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Abstract

This report develops and studies a new family of NSE-regularizations, Tikhonov Leray Reg-
ularization with Time Relaxation Models. This new family of turbulence models is based on
a modification (consistent with the large scales) of Tikhonov-Lavrentiev regularization. With
this approach, we obtain an approximation of the unfiltered solution by one filtering step. We
introduce the modified Tikhonov deconvolution operator and study its mathematical proper-
ties. We also perform rigorous numerical analysis of a computational attractive algorithm for
the considered family of models. Numerical experiments that support our theoretical results are
presented.

1 Introduction
The Navier-Stokes equations (NSE), given by
w+u-Vu—vAu+Vp=f V-u=0, inQx(0,7) (1.1)

is an exact model for the flow of a viscous, incompressible fluid, [15]. Their solution contains
so much information that they become impractical for many problems within typical time and
resource limitations. Various models and tools have been developed seeking to give a reasonable
treatment of this richness of information. The key is to capture all the relevant information with less
(computational) work than that involved in solving the NSE. One of the ideas is to use regularizations
of (1.1). Leray, [29], proposed the following:

w+u-Vu—vAu+Vp=fand V-u=0, inQx(0,7T), (1.2)

where T = Gu is a smooth/averaged velocity. He selected G to be the Gaussian filter associated
with a length scale §. He proved existence and uniqueness of strong solutions to (1.2) and showed
that a subsequence us; converges to a weak solution of the NSE as §; — 0. If that weak solution is a
smooth, strong solution it is not difficult to prove additionally that || unsE — ULerayModel|| = 0(5?)
using only |ju —ul| = O(8?).

Continuing his idea, new regularization models can be derived every time a suitable regularization
operator is chosen. One modification is to replace the Gaussian filter by a differential filter, u :=
(—62A + 1)~ 1u. Properties of the resulting Leray-a model (1.2) are derived by Geurts and Holm
[22, 21] together with some tests in turbulent flow simulations and by Dunca [9] in a shape design
problem. Experiments have shown that, due to its low accuracy, (1.2) with the above differential
filter can have catastrophic error growth and not adequately conserve physically important integral
invariants. They also indicate that the increase in accuracy resulting from using deconvolution
(replacing w by Du := higher order approximation of u) decreases error growth and improves
conservation properties. The theory of the Leray-a model is developed in [6, 5, 25, 41].
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The deconvolution problem is central in image processing, [2] and many algorithms can be
adapted to give possible better regularizations of the NSE. The van Cittert deconvolution algo-
rithm, see [9, 31, 37] is one such example. It is time to explore other operators, which can lead to
possibly more accurate models. Based on the theory of inverse problems, we study a new, modified
Tikhonov regularization operator:

D, (W) = approximation of u.

The operator D, 0 < p < 1, is a Tikhonov-Lavrentiev regularization of the formal filter inverse
adapted to turbulence, i.e. designed to accurately capture the large scales of a flow, while modeling
the small (or under resolved) scales (and truncating). The case p = 0, would result in D,, (@) = u (no
regularization), whereas = 1, leads to D, (1) = u (the Leray/Leray-o model (1.2)). For smooth
velocity fields u, we have D, (@) = u+ O(u6?).

Replacing @ by D, (1) in (1.2), we study the following Leray-Tikhonov Model with Time Relax-
ation:

u+ Dy(a) - Vu—vAu+Vg+ x(u—Dy(a)) =f
Vou=0 (1.3)

ll‘t:() = Ug.

The term x(u — D, (1)) is included to damp unresolved fluctuations over time, where x > 0 is
the time relaxation parameter. It is a generalized fluctuation term (often included in Approximate
Deconvolution Models of turbulence to damp marginally unresolved scales, see [37] and [33]).

Our goal is to perform a convergence analysis of a discretization of (1.3), when u,d,h — 0. The
discretization consists of the finite element method in space, combined with the Crank-Nicolson
algorithm in time. The notation and definitions necessary for the scheme and for the numerical
analysis are in Section 2, where we also give a detailed mathematical theory of the Modified Tikhonov
deconvolution operator. Section 3 develops the theory for the scheme, showing stability, existence of
solutions, and analysis of convergence. Numerical experiments are presented in Section 4, followed
by conclusions.

2 Notation and Preliminaries

Throughout this report we use standard notation for Lebesgue and Sobolev spaces and their norms.
Let ||| and (-, -) be the L? norm and inner product respectively. The LP(€) norm and the Sobolev

W}(€) norm are denoted by || - ||z» and || - [lyyx. The semi-norm in W) (Q) is denoted by | - [y
p p
The space H* represents the Sobolev space W§(€2) and || - ||x denotes the norm in H*. For time

dependent functions v(x,t), with ¢ € (0,7T), we define the norm
T m o\ Y™ .
IVl ={ (Jo vt 0l de) it 1< m < o
esssupg i< [[V( D)l » if m = oo.

The flow domain Q is a regular, bounded, polyhedral domain in R™. The pressure and velocity
spaces are

Q = Li(),
X = H}Q).
The dual space of X is X* and the corresponding norm is || - ||s. For the variational formulation we

define the space of divergence free functions

Vi={velX, (V-v,q)=0 VgeQ}.



The velocity-pressure finite element spaces X; C X, @Qp C @ are assumed to be conforming and
satisfy the discrete inf-sup condition. Taylor-Hood elements are one common example of such a
choice for (X, Q) (see [18] and [17]). The discretely divergence free subspace of X}, is defined as

Vi ={vn € Xn, (V- Vn,qn) =0 Vagn € Qn}.
For the convective term, we consider the following trilinear form.

Definition 2.1. [The skew symmetric operator b*| The skew-symmetric trilinear form b* : X x X x
X — R is defined as

b (1, v, W) = %(U-Vv,w) - %(U-Vw,v). (2.1)

Lemma 2.1. Let u,v,w € X such that v € L>®(Q) and Vv € L®(), where indicated. The
trilinear term b*(u,v,w) can be bounded in the following ways

. 1
o™ (w, v, W) < 5 (lall Vvl Twll + llall 1vio [Vwl) (2.2)
0" (a0, v, w)| < Co() [[Vul [[Vv] [|[Vw]| (2.3)
b (v, w)| < Co(Q) [hal "/ [ Vul| 2 V]| [Vw]. (2.4)
Proof. For the proof see [32]. O
We also use the following approximation properties, see [4]:
inf |lu—v| < CRFYulpy, ue HFFL(Q)Y
veXy
inf [u—v|, < CR¥ullgrr, ue HL(Q)Y, (2.5)

VEX’L
inf [[p—r| < Ch*plss1, p€ HTHQ).
rEQR

We often use some well known inequalities:

e Cauchy-Schwarz inequality: |(f,g)| < |||l |lg|l, for all f and g € L*(9),

e—a/p

e Young’s inequality: ab < % aPl + — b?, where 1 < p,q < 00, % + % =1, e>0and a,b>0,

e Poincaré-Friedrich’s inequality: ||v]| < Cpp [|VV]|, for all v € X.

2.1 Differential Filters

In our analysis we use differential filters. Differential filters are well-established in LES, starting
with the work of Germano [20] and continuing with [19], [35]. They have many connections to
regularization processes such as the Yoshida regularization of semigroups and the very interesting
work of Foias, Holm, Titi [13] (and others) on Lagrange averaging of the Navier-Stokes equations.
We also define the discrete differential filter, following Manica and Kaya Merdan [34].

Definition 2.2. [Continuous differential filter] For ¢ € L2(Q2) and 6 > 0 fived, denote the filtering
operation on ¢ by ¢, where ¢ is the unique solution (in X) of

—2Ap+ ¢ = ¢. (2.6)
Set A= —02A + 1, thus ¢ :== A1 ¢.

Following Manica and Kaya Merdan [34], at this point, we define the discrete counterpart of the
above differential filter.

Definition 2.3. [Discrete differential filter] Given v € L?(Q), for a given filtering radius § > 0,
v = Aglv is the unique solution in Xy of

(VY Vx) + (7", x) = (v.x) VX € Xp. (2.7)



Definition 2.4. The L? projection 11, : L?(Q) — X}, and discrete Laplacian operator Ay : X — X,
are defined by

(Ilpv —v,x) =0, (Apv,x) = —(Vv,Vx) Vx € Xp. (2.8)

Remark 2.1. The extension from Xy to X in the definition of Ay is the extension by zero on the
orthogonal complement of Xj, w.r.t. (V-,V-). With Ay, we can rewrite v = (—52Ay, +11,)"'v and
A = (—52Ah + Hh)

2.2 Why a modification of Tikhonov-Lavrentiev is needed?

The deconvolution problem is central in image processing, see [2]. The basic problem in deconvolution
is: given U solve for u the following equation

Gu =T, (2.9)

where G is not invertible and thus exact deconvolution is typically ill-posed.

Throughout the years, many approaches have been used to address and answer questions concern-
ing ill-posed problems. Some were based on constrained least-square solutions, others determined
the smoothest approximate solution compatible with the data within a given noise level. Tikhonov
proposed a general approach, called regularization, which is a unification of the these two methods,
[40]. The basic idea of regularization consists of constructing a family of approximate solutions
depending on a positive regularization parameter, p. Using Tikhonov regularization, we compute a
family of approximate solutions to the ill-posed deconvolution problem (2.9) as

w, = argmin [[|Gu — m[? + uull?*].

The main property of regularization is that, for a non-zero value of u, one can obtain an optimal
approximation of the exact solution of the problem (2.9). Lavrentiev adapted Tikhonov’s idea to
symmetric positive definite (SPD) operators G. In this case the regularization process is called
Tikhonov-Lavrentiev and leads to a family of approximate solutions given by

1
u, = argmin | =(Gu,u) — (W, u) + H(u, u)
u | 2 2
Remark 2.2. The Tikhonov-Lavrentiev reqularization process gives an approximate solution to the
deconvolution problem as follows: let ;i > 0 and let G be SPD. Then,
u, = (G+pul)'u (2.10)
solves (2.9) approzimately as p — 0.

Lemma 2.2. [ Error in Tikhonov-Lavrentiev approzimation | With the differential filter (2.6), we
have

[ = wll < u(@® | Aull + [|ul). (2.11)
Proof. Note that u, Au € L?(Q). Also, G = (=62 + 1)~ and A = —62 /A + I. Now,

u-u, = u—(G+pl) 'Gu=u— (A" +pul) ' A u
= u—(AA ) 'u=u—-T+pAd) tu
T+pA) Y (T+pA)—TDu=p(l+pA) ' Au.

Thus,

lu—w, = pll(I+pA)~" Au|
pll + A7 Aull

IN



0.51 e e Tikhonov-Lawentiev, p=0.1

=— Tikhonov-Lawentiev, p—=0.3

— Exact Deconvolution

0 02 04 06 08 1 12 14 16 18 2

Figure 1: Tikhonov-Lavrentiev and Exact Deconvolution

All of our operators are self-adjoint. The spectrum of I+p A is contained in the interval [14pu, 00);
and so the spectrum of (I + p A)~! is contained in the interval (0, (1 + u)~!]. Hence,

H 2
u—u < —/ ||Au]| < A+ 1Nu

p (6| Aull + [ul) -

A

O

With the differential filter (2.6), the transfer function of exact deconvolution is G(k) = 1/(1 +
52k?), where k is the wave number. Then, the transfer function of (G + pl)~! is
— 1

(G +pl)~ (k) =

ol (2.12)

This (for p = 0.1 and 0.3) and exact deconvolution are plotted in Figure 1. It is clear that, for
large scales (small wave number k), the operator (G + uI)~! is not a good approximation of the
inverse of G. Thus, it is sensible to consider a modified Tikhonov-Lavrentiev operator, which is more
consistent for large scales. With this, we obtain a new approximation of u and improve (2.11).

Definition 2.5. [ Modified Tikhonov Approzimate Deconvolution Operator] Let G be a symmetric
positive-definite operator and let 0 < p < 1. Given U, an approzimate solution to the deconvolution
problem (2.9) is given by

u, = (1 —p)G+pl)'a. (2.13)

Set D, = (1 — u)G + pl)~'. The operator D,, is the modified Tikhonov deconvolution operator.

Remark 2.3. With the differential filter (2.6), the modified Tikhonov deconvolution operator can
be defined variationally as: given ¢ € X, for a given filtering radius 6 >0 and 0 < p <1, ¢ = D, ¢
is the unique solution in X of the problem

p6*(Vip, Vx) + (4, x) = (¢, x), ¥x € X, (2.14)

where ¢ and @ satisfy ¢ = A~ ¢ in X, i.e. 2(Vo,Vx) + (o,%) = (¢, Xx)-
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Figure 2: Modified Tikhonov and Exact Deconvolution

With the differential filter (2.6), the transfer function of D, is

1

Dy(k) = —————.
p+ (1= p)G (k)

(2.15)

Exact deconvolution and ﬁp (for 4 = 0.1 and 0.3) are plotted in Figure 2. The figure reflects a high
order contact of the graphs for wave numbers near 0. Thus, D, leads to a very accurate solution of
the deconvolution problem.

2.3 Continuous and Discrete Modified Tikhonov Deconvolution Operator

In this section we analyze in more detail properties of the modified Tikhonov deconvolution operator.
In particular, we prove that it is a bounded, self adjoint, and positive definite operator. We also
introduce and study a discrete version of the modified Tikhonov operator.

Theorem 2.1. Let G be SPD and 0 < p < 1. Given U, the solution of (2.13) is given by the unique
minimizer in L?(Q) of the functional

F(u) = %(Gu, u) — (@, u) + %(u — Gu,u). (2.16)

Proof. The unique minimizer in L?(£2) of the functional (2.16) is calculated as the minimum, when
t = 0, of the function

1
F,(uttw) = i(G(u—f—tw),u—l—tw)—(ﬁ,u—i—tw)—l—g(u—i—tw—(}(u—i—tw),u+tw), vYw € L*(Q). (2.17)
Differentiating and setting £ F},(u+tw)|,_, = 0 we obtain

(1 = p)Gu + pu, w) = (u,w), Yw e L*(Q). (2.18)

Thus, if u is a solution of (2.18), then u is also a solution of (2.13). O



Proposition 2.1. Let the averaging operator be the differential filter Gu := (=82 + I)7tu. Let
0 < p <1 be fized. The operator D,, : L*(2) — L2(2) is one-to-one and onto, bounded, self-adjoint
and positive definite.

Proof. We first recall that G is a linear, self-adjoint positive definite operator, with spectrum con-
tained in [0, 1]. Thus the spectrum of (1 — u) G + p 1 is contained in [u, 1], and consequently, the
spectrum of D, = ((1—pu) G+p 1)~ is a subset of the interval [1, u~1]. Consequently, we have that
D,, is one-to-one and onto, bounded, self-adjoint and positive definite. O

Remark 2.4. Both A™! := (=8°A+1)7", given by Definition 2.2, and D,, are linear combinations
of the Laplace operator. Thus, they commute with the Laplace operator and with each other.

Lemma 2.3. With the differential filter given by Definition 2.2 and for smooth u we have
DAY < [ Al (2.19)

Proof. We have that
D,G = (1-pA  +un=tAa?
= (A= AT D) = (L= ) T+ pA) "

The spectrum of A is contained in [1,00), and thus the spectrum of (1 — u) I + p A is a subset of
[(1—p) + p,00) = [1,00), too. Hence, the spectrum of the self-adjoint operator D,, G is contained
in the interval (0, 1]; which implies that ||D, G| < 1.

Using Remark 2.4 and the Cauchy-Schwarz inequality, it follows that

1Dy AU = [|Dy G Aul| < [|Dy Gl || Aul| < [[Aul].
O

Lemma 2.4. [ Error in Approximate deconvolution | Consider the differential filter given by Defi-
nition 2.2. Then, for smooth u

lu— D, < puo? || Aul. (2.20)
Proof. Indeed, by algebraic manipulation, we have:
u-D,ua = (I-D,A Mu
= D.(D,' —A"")u
uD, (I — A~

But, (I — A™')u=u—u= —§?Au. Thus,
u—D,u= —/MSQDMAﬁ.
Using the proof of Lemma 2.3 and taking the L? norm of both sides we obtain the desired result. [

With the discrete filter (2.7), we define the discrete modified Tikhonov deconvolution operator.

Definition 2.6. [ Discrete Modified Tikhonov Deconvolution Operator | For a given filtering radius
0>0and 0 < pu <1, the discrete counterpart of D,, is denoted by DZ, and is defined by
_ -1
D= ((1—p)A,  +ul) .

With the discrete differential filter in Definition 2.3 we define DZ precisely. Given ¥ € X, 1/)h =
Dﬁah is the solution in Xy, of the problem

uo* (V" Vx) + (4", x) = (¥, x), Vx € X, (2.21)

where U and T" satisfy 52(V§h, Vx) + (@h, x) = (¥, x).



Proposition 2.2. The operator DZ s bounded self-adjoint and positive definite on Xjy,.

Proof. The operator DZ is the inverse of a convex combination of A,:l and I. Both these operators
are SPD on X,. Thus, so is Dﬁ. O

Lemma 2.5. For v € X, we have the following bounds for the discretely filtered and approrimately
deconvolved v

F" < vl (2.22)
Vo] < [IVv], (2.23)
[DEe™ | < vl (2.24)

VDI < Vv (2.25)

Proof. Let x = ¥" in (2.7) and apply the Cauchy-Schwarz inequality in the right hand side. We
have

8 99" + 9

< [F"[[IvIl-
Thus
9] < 9] v

and (2.22) follows. For the proof of (2.23) we proceed in a similar way, we set x = A,¥" in (2.7)
and obtain

P S e A

To prove (2.24), let ¥ = v and x = DZVh in (2.21). Definition 2.3 and the Cauchy-Schwarz
inequality give

uo? [ VDL + || D" | < vl | Dy (2:26)

proving (2.24). The proof of (2.25) is similar. Let ¥ = v and x = AhDZVh in (2.21). The definition
of Ay and Cauchy-Schwarz inequality give

u8? || 2, DR |2 + [V DE | < 9| |V Dhet ). (2.27)

Now the conclusion follows. O
Theorem 2.2. Let v} :=v — DZVh, where v € X. Then, we have

(vi,v) > 0. (2.28)

Proof. Let v € X. Poincaré’s inequality together with (2.26) gives

1
Dl < ——— v 2.29
10" < ey M1 (2:29)
which leads to
02 M52
— D'l v) > ——PECT_y)2, 2.30
(V p,v V) = ]-+CI%F,LL52 ||V|| ( )
and (2.28) follows for all v € X. O
Lemma 2.6. Let v € X. Then
(Vi Xn) < 02 [V VXl s ¥x, € X (2.31)



Proof. Definition 2.6 leads to
(Vi Xn) = uéz(VDZVh,VXh), VX, € Xn.
Applying the Cauchy-Schwarz inequality and Lemma 2.5 in the RHS, we obtain (2.31). O

From Theorem 2.2 follows that I — DZAgl is SPD. Fundamental in deriving energy estimates
for the scheme outlined in the next section is the norm of v}, defined as

* (12 *
Vil = (v v). (2.32)
Lemma 2.7. For all v € X with Av € L*(Q), we have
|v = Div"|| < po® | vlly + C (5% + WF Y (v + (/260 + BEFY) | D9, - (2.33)
Proof. Applying the triangle inequality, we obtain
|v — Di¥"|| < |lv — D,¥|| + || D,V — DI¥| + || Div — Diw"||. (2.34)
We now look at each term in the right hand side separately. Lemma 2.4 gives
Iv = Dl < po? vl (2.35)
For the second term, let x € Xj, in (2.14) and subtract it from (2.21). Let e := D,v — D"v =
D,v— vh — DZV + v" for all v € X),. Using Galerkin orthogonality, we obtain

wo? [V, % - VDL 4 D% - Dl < int (0 [9(0,% v+ [, v )
v h

The approximation results (2.5) lead to
| D, v — D% < (u/26hF + W¥1) D, - (2.36)
To bound the last term we first apply Lemma 2.5

1D = D" < [[v = 9"

L

From Definitions 2.2 and 2.3, Galerkin orthogonality and then using the approximation results (2.5)
we get

| D = D" || < C (6h" + W5 W]y - (2.37)
The final conclusion then follows from (2.35), (2.36), and (2.37). O

In the next section we study a Crank-Nicolson Finite Element Scheme for the Modified Tikhonov
Approximate Deconvolution Model (1.3).

3 Convergence of the Discrete Model

To begin, we define the scheme and show that its solutions are well defined, unconditionally stable,
and optimally convergent to solutions of the NSE.

A strong solution of the Navier-Stokes equations satisfies u € L?(0,T; X) N L>(0,T; L*(Q)) N
L40,T;X), p € L?(0,T;Q) with u; € L?(0,7; X*) such that

(ug,v) + (u-Vu,v) — (p,V-v) + v(Vu,Vv) = (f,v), ¥WwvelX, (3.1)

Throughout the analysis we use the following notation v(t,41/2) := v((tn + tn41)/2) for the
continuous variables and v, 1,2 := (v + vy 41)/2 for both, continuous and discrete variables.



Algorithm 3.1. [Crank-Nicolson Finite Element Scheme for Leray-Tikhonov deconvolution model]
Let At > 0, (Wo,qo) (Xn,Qn), f € X* andT := M At as M is an integer. Forn=0,1,2,--- /M-

1 ﬁ’l’Ld ( n+17qn+1) (Xhth) satisfying

1 . 7h
Kt( Z+1 vh) +b ( +1/2 ) Z+1/2avh) - (QZ+1/27V v+ V(VWZ-H/%VVh)
7h
+X(Wh 10— D)y W s vl = (£,41/0, V"), ¥V VI € X,
(3.3)
(V-whi ), ¢") =0, V¢" € Q.
(3.4)

Remark 3.1. Since (X, Q) satisfies the discrete inf-sup condition, (3.3)-(3.4) is equivalent to

1 . —h
E(wal W vV )+b (DNW7L+1/2 ) Z+1/2avh)+y(v"v2+1/2vvvh)

h hoh h h
+ X(Wn+1/2 D W’IL+1/2 7 ) = (fn+1/2, v ), V v’ e Vh. (3.5)
In the error analysis we use of the following lemmas and notation.

Lemma 3.1. Assume u € C°(t,,t,y1;L?(Q)). If u is twice differentiable in time and uy €
L?((tn,tns1) x Q) then

9 1 tn+1 9
e =t < ga0° [ el . (3.6)

n

If u; € Oo(tn,tn_i_l; LQ(Q)) and Uy € L2((tn,tn+1) X Q) then

2
un+1 — Uy

1 tnt1
)| < @00 [ Tl de. (3.7)
t t

1280

n

If Vu e Cty, thi1; L2(Q)) and Vuy € L2((tn, tas1) x Q) then

9 At 3 tnt1
[V (172 = altngiye))|” < (48) / IVag | dt . (3.8)
t’VL
Proof. The proof is based on the Taylor expansion with remainder. O

Lemma 3.2. [ Discrete Gronwall Lemma ] Let At, H, and ay,by,cn,d, (for integers n > 0) be
nonnegative numbers such that

l 1 l
aH—AthnSAtZdnan—i—Athn—&—H for 1 >0. (3.9)

n=0 n=0 n=0
Suppose that Atd, <1 VYn. Then,

l

!
al—l—Ath < exp (AtzldAtd> <Athn+H) for 1>0. (3.10)
n=0

n=0

Proof. The proof follows from [24]. O

In the discrete case we use the analogous norms:

Ivllloo = _max vl visellloos = max fvaiisale,
M—1 1/m M—1 1/m
¥ lllm.e = <Z ||Vn||?N> : Ivayelllm = (Z Vn+1/2|ZLAt> :
n=0 n=1

10



Lemma 3.3. [ Existence of Solutions and Stability of the Scheme | At each time step, there exists a
solution of the approximation scheme (3.5). Also, the scheme is unconditionally stable and satisfies
the following d priori bound:

At

2 hi2 £ 2
< fwall”+ =7 > Il
k=0

(3.11)

n—1 2 n—1 .
HWZ|‘2+VAtZHVWZ+1/2H +XZHWZ+1/2 »
k=0 k=0

for all integers 1 <n < M.
Proof. We begin by proving the & priori estimate (3.11). In (3.5), set v = WZ+1/2. Applying

Young’s inequality, we obtain

2
)

1 2 2 2 <2 1
E(HWZHH - HWZH )+v HVWZH/QH +X HWZ'+1/2 H < > kaJr1/2’ for every k. (3.12)
Summing from k£ = 0 to n, where n is an integer, 1 < n < M, we obtain the desired result.

The existence of a solution w/', | to (3.5) follows from the Leray-Schauder Principle, [42]. We
reformulate (3.5) as a fixed point problem, insert a parameter A and adapt the proof of the & priori
bound to give a bound uniform in A. To do this, we define the operator T': X — V},, by T'(y) := z,
where
VT h
(z+wy)

2

z—i—w,ﬁ?
2

z—&—wﬁ

(y,v) = L0t v(V ( ) ,Vv) + At x( - DZ ,v), forallveV,.

The bilinear form on the above right hand side is coercive. Then, by the Lax-Milgram theorem, the
operator T exists and is bounded. Note that T is also linear. We also define the nonlinear operator
N :Vj, — X , via the Riesz Representation theorem,

—FF— h
_ * h(z—’_WZ) Z+W}kL
(N(Z)vv) - _At b (Dp, 2 ’ 2

V) A+ (Wh—z,v) + At(fyp1/2,v) forall v e V.

Since V}, is finite dimensional, the operator N is trivially bounded and continuous. Finally, we define
F:V, — VWV, by F(z) = T(N(z)). Then, z is a solution of (3.5) if and only if it is a fixed point of
F.

To show that F' has a fixed point in V},, we apply the Leray-Schauder Principle. We first note
that the operator F is algebraic, hence continuous. Since dim V), < oo, F' is also compact. By
the Leray-Schauder Principle, we need to show that any solution uy of the fixed point problem
z = AF(z), where 0 < A < 1, satisfies ||uy||y < 7, where v does not depend on A. We have

—h
(uy +wh)

h
A Wi 5 ,V)

2

h
At v(V (“Azwk) ,VV) + At x(

h
- D"

—_——h
uy +AWP) uy +wp

= —\At b*(DZ< V) Ay — wiv)

2 ’ 2
FAAL(fig1/2, V), for all v € Vj,. (3.13)
h
Now, set v = 223%™ Gince 0 < A < 1, proceeding as in the & priori estimate bounded we obtain
the desired bound for |[Vuy||. It means that a solution of (3.5) exists at each time step. O

Remark 3.2. The same argument works in the infinite dimensional case, when (3.5) is posed in X
instead of Xp,. The only modification is that compactness of F (which holds) is verified separately
using the Raleigh Lemma.
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3.1 Convergence Analysis
We now state and prove our main convergence estimate.

Theorem 3.2. Let (u(t),p(t)) be a sufficiently smooth, strong solution of the NSE with no-slip
boundary conditions. Suppose (wWp(0),qn(0)) are approzimations of (u(0),p(0)) to the accuracy of
(2.5), respectively. Then there is a constant C = C(u, p) such that

I = WPllaoo < F(ALR,S) + CH Y fullloe it
(3.14)

IA

M-1 1/2
(”At D IV @2 = (Wi + WZ)/2)||2> F(At,h, 6) + CvM 2 (A1) [ Vug 2.0

n=0
+COR*|[[ulll2 41,
(3.15)

where
F(Athyp,6) = C*RFE (0712 4 x)( HDHﬁH2,k+1 + Hu"""l/QHk-&-l )
v 2R ()13 g+ 1 V0llF o)
2 (Wl g+ 2w+ v 82 )
81 (2 4 ) (1Dl + 0l )
u_1/2h3+1|Hp1/2|||2,s+1 + (V2 4 x)us? [ully 5

+ (A2 (uaellzo + fllz.0 + /2w

2,0

2Vl v 2Vl + v 2V 13 0)

Proof. First, we note that at time ¢, 1,9, u given by (3.1)-(3.2) satisfies

(un+1 —Uup

At avh) + b*(DZun+1/2ha Up41/2; Vh) + V(Vun+1/2, vvh) - (Pn+1/2, V- Vh)
X (U172 — DZUn+1/2h7Vh) = (fu1/2, V") + Intp(u™, p™; v"),

(3.16)
for all v € X}, where Intp(u,,,p,;v"), representing the interpolating error, denotes

Upt1 — Uy
Intp(uy, pp;v") = (JFZt - ut(tn+1/2)avh) +v(Viyy12 — Va(t,gi)2), Vv")

b (W 1/2: Wpg1y2, V") = b (W(tpg1y2), utni1)2), v")

—b* (Wnq1/2 — D72 Wpg1 g2, V1)

X (Wnt1/2 — Dii 2" V") = (Pugay2 = pltngay2), V- V")

H(E(tny1/2) = Fagra, V") - (3.17)
Subtracting (3.3) from (3.16) and letting e,, = u,, — w” we have

1

SE—
A7 (€ns1 —en, V") + b*(DZunH/gh, Uy t1/2, v — b*(DZWZ_H/2 ,WZ+1/2, v

+ (Ve i1/2, V") + x(eni1/2 — DZen+1/2ha v
= (Pny1/2— ¢, V- v 4 Intp(u,, pa;vh), W' e X, (3.18)

12



Let e, = (u, — Up,) — (W' —U,) :==m,, — ¢" where ¢! € X}, and U represents the L? projection of
uin Xj,. Setting v = @nt1/2 10 (3.18) and using (¢, V - @, 41 /5) = 0 for all ¢ € Q) we obtain

7}1
(¢n+1 ¢n’¢n+1/2) +Aty||v¢n+l/2”2 +Atb*( +1/2 aen+1/27¢’7:+1/2)
2
+ Atb*(DZen+1/2h7 Upi1/2, ¢n+1/2) + Aty H¢n+1/2 H

= At(Mpp1 — Mo ¢Z+1/2) + At (V1,419 V¢Z+1/2)
+ AtX(Myg1)2 — Dﬁﬁnﬂ/zh» ¢Z+1/2)

+ At(pn+l/2 -q, V- ¢Z+1/2) — At Intp(Un, pn; ¢Z+1/2) :

Because of our choice of U, we have (1,,,1 — 1, ¢’Z+1/2) = 0 and we can rewrite
1 h 2 h2 h 2 h *||?
SUhrll? = I811%) + AV @y ol + At [l
= AtV(VnnH/m V¢Z+1/2) - Atb*(DZWh, Un+1/2, ¢Z+1/2)
+ Atb*(Dhmh7 Wi1/2, Prsr o)
Atb*(Dh +1/2h, Mn+1/2 ¢n+1/2)
+ AtX(Myg1)2 — DHW >¢n+1/2)

+ At(ppy12 — ¢, V- ¢Z+1/2) + At Intp(un, pn; ¢Z+1/2) :

We now estimate the terms on the right hand side of (3.20) separately.
Using Cauchy-Schwarz and Young’s inequalities we have

VAt(VnnH/za V¢Z+1/2) < VAtHVnn-«-l/zH ||V¢Z+1/2H
uAt
< HV¢’n+1/2H +CVAtHV77n+1/2H
h h
At(Pnyi2 = @V @niip) < COUpnr12 — all [Vénia |l
VAt
e T RN PR

Lemmas 2.1 and 2.5 and standard inequalities give

ALY (Dpm, s W12, ¢Z+1/2)

< CAt|D 77n-s-1/2h||1/2 VD nn+1/2hH1/2 Hvun+1/2H ||V¢n+1/2||

< ﬁ”v¢n+1/2”2 + CAt V_1|‘77n+1/2|| HV77n+1/2H||Vun+1/2||2 :
AN (Dzmh7 Up41/2, ¢Z+1/2)

< OBUDLB s 17 IVDE By 12 V0o [T o]

< CAt||¢Z+1/2||1/2 HV¢Z+1/2||3/2 Hvun+1/2||

< %||V¢Z+1/2||2 + CAt V_3||¢Z+1/2H2 V12
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(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



—FF h
Atb*(Dh n+1/2 >nn+1/27¢2+1/2)
c|Dpwe ., , Hl/QHVDh W "2 V%12l IV @12l

HHV(%H/QHQ + CAt V71|‘Wn+1/2|| van+1/2H ||V77n+1/2||2 . (3.25)

IN

IN

Lemma 2.6 and Young’s inequality give

. vt B 2
A15)((77n+1/2 - Dﬁnn+1/zh7¢ﬁ+1/2) < EHV({/’ZHﬂH? +CAty! X2N254 HV"InH/z H .
(3.26)
Substituting (3.21)-(3.25) into (3.20) and summing from n = 0 to M —1 (assuming that ||¢2|| = 0)

we get

111 + vt Z IV @1 all® + XAt Z [k

n=0 =
M—1 M—1
- h
< At Z v 3Hvun+1/2H4 ||¢n+1/2||2 + At Z Cl/||v""ln+1/2||2
n=0 n=0
M—1
A Cv MM ol Vg2 Vg1 2]
n=0
M-1
+At Z Cy71||wz+1/2|| ||VWZ+1/2|| ann+1/2H2
n=0

M—-1 2 M-—1
+AL Y CvTh Pt HVmLH/Q H + A6 Y S CvHpagaye —all?
n=0 n=0

M-—1

+At Z [Intp(un, pn; ¢Z+1/2)| - (3.27)
n=0

We now bound each term in the right hand side of (3.27).

M—1 M M
AtZCVIIVnnH/zIF < AtCVZIIVnnH?SAtCVZh%IunIiH
n=0 n=0 n=0
< Cvh®||ullf3 s - (3.28)

14



Next, we consider the term

M-1
At Z CV?1||77n+1/2|| ||V77n+1/2|| Hvun+1/2H2
n=0
M-1
< v ALY (IMara IVt |+ [TV,
n=0
F a1Vl 11 V7)1V 0212
M-1 M-1
< Oy tpttt (At D R V8ol + A8 Y [ e[k [ Vil
n=0 n=0
M-1
+ At Z w34 ||V11n+1/2||2>
n=0
M M
< Oy tptl (At S unli ALY ||Vun||4>
n=0 n=0

= Cv 'R ([[ul]

ke IVallio) -

Using (3.11), we have

M-1
oty vt (IWh ol 19l V0 22)
n=0

M-1
S CV_1At Z ||VWZ+1/2|| ||Vnn+1/2||2
n=0
M-1
< OVt Y (VP + 1V, 02) VW) o
n=0
M-1
< Cv ¥t Z (g1 iy + nliyg) ||VWZ+1/2||
n=0

M M
< Cvip?k (At Z \u”|ﬁ+1 + Atz ||VWZ+1/2||2>

n=0 n=0
< Cv R (g g + v WS I+ RIS ) -

Lemma 3.1 and (2.5) give

(3.29)

(3.30)

M—1 M-—1
At D, Ov Pz —al? < MOV Y (lpltnraja) = all* +llpnsrje = pltners2)l”)
n=0 n=0
M-—1
< Ov' (BTNt Z ||P(tn+1/2)||§+1
n=0
M-—1 1 3 tna1 5
At — (At dt
T WY / e

< CvTH P2 llpajal I3 sga + (D8 Ipeel3 0)-

Next, we bound the time relaxation term

M—-1
2
oty vttt [ Vale | vt st Rl
n=0

15
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We now bound the terms in Intp(u,, pn; ¢! +1/2)- Using Cauchy-Schwarz and Young’s inequali-
ties, Taylor’s theorem, and Lemma 2.7,

Up41 — Up
(At - ut(tn+1/2),¢2+1/2>

1, .5 1 utt —u,
§H¢n+1/2”2 + §”T — W (tni1y2)|?

IN

IN

Lo e, Looge | LAY I 2
Slenill” + Sllénl™ + 5 [[asee || dt (3.33)
PR 2 2 1280 J/,,

(Pry1/2 = P(tny1y2), V- ¢Z+1/2)
51V||V¢Z+1/2||2 + Cv Y |pns1j2 — p(tnt1y2)l?

IN

IN

3 At 3 tnt1
Vool + O S [ g an (3.34)
t

n

(f(tn+1/2) —Int1/2, (7524-1/2)

1 1
§||¢Z+1/2H2 + §||f(tn+1/2) —fp1)2l?

IN

IN

1 1 (At)3 [+t
Sl + Sleti? + 5= [ gl ar, (3.35)

(Vipi12 = Va(tni12), Voo o)
ot |V 11 ol + CUlVU, 12 — VUt

IN

IN

At 3 trnt1
v |98l + OS2 [ [Funl?ar, (3.36)
tn

b (Wpt1/25 Wng1)2, ¢Z+1/2) = b ((tps1/2), ultnsiy2), ¢Z+1/2)

b*(un+1/2 - u(tn+1/2)7 Up41/2, ¢Z+1/2) + b*(u(tn+1/2)7 Upt1/2 — u(tn+1/2)a ¢Z+1/2)

< CIVs1y2 — Wt 2)) VSR ol (IVg1j2ll + IV A(Eg1y2)])
1 2 oy (At)3 [in 2 h 2
< OvH (IVupgapel® + [IVa(tng)2)l?) 18 [Vag||” dt + esv|| Ve, 110l
3 At 3 tn+1
< Cv il 48) (/t 2(||V11n+1/2||4 + ||Vu(tn+1/2)||4)dt
tnt1 "
L I R R PN
tn
< Cv (AN (IVupgroll* + VUt 2)*)
thit
erHan? [ [Vl dt + | T8l (3.37)
tn
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b* (U-n+1/2 - Dﬁun+1/2h7 Up41/25 ¢Z+1/2)

1 h
< 5 (s = DETrazs | 1 Vunsaolloe 101
h
+ ||11n+1/2 - DZunH/zhH ||‘1n+1/2||<x> ||V¢n+1/2||>
— h

< Clunsyz — Dhag " Ve sl

< 54V||V¢Z+1/2H2 + Cv Y uyp1y2 — Dl )P

<

_ 2
e[Vl ol + Cv 7 (w820 + W42 | Dyl

O ) a0 ) (339

X(Wny1/2 — DR 2", ¢Z+1/2) <x H¢Z+1/2H [ wps1/2 — D" |
1 1
< Slenall? + Ikl +x20 ((uoth® +n?+) || D],
b ) a4 0 a2 ). (339

Combine (3.33)-(3.39) to obtain

M-1 M-—1
> AtlIntp(un,pa; @rirp)l <D [ALC]|
n=0 n=0

+(e1 + €2 + 3 + 54)At’/||V¢Z+1/2||2

S0 ( (ot Dl

@R ) gl + 6260 [Tz )

so? ((uth® 4 1292 Dyl

2 2
(O B w20 [Ezal; ) ]
+ C(A)* (llageell3.0 + v Ipeell3 0 + It
+ul|Vugl3 + v [ Vullio

+r I Vullz + v [V el

2
2,0

o) - (3.40)

Let &1 = &5 = e3 = g4 = 1/12 and putting everything together, from (3.27) we obtain

17



M—-1

M-1
PRI + vt D> IV yoll® +XAE D iy |7
n=0

= n=0

M-1 2
At Z C (v3 ||Vlln+1/2H4+ 1) quﬁ+1/2H

n=0

+C v 3 + C v R (alldgg + 1Vulllio )

+ C v (e + v AWl + IR )

Lo oyt (h28+2|||p1/2|||§78+1 n (At)4||ptt||§,o) + C v 22t h2k‘||u|||§7k+1
+ 00 ) () Dl

IN

2 2
(O 4 B2 il + 28l )
+ C(AL)* (Jlagell30 + el 0 + vIIVawll3 o
+ v I Vulls o+ IVulllZe + v [ Vuaellldo) - (3.41)

Hence, with At sufficiently small, i.e. At < C(v=3||[Vul[|4, o +1)~", from Gronwall’s Lemma
(see Lemma 3.2), we have

M-1 M-1
I @hlI* + vt > IVdr 1 joll® + XA Y lldnyys |12

n=0 n=0
< { R (7 A (Dl + )
2 B ([l g+ IVl o) + 220+ 0 X228 )l
o B2 (a4 ey + v (WG + o IENE,) )
FR (0 43 (DT ey + 0l s )
v pr el 13,0 + (v X6 (a3
+ (A (a0 + v pell3o + 1fell3.0 + vIIVuel3 o
Vgl o v IVl g + v [ Vangelldo) ) (3.42)

where C* = C exp(Cv=3T).
Estimate (3.14) then follows from the triangle inequality and (3.42).
To obtain (3.15), we use (3.42) and

IV (u(tpy1/2) — (WZ+1 + WZ)/Q) |12
IV (u(tngi1/2) —11n+1/2)||2 + ||V77n+1/2||2 + ||V¢Z+1/2||2
(At)?
48

IN

IN

tnt1
/ IVuse)|? dt + Ch*|[upia|liy + Ch*[[unllfpy + [Veniil®-
tn

4 Numerical Illustrations
In this section, we present two numerical experiments. Our first test confirms the predicted rates of

convergence. In our second experiment, we study a simple, under-resolved flow with recirculation:
the flow across a step. The computations were performed with the software FreeFem++, see [14].
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4.1 Convergence Rate Verification

To test the predicted convergence rates, we consider the Chorin vortex decay problem, [7, 26, 38].
The prescribed solution in Q = (0,1) x (0,1) is

uy(x,y,t) = — cos(nmr) sin(nﬂy)efzn"‘w%ﬁ
ug(x,y,t) = sin(nmrx) COS(’I’lﬂ'y)672n27{-2t/T
*27127T2t/7— .

p= 7i(cos(n7r:r) + cos(nmy))e

When the relaxation time 7 = Re, the pair (u,p) defined above is a solution of the NSE with f = 0.
This solution consists of an n X n array of oppositely signed vortices that decay as t — oo.

The model was discretized in time with the implicit second order Crank-Nicolson scheme and in
space with the Taylor-Hood finite element method, i.e. the velocity was approximated by continuous
piecewise quadratics and the pressure by continuous piecewise linears. Theorem 3.2 shows that
under sufficient regularity of the solution of the variational problem, the error ||V (u—w")||2,0 is of
O(h?). This experiment suggests that it might be possible to establish an upper bound for the error
[[u — w"||2,0 as follows

lu—w"|l20 <C h|V(u—w")a0,

ie., [Jlu—w"|[20 ~ O(h?). Generally, Nitsche’s duality trick is employed to derive error estimates
for L? norms. This is often referred to as the L? lift, [4]. In our test, we choose n = 1, dt = 0.005,
T =05 p=1/m, x =0.1,5 = y/1/m and h = 1/m, where m is the number of subdivisions of
the interval (0,1). We performed the same test for different Reynolds numbers. The results are in
Tables 1 and 2 below. In both cases, Re = 1 and Re = 10%, the convergence rate approaches the
second order predicted for ||V (u — w")||2,0. For Re = 10* we also see what appears to be an L? lift
for Hu —wh 2.0°

Note that the error plateau around 10~° already on coarse mesh. This is likely related to the
stopping criteria (Uresiquar < 107°) or the O(107°) stabilization used in the (2,2) block of the linear

Stokes system for the solver used.

[ mesh || [Jlu—w"[l20 [ ratio [ [[V(u—w")[[2,0 [ ratio |
10 x 10 0.000316786 - 0.00461599 -
20 x 20 || 6.66405 - 10~ | 2.25 0.00116309 1.98
30 x 30 || 5.31594 - 10=° | 0.6 0.000522003 1.97
40 x 40 || 5.16375 - 10—° | 0.1 0.000300615 1.91

Table 1: Errors and convergence rates for the Leray-Tikhonov model at Re =1

mesh [ [Ju— w"[[2,0 | ratio [ [|[V(u—w")[[2,0 | ratio |
10 x 10 || 0.0226085 - 1.35783 -
20 x 20 || 0.00428244 | 2.40 0.502447 1.43
30 x 30 || 0.00131237 | 2.91 0.23989 1.82
40 x 40 || 0.000531236 | 3.14 0.131774 2.08

Table 2: Errors and convergence rates for the Leray-Tikhonov model at Re = 10*

4.2 Step Problem

In our second test, we consider a flow in transition via shedding of eddies behind the step. At a
critical Reynolds number, for which the flow should be time dependent, some models are not able
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to capture the correct (non stationary) physical properties of the flow, e.g., [27]. Herein, we present
results for a parabolic inflow profile, which is given by u = (u1,us)?, with u; = y(10 — y)/25 and
ug = 0. No-slip boundary condition is prescribed on the top and bottom boundary as well as on
the step. At the outflow we have “do nothing” boundary condition, an accepted outflow condition
in CFD. The model was discretized in time with the Crank-Nicolson and in space with the Taylor
Hood finite-element method. Figure 3 shows that expected behavior of the flow: behind the step
the flow simulation correctly develops vortices separate from the step. Figure 3 shows the results
for a course mesh (4585 degrees of freedom) at 7' = 10, 20, 30, 40, for v~ = 750, x = 0.01, u = 0.01,
dt =0.0025, § = 1.5.

Figure 3: Leray-Tikhonov deconvolution model: Flow field at T = 10, 20, 30, 40.

5 Conclusions

Numerical simulation of complex flows presents many challenges. Often, simulations are based on
various regularizations of the NSE rather than the NSE themselves. The resulting models have
remarkable and positive effects on computation results: errors are observed to be much better over
much larger time intervals and the transition from one type of flow to another is not retarded.

Herein, we developed and studied a new family of such NSE-regularizations, based on a modifi-
cation of Tikhonov-Lavrentiev regularization process for ill-posed problems. With this method, we
obtained an approximation to the unfiltered solution by one filtering step. Using the differential filter
(2.7), the error in approximation is u — D, u = O(ud?). We studied a fully discrete algorithm for
the model, Crank-Nicolson in time and finite element in space. We have given a numerical analysis
for the scheme and included proofs of unconditional stability and solvability. We have also given a
convergence analysis which was also verified in our numerical computations.
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