®(HY) N L?(H?), then any Navier-Stokes solution u is smooth up to the regularity
of the problem data f, ug, 92 (independent of a small data restriction). Consequently,
the regularity suggested of (u,p) in Theorems 1, 2 implies that the solution is actually
smooth corresponding to the smoothness of the problem data. Note, however, that we

assume that (2 is polygonal and hence only cP.
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3.2 Proof of Theorem 1 and Corollary 1

Set v = UZ+1/2 in (34) to get

+1
n 7,,771'

1 1,2 2 +1/2,,2 n +1/2
2 (302 o) iy 2P = [ e gy

At

7/(‘2(pn+1/2 *‘thH/Q)V'UZH/Q *Ch(fn(Uh)7un+1/2,UZ+1/2)

+ M (En (), n" Y2 UMY L g (m), T2 U2y oy (UT) (45)

We applied (23) and (26).

We bound terms on the right-hand-side of (45) to obtain an a priori estimate
for Uy. Although used often, we will not refer explicitly to the estimates (13), (19),
(23),(24)(a)(b), or (25). Careful application of these bounds ultimately leads to an
estimate of Uy, in the energy norm derived from (45) of the form (4). It is essential
to absorb all terms including at the current time-step u"t! into the left-hand-side
term HVUZ—H/QH2 so discrete Gronwall Lemma 2 can be applied to avoid a time-step

restriction. Throughout, let € > 0 be an arbitrary constant.

First, uy € W™12(2) and p € L?(£2) implies

“+1 n n+1 n
n"" —n +1/2 1M -—n 2 v +1/2),2
U <o+ VO TR )

(p

n+1/2 1/2 — n+1/2 v 1/2
nH/Q*q;LH / ,V-UZJF / ) < Cv 1Hp”“/27q2+ / ||2+g||VUZ+/ ||2. (47)

We bound the convective terms in the next lemma.
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Lemma 4 Let u satisfy the reqularity assumptions of Theorem 1. For any € > 0 and

for any integer n > ng there exists C > 0 such that

" (€n(Up) w12 U

_ch(fn(uh)ﬂ? n{M),

no
v +1/22 -1 1/2 -1 1/22 -2
< ZIVUP  ov T (T Rl o) 3 o

1=0
no )
+Cv | lal[F o (g (ZHW%F)
1=0
no )
+ O S (Ul oo gy + VP92 (48)

=0

Proof First, u € H?(£2) implies
¢ (gn(Up), w2 UH2) < Cv T gn (ORI 4+ 2V U (49)
and u € L™ (H!(£2)) implies

" (g (m), w2 U

-1 2 2 Vv +1/22
< Cv Ml Lo () [IVER ()7 + IV, 21, (50)
Next, rewrite the remaining nonlinear term

(€ luan) ™2 UR ) = (), 20

— M (gn(m), " URTE) 4 (U, T O R),
Then u € L™ (Hl(_(z)) implies

" (en (W), n™ 2 U < Cv o (o [V R 4 ZIVURTP (5
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and similarly for ¢ (&n(m), n"+1/27 UZ+1/2). Lastly,

(& (U), m Y2 U2

< CVNIen(UMIIVE TV T2 vur /2

—1;—1 2 1/2,2 v +1/2,2
< v e (UG 4 v U, (52)
The conclusion follows by noting &, (u) = agun + ... + angUn—n,-
Bounding the time-consistency error remains.

Lemma 5 Let u satisfy the regularity assumptions of Theorem 1. Then, for any e > 0

and any integer n > ng

(U2 < ZIVUTR 4 o B A (53)
and
N-—1
At Y Bl o < CEux. (54)
n=no

where B oy > 0 is given in (60) and Ey 1 in (61).
Remark 3 We can restrict u € H'(£2) for Lemma 5.

Proof First, us € W71’2(_Q) implies

un+1 _ un 1/2
/_Q (T - ut(tn+1/2)) : UZ+ /

n+l _ ..n

—1,,/u
<
<ot

2 v +1/2,2
— (a1l + VUL (55)
and u € H'(£2) implies

v [ T i) VU
2

v 1/2
< OV @2~ ulty )|+ 20T (56)
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Similarly, p € L?(£2) implies

L0 < plta )7 0

-1 1/2 2 v +1/2,2
< OV (g 2)IIP + ZIIVURE (57)
and f € W~12(02) implies

/Q (B(tnsr o) — £741/2) 0T/

—1 1/22 v +1/2,,2
< Ov M I tngaya) = 7212+ 20U R (58)
We decompose the nonlinear terms so that

"(En(u), w2, UZ+1/2) - (u(tn+1/2) : Vu(tn+1/2),UZ+1/2>

= M (En(u) = ultyy o), w2 TP

un+1/2 _ n+1/2).

+ Ch(u(tn+1/2)7 u(t,y1/2), Uy

Then, u € L°°(H!(£2)) implies

P (En(w) =ty 1/9), a2 U

< Ol Foe () IV (€0 (W) = u(tn i )P+ ZIVUR 22 (50)

n+1/2

u /2 - u(tyy1/2): Uy ). Lastly, set

and similarly for Ch(u(t7b+1/2)7

un+1 _an

u 2
El A = HT —u(tpp1/2)[=1

n+1/2

+|[ul[Zoe (1) |1V (w u(tpy1/2)lI°

n+1/2

1l o () 1V (En(w) = ulty 1 )P + 2]V (u u(t,y1/2)|°

n+1/2

+1lp Pltp1 I + [1E (g 2) — €722, (60)
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Then, u € HY(W=12)nc(HY), p e CO(L?), £ € CO(W12) imply

T 1 At
E,r:= / / (ut(-,tJr SAt) —ug(-,t+ 7)) ds
0 0

T
+/0 V(3 (a4 A8) + u( ) ~ ult + %))H?dt

2

dt
-1

T no At )
+/0 HV(Zaiu(-,tszt)fu(-,tJr?))H dt

=0

T
+ [ It 40+ 0 0) =t + S

T
+/O IS+ 20 4 £0,0) = £t + 202 ad (61)

and (54) for some C' > 0. The conclusion follows by noting {n(u) = agun + ... +

AnoUn—ng-

Apply estimates from (46), (47), (48) and (53) to (45). Set ¢ = 8 and absorb

n+1/2|| from the right into left-hand-side of (45). Sum the

all terms including ||VU
resulting inequality on both sides from n = ng to n = N — 1. Apply the estimate (54),

(61). The result is

N-1

ION|? + vt Z VU2 < ol ovtae S B A
n=ng n=no
N—1
2 ! 1/2
vl At Z R ST O WY SR - gt
n=ng n=no

N no
o tar 3 S (9™ T+ A 9P Ien 2 ?)
n=ngo i=0

no

v A Z S (23 + ||Vn"“/2||2>||Uz*i|\2. (62)

n=no i=0
The approximation (12) and u € C°(H') N L?(H?) imply
N-1

At
sup [V0" | < Cllull g <00, 50 30 190”12 < Chljul ey < oo
n

n=no
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Applying these results, (62) becomes

N-1 N-1
1/2,2 2 —1
ORI +vAt Y7 VO 2P < lupe P+ ovtae Y- B
n=no n=no
N—-1
oo S T o S s g
n=ngo n=no
N N
+Cvr ALY VR |P 4 Cv 1+ B)|[u A D [[UR (63)
n=0 n=0
In order to apply discrete Gronwall Lemma 2, we need, for ¢ =0,1,...,no,
N—1 N—1 n
UL <cvtae Y By +ovtar Y Hun%
n=ngo n=no
N-1 N
+ovtar Y - g R s v Ay P
n=ng n=0

which is implied by (36). Thus, (63) becomes

N—-1
1/2 —
ION 112 +vae S Ivup 212 < e ( o1+ At Z || H, )
n=ng n=no
N-1
_ ~n+1/2
+ ™t A>T (VP + [ - g TRP) (64)
n=0
where

T
Cy = Cexp (flfo ||u(t)||§dt> (65)

Lastly, the triangle inequality ||Ev|| < ||U|| + ||n|| applied to (64) implies

N-—1
N N |12 1/2 +1/2y,12
™ — w2 +var S V@2 —u )
n=no
N—-1 N—-1 n+1 n
—1 —1 n -n 2
SCw AL Y B A+ CovT AL Y %1
n=no n=ngo
N
+Co Ay (I + 112 = g 727 (66)
n=0

Apply estimates (29) and (27), (28) to (66). Then, after simplification, using u; €
L%(H') to bound the discrete derivative on the right-hand-side, (66) results in (37)
which proves Theorem 1. Lastly, to prove Corollary 1, apply estimates (29), (30), (31)

and (12) to the preliminary estimate (66).
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3.3 Proof of Theorem 2 and Corollary 2

Set v = At~ (U — U} in (34). This gives,

Un+1 _ur Un+1 —_unr
h h n+1 _ n| 2 _ h h
=P+ 2 (IVURTP = IVURIP) = = [ St

N ,r]n+1 _ nTL . UZ""l _ UZ’ n ( n+1/2 _ ~n+1/2)v . UZ""l _ UZ
o At At o n At
+1
Uyt — UZ)
’ At
Un+ _unr Un—i—l _ur
" (En(m), w2, e ) M G (g, T2 ) (67)

—Ch(ﬁn(Uh), n+1/2 Ui) —c (§n(uh),UZ+1/2

We applied the properties of the elliptic projection given in (26).

Our strategy is similar to the proof of Theorem 1 and Corollary 1: bound the
terms on the right-hand-side of (67) to obtain an a priori estimate for Uy, for the dis-
crete L°°(L?)-norm of U}, and the discrete L?(L?)-norm of the discrete time deriva-
tive. Although used often, we will not refer explicitly to the estimates (13), (19),
(23),(24)(a)(b), or (25). Careful application of these bounds leads to an estimate of

a form similar to (4):

[V 4. < Znnnw [

It is essential to absorb all terms including at the current time-step u"*t! into the left-
hand-side term ||A75_1(UZJrl —UM)||? so that we can apply discrete Gronwall Lemma
2 to avoid a time-step restriction. Throughout, let € > 0 be an arbitrary constant.

First, u € L?(£2) and p € H'(£2) implies

1 n +1 n n+1 n
nn+1—nn Un+ _Uh ’I]n -1 2 1,U _Uh 2

(T, =h oty <o T TR S R (o)
n+1 n
nt1/2 _ nt1/2 o Yy — Uy
(p qh ,V At )

n+1 n
/2 =n+1/2 1, Uy Uy 2
< Cllp" 2 = G TR 4 ol (69)

We bound the convective terms in the next lemma.



23

Lemma 6 Let u satisfy the regularity assumptions of Theorem 2. For any € > 0 and

integer n > ng, there exists C > 0 such that

Un+1 o Un Un+1 _ Un
" (En(Up) w2, i) o P (e (), UG T, S

h ’ At )
Un+1 _ Un Un+1 _ U'rL
- Ch(fn(n), Un+1/2, hTh) - Ch(fn(uh)a n"“/z, hTth)
1 Un“ +1/2,,2 2 —ip)2
<l +OZ UIVEST2IR 4 (Jul s 2 VUL ]
O3 e P VB
=0
n0
2 +1/2,,2 —i))2
+ Cllullfe sy Y (IVESP 4 19 71)1). (70)
=0
Proof First, u € L°(H?(£2)) implies
Un-i—l _yunr
Ch(fn(Uh)vun—H/z’ hTth)
Un—i—l Uh
< Cl[u]|Foe (a2 [VER(UR)II* + f\lill (71)
n+l__tn
Similarly, for ¢ (&n(n), a2, %) Rewrite the remaining terms to get
nitz Up T —Up oy 41 U —Up
({n(uh) U ’ At ) c (gﬂ(uh)vn s At )
_ Un Un+1 _unr
= e B2, U g e, U
Un+1 _ynr
+ (e (Up) BT, S,
t
Next, V-u =0, u € L*(H?(£2)) and estimates (20), (21), (22) imply
—-uy urtt —un
(e (u), E nt1/2 U T) _/ £n(u VEn+1/2 Th
n+1 Un
< ~||[VERT/2 Un —Uh
< Cllgn ()| L=V =1
Ut —uy
+1/2 h
< ClJulff o gz [IVEL )2 4 22, (72)

Lastly,
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+1
nt1/2 Uy = Uy
b

Ch(&n(Uh)v E, At )
urtt —up Uttt —uy
< Ol Ve (Un)IIIIVEG 2 || == /2 = 2 2
B 1/2 1 Un+1 Un
< ChHIVET 2P 1VEn (UR) P + <[ =1 P (73)

nt+l_yrn
and similarly for ¢ (¢€,(n), EZ'H/Q, %) The conclusion follows by noting &, (u) =

apUn + ...+ GngUn—ng-
A bound for the time-consistency error remains.

Lemma 7 Let u satisfy the reqularity assumptions of Theorem 2. For any € > 0 and

integer n > ng, there exists C > 0 such that

Un+1 _ UZ 1 Un+1 Un
™ (’lm < =R+ OB Ay (74)
and
N—-1
At > Bl Ay < CEar. (75)
n=ng

where B, Ay > 0 is given in (81) and Evi 1 in (82).

Proof First, u; € L?(£2) implies

un+1 —u” U7+1 _ UZ
/Q (T - ut(tn+1/2)> : LT

un+1 . 1 Un+1 U
<O )l + (76)

Next, u € H2(£2) imlies

N Un+1 .
v [ Tty a))

n+1 n

< P2 —ulty g ) B+ 2|2

(77)
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Similarly, p € H'(£2) implies

vt - g,
At

+1 n
1/2 o 1, Uy —UR o
< Cllp" 2 = pltn o)+ I

/Q B2t 2))V -

and f € L?(2) implies

Un-{—l _ Un
+1/2 h h
[ () - 0172 S
1
uptt —up

2

+1/272 , 1
< ClE(tpy2) = £ + 2]
Rewrite the convective terms

Un+1 _ Un
(e (u), w2 b —h

AT (u(t”+1/2) Vultngrye) — 5

n+1/2 U’;7,L+1 - UZ)
' At

urtt —uy
u(tn+1/2)v hT)

=c"(€n(u) = ult, 1), u

h 1/2
+ ¢ (ulty2) ™2 -

Next, V-u =0, u € L*(H?) and estimates (20), (21), (22) imply

1
un+1/2 UZ+ 7UZ)
’ At
1
un+1/2 . U;LH_ 7 UZ
At
+1
lHu
€ At

M(En(u) = ultyy 1),
= / (€n(u) —ultyq1/2)) -V
2

< Cl[ul| 3 (2 IV (€n () = ultyy1/2))1 + 1§

n+l_yn
and similarly for ch(u(tn+1/2)7 u /2 u(t,q1/2), %) Let
un+1 _an

u 2 2 +1/2
T )P a2

Eloar = || u(ty 19|13
+lalfF e (r2) [V (En () =ty /0)] I
+ [0l oo ) IV (™2 =t 4 /0)) [

"2 = p(tyra )]+ 1ty o) — £7F2)2

n+1 n
Uyt —uy

)

(79)

(80)

(81)
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and u € HY(L?)nCO(HY), p e C°(HY), and f € C°(L?) imply

At
Eswr = _ut('7t+7)||2dt

)

/T”u(-,t+At) —u(t)
o At

T
+ [ It 4 20+ u0) —utt+ Sl
0

no At
+/0 IV Zal . —iAt)—u(-7t+7))|\2dt

T
+ [ tote e 40+ o) =t +

T At
+/ 15 (EC ¢+ A8 +£(, ) = £(, t+*)|\ dt. (82)
0
Then u € L°(H?) implies (75). The conclusion follows by noting &,(u) = agus, +

..t angUn—ng-

Apply estimates from (68), (69), (70) and (74) to (67). Set ¢ = 8 and absorb all
terms including ||A1571(UZ""1 — Up)|| from the right into left-hand-side of (67).
Sum the resulting inequality on both sides from n = ng to n = N — 1. Apply the

estimate (75), (82). Assuming that u € L°(H?), the result is

N—-1 Un+1_Un N-1
VIVUR P+ At Y (|27 < wIIVUR|P + CAt Y | BEL
n=no n=no
N—-1 N—-1
roar Y (2 - gt R 1T TR ) oa Y v
n=ng n=0
N—1 no .
+0at Y3 (Iallfe gz + 0 IV P ) VBT
n=ngo =0
N—1 ng
2 -1 +1/2,2 —i2
+0AL Y7 Y (Ilulle e + T HIVES P VU (83)

n=ng =0

The approximation (12) and u € L>(H?) imply

b~ sup ||V < Chl[ul|f s g2y < oo
n
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Applying this result, (83) becomes

N-—1 n+1 n N—1

IVURIP + a3 18 IR v s can Y B
n=no n=ngo
N-1 nt1 N
roan Y (I - gt P T TR ) oar Y e
n=no n=0
N-—1
+cAt<Z IVEL /22 +Z ([ul3 + IIVE"“”H >|VU”|> (84)
n=ng n=0

In order to apply discrete Gronwall Lemma 2, we need

N-1 n+1

¥ n
IVULIP <cat > EL, At+cAtZ V0" (| + CAt Z HiHQ
n=ngo n=mno
N—-1
oty (HVE"H/ZH + 2 - ~"“/2||1), for i =0,1,...,10
n=ngo

which is satisfied under (40). Thus, (84) becomes

N—-1 1
urtt —ur
N2 h 12
v||[VUL || +At§ || —— " Y I

n=no
N-1 N-1 n+1 n
n —n 2
< Cunt Y Bl np + Cunddt Yy |||
n=ngo n=mno
N—-1
+Cadt 3 (I = G PR P+ IVESTAP) (8)
n=no
where
N—-1
Cix = Cexp (V—l(h—l Hl[ullf e g2y) AL Y ||VEZ+1/2|2> . (86)
n=no

Note that Cy« is uniformly bounded with h, At — 0 as long as (41) is satisfied. Apply

the triangle inequality ||Ey|| < |[U]|| + ||n|| to (85). Simplifying, (85) becomes

-1 n+1 n
N Ny (12 u—up — (0 —up 2
AV P+ ar Y T )T
n=no
n+1/2 "
<ol Y (Ef*,mup"“” 2
n=ng
N N-—1
 Cun ALY [V |F 4 Cendt Y (VT2 (87)

n=0 n=ng
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Apply estimates (29) and (27), (28) to (66). After simplification, (87) results in (42)
which proves Theorem 2.

Lastly, to prove Corollary 2, apply estimates (29), (30), (31) and (12) to the pre-
liminary estimate (87). Note that the time-step restriction (43) implies (41). Indeed,
combining (41) and (38), k > 1/2 and (43) imply

N—-1

ALY RYIVERTP < ot (hQ’H 2T At‘*h*l) <oo.  (88)

n=ngqo

4 Conclusions

The analysis in this report was performed for a fully implicit, linearly extrapolated ver-
sion of the Crank-Nicolson finite element method (CNLE) for approximating Navier-
Stokes flows. Our analysis includes the general case of arbitrary (high) order extrapo-

lations of the form

u” + un—l
2 )

2

u-Vuzép(u)- vV tn(u) = apu™ !+ au" 2+ 4 apou ™.

We proved that CNLE is converges without any time-step restriction in the energy
norm. We also proved that the approximating velocity converges optimally to the
true Navier Stokes velocity in the discrete L>°(H?')-norm and that the discrete time
derivative converges in the discrete L2(L2)—norm under the mild time step restriction
At < (’)(hl/4). Convergence in these norms is required to derive convergence rates for
pressure and drag/lift forces the fluid exerts on imbedded obstacles.

The full CN method is believed to be more accurate than CNLE. However, the
accuracy of CNLE is easily improvable by increasing the order of extrapolation. More-
over, CNLE methods are linearly implicit (simple to implement and fast to solve). The

additional guarantee that CNLE approximations converge unconditionally is another
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important property not shared by full CN methods. Consequently, CNLE methods
are of great interest in practical computations in which speed, robustness, ease of im-
plementation, and accuracy are required. A comparative study of CNLE against full
CN methods and other CN-variants (like Adams-Bashforth linearizations) should be

investigated to determine the robustness and accuracy of CNLE methods in practice.

A Derivation of Condition (1)

In this section, we provide details on how each (1)(a) and (b) are derived for the CN-FE
approximation of the Navier-Stokes equation. In fact, we present a best time-step restriction
based on Kolmogorov’s energy-cascade/micro-scale theory of turbulent (high-Re) flows sug-
gests the relationship h = O(v3/4) is required. We note that |jul[1,, < Q1) for p = 2, c0.
Note that Re = O(r~1). Also note that the time-step restrictions (89) and (91) can be replaced

with At < O(¥13/3h2/3) and condition (1) (either (a) or (b)) respectively (see Remark 4).

Theorem 3 Under the assumptions of Corollary 1, suppose further that

At < O(wh3/?). (89)
Then
sup [[u” — wi||?
n
N-1
ruat 3 (VY2 - w32 < Conppr! (h”“ 4+ R25T2 4 At“) (90)
n=ng

Moreover, if u € L2(H?(£2)) is replaced with uw € L2(W1°°(£2)), then condition (89) can be

replaced with

At < O(vh). (91)

so that (90) still holds.

Proof First, CN-FE is obtained by letting &, (u) = unt1/2 in (16): Let Wz € VP be a good

approximation of u’ for each i = 0, 1,...,ng. For each n = ng,ng+1,..., N —1, find wZ'H €
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Vh satisfying

n+l _ n
(P ) T w2 )
F (Vw2 w0y = (7112 v), Yo e XP (92)

We first construct the error equation for CN-FE. Decompose the velocity error

Fix ¢ € Q. Note that (pj,,V -v) = 0 for any v € V", Subtract (33) from (92) to get the

error equation

wntt _wn
/ —h "k ¥ h v+ ch(wz+1/2,Wz+1/2,v) + I// VWZ_H/2 : Vv
Q 7]

n+1l _ . n
:/ %.vi/(pn+l/2iq~;b+l/2)v.v
7] t 2

+I// Vnn+1/2 . vach(WZ+l/2,u"+1/2,v) +Ch(,’7n+1/2’un+1/2’v)
22

+ ch(wZ+1/27 2 V) — 1. (v) v eVvh (93)

Set v = W/ in (93) to get

R ntl)p2 w2 nt1/22 [ T =n" ng1y2
J (IWREHE = IWRI2) oWt 2 = [ wry

— /Q(pn+1/2 _ qz+1/2)v . WZ+1/2 _ ch(WZH/Q,u”“/Q,WZH/Q)

P (a2 gt l/2 WY (gt L2 gt L2 Wy o (w2 (9g)

We proceed as in Section 3.2: bound the right-hand-side, absorb like-terms into the left-hand-
side, apply the discrete Gronwall lemma 1 or 2 and simplify. The estimates are generally the
same, except for the convective term ¢/ (---) since £™(u) = u™1/2 here. Lemma 4 is replaced

with the following estimate:
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Lemma 8 Let u satisfy the reqularity assumptions of Theorem 1. For any e > 0 and for any

integer n > ng there exists C > 0 such that

ch(WZ+1/2,u”+1/2,WZ+1/2)

_ Ch(uZH/Q,T}"H/Q,WZH/Q) _ Ch(nn+1/27un+1/27wz+1/2)
< ZIVWRTRR 4 O () WP
=7 h n{l, V h

+ Cv [ e gy [ V"2

+Ov M (|[ullF o gy + IV 2|2 |02, (95)

where, for any 0 < s<3/2 and0<r <1,

1/7(3725)/(1+2s)h*45/(1+25)Hvu”m«l»l/Q||4/(1+25)7 if ue L4/(1+25)(H1)
é’ﬂ(hﬂ V) =
Vf(lfr)/(l+r)h72r/(1+r)Hun+l/2|ﬁ/o(ol+r)7 if ue L2/(1+r)(w1,oo)

Remark 4 The time-step restriction from the discrete Gronwall Lemma 1, for some Cp > 0, is

exactly

CoAtdp(h,v) <1,  Vn>0 (96)

Noting that ||u|l1,, < Cv~! for p = 2,00 (when well-defined) and assuming that the dis-
cretization parameter scales via Kolmogorov’s theory h = O(l/3/4), then &,, scales in such a
way that the time-step restriction is of the form:

O(V(7—25)/(1+2s)h4s/(1+25)) ~ O(V(7+s)/(l+2.s)) if we L4/(1+23)(H1)
At <

O(V<37T)/<1+T)h727‘/<1+7‘)) ~ O(V(6+T)/(2+27‘)) if uwe L2/(1+'r)(w1,oo)
So, s =0, r = 0 implies

Buv) 3| Vun /2|0 < ovT i we LA(HY) o7)
n(h,v) = 97
v T2 < Cuif LA(Wh)

and s = 3/2, and r = 1 respectively implies

h=3/2||vunt1/2|| < Cv=th3/2 < Cu1T/8 if w e LY(HY)
Dn(h,v) = (98)
h=Yur /2| oo <Cv=th~t < Cv= 7% if we LY(Wh)
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and s =1/4, s =1/2, and r = 1/2 respectively implies
y=5/3p=2/3| [ gunt1/2||8/3 ) < Cp—13/31-2/3 < Cu=29/6 it y € L8/3(HY)
Dn(h,v) = vl 1||Vunti/2||2 < Cv=3p~1 < Cv1/4 i we L2(HY)

V_I/Sh_wsHuH;l/i: < CuB/3p=2/3 < Cu13/6 if e LAY/3(WL)
(99)

We interpret best At-condition by the least-restrictive v-dependence (based on Kolmogorov’s
theory), which is attained for the s = 3/2, r = 1 cases. Consequently, we report a less restrictive
condition on At in (89) and (91), which is implied by estimate (98)(a) and (b) respectively.
Condition (1)(a), (suggested in [13] without v-dependence) is implied by (99)(c) when u €

LA/3(W12°) and should be replaced with At < O(v13/3h2/3) when u € L8/3(H?).

Proof Estimates (50) and (51) remain relatively unchanged: simply change Up,, up, with W}, and
wy, respectively along with setting &, (2) = 2"*t1/2 We consider the following options for the

estimate corresponding to (49). Fix 0 < s < 3/2. For the first cases, consider v € L*/(1+25)(H1)
ch(WZH/Q,u"“ﬂ,WZH/Q) < C|\VU"H/Z\|||WZ+1/2||1/2||VWZ+1/2H3/2

Then, p = 4/(3 — 2s) and 1/p + 1/q = 1 implies that ¢ = 4/(1 + 2s) so that (13) implies

IVWIH213/2 < ch=s|[ W25 |[ W T/2(3/2=5 and together with (19) gives
Ch(WZ+1/2,un+l/2,WZ+l/2) < EHVWZH/QHZ
+ CV—(B—QS)/(1+23)h—4s/(1+25) \qu"+1/2l|4/(1+23)||Wz+1/2||2 (100)
Alternative, fix 0 < r < 1 and consider v € L2/(1+7) (1y1:%°), Then
MW a2 WEFH2) < a2 oo [ W2 VW

Then, p = 2/(1 —r) and 1/p + 1/¢ = 1 implies that ¢ = 2/(1 + r) so that (13) implies
||VWZ+1/2|| < Ch7T||WZ+1/2||RHVWZ+1/2||1*T and together with (19) gives
ch(W2+1/2,un+1/2,Wz+1/2) < gl‘vwerl/ZHQ
+ CV*(l*'r)/(1+T)h72r/(1+r)||un+1/2||i/£+’r)sz+1/2”2 (101)
Last rewrite the remaining nonlinear term as in the proof of Lemma 4 to get
Ch(Wz+1/2»nn+1/2,Wz+l/2) _ ch(u”+1/2,n”+1/2,wz+1/2)

_ Ch(nn+1/27 77"“/27WZ+1/2) + Ch(WZH/Q,77”+1/27WZ+1/2)-
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Only the estimate corresponding to (52) is different. Suppose that ||n||1,, < C|lul|1,p. Then

we bound c" (WZ_H/Q, n”+1/2,WZ+1/2) is a similar way to (100), (101).

The time consistency estimates in Lemma 5 follow similarly here. Thus, apply the dis-
cussed estimates, including (95), to (94). Set £ appropriately and absorb all terms including
||VWZ+1/2|| from the right into left-hand-side of (94). Sum the resulting inequality on both

sides from n = ng to n = N — 1. The result is

N-1 N-1
W2+ At S VW22 < W2 + ovtAe Y BT
n=ng n=ng
N-1 nt1 n N-1
-1 n —N )2 -1 +1/2 _ sn+1/2)2
+CvT At Z HTILﬁCV At Z [[p" =G, I
n=ng n=no
N
+CvTr At Y (Ve + A+ V™) Va™ %)
n=ng
N
+Cov™r AL Y B (h,v)|[UR (102)
n=ng

The approximation (12) and u € CO(H?!) implies sup,, ||Vn"|| < Cllul| oo g1y < 0o. Thus,

(102) becomes

N-1 N-1
W2 +vae 3 IVWEH 212 < [Wiol2 4 ov™t AL Y B2 A,
n=ng n=ng
N-1 ntl _ om N-1
+CovTlAat Y —" ar T2, +cvtae STt - g2
n=ngo n=ng
N N
+ O 1AL ST [V + CoAt S @i () [WE 2. (103)
n=0 n=0
In order to apply discrete Gronwall Lemma 1, we need, for ¢ =0,1,...,no,
i 112 1 — 1 =t g 2
[[WHII® < Cv™ At Z Elpe +CvT At Z ||T||—1
n=ng n=ng
N-1 N
+ovTtar Yo 2 - gt R ov Ay (v P
n=nqo n=0

which is implied by (36). Moreover, we need At to be small enough; in particular, (96) must

be satisfied, which relates to conditions (89), (91). Thus, (103) becomes

N-1 N-1

W2 + vAt w212 < ¢ 1At r il T
WP +vAt Y [IVWLT22 < Conrpy Do (Brac+l v !
n=ng n=ng
N-1
+ConrFpv T AL Y <||V77"||2 + |2 - QZ+1/2\|2) (104)

n=0
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where Conpp is the Gronwall factor from Lemma (1) (depending on At, T, w, v via the
bound on @, in Lemma 8 and Remark 4). Lastly, the triangle inequality ||Ev|| < [[W]]|+||n]|

applied to (104) implies

N—1
N N |12 1/2 +1/2 2
u — w |2 +vat Y (V2 — w2
n=nqo
N-1 n+1 n
_ n —n
< Conppv 'At Y ( f,Az+||T||2—1>

n=ng
N-1
— ~! 1/2
+Conrprt At > (V™12 + p" 172 — g %)) . (105)

n=0
Apply estimates (29) and (27), (28) to (105). Then, after simplification, use fact that u; €
L?(H") to bound the discrete derivative on the right-hand-side, and apply estimates (29), (30),

(31) and (12) to estimate (105) to prove (90).
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