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ABSTRACT. This report analyzes the long time stability of four methods for
non-iterative, sub-physics, uncoupling for the evolutionary Stokes-Darcy prob-
lem. The four methods uncouple each time step into separate Stokes and Darcy
solves using ideas from splitting methods. Three methods uncouple sequen-
tially while one is a parallel uncoupling method. We prove long time stability of
four splitting based partitioned methods under time step restrictions depend-
ing on the problem parameters. The methods include ones stable uniformly
in Sp, the storativity coefficient, for moderate kmi,, the minimum hydraulic
conductivity, uniformly in kpi, for moderate Sp and with no coupling between
the timestep and the spacial meshwidth.

1. INTRODUCTION

Many important applications such as coupled surfacewater groundwater flows re-
quire the accurate solution of multi-domain, multi-physics coupling of unobstructed
flows with filtration or porous media flows (the Stokes-Darcy problem). There are
large advantages in efficiency, storage, accuracy and programmer effort in using par-
titioned methods built from components optimized for the individual sub-processes.
Partitioned methods for the evolutionary Stokes-Darcy problem confront several in-
trinsic difficulties which include:

e Values of the hydraulic conductivity k can be small, for example 10712 for
sands to 1071 for clay, [B79].

e Values for the storativity coefficient Sy range from 102 in unconfined
aquifers to 1075 in confined aquifers, [J67].

e The scale of the problem varies from large L = diam/(2) for geophysics and
small L for biomedical applications.

e Turnover times in aquifers can be large due to small hydraulic conductivity
values and large domains. Thus accurate calculations are needed over long
time intervals.

e Differences in flow rates in the Stokes and the Darcy regions can require
different timesteps in the two domains for efficiency and accuracy.
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These features mean that stability is a primary issue for partitioned methods
for the Stokes-Darcy problem. Uncoupling / partitioning necessarily induces a
timestep restriction for long time stability. The severity of the restriction depends
on the method chosen, the relaxation times of the individual subdomain problems
and the strength of coupling of the underlying problem. We study herein stability
vs the severity of the induced timestep restriction for small ky;,, Sy and long time
intervals for uncoupling by splitting methods. Since the Stokes-Darcy problem and
the methods we consider are linear, their error satisfies the same equations as the
approximate solution with the body force replaced by a consistency error. Thus, for
errors also, stability over long time intervals for small Sy, k is the key to a method
with good error behavior.

The four methods we analyze methods uncouple each time step into a separate
Stokes flow problem and Darcy flow problem. The strength of the coupling between
the two subdomains varies with different ranges of physical parameters and is re-
flected in restrictions on timesteps required for long time stability. Our estimates
and tests suggest that these methods are stable for larger timesteps that the IMEX
based partitioned methods in [MZ10], [LT11], [LTT11], [SZ11]. In particular, sta-
bility analysis and numerical tests herein indicate that splitting based partitioned
methods are a very good option when either k;, or Sy is small, Figures 1,2,3 in
Section 5. Finding partitioned methods stable for large timesteps when both kpin,
Sy are small is an open problem, Figures 4,5,6 in Section 5. Further, while the
first order methods gave acceptable error levels, more accuracy is always desirable.
Stable higher order partitioned methods for large timesteps and small parameters
are also not yet known, e.g., Figure 7 Section 5.

1.1. The Stokes-Darcy problem. Let the two domains be ¢, (2, lie across an
interface I from each other. The fluid velocity and porous media piezometric head
(related to the Darcy pressure) satisfy
(1.1) pup — pAu+Vp = fr, and V-1 =0, in Qy,

S, = V- (KV@) = fp, in Qp,

¢(x,0) = ¢y, in Qp, and u(x,0) = ug, in Qf,
o(z,t) =0, in 0Q\I and u(z,t) =0, in 0Qf\1,

+ coupling conditions across 1.
Let ny,, denote the indicated, outward pointing, unit normal vector on I. The
coupling conditions are conservation of mass and balance of forces on [

u-ny—KVe¢-n, =0, onl,
p—pung-Vu-ng=pgp onlL

The last condition needed is the Beavers-Joseph-Saffman (-Jones) condition

—puVu-ny=a« %u -T; = xu- T, on I for any 7; tangent vector on I,
V7i-K-7

see [BJ67], [S71], [JMO00]. This is a simplification of the original and more physically
realistic Beavers-Joseph conditions, in which u - 7; is replaced by (u — up) - 75,
e.g., [CGHWO08|, [CGHWZ10]. Here p,g are the fluid density and gravitational



SPLITTING STOKES-DARCY FLOWS 3

acceleration constant and

¢ = Darcy pressure + elevation induced pressure = piezometric head,
u, = —KV¢ = velocity in porous media region, £2,,
u = velocity in Stokes region, Qy,
ff,» fp = body forces in fluid region and source in porous media region,
K = hydraulic conductivity tensor with ming, Amin(KC) =: kmin > 0,
u = viscosity of fluid,
So = specific mass storativity coefficient.

We assume that all material and fluid parameters are positive and the boundary
conditions are simple Dirichlet conditions on the exterior boundaries (not including
the interface ). While this is only one of several important boundary conditions,
[B79], [PCO6], the algorithms herein and their numerical analysis can easily be
extended to different combinations of exterior boundary conditions.

Section 2 collects preliminaries and Section 3 presents four partitioned methods.
Section 4 analyzes long time stability and derives the associated timestep restric-
tions. Section 5 gives numerical tests and Section 6 follows with conclusions and
future prospects.

1.2. Related Work. Understanding of the equilibrium Stokes-Darcy problem is
now advanced, e.g., [JM00], [LSY], [DMQO1], [PS98], [PSS99]. For the evolutionary
problem, the monolithic approach (discretize the problem implicitly, assemble the
fully coupled system at each time step, solve by an iterative method where uncou-
pling is attained by using a domain decomposition preconditioner) is an important
complement to partitioned methods; it is developed in, e.g., [DMQO01], [CGHW11],
[D04], [DQ], [DQO3], [HPVO07], [CMX07], [MX07], [J09], [MQS03], [MX07], and
[VY11]. Partitioned methods require neither access to a fully coupled system nor
iteration at each time step, e.g., [LT11], [LTT11], [SZ11], [MZ10] (the first paper on
partitioned methods for Stokes-Darcy), and [CGHWO08], [CGHWZ10] (a interesting
new approach and the first papers studying the Beavers-Joseph interface coupling).
There is a very strong connection between application-specific partitioned methods
and more general IMEX and splitting methods; see, e.g., [V09], [V80], [ARW95],
[C80], [FHV96], [HVO03], [V09], [M88], [M90], [Y71]. The idea used in CNsplit
below to compute in parallel two approximations and then average occurs in the
Dyakunov splitting method, e.g., [M88], [M90], [Y71], [HKLR10].

2. THE CONTINUOUS PROBLEM AND SEMI-DISCRETE APPROXIMATION

We denote the L?(I) norm by || - ||; and the L*(£2,,,) norms by || - || ¢/,, respec-
tively; the corresponding inner products are denoted by (-,-)s/,. Let

Xy o ={ve (Hl(Qf))dZ’UZOOIl 0Qp\ I},
X, : ={veH(Q): ¥ =0o0n I\I},
Qr = =Lj(Qy)
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To discretize the Stokes-Darcy problem in space by the finite element method, we
select conforming finite element spaces

Velocity: X}LCXf:{UG (Hl(Qf))d:U:Oon 0Q\I},
Darcy pressure: X)X, ={¢pcH(Q):¢p=0o0n IQ\I},
Stokes pressure: Q% C Qf = Li(Qy).

based on a conforming FEM triangulations in 2, €, with maximum triangle di-
ameter "h". No mesh compatibility at or continuity across the interface I between
the FEM meshes in the two subdomains is assumed. It is known that provided
a minimum angle condition holds functions in piecewise polynomial finite element
spaces including X ;},X{} and even Q? (for the elementwise gradient) satisfy an

inverse inequality:
(2.1) [[Vun|] < Crnvh ™ |vnl|, h = minimum meshwidth.

The Stokes velocity-pressure FEM spaces (X }L, Q?) are assumed to satisfy the usual
discrete inf-sup / LBB" condition for stability of the discrete pressure, e.g., [G89],
[GR86], [LOT]. We denote the discretely divergence free velocities by

vh .= X}L N{vn : (gn,V -vp)f =0, for all g, € Q?}
The Hprv(€25) norm is given by

lullprv = \/lullf + 11V - ulf.

Note that if d = dim(Qy), ||V - u||; < Vd||Vul|; and that the Poincaré - Friedrichs
inequality holds in both domains:

||”||f/p < CPF(Qf/p)”v”Hf/p:V” € Xf/p'
We use versions of the trace theorem on the interface I:
. " 1/2 1/2
(2.2) l¢llr < Cyllglly/2IVollh/? and [Jullr < Cf[ull (| Vully

We  shall assume that the domains €2/, are such that the second trace inequality
holds:

(HDIV trace) ‘/(;Sfu ‘nds| < Cllul|prv]|¢|lmi(,), for allu € Xf, ¢ € X).
I

This inequality is standard if Q, = Qf and I = 99, and holds with C' = 1 in
that case, e.g., [GR86]. It also holds if €, is contained in Qy and I = 0%, and
visa versa. The most general domains and shared boundaries I which satisfy this
inequality do not seem to be known. However, Moraiti [M11] shows that it holds
in many cases directly (without extra assumptions like ¢ € Héé 2([ )) such as when
one domain is an image under a smooth map of the other. For example, we have
the following special case of Moraiti [M11].

Lemma 1. Suppose Q;, are open connected, reqular sets in R? sharing a boundary

portion I which is an open connected set with I C {z = (x1,- - -,xq) : x4 = 0}.
Suppose ), is the reflection of Q¢ across I, i.e., (x1,---,xq) € Q, if and only if
(x1,- -, —xq) € Qf. Then (HDIV trace) holds with C = 1.

IThe constant Crnv depends upon the angles in the finite element mesh but not on the domain
size. The analysis must either use hmin in stability restrictions and hmax in the interpolation
inequalities or assume a quasi-uniform mesh. For notational simplicity we do the latter.
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Proof. We have that ¢(x1, -+, 24) € X, means ¢* := @(x1, -+, —x4) is a well defined
function on Qf with the same regularity, norms and boundary conditions. Since
¢* = ¢ on I we have

/I¢u-ﬁds = /Iqb*u-ﬁdsz/gfv.(u(b*)dx:
/Q(V-u)ab*dﬂ/ u-Vo*de.
f

Qf

Thus, by the Cauchy-Schwarz inequality
‘ / ou - nds
I

To present a convenient? variational formulation we first multiply the porous
media equation through by pg. Define the associated bilinear forms

af(u,v) = (uVu,Vv)f+(V'u,Vm)fJrZ/Ix(u-?i)(v'?i)ds,

ap(9,¥) = pg(KVe,Vip),, and
cr(u, @) = pg/gbu-ﬁfds.
I

A (monolithic) variational formulation of the coupled problem is to find (u,p, ¢) :
[0,00) — Xy x Qf x X,, satisfying the given initial conditions and, for all v €
Xfaq € Qfﬂ/J € Xp

plug,v)y +ap(u,v) = (0, V-0)f +cr(v,¢) = (fr,v)s,
(2.3) (¢, V-u)y =0,

pgSo(bs; V)p + ap(@, ) — cr(u, ) = pg(fp, V) p-

The bilinear forms ay,(-,-) are symmetric, continuous and coercive. We include
grad-div stabilization (the term (V-u, V-v)y), an idea developed by [LO02], [OR02],
[OR04], with coefficient (normally O(1)) chosen to be 1.

The key to the problem is the coupling term. The effect of the above pre-
multiplications by pg is to make the coupling exactly skew symmetric.

< Mlullprvllo®|ar )y = llullprv @]z ,)-

O

Lemma 2. If (HDIV trace) holds we have for u,¢ € X, X,

. 3/2
p pgkmin (C3C;)% (pg)
(o)l < BIValf + 25 e+ L2 ol
* * 3
% 2 | P9kmin o, Py (C1C5)" (pg) 2
< B Lt A A A
ol < BNVl + 225 Vel 4+ 2l + L2 o,
and
pgkmin pg(1+Chp(Q
ertw, )] < 2y gz 4 UL CEED) (12 4 i)

20ther variational formulations are possible. In (2.3) the volumetric porosity is implicit rather
than explicit.
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In the discrete case, if the inverse estimate (2.1) holds we have for all uh,gi)h €
Xh Xh
frp

1 1

h/ * * — h

e, 6") < paCiCi ™ (G815 + 316713

Proof. Using (2.2) and the arithmetic geometric mean inequality twice we obtain

er(u,8) = pg / gu - Ads < pgllull:||8llz
< pgCC oI IV @l 1L/ ul [ 21 V]| 2

GBI
HUEmin

The second follows from the first by another application of the arithmetic-geometric
mean inequality. For the third estimate we use (HDIV trace) and the Poincaré-
Friedrichs inequality

pgkmm

I
< SlIvullf + IVoll; +

ler(u, 8)| < pyllullprv [l (e,) < pollullprvy/1+ CRp(Q)IIV ],

PGkmin pg(1 4+ C% (02
< 9% g2 1 o Coel) e,

The fourth follows similarly using the inverse estimate:

ler(u, ¢")] < pgllu”|I£]16"1r < paClull * IVully*Cplle" 13/ V6" /2
* Yk — ) * Y% — 1
< pgCCyCrnvh ™ [u" || ll6" Iy < pgCiCyCrnvh™ (§||u”||§ + §||¢”||§> :

O

3. FOUR SPLITTING BASED PARTITIONED METHODS

Pick a time-step At > 0. Let t™ := n/\t, the (arbitrary) final time be T'= NAt
and let superscripts denote the time level of the approximation. We consider four
uncoupling methods. BEsplitl and 2 methods have superior stability properties in
different cases of small physical parameters. The fourth method is second order
accurate. The first method is a translation of the method from [V09] to the Stokes-
Darcy problem.

Method 1: SDsplit = a Stokes-Darcy time-split method. SDsplit is
a first order accurate, three sub-step method adapted from [V09]. The SDsplit
approximations are: given (u},py, ¢t), find (ut*, pptt, ZH/Z) € XJ}} X Q? X X}’j
and ¢"+1 XZ} satisfying, for all vy, € X}L, qn € Qf, Yy, € X{} :

Z+1/2 — ¢h n+1/2 1 1 1/2
PQSO(TJMJ ap(dy, "7 0n) —501(%7%) 209(f£+ 2 )p-

p(T7vh)f+af(uZ+ ) ) (pthl V- Uh)f

(SDsplit) +er(on, op %) = (FF on)y, and (gn, Vupt)p =0,
n+l n+1/2

1
PQSO(hTﬂ/Jh) + ap( n+1,1/1h) ("H,iﬁh) 2Pg(f"+17¢h)p~
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SDsplit is uncoupled but sequential: uj — d)"H/ 2 uZH — gntL

Method 2: BEsplitl = a Backward Euler time-split method. The
BEsplit approximations are: given (u},plt,¢y) find (u)*t, pptt, ntl) e XJ@ X
Q? X le)L satisfying, for all vy, € X}L, qn € Q?, Yy, € X;,,

n+1 n
u J—
(L — boon)p+ap(uptton) — (R Y cwn) g+ er(on, 85) = (F7H on) g,

(BEsplit1) (gn, V- up ™) =0,
n—i—l _n
pgSo(———L b )p + ap(On T, 0p) — cr(up ™, ) = pg(f7 7 Pn)p

. . . . +1
The coupling term in the ¢ equation is evaluated at the newly computed value u)

so we compute ¢y — uj ! — optt.

Method 3: BEsplit2. The order of cycling through the equations alters the
computed results. BEsplit2 is the previous method in the opposite order. It is
given by: given (u},py,¢n) find (uZH,pZH, Z“) € X}L X Q? X Xg satisfying,

for all vy, EXf, an GQJM (e EX;CL’

n+1
DO )y + a6 ) — e ) = po(F3 )y

n+1 n un+1 un
(BEsplit2) p(Tvvh)f +p(V - hT V) s+ ap(upt™, vp)

Py Y on)p A+ er(on, ¢ = (FF on)
(qn,V - u”“)f =0.

pgSo(—

Our initial analysis revealed that control was needed for a term ||u ™" — ul||prv-.

This led to the idea of inserting the grad-div stabilization term (V- (u}f“ —up) /ALY
vp)f acting on the time discretization of u;. This term is exactly zero for the con-
tinuous problem so it does not increase the method’s consistency error.

Method 4: CNsplit= a Crank-Nicolson time-split method. CNsplit is
second order accurate. It computes in parallel® two partitioned approximations

. +1 ~ +1
@+, 5 b ) and (@ ¢ ) € € X} x Q% x X whereupon the new
approximation to each variable is the average of the two computed approximations:

. 1. . ~n+1 - ~n+1
(CNSpht) (u2+17p2+17 Z+1) 5[( n+17l/57}i+17¢h ) ( n+17ﬁ+17¢lL )]

The two individual approximations satisfy, for all v, € X }L, qn € Q? , Uy, € X;}
~n+l _ =n A’n+1 + u’\nh /~<n+1

U U + p
P(hTth h)f+af(hfavh) (fh Vv g

(CNsplit-a) ter(ons o) = (Ff 7%, on)g, and (an, V- @) = 0,
an—i—l &;n &;n—&-l &;n
( h h7wh) ( h h

At 71/]h) 76[( +17’l/}h) g(f;)1+1/27wh)P

pgSo

3Two processors can be working simultaneously with waiting only due to the different speeds
of solving the subdomain problems.
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and
~n+1  ~n ~n+1 ~n
on  — on  + on ~n n
pgS ( b hv’l/]h) ( b hv’l/]h) (uhv’l/}h) - pg(fp +1/271/}h)10'
, - Tt prt 4 g
(CNsplit-b) P(hTthaUh)f + af(hThWh) (W’ Vop)g

~n+1 .
+cr (vhv d)h ) (fn+1/2 Uh)fv and (Qha V. u;i—i_l)f =0.
The calculation can proceed as follows

Step 1: Pass previous values across the interface to the other domains
+1

solve, in parallel for u"'H, (1):

Step 2: Pass each of u"“, d)h across the interface to the other domains

~n+1
solve, in parallel, for u"+1,¢>h .

Step 3: Average the two approximations on each domain

Averaging the equations of the two approximations shows that the averages uj}
and ¢} satisfy

n+l _ ,n n-i-l n+1 n
(3.1) P(%,Uh)eraf(%,vh) (w,v'vh)ﬁ
5n+1 n an
e (un, PO — (772 0), and (g0, V- =0,
n—i— 1 n n+1 An—i— 1 ~n
pgSo(—r—, %) +ap(7hv"/}h) (hfh,wh) = pg(f3 M2 )

To assess consistency errors, the residual is estimated when the true solution u(t), ¢(t)
is inserted for all variables u, u, u, ¢, 2¢3 and $ in (3.1). As this eliminates the dif-
ferences between the "hat" and the "tilde" variables, it shows that CNsplit has
the same consistency error as the (monolithic / fully coupled) Crank-Nicolson time
discretization.

4. ANALYSIS OF STABILITY OF SDspLIiT, BEspLiT1/2 AND CNSPLIT

Since the partitioned methods considered treat some variables in some steps
explicitly, a timestep restriction for stability in unavoidable. This section gives a
stability proof by energy methods in the form that implies stability over long time
intervals and elucidates the timestep restriction required for the four methods.

4.1. SDsplit Stability. We prove conditional stability (with a timestep restric-
tion linked to the spacial meshwidth) of SDsplit in this subsection. The timestep
restriction is of the form

At < C'min {S(), kmm} h.

To be precise, define

2 . SO,u Pkmm }
ATy := min , h.
© pg(CiCy)2Crvvy {CPF(Qf) Crr(2,)
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Theorem 1. Suppose that for some a, 0 < av < 1,
(4.1) At < (1 —a)ATp.
Then SDsplit is stable:

1 pgS n+1/27¢
2[p||uh||f+pgso||¢h||}mtzm 2 % 2|2

n=0 2
n+1/2 n+1 n+1
apgSo ap U ujy
(4.2) AtZAtH h 12+ AtZAtHhTtth
n=0
1 S PQCPF At n+1/2
<3 [plludll7 + pgSollonllZ] + W Z 212

C2p(Q) C?2
+ P;L f)AtZ ||f?+1||§+pg PF Atz ||fn+1||p
n=0

Proof. In the first 1/3 step of SDsplit, take ¢ = At¢n+1/ % This gives

At
n+1/2 n+1/2 n n+1/2 n+1/2
£ 00So([65 212 — IR + 1167772 = 6112) + Shap (672, 62

At n +1/2 n n+1/2
= 5 p9( L2 g /)p+7cz(uh, 2y,

Take v = Atu} ™, ¢ = p}™ in the 2/3 step and add. This gives

2p(||uh+1||f — [l 3 + [Jup ™ = uppl|}) + Atap(up ™ uptt)
— At(fn-‘rl n+1)f —Atcl(uzﬂ, Z+1/2)-
In the 3/3 step, take ) = Ath"H :

n n+1/2 n TL+1 2 n n
L paSoll6f 1 = IR + 16 = 61 7212) + Sy, a7+

A n A n T
=7Pg(f;?+1 (AR +7CI( +17¢h+1)'

Adding, we obtain:

2095 o(lleh ™15 = llonll) + p(lluh+1||f— lup|3)
n+1/2 n n+1 2 n
+5 pgSo(||¢ 2 gnl2+llep T = op TR + QPIIU”“—uhllfc

At " " At " "
_1_7@ ( h+1/27 h+1/2)+?%( h+1’ hﬂ)—i—Ata (un+17u2+1)

A n n+1/2 A n 7
= pa(fy 7, PR, + ATt +709( oty

At At
+761(u2’ 'Z+1/2) —AtC](’LLZ—H, Z+1/2)+701(“2+1 Z—H)'

)
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Consider the interface terms (the last line):

At AN
Interface Terms = 7c1(u}§, L2 Atep(uitt, ¢n T2 + 701(u2+1, ntly

Rewrite the interface term as a difference by splitting the middle term. This gives

At At
Interface Terms = TCI(UZ, /2y TCI(UJZH, /2y

At n+1 n+1/2

At 1
*701("% ' Ph )+7CI(UZ+17 P
At 12, At 1/2
= Srer(up — i o) = et gt - ot

Lemma 2, the Poincaré-Friedrichs and inverse inequalities give the two bounds

At .
_|CI( n _un+17¢ +1/2)| <
gAt n pg(c C*)2CINVCPF(Q )hilﬂt " "
||IC1/2V¢ +1/2||p + fop T P ||uh _ uh+1||%_

At n i 7
E S ler(up ™ oy — gt <
At " p g (C*C*)2C[NVcPF(Qf)h_1At " n
< BV + e 572 = a1,

Next, we bound the right-hand side in a standard way:

At n n At n
—pg( +1/27¢h+1/2) PQ ||K1/2V¢ +1/2),2

PgChr ()AL
5 , 4 PF\*‘p ||fp+1/2 2

||p 2kmzn ||p7

IN

C% (02 At
N T AR 7”(2#” I + L9 3,

At n gAt " pgC% () At
Sogtronty < BRYevgye 4 LEECR s
For the left side. apply coercivity:
At +1/2 n+1/2 PQAt +1/2
S a0y e ) 2 129 2,
Otag(uptup™h) > MNHVHZHHf,
At pgAt
S (o o) = S IV

2
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Combine, we arrive at:

2P950(||¢”+1||2—||¢Z||§) 2p(||uh+l||f [lup]3) + 20950||<l5n+1/2 A
2g2(C;C;)2C[NVCpF(Qf)h_ At

(5095 o g2 = g
1 pg(C*C*)QCINVCpF(Q )hilﬂt n n
Hgp - it —p| [}
pgC%:(Q,) AL C2p(Q)AL | o pgC%-(Q,) AL |
< PO CRIEL prasayp 4 Cee PO vy OCEERRIB

Sum this over n =0,1,--- , N — 1. We have:

1 n "
5 [P 1+ posollaf 1] + 5 Logso 3™ 16372 - a2
n=0
1 P*g*(CC;)*CrnvCrr(Qf)h IAt = ni1/2
+(50950 — T Z l|én

n+1 | |2

1 (Cfc*)QC]NchF( IAt V-l ntl 9
Hap- s )X I il

pgC# )AL .
[P||Uh||f+PgSO||¢h|| } % Z ||f +1/2||p
min n—0

C2 () At . C2p ()08 N
% S 17+ RO S e

n=0 4kmzn n=0

l\:\I»—

Stability follows under the two conditions below, which are equivalent to the time
step restriction At < (1 — a)ATp:

2g2(C:C*) 20Ny Cpr ()R~ AL
lpgSO— p g2 (C1Cy)°CinvCpr(S2y) 2apgb’o?
2 4u 2
1 pg(C;C;)2C[chpF(Qp)h_1At 1)
2P~ Lo =%

4.2. BEsplitl Stability. Define
16p

AT = 2 min{hminSo———2— 1},
(C3Cp)* (pg)?
2min{1, ¢Sy}
AT, = 29205,
? 9C3CsCriny
ATs = 2pgSoph (ng’}C’,}f)i2 (CinvCpr(92)) 7"
AT, — 2min{1, p}

kmin7
pg(1+ CPp())
Parameters := (1 + Cpp(2,))(Chp(Qf) + d)

kmlnﬂ/ '
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Note that AT} and AT, are independent of A but depend on ki, and Sy as
ATy ~ Sokmin and ATy >~ kyin. AT5 and ATy are independent of ki, but depend
on h and Sy as ATj/3 =~ Sph. The combination of physical parameters Parameters
is independent of h and Sy but depends on all the other physical parameters. When
1 = O(1), the meshwidth A in the porous medium is moderate and kmin, So are
small the above restrictions mean

either At < C' max{kmin, Sokmin, Soh} or C/pkmin > 1.

Theorem 2 (Uniform in time stability of BEsplitl). Suppose either the problem
parameters satisfy
Parameters <1,

or there is an 0 < a < 1 such that At satisfies the time step restriction
At S (1 — Oé) maX{ATl, ATQ, ATg, AT4}

Then, (BEsplitl) is stable uniformly in time. Specifically, if the timestep restric-
tion with AT3 is active then:

1
5 [p||u£¥ 13+ pgSolln |12] +

At u"+1 up
+At2[— |2 }||2

n=0

n 7 1
+aap(uptt up ™) + ap(p T op ] < §[p||uh||f+P950||¢h|H
N-1
+AE Y [(f’”rl up™) g+ pg(fy*, Z“)py
n=0

If any of the other timestep restrictions are active then for any N > 0, there holds

o [pl I3 + pgSollon |12] +

N—
t
+5 Do las it upu up) + a0+ 0 65+ o)
n=0
< a [l + poSollhl2] +

N-1
003 [ )+ pg(fp L on T+ 0]

n=0

Proof. Tn (BEsplit1) set vy, = u'* +ul!, g5, = pi™, average the incompressibility
condition at successive time levels and add. We use

1 1
as (™ ) = St ut) - Sag(up,un)+

2
1
(4.3) oo™ g, up ).
This giveS'
1 n n n
(4.4) [2PIIU”+1|I 7+ Dtap(uy ™ up ] = 5 [2pllup|IF + Atag(ug, up)] +

At
+7af( 'n—i—l + uh? n+1 + uh) + Atc]( h> ’U’Z—H + uh) At(fn—i_l Z+l + uZ)f
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Similarly, in the porous media equation, set ¢, = "+1 + @), . We use here
1
1 1 1 1
ap(@p " o+ ) = Sap(nT ) - 5%(¢Z,¢Z)+

1
3005+ 608+ 6.

This gives

1 3 3 T 1 n 3 T
(45) 5 [200S0ll0h ™17 + Atap(h ™, 04 = 5 [2p9S0llenll; + Atap(dh, 67)]
At 3 3 7 n n n T
+ 5 ap(Oh T+ Ok O+ 0n) = Dter (65 + o un ™) = Atpg(f T 6T + d)pe

Add (4.4) and (4.5). Consider the sum of the two coupling terms that results
Coupling = At [c1(¢2, ntl +uy) —cr(op ntl + o), u ”*1)J =
= At [c;( nsup) — cr(oy ntl u;ﬁ"'l)]

Let us denote C™ = ¢;(¢p, uf) and
1
E" = 5 [2pllui|IF + 20gS0l|6h1[; + Atas(ufy, up) + Atay(d7, 64)]

1 n ’I’L 1 n 7
D" = sap(up ™ +uh, up ™ ) + Sap(0 + o, 0T + o7).

Adding the two energy estimates and using the above reduction of the coupling
term reduces the total energy estimate to

[E"H! — AtC™HY] — [E" — AtC™] +

oD = At (F Lt i) s+ g (£ G+ 6y -
Summing this up from n =0 to n = N — 1 results in

N-1

[EN — AtCN] + At Y D" = [E® - AtCO) +
n=0

N—1

ot S [UFw gy + pg (L o+ 6,
n=0

Stability and the stated energy inequality thus follows provided
EN —AtCN >0 for every N.
We have already shown that
1% n mln n
D" > §||v(uh+1+uh)||f+ IV (eh ™ +¢n) I3,

(C3C3)* (pg)’
32pptkmin

n I n ngmln n
Icml < §||vuh||§”+ IVonlls + ||Uh||fch lhllo-

Thus,
mn mn n 3 A
(4.6)  E™ = AtC™ > pl|up||} + pgSollon |l + (uIIVuh||f+pgkmm||V¢ 13)

pgkmm n2 (C C, )4( )
VRl + _||uh||f+32—kmm

*At[—IIV upllF + [EAHE
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Thus stability follows provided
(C5C)* (pg)°
32pukmin
At S (1 — Oé),ukminS()

At < (1—a)pgSy, or

32p _
* Yk 2~
(C3Cx)* (pg)
Alternate conditions are obtained using different estimates of the coupling /
interface term. Indeed, using Lemma 2

(1 - Ol)ATl.

n - (1 1, .
107] = b 6101 < poCiCCon™ (Gl + A1)

Thus stability follows provided

At .
WPQC;C;CINV < 2(1 - a)min{p, pgSo}, or
2min{1, 95}
At < (1= @) 229900y (1 _ o)ATS,
< (-0 Tt = (1w

which is the second condition.
For the condition Parameters < 1, that by Lemma 2

n pgkmin n prg 1+ C%.(Q n
o) < Pminyg e o PO COrrlla) e
pkmin 1o nyj2 . PI(L+ CPp(Q n n
< Phning gz 4 OUECRE D) (e 1 g2
Pgkwmin o 2, P9I+ Chp(Q n
< DGz 4 OUACREE) (02 (0 1 ) vup3

Thus the method is also stable if the problem data satisfies
pg(1+ CRp(y))
2kmin

Parameters = (14 Cp () (Cor(Qf) + d)kp—g,u <1
The condition involving ATj3 requires a separate stability proof. In (BEsplitl)
set v, = up ! g, = pit! and add. We use

(Chp(Q) +d) < 5 or

1 1
(up ™ —up, up ™y = 3 (up ™13 = luplF] + §|IuZJrl —upllF,
and similarly for ¢. This gives:
P P
B up™H1F = uplF] + §|Iu§i+1 —up|[F + Dtag(up™ up )+
+0ter(h, uptt) = At(FFHL upth g

Similarly, in the porous media equation, set ¢, = ZH, we get

1

5 [PgSollen ™15 — paSollOhII5 + paSolloh ™ — GhIIE] + Atap(ey ™, 63™)
~Ater(epulthy = Atpg(frt o,

Add these two equations and consider the sum of the two coupling terms that result:

|Coupling| = Atler (85, up ) — er(6p ™ )| = Atler(¢pt — gt
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The following bound holds by an analogous proof as that of in Lemma 2:

. pg 0 n n
|Coupling| < === ||¢p+! — onll2+

At . §
+At{2 S, (pgC;Cy)* Crnvh™ 1||u,h+1||f||wh“IIf}
p9S0 || n n

B llon ™ = arlfp+
=l n+1 n+1
+At SoaSe (p CfC) Crnvh™ ' Crp(Q)ap(uitt, ulth| .

The remainder of the proof follows the above pattern and is complete, provided
* v\ 2 1
=t i
20950t (ngpr) Cinvh™'Cpp(Q2) <1 —a, or
2
At < (1-a) 0950 h=(1-a)ATs.
(ng;C;;) CrnvCrr(Qy)

For the AT} condition, we exploit the added grad-div stabilization. By the third
inequality of Lemma 2

Emin 14+ C%.(Q 1+C
|C’ouplmg| <Atpg ||V¢||p—|—Atpg( o PF( p))||u||2+Atpg( T PF( ))Hv u||2

The last term can be subsumed into the grad-div stabilization term provided

2
Atpg(l J;]CCPF(Q;U)) <1

The other two terms are subsumed into the system energy. Stability thus follows
provided

At n 7
plluplF + pgSollonlly + (MIIVuhII? + pgkminl V3 7)
1+ Chp())

- At%;i“||w||g+m”9( S | > 0.

This requires

AP0+ Cop()) )

2K min
Thus, stability follows under these two conditions, i.e., if
At < min{l, p} rir;in = NATy.
pg(1+ Cpp(p))

The rest of the proof follows by summing. O

4.3. BEsplit2 stability. Due to the similarity of the analysis for BEsplit2 to
BEsplitl, we present the aspects of the proof that differ only. Define
B 2kminh
9(C3C;)*Cpr(2y)Criny
-2
g(1+Chp()) ™

ATy

JAVE
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We prove uniform in time stability under a time step restriction of the form that
occurred in BEsplitl with ATj replaced by ATs and ATy replaced by ATg. Thus,
for small Sy the active constraint is expected to be

At < ANTg ~ Ckmin

which is independent of both h and Sy. Thus, BEsplitl/2 are promising for the
quasi-static approximation and for problems with very small Sy and moderate k.

Theorem 3 (Uniform in time and Sy stability). Consider the method (BEsplit2).
Suppose that there is an «,0 < a < 1, such that either the problem parameters
satisfy

Parameters <1 — a,

or At satisfies the time step restriction
At < (1 — Oé) maX{ATl, ATQ, AT5, ATG}

Then, BEsplit2 is stable uniformly in time and uniformly in Sy. Specifically, for
any N > 0 we have the energy inequality (which also proves stability)

1
5 [Pl 13 + oIV -l |13 + pgSollon 112] +

A pth— g 1 1
+or Y | Goasol g R o) + a0 0]
n=0
1 ey n+1 n+1 n+l n+l
<3 [ol[unl1F + plIV - upllF + paSollenllz] + At Z {(f s+ pg(fy o )p} :
n=0

Proof. The derivation of the stability conditions involving Parameters and AT,
ATy is very similar to the case of BEsplitl. We therefore move to the condition
involving ATy and Tg.

In (BEsplit2) set ¢, = ¢, vy, = up™, g = pptt, and add. We use

1 1 1
(uh?uz—i_l)f = _§(uh7uh)f - 5(“2“#2“% + 2(“2“ uzL?u’Z—H u;;)fv

and similarly for the (V- u}, V- ut!); terms and the analogous terms in the ¢
equation. This gives:

1 1o n
3 [plluh“llf + oIl - w1 + pgSollon T ] — 5 [olluhllF + ollV - uhl[F + paSoll 87 17] +

[p||u”“fuh||f+p||v ("“fuh>||f +pgSollop T — orl12]
+A [ap(upt up ™) + ap(ept on )]
+Ater(op T uptt —up) = At(f"“ upt) s+ Dtpg(frrt g,

Consider the sum of the two coupling terms

Coupling = Ater(ep T up™ —uft).
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For the condition involving AT5,

|Coupling| < AtpgCiCyCRp(Q)(Crvvh™ )2 IV fpllup ™ — uflly
g(C;C;)2CpF(Qp)C[th 1At

n+l | |
h f kaln

IA

1 1
ap(¢ 05 T)

20”“

Subsuming the above two terms in the obvious places, the method is stable if

kaznh

At <
9(C3C;)2Cpr(Q)Ciny

= ATs.

For the stabihi_‘iy condition involving ATg, we have, using Lemma 2 and ap( Z'H, Z'H) >
Gkminl[VEL ™ |,

(Coupling| < £t (pg) 165 s o 1™ = oy
84001 ORI bl ~ o
< 5 Wl = I+ plI - (= )]

+ %At? 2 (14 () aplép ™ o7,

Thus

1 1o n
5 [Pl IF + A1V - G + paSollen 5] = 5 [pllunllF + oIV - uiill} + pgSollonl7] +

+5 pgSollcif”rl nlly + Atla ("+1 up )+

HU= 509 (1+ Chr(@) Kb ap (67, 671
S At(f}H_l "'H)erAtpg(f”H n+1)p'

Stability then follows under the timestep restriction

1
(1—§Atg (1+Chp(2) kpty) > a >0

min

which is equivalent to

2

At -0 ones @)

kmin = (1 — Oé)ATﬁ.
U

4.4. Stability of CNsplit. CNsplit computes two partitioned approximations
~n . ~n
(@h, Py ¢p) and (Ug, Py, ¢p,) € X x Q% x X} for n > 1 whereupon

. ~n+1 - ~n+1
[( n+1 ~n+1 )+( n+1 ~n+1 d) )],

. 1 1 1
(CNsplit) — (up™, ppth opth) = Dt o, NaRN

l\DI»—\

that is, the mew approximation to each wvariable is the average of the two com-
puted approximations. Since the unit ball in a Hilbert space is convex, stability of
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+1 _ +1
(uP ™, pi ™ 6r ) follows from stability of (@, i+, ¢, ) and (@, 5ptt oy ).

We thus prove stability of the two individual sub-problems. Define
25 b
VICCiCrny
We prove long time stability under a time step condition of the form
At < C/Soh.

Theorem 4 (Stability of one step of CNsplit). Consider (CNsplit-a) one step of
the CNsplit method. Suppose there is an 0 < o < 1/2 such that At satisfies the
time step restriction

ATG =

At S (1 - Oz)ATG

Then, CNsplit-a is stable uniformly in time over possibly long time intervals.
Specifically, for every N > 1

o [Pl I3 + pgSolldn I12]

N-1
1 ~n n ~n ~n+1 ~n
+At Z B [af( g,y ) + ap(th et Pr>®n + ¢h)}

n=0

N ~0 ~0
< ol + pgSolldnll2 — Ater (B, @)
N—-1
00y [T w0 + eg (£ + G-

n=0

Proof. In (CNsplit-a) set vy, = u) T + @}, ¢, = p;'t', average the incompressibility
condition at successive time levels and add. This gives:

_ A At J. _
pllay ™3 — plla ”||f+7af( ay T g, gt - ap)+
+Oter (G, Ut + ) = At(F TV A ).

.. . . . ~n+ ~ ..
Similarly, in the porous media equation, set ¢, = gi): + d)Z . This gives

At ~n+1 ~n ~n+1

~n+1 ~n ~n
pgSol|#y, ||;27 - P950||¢h||;27 + 7%(% + Qnbn +dp)

-n o n ~ntl - an
—Ater@n '+ BT = Atpg(FV2 0+ 3p).

Add and consider the sum of the two coupling terms
Coupling = At [er(@r @ +33) = 1@y + dp )]
= Atfe@nan —ea@, ah)
Let us denote C™ = ¢ @Z, uy) and

E™ = plfapllF + pgSollonll;.
1 ~n+1 ~n ~n+1

n 1 ~n ~n e
D = §af( +1+Uh, +1+uh)+2ap(¢h +Op, b+ bp)-
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Adding the two energy estimates and using the above reduction of the coupling
term reduces the total energy estimate to

(BT — AtC™H] — [E™ — AtC™] +

. N ~n+1 ~n
TAtD" = ( 2 at v ap) s + pg(frV2 8, + ¢h)p>

Sum this inequality from n = 0 to N — 1. The energy inequality thus follows
provided
EN — AtCN > oEN for every N.

Consider AtCN. Dropping super and subscripts and applying Lemma 2 gives
AHC| < DtpgCrCrCrnvh ™ ullflll¢l],

S At? .
ES NS + 5 I3 Cn ™ lul.

IN

We thus have stability provided
At?
2pgS
Under the timestep restriction At < /1 — aATg which is implied by At < (1 —
a)A\Ts we have
AT + pgSolldn 12— ter(@y ) = o [pllan 13 + pgSolid 112] -

This proves stability of the first half step. O

[pgCyCCrnvh™ } < por At < ATg.

Now we consider the second half step.

Theorem 5 (Stability of one step of CNsplit). Consider (CNsplit-b). Suppose
there is an o, 0 < a < 1, such that A\t satisfies the time step restriction

At < (1 — Oé)ATG
Then, it is stable over long time intervals. Specifically, for every N > 1

_ ~N
o [pl @113 + pg ol 1]

N-1
1 ~n ~n+4 ~n ~n—+1 ~n
+Ot Z 3 [af( uptt g, uptt +ag) + ap(oy, + Gpy b+ ¢h)}
n=0
~ ~0 ~0 _
< [Pl + pgSolldnll2 + Ater By, )]
Rl n+1 n
1/2 ~ n ~
ot Y [ )+ g (R8T + G -
n=0

The proof is essentially the same as for the first half-step and is thus omitted.

5. NUMERICAL EXPERIMENTS

We present numerical experiments to test the algorithms presented herein. First,
using the exact solution introduced in [MZ10], we test accuracy. One new aspect is
that we also test mass conservation errors across the interface I, the last columns of
Tables 1 through 4. While mixed methods are expected to have better conservation
properties than the non-mixed formulation we use and we anticipate some penalties
for uncoupling the problem across I, we find the mass conservation errors are quite
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acceptable in this limited test. Second, we test stability over longer time intervals
and small values of ki, and Sy. In these tests the splitting based partitioned meth-
ods appear to be stable for larger timestep sizes than the IMEX based partitioned
methods we have tested previously in [LTT11] and that good partitioned methods
are available when one parameter is small. When both are small, a very small
timestep is required for stability for the four methods. The code was implemented
using the software package Free FEM++.

5.1. Test 1. For the first test we select the velocity and pressure field given in
[MZ10]. Let the domain Q be composed of Q; = (0,1)x(1,2) and €, = (0,1)x(0, 1)
with the interface T' = (0,1) x {1}. The exact velocity field is given by

ul(xayat) = (:L.Q(y - 1)2 + y) COSta
2
us(z,y,t) = <§x(y —1)3+2- 7rsin(mc)) cost,

p(z,y,t) = (2 — 7sin(wx)) sin (gy> cost,
o(x,y,t) = (2 — msin(nx))(1 — y — cos(my)) cost.

To check the rates of convergence, take the time interval 0 < ¢ < 1 and in this
first test the physical parameters p, g, i, K, Sp and « are simply set to 1. We uti-
lize Taylor-Hood P2 — P1 finite elements for the Stokes subdomain and continuous
piecewise quadratic finite element for the Darcy subdomain. The boundary condi-
tions on the exterior boundaries (not including the interface I) are inhomogeneous
Dirichlet: up, = Uezact, p, = Pegact ON the exterior boundaries. The initial data
and source terms are chosen to correspond the exact solution.

For convenience, we denote ||-||r = ||||z2(0,7,22(1)), [I'[lcc= I [z (0,7:22(0;,,)) and
[ ll2=1l " [l2(0,1:L2(02;,,))- We show below in Table 1-4 the errors of approximated
velocity and Darcy pressure in several different norms. In the last columns of the
tables are the errors in mass conservation on 1.

h [ u—unlloo [ [Vu—=Vunllz [ [6—opllso [ I9—0nllr [ I(uf —u?) n|;
1/5 2.921e-3 7.194¢-2 4.030e-3 4.626¢-3 2.280e-1
1/10 8.954e-4 2.181e-2 1.183e-2 1.661e-3 4.070e-2
1/20 4.198¢-4 5.751e-3 6.367¢-4 9.080e-4 9.566¢-3
1/40 2.105e-4 1.959¢-3 3.399¢-4 4.977e-4 2.376e-3
1/80 1.057e-4 8.328e-4 1.771e-4 2.668e-4 5.047e-4

TABLE 1. The convergence performance for SDsplit method. The
time step At is set to be equal to mesh size h.

From the tables, we see that SDsplit, BEsplitl and BEsplit2 are first order
methods while CNsplit is second order accuracy, as predicted. Further, the error
levels of the first order methods seem quite acceptable as are the mass conservation
errors across I.

5.2. Test 2. Stokes-Darcy flows with small hydraulic conductivity tensor and stora-
tivity coefficient are of special interest in some applications. We test herein and
compare the performance of our proposed methods for uncoupling Stokes-Darcy
flows for three cases: small ki, and O(1) Sp, O(1) kmin and small Sy and small
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h | u—unlloe [ [Vu=Vunls | [6=dplloc | 6=yl | lI(w) — uh) -nls
1/5 | 3.448¢-3 7.371e-2 4.289e-3 | 4.766¢-3 2.278e-1
1/10 | 1.657e-3 2.343e-2 1.163e-3 | 1.665e-3 4.694¢-2
1/20 | 8.405e-4 7.200e-3 5.409e-4 | 8.126e-3 9.531e-3
1/40 | 4.239¢-4 2.923¢-3 2.705e-4 | 4.081e-4 2.369e-3
1/80 | 2.128¢-4 1.367e-3 1.356e-4 | 2.046e-4 5.035e-4

TABLE 2. The convergence performance for BEsplitl method. The
time step At is set to be equal to mesh size h.

B[ lu—tunlles | IVu—Vnla | [&—nllse | 10— alr |04, — ) s
1/5 | 2.768e-3 7.130e-2 9.738¢-3 | 1.649¢-2 2.547e-1
1/10 | 9.282e-4 2.164e-2 4.833e-3 | 8.441e-3 7.087e-2
1/20 | 4.390e-4 5.610e-3 2.447e-3 | 4.231e-3 2.722e-2
1/40 | 2.196e-4 1.860e-3 1.233¢-3 | 2.119¢-3 1.212¢-2
1/80 | 1.100e-4 7.739e-4 6.188e¢-4 | 1.060e-3 6.258¢-3

TABLE 3. The convergence performance for BEsplit2 method. The
time step At is set to be equal to mesh size h.

B[ lu—unlls | Ve~ Vnla | [6—nllse | 10— alr |04, — ) -1l
1/5 | 3.044e-3 7.789e-2 7.647¢-3 | 1.112e-2 2.284e-1
1/10 | 4.323e-4 2.259e-2 1.520e-3 | 2.085e-3 4.795e-2
1/20 | 5.466e-5 5.193e-3 3.654e-4 | 4.961e-4 9.849¢-3
1/40 | 7.829¢-6 1.270e-3 9.081e-5 | 1.227e-4 2.487e-3
1/80 | 1.573e¢-6 3.187e-4 2.265e-5 | 3.056e-5 5.273e-4

TABLE 4. The convergence performance for CNsplit method. The
time step At is set to be equal to mesh size h.

21

kmin and small Sp. The last case is separated into several sub-cases to distinguish
‘extremely small’ and 'moderately small’ Sy and k. Our test here is to check
the largest timestep for which the four methods are stable over long time inter-
vals. Since the problem is linear we can take the body force terms to be zero. The
true solution decays as ¢ — oo, so any growth in the approximate solution is an
instability. We take the initial condition

ul(x7y70) = (xz(y - 1)2 + y)v

us(z,y,0) = (%x(y 1) 4+2- 7rsin(7rx)> ,

p(z,y,0) = (2 — wsin(mz)) sin (gy) ,
o(x,y,0) = (2 — wsin(nrz))(1 —y — cos(my)).

Define the kinetic energy E™ = ||uZ||?c + ||¢n 112 The final time Ty in our experi-
ment is 10.0 and the system parameters are simply set to be 1.0, except hydraulic
conductivity ki, and storativity coefficient Sy. We take the mesh size h = 1/10
and run the experiment with different time-step sizes. With each value of At, we
compute the kinetic energy at final time, i.e., EY where N = Ty /At. However, we
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1|:| C T T T T T T T |
—2— SDsplit
— & -BEsplit1
miﬂ | —+ —BEsplit2 i
o Cisplit
e B e e AUPACME = o
"t — .
T A :
1wl | .
=
il
0"} .
m-zu_ i
Tt ++—-t -4+ -4 ———+ ———
_.,_,ﬁm___,._.,g
1':"40_ 1 1 1 1 1 1 1 =
50 100 150 200 250 300 250 400

1t

FIGURE 1. EN for time-step sizes and different splitting methods
with kpin = 1 and Sy = 1012

use 10%°0 as a ’cut-off’ value for E™. If E™ exceeds 10%°° at some n, we stop and
output E™, the kinetic energy at that point. By looking at these figures, we can
estimate the largest At for which numerical methods is stable.

Since Stokes flows and porous media flows are not typically high velocity flows,
and since the domains are large with associated significant costs for subdomain
solves, the ability to take large timesteps is desirable. In the stability tests for small
parameter ki, or Sy the three first order methods are superior. They are stable
for larger timesteps, as predicted by the theory. The CNsplit method generally
requires a much smaller timestep to attain stability. Thus, in some of the figures,
the largest timesteps needed for the stability of CNsplit are not shown in some
cases. To present the CNsplit case, Figure 7 gives a graph showing stability of
CNsplit alone with numerous small values of Sy and kpin.

6. CONCLUSIONS AND OPEN PROBLEMS

In both our analysis and tests on problems k,,;, and Sy are small it seems that
stability over long time intervals (and the associated time step restriction) is a
key issue in uncoupling the Stokes-Darcy problem. With one small parameter, the
first order splitting methods had significant advantages in stability and are a good
option when kpin or Sp is small.
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FIGURE 2. EV using different At sizes for different splitting meth-
ods with kmin = 1 and Sy = 10712,

Many other open problems remain. Finding partitioned methods stable for large
timesteps when both knin, So are small is an open problem. Further, while the
first order methods gave acceptable error levels, more accuracy is always desirable.
The stability of higher order partitioned methods for large timesteps and small
parameters also is also largely an open problem. We have not tried to optimize the
dependence of the timestep barriers upon the domain size. This is an important
and open problem, especially for domains with large aspect ratios. At this point we
do not know if a partitioned method exists with timestep restriction independent of
S0, kmin, p and h. If kpyin, g — 0 the problem reduces to u;+C¢ = 0and ¢,—Cu =0
and any such algorithm would be an explicit method for an abstract wave-like
equation written as a first order system. The behavior of numerical methods (both
partitioned time stepping methods and iterative decoupling methods for use with
monolithic time discretizations) in the quasi-static limit (as Sy — 0) is an open
question critical in applications to aquifers since quasi static models are common,
e.g., [CRO8] for an example and [M11] for a first step to its resolution. In many
problems k,,;, and Sy are both small and the double asymptotics of both parameters
is important and open. Since fluid flow acts on different time scales in free flow and
in porous media, developing algorithms with good properties that allow different
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time step sizes in the two domains (multi-rate or asynchronous methods) is an
important and largely open challenge.
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