NUMERICAL ANALYSIS OF THE FULLY DISCRETE FINITE
ELEMENT SCHEME FOR THE LIGHTHILL ACOUSTIC
ANALOGY AND ESTIMATING THE ERROR IN THE SOUND
POWER

ALEXANDER V. LOZOVSKIY

ABSTRACT. This paper gives rigorous numerical analysis of the error in pre-
diction of aeroacoustic noise via Lighthill analogy. The first fundamental and
intractable problem is to predict the sound power on surfaces. We give a
full analysis of three methods of prediction. The second fundamental prob-
lem is the limited regularity of the underlying turbulent flow. This is handled
herein by giving a negative norm error analysis which reduces the required
regularity. We also give a comprehensive analysis of a fully discrete scheme
including effects of the error coming into acoustic equation from the turbulent
flow simulation.

1. INTRODUCTION

This paper presents and studies the fully discrete Finite Element Method for
the Lighthill analogy [19] used for computing the acoustic pressure of the noise
generated by turbulent flows. Here we present the Lighthill analogy without a
derivation which was reviewed in [21]. The general result is presented in Theorem
2. Next, we refer to the semidiscrete scheme built and analyzed in [21]. In this
paper we continue the analysis using the negative norms for the error and present
the results in Theorem 3. Finally, the ways for computing the acoustic power are
suggested and for each one the error estimate is presented.

Prediction of the acoustic noise generated by a turbulent flow has been an im-
portant fundamental problem in various engineering applications. First of all, the
applications lie in all types of transport. The most noisy ones are trains and, specif-
ically, jet airplanes. In these cases for high velocities the aerodynamic noise tends
to dominate compared to other sources of noise, [29]. The engines of the new gen-
eration fighter jets are expected to produce more than 140 decibels of noise while
150 already damage internal organs. One of the other sources of annoying aerody-
namic noise can be an everyday home technology, such as coffee makers or climate
systems. Other important applications lie in ocean acoustics, for example, in sub-
marine detection. There’s also an interest in medicine. Measuring characteristics
of the sound emitted from a blood flow in a valve of a heart would help diagnose
heart murmurs. There are also many engineering devices such as, for example,
wind turbines and helicopter rotors that produce significant amount of noise that
is needed to be reduced.

Date: April 27, 2009.

Key words and phrases. acoustics, hyperbolic equation, turbulence, Lighthill analogy, Finite
Element Method.

Partially supported by NSF grants DMS 0508260 and 08130385.

1



2 ALEXANDER V. LOZOVSKIY

The research of aeroacoustics was pioneered by Lighthill in 1951. He proposed the
fundamental model of noise generated by turbulence. Given the turbulent flow’s
velocity u and density pg, the Lighthill’s model for the small acoustic pressure
fluctuations q is a wave equation with a nonlinear source term :

1 8%
at ot?

(1.1) —Ag=V-(V:-(ppu®u) — V- S — pof),

with the deviatoric stress tensor S, the sound speed ag = ,/g—g| o=po» the external

body force f and the density po.

So far the only known paper with rigorous mathematical derivation of the Lighthill
model is by Novotny and Layton [23]. For low Mach numbers the generated noise
itself plays little role in changing the flow and thus the model describes a one-sided
process, i.e. the noise is generated by the flow whose motion is dependent solely
on the known external forces, and no feedback from the noise to the turbulent flow
is considered, [19]. Also, for small Mach numbers the compressibility of the flow
has negligible impact on the sound generation, see, for example, [29]. Therefore,
the noise can be predicted by solving the incompressible Navier-Stokes equations
(NSE) for u and inserting the incompressible velocity and density po into the right-
hand side (RHS) of (1.1) and then solving (1.1) for the acoustic pressure g. For
the incompressible case V-V - S = 0, [21]. More on computational practice with
Lighthill analogy may be found, for example, in [8] and [25] as well as [31].

The whole acoustic domain of our model equation (1.1) is divided in two parts.
These are the turbulent region {2y with the flow where the generation of sound
occurs and the far field {25 where the acoustic waves propagate. In this paper, as
in [21], Q; is surrounded by 5. The whole domain is Q = Q; U Qy. This is shown
on figure 1.

FIGURE 1. One domain inside the other
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The Initial Boundary Value Problem is the following :

(1.2) ia—%—A —R(tx)+lG(tx)V(tx)€(0T)><Q
. a% 6t2 q - ) Cl% 3 5 R R
Jq
q(0,2) = q1(x), E(O,x) = qao(z) Vo € Q,
1 0q
Vg -n+—— =g(tz) V(tz) e (0,T) x 09,
aq ot

where R(t,z) = V- (V- (pou®u) — pof) inside ; and 0 around it in 9, assumed
u is the solution of the incompressible NSE in ;. The function G(¢,x) and g(¢, x)
are arbitrary control functions that we add according to the problem’s physics and
goals. The case g = 0 in (1.2) gives the non-reflecting boundary conditions of the
first order.

The semidiscrete scheme for (1.2) with approximate Ry, was fully presented and
studied in [21] and was relying on Dupont’s analysis [12]. The main result was that
for the approximating space of continuous piecewise polynomials of degree no more
than k£ — 1 and ’sufficiently good’ initial data on the mesh of size h < 1, the error
satisfies

+ g = anll L=z < CRF +11Q = Qn, L2 (r200)))5
L= (L?(2))

g(q— qn)

(13) ||5

if the exact solution g is regular enough, more specifically, ¢,q; € L>®(H*()),
gt € L2(H*(2)). Here Q = poV-V-(u®u) and Qp, = poV -V (up, @uy, ), where
velocity up, is computed on another independent grid of mesh size hy inside £2;.

The fully discrete scheme for (1.2) is studied in section 3. The analysis of the
scheme is based on Dupont’s work [12] where the basic FEM scheme, both con-
tinuous and discrete in time, for the wave equation with RHS known exactly was
analyzed. Our analysis differs by the presence of the computational error in the
RHS of the wave equation in (1.2), more specifically, in term Q. Since the optimal
estimate for the error [|Q — Qp, ||2(22(0,)) from (1.3) is not known, it’s worth esti-
mating negative norms of the error ¢ — ¢5. This results in increase of the accuracy
by multiplying the error ||@Q — Qn, [|12(z2(q,)) by a power of h. Section 4 is devoted
to the negative norm analysis. The main result was obtained for a particular case of
Neumann boundary conditions without the time-derivative term and is presented
in Theorem 3.

One of the most important indicators of the sound emission is the acoustic in-
tensity ( see [20] )

I=gq-v,
where v is the velocity of the fluid, and in the case of the far field it’s a small
velocity fluctuation about the zero state. The flux integral of the intesity along a
surface S gives a sound power
A= / I -ndS.
s

Section 5 studies three different approaches on calculating the sound power on a
given surface S and estimating the numerical error for it. The first method uses
the linearized continuity and momentum equations as a starting point in order to
obtain an exact analytical formula for computing velocity v in the far field. This is
the cheapest method computationally, but is the least accurate. The improvement
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in the rate of covergence may be made in case when S C 9. The other approach
suggests to obtain an upper bound for the sound power so that this bound was
computed via fluctuating pressure ¢, only, and then the numerical error for the
bound is analyzed. The last method is based on the duality analysis and is only
used for the case S C 0€). This method breaks the problem in two computational
subproblems, one is for finding ¢, and the other is for finding vj, on the other
grid of mesh size hy < 1. Although duality method gives the highest possible rate
of convergence for the term containing ¢, the scheme for vy, still requires more
research since the rate of convergence it provides is one power less than that for the
term with ¢,. From this point of view, we can only say that duality method is less
preferable compared to the exact formula approach, since they both give the same
rate of convergence in case h = O(hs) and computationally the duality method is
much more expensive.

2. NOTATION AND PRELIMINARIES

In this paper we assume that both Q and €, are open bounded connected do-
mains in R?, d = 2,3, having smooth enough boundaries 0 and 9§ respec-
tively. (-,-) and ||- || without a subscript denote the L?(Q2) or L?(£2;) inner product
and norm depending on which domain is considered at the moment. The norms
Il - l(zr(q)e are used for vector functions u with two or three components. If
1 < p < oo, they should be understood as

d 3
allze 9y = (Z ||uz'||’£p(g)> ;

i=1
where u; denotes i-th component of u and d is the number of components. The
inner product should be understood as

d

(u,v) = Z(quz)

i=1

L?(09) denotes the space of the real-valued square-integrable functions on the
boundary 902 of the domain 2. The inner product in this space is denoted as
< - >0

<u,v >= / u - vdS for u,v € L*(99).
o

The norm induced by this inner product is denoted as | - |:

v = ||v]|z2(00) = V< v, v > for v € L*(892).

For any integer s > 0 let H*(Q2) denote a Sobolev space W*2(Q) of real-valued
functions on a domain . The inner product and norm in the space H*({2) are
defined by

S

(u,0) o0y = (w,0)s = Y (07w, 070), |[ull gy = llulls = \/ (w,0) (e,

lor|=0

where « is a multiindex and 0%u denotes a weak partial derivative of the order |«|
of the function u. The space Hy;, () denotes all such vector square-integrable on
Q functions that their divergence is also square-integrable on Q, [24]. Next, if B
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denotes a Banach space with norm ||-||p and w : [0,T] — B is Lebesgue measurable,
then we define

T »
||U|LP(O,T;B)_</ UII%dt> Nl o,1:8) = esssupoce<r||ult, )|l s,
0

and the space

LP(0,T;B) = LP(B) = {u : [0,T] — Bl||ul|Lr(0,r;3) < 00} for 1 < p < o0.

Theorem 1. (Trace theorem) Let v € HY(Q). Thenv € H2(99) and the following
inequality holds

llvl|z200) < Cirl|v]|1,
where Cy,. is a constant that depends only on the geometry of the domain €.

2.1. Finite Element Space. Let us build non-degenerate, edge-to-edge, shape
regular triangular mesh by introducing the partition IT = {17, Ty, ..., Tas } of Q into
the finite triangles. The characteristic size of the mesh h < 1 is defined by

h = mazi1<i<prdiam(T;).
Define

M™(Q) = {u e L*(Q) | ulr € Pp_1 VT € T} and MJ*(Q) = M™(Q) N C°(Q),
where P, is the space of polynomials of degree no more than m and C°(Q) is the
space of continuous on €2 functions. Therefore, by MJ"(£2) we mean the space of
continuous piecewise polynomials of degree no more than m — 1 on 2. Obviously,
M () is defined for m > 2.

From now on, C' will denote a generic constant, not necessarilly the same in two
places. As in [12], we suppose there exist a positive constant C' and integer k > 2
such that the spaces M{"(Q2) have the property that for 0 < s < 1,2 < m < k and
Ve H™(Q)

infyemp @IV = Xll#e @) < CA"* |V gm(a)-
Following [12], we define the H'-projection @ € M (Q) for u € H(Q) by the
formula :

a%(Vu, Vup) + (u,up) = ag(VfL, Vup) + (4, up) Yun, € Mg*(£2).

Below is the lemma that will be used in the proof of the main theorem about the
error estimate for the fully discrete scheme.
Lemma 1. (Dupont [12], Lemma 5) Let u, 2% € L (H*(Q)) and 2% € L2(H*())
for some positive integer k, m > k > 2. Then for some constant C' independent of
h the error in the H'-projection @ satisfies

‘ar(u—a) 0" (u — @)

. < Ch*,
oM™ lps(r2(e) H ot

L*(H™ 3 (09)

where s = 00,00,2 for r =0,1,2 respectively.

A mesh with above properties is called quasi-uniform, if there exist constants C
and C5 independent of h, such that

Ci - diam(T;) < diam(Tj) < Cy - diam(T;)

for any distinct triangular elements T; and 7} of the mesh.
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For a given FEM space M{"(€2), m > 2, consider the nodal basis consisting of
functions ¢;. An arbitrary function v € H™(2) has a unique continuous represen-
tation on €2, and therefore it’s possible to define a piecewise polynomial interpolant
I, (u) for this function by the formula

In(u) = > _u(N;)e;,
J
where N; denote the nodal points.
For the discrete in time numerical analysis the discrete Gronwall lemma will be
used. It formulates as follows.

Lemma 2. (Discrete Gronwall lemma) Assume a,, b, are two non-negative se-
quences, and b, is non-decreasing, such that ag < by and Vn a, < b, + Z?:o Aag,
where 0 < A < 1 is independent of n. Then Vn :

bn Y

anél_/\

3. FULLY DISCRETE SCHEME

Consider the initial boundary-value problem

32
(1) 55 —adAg=a(Quw) — V- )+ Glt,a) V(t.2) € (0.7) x 2,
0%q 9
v agAg =0V(t,z) € (0,T) x Q/Q,
0

q(0,2) = q1(x), 8—;](0@) = qo(x) Vo € Q,

1 0q
Vg -n+ ——==g(t,x) V(t,z) € (0,T) x 99,

Qo ot

where all functions on the RHS are known and n being the outward normal on the
boundary 0f2.
The exact variational formulation is as follows ( see [21] ): assume that

1
Q(uau) - pov £+ ?G € L2(07T7 LZ(Ql))aQ(O7 ) € Hl(Q)a
0

94
ot

Find ¢ € L2(0,T; H(R2)) such that 2 € L2(0,T; HY()), 24 € L*(0,T; L(%))
and

(3.2)
9%q > 9q
<6t2 ,v) + a5 (Vg, Vv) +ag <8t’v> =

1
:ag(Q(u,u)—pOV-f+(Z2G,v) +ad < g,v>
0 Q1

(0,-) € L*(Q),g € L*(0,T; L*(99)).

Yoe HY(Q),0<t < T,
(33) (Q(()? ')77}) = (‘h(')av) Vv € Hl(Q)v

(3.4) (g(t’(o, ~),v) = (q2(),v) Yo € H ().
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Next, we construct the fully discrete Finite Element approximation. It will
be based on finite-dimensional spaces {MZ*(Q)} C H'(Q) of continuous piecewise
polynomials of degree no more than m — 1, section 2. The approximation in time
uses the second order scheme. The total error between the exact solution g of
(3.2) and the approximate g5, will consist of the scheme error and the perturbation
of the RHS caused by replacing R = Q(u,u) — poV - £ with R =Q —pyV -f,
where Q" = Q(up,, up,). We also implicitly assume that both R and R are defined
outside €; as zero functions.

Below we will follow Dupont’s notations from [12]. Suppose the time step At =
T /N for some fixed positive integer N. If some function f is defined for time levels
1At with all integers 7, 0 < i < N, then denote by f,, the function f at the time
level t,, = nAt. Other notations are

1 1 1 1
fn+% = §(fn+1 + fn)7 fn,% = an,1 + §fn + an+1a

n —Jn n -2 n+ n— n - Jn—

and for any norm || - || x

[l £ (x) = mazocnan | fnllx, [1f]l700(x) = mazognan || fry2llx-

We assume that the term Q(up,,up,) is given either continuously or discretely in
time. In the second case we additionaly impose that this term is defined for all the
time levels t,, used for the wave equation. Consider the discrete scheme
(07 qn,n>vn) + a'(%(VQh,n,%av'Uh) +ag < 0tGnn, vh >=
3.5
(3.5) _

/ 1
n,: + ;%Gn7i’vh)+ag < gn,%ﬂvh >
Yoy € M (Q), forn=1,..,N —1,
gn,0 and gp 1 are the initial data.
Theorem 2. Let q be the solution of (3.2) and q,qs € L>®(H*(Q)) and q €

L2(H*(Y)) for some integer k, m > k > 2. Also let g% € L?(L?(2)), g% €

L?(L*(0R2)). Finally, assume that the initial data satisfies conditions

dh1 — qno  G1— o
At At

with constant C' independent of h. Then the solution qn of (3.5) satisfies

< ChF

lan,0 = Goll a1 () + llgna — Gilla @) + ’

106(a = an) | oo 1202y H1a = @ll oo (12 (0)) <

N—-1
C LA+ Do AQ, + —Qu sl + (A1)
n=1

with constant C independent of h.

Proof. The exact solution g satisfies

1
(02qn,vn) + a%(an)%,Vvh) + ag < O¢qn,vp >= a%(Rn’i + ?(Gn& + 1), 0p)+F
0

+ag < 1y, vp > 4ag < Gn,LsVn >
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Here r,, and r;l are the approximation errors and
q|?
ott
Let n=q¢—¢q, ¥ =gn — ¢. Then
(024, vp) + ag(vwn’%,wh) + ag < 0y, vp >=

2

3
oq dr.

, tn+l
dr and |r,|? < C(At)B/ ETE

tn—1

tn+1
rall? < C(AD)? /

tn—1

= a%(Qn’%—Qn’%,vh)—i—(nn’%—afnn,vh)—ao < OtMn, v > — (T, vp)—ag < 1, vp > .

Set vy, = 041),. Then we will have
U100y B 10y P IV I~ 00y P
2 At 2 At
= a(z)(Q/n - Qn,ivdtwn) + (nn,% - 81527771’ 6twn) —ag < 6tnna 6t¢n > —

_(Tnvét,(/)n) —ag < T;m&twn >

+ a0|5t¢n|2 =

Next add inequality
1 1
57 (W12 = 1y 17) < 5 (NSl + o3 1)

2
and use Young’s inequalities on the RHS to get
e e Y oY L Ao
2 At 2 At

1
7 (Wny 12 = 1y 12) < CUBl® + 6 3 17 + I 312 + 19200+

+||Qn7% - leHZ + H""nH2) —ag < 0N, 0tPn > —ag < 1, 0P > .

4

Let 1 < i < N be an integer. Note that for ¢ > 4

+a0|6twn|2+

i—1

1 1
DAL < Gy, thn >=< Biim1, iy > =5 <Ot > —5 < G >+

n=1

At [ 0mi—1 — deni—2 = NMnt2 — 20n + N2
_A [0 —Omiz2 N NS Ay )
> < A Y 1> ;2 1(AL)? v

Then we have
i—1
—ag Y At < 51, 5ptbn >< CUloemi-1ll -3 oy - 1¥i-3 L)+

n=1

NMnt2 — 2Nn + Nn—2
(A2

i—2
+||6t771||H’%(89) boll @ + Z At‘

n=2

el @
H™ 2 (89)

5t"7i—1 - 5t771'—2

+d| <

Nl ) + At Nvicillzr@))-

H™2(09)

H™3(00)
The last expression may be bounded by
C(”(Sm”%w(fz*l ooy T 1ol F () + 19117 )+

5(
i—2 2 i—1
+> At‘

+ ZAt”wn”%{l(Q)—'—
n=2

H™200) 159

77n+2 - 277n + 7777,72
A(AL)2




ESTIMATING INTENSITY 9

2
0tMi—1 — 0¢Mi—2

e My gy
where positive € is of our choice. Here C' = C(e). Also
—ag i At < 1y, 6t >< (Z At |? + Z At|5twn|2>
Summation ovgr 711 from 1 to ¢ — 1 gives
i1
103 12 + ey By + 3 Al l? <
n=1

i % i—1
C(Z A0t —1 |1 + Z At II* + Z Ay, 1 [1* 4+ At]|0Fn. >+
—_ = n=1

Hoew L 12 + 193 1 ) + I6enll?

i—1 1—2
+ Z At|Q, 1 = Quyl®+ > At

2
feoa-teay T 1ol Fr1 ey + 191117 )+

77 ) 27] +77 -2 -

n=2 4(At)2 H™2(0Q) n=1
2 0¢mi—1 — 0¢ni—2
n=2 n—1 5 (00)
Note that
7 2i—1

ZAtnwn,,H%ZAtnwnHm <Y AtllYs i

n=1 n=1
and

i i i—1
S Ao P < ST Ao, 2+ S Atldn.
n=1 n=1 n=1
Also, for N large enough, i.e. small At,
84
ot

Smi1 — 6mia ||’ H
At H’E(BQ) o2

Thus we can apply discrete Gronwall’s 1nequahty. We will have

196t 17 + s — 3 i (o) <

At

+ (A

3 (0Q)) L2(H"3% (asz))) .

i—1 i—1
COY Al 17+ Y A0 + 1004 17 + 16,12

2
foo (% (69)) + 1Yol o)+
n=1 n=1

2
. + (At)*+
L2(H™ 2 (8Q))

1—1
oz ) + 2 AtIQ, 1 = Qu il +
n=1

|5

2
NMnt2 — 200 + Mn—2

+ Y Atral? 4 At [?)
4(At)? H™ % (00) nz:l Z

1—2
+ZAt‘

n=2

CriAt
C\T

Here C' is proportional to e
exponent is no larger than e

with some positive constant C’l. Obviously, this
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Next, for N large enough, i.e. small At,

1—1 82
Z At|n,, 1 ? < <||77|L2(L2(Q)) + (An)* 2 ) ;
n=1 L2(L2(%2))
i—1 ) 2 84
> atlopnl? < ¢ (|5 +(any |2 ,
n=1 L2(L2()) L2(L2(Q))
63
6] H + (2! ,
Lee(H™2 Leo(H™ % Q) o Leo(H™ 3 (99))
2
ZAt‘ Mnt2 — 2Nn + Nn—2 <
(AL -l
84
H +(ap .
L2(H™ % (69)) ot L2(H™ % (09))

The constants are chosen so that the above inequalities held uniformly with respect
to ¢. Finally,

=

1—1 —1
DOAQ, s ~ QP <Y AUQ, . — Qs
n=1

So we obtain
10601l £ (p2y) + 1 oo (111 () <
{5,

o2 +

H™%(59))

3 (09)) H or?

Il \ H
2(L2(%2))

Howy |+ 1ollm @ + Il @ + 4| D AHIQ, s = QuylI? + (A)%).

The last step is to use the triangle inequality :
[0ell foo 2y + el zoe (p2(ay) <

S0l poe 2y + 1 oo r2(ay) 1001l oo (12 (0)) + 1 200 (1202
For the last two terms we have

on 0%n
10l oy < C H (A ,
) Ot || oo (12(0)) O | e 120
0%n
111l 7 <O [ Inllpeez2y) + (AD)? || == .
Leo(L2(Q) (L2(%2)) o2 Lo (L))

Therefore, the final result will be

[0eell 700 (r2(y) F €l 1o (22(0)) <
82
< Ol zxcon) H H H ;
() M |l ror2yy 10t lLe =300y 10 I L2(m—% (00
H 00 I+ ol -+l o + ZAtncz —QualPH(A?).
L= (L2(Q))
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Use Lemma 1 and obtain the theorem. g

Remark 1. The term \/Zivz_ll AtQ . —Q, 1| is a discrete analogue of the
5 q ’

term ||Q — Qn, || L2(L2(0,)) from (1.3).

4. NEGATIVE NORM ANALYSIS
Consider the problem
{ gt — a3Ag = a(R+ G, in (0,T) x Q
Vqg-n+ aioqt =g, in (0,T) x 09
with some initial conditions on ¢(0,-) and ¢:(0,-). Here

R— Q—pV-f ifxe
] o0, ifzeQ/
and G and g are control functions. G = 0 outside €2;. Also extend @ to the whole

Q by setting it to zero outside €2;. Introduce operators 1" and T3 as shown below.
For T, consider the elliptic problem

—a¢Ap+p=f, inQ
Vp-n=0, in 99.
T : L*(Q) — H(Q) is a solution operator to this problem and is given by the
formula T'f = p, for f being a given data. This operator is well-defined on the whole
L?(9), which follows from the Lax-Milgram theorem. Clearly, T is self-adjoint and
positive definite.
For T; consider another elliptic problem :

—a3Ap+p=0, in Q
Vp-n=g, in 0.
Ty : H2(0Q) — H() is a solution operator to this problem and is given by the
formula T7g = p. The existence of this operator again follows from the Lax-Milgram
theorem.
1
Also we’ll use the trace operator v : H'(Q) — H?z(09).
Rewrite the given hyperbolic problem in the form
qu — a3Aq+q—q=adR+ G, in (0,T) x Q
Vg-n=—2q+g, in(0,T) x IQ.
Now apply operator T to both sides of the wave equation and take into account the
non-homogeneous boundary condition.

1
(4.1) Tqu+q—Tq+ ;Tl(VQt —agg) = T(a3R+G), in (0,T) x Q.
0

This is the main equation in the negative norm analysis to start from. Next define
its semidiscrete analogue with approximate operators T}, 17 5 and vy, ( see [28] for
details ).

1 .
(4.2) Thanee +gn — Than + ;Tl,h(Vth,t —apg) = Th(aiRy, +G), in (0,T) x Q.
0

The last term contains Ry, which comes from the DNS of the incompressible flow
on the different grid of size hy in €.
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Introduce the inner product and the norm
(ua U)—l = (Tua U)a ||U||_1 = (uau)—l

and the semi-inner product and the semi-norm

(u,0)1n = (Thw, ), Jull-1,n =/ (4, u)—1,n,

defined on all functions u,v € L*(2). The error equation comes from subtracting
the exact and discrete ones, i.e. if e = ¢ — gy, then

1
Thew +e—The+ (T — Th)qu — (T — Th)g + ;O(Tl’Y — T4 hyn) G —
(4.3)
1
= (T = Ting + Tiwmer = (T = Th)(agR + G) + 5 Tu(Q — Qn).

Multiply by e; and integrate in space :

(4.4)

1
(Thew,er) + (e, er) = —;O((Tl’y — Ty vn)Ge ee) + (T — Thon)g,ee) + (The, er)—

1
*;O(Tl,h’Yhet, er) + (T —Tp)(agR+ G+ q — qu), er) + ad(Th(Q — Qny ), er).

We moved the term (T4 ,yner, e:) to the RHS because the operator T 7y is not
positive definite and thus we cannot hide it in the LHS as a part of the global error.
From this point, we’ll only work with the Neumann boundary condition that has
no time derivative, since the mentioned term (71,,vne;, €;) is not of high order with
respect to the others and we can’t increase the accuracy in this case. Therefore, we
are now considering the problem

(4.5) { a — ajAg = aiR+ G, in (0,T) x Q
Vg-n=g, in (0,T) x 09,
and the equation (4.4) reduces to
(Thew,e:) + (e,eq) = (The,er) + (T — Th) (a2 R + G+ q — qit), e)+
+a3(Tn(Q = Quy)see) + (11 — Tun)g, er)

Theorem 3. Let the exact solution q of the variational formulation of (4.5) satisfy
conditions : q,q € L(H*(Q)), qu € L*(H*(Y)) with integer k, m >k >2 . Also
let the initial data satisfy conditions

(4.6)

s = D0 Mo + | 5 an 0. < can

with the constant Cy independent of h. Finally, let a2R + G € L*(H*(Q)) and
g€ L2(H=5(9Q)). Then

+1lg = aqnllLe=(z2()) <
L>~(H-1(Q))

0
H&'t(q - Qh)
CWF + 7N Q — Qn, llz2(m-2(0)) + AIQ — Qny |l z2(r2(00))+

#grta- 0]+ ita-ano.n

-1
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with constant C' independent of h.
Proof. (4.6) is equivalent to

th{lletHz n+llel?}y = (The, e0) + (T = Th) (3R + G + q — que), e+

+a5(Th(Q — Qny), er) + ((Ty — Tup)g, er).
It’s obvious that
(The,er) = (e, Ther).

Integration of (4.6) yields
t
leellZ 1 s, + llell? </0 (llell + 1 Thee )+
t t
+2/ |((T—Th)(agR+G+q—qtt%et)\+2a3/ [(Th(Q — @n,)se) |+
0 0

+2/ (T2 = Tun)gseo)] + lleell 2y 4 (0) + [le]*(0).

The term [[Thee||* = llecl|25 ), < lleel2 -
Using Gronwall’s lemma, we obtain

lleeZn + llell® <

ﬂ/KU>EM%R+Gmf%&QNﬁ/Kﬂ@fQM£m+
0 0

+/Ot [((Ty = Tu,n)g.e0)] + llel|? 1,4 (0) + [lel|*(0)).
Next,
(T = Th)(ag R+ G+ q = qu),e0)| < (T = Tn) (a3 R + G+ q = gse) || - [lex]| <
< PPPNRR+ G+ a— qullyeqay + el
with integer s > 0, and
(Th(Q = Qny)se0)| < C (W2 Tw(Q — Qu) |1 + B2 [lec||?) =
=C (h2Q = Qn, 122 + h?|le]|?)
|(Ty = Ty,n)gs e)| < [[(Ty = Tap)gll - el < h29+2||9||
Thus

2 2
31 (09) + el
lleellT oo (-1 62y + el oo (z2(g)) <
C(h**?lagR+ G +q — %t”%z(m(n)) +h72(Q - th)H%z(H%h(Q)ﬁ‘
+h%JFQHQH;( + 02 led| 2 (reqy) + lledl21,,(0) + [le](0)),

H37(00))
or

el oo (zr-1.m(0)) + llell oo (z2(0)) <
C(W"MagR + G+ q — quell L2z @)) + P Q= Qny)llp2(r-20(0)) +
G o gk oy T+ Plledllzazac@) + lleel—1,n(0) + [le]l(0)).
According to V. Thomee’s results([28]),
lecll -1 < Cllledl|—1.n + Rlledl),
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and therefore
let]l Lo (rr-1(02)) + llell Lo (z2()) <
C(W"MadR+ G+ q — quell L2y + 2 HIQ — Qn Il 220 0)) +
+hk+1”9”Lz(H%+k(am) + hlletl| Lo z2(o)) + [led]l-1,n(0) + [[e]|(0)).
For the initial data
l[ecll-1,n(0) < C(llet][-1(0) + Ale]|(0)).

For the term @ — @y, we have

hHHQ = Qn)ll—20 < C (W7H1Q — Quyll—2 + AIQ — Qu, ) -
The final result is, due to (1.3),

el oo (z-1(0)) + llellLe(z2(@)) <

C T+ h7HQ = Qnallz2 -2y + hQ = Qua L2 (z2(.y) + lleell-1(0) + [lel|(0)).
]

Theorem 4. Suppose the exact solution u of the incompressible NSE with the
boundary condition u =0 on 08y’ satisfies condition
ue Lo((H' ()7

and also has a continuous representation on Q1 for almost all 0 <t < T. Assume
the mesh on Q1 used for the DNS of the incompressible NSFE is quasi-uniform. Then
the following estimate holds :

1Q = @nllL2(m-2(0)) < C(u) - [V(u—un,)llL222(0.))
with constant C(u) independent of hy.

Proof. The norm || - ||—2 is equivalent to the norm

('a U)
Sup’UEHQ(Q) HU”Q .
Using this, we obtain
(Q - th ) U)
o]l
Since @ — Qp, is zero outside the smaller domain €2, it’s obvious that
(Q - th ) U)

[0]]2

1Q — Qn,ll—2 < C - supyer2(a)

1Q = Qn,ll—2 < C - supyerz(a,)

We know that
(Q = Qny»v) < pol(Vu: V(u—up,)", 0)| + pol(V(u — up,) : Vuj, ,v)].

For both terms use Holder’s inequality. For example, for the first term we get
pol(Vu: V(u—uyp,)",v)| < C|[Vullpro) IV (a = an) ey vl 2= @y)
where %—i—% = 1. Choose p,r = 2 and use Sobolev embedding ||v[|z(q,) < C|v|l2.

This gives
1Q = Qn, -2 < C([IVul| + [[Vup, [[) - [V (u —up,) ||

Next,
[Vup, || < [Vull + [[V(u = Ty, n)|[ + [V (up, = Tn,w)]),
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where I, is the piecewise polynomial interpolant, section 2. The first two terms
on the RHS are bounded uniformly in time. For the last one we use the inverse
estimate, [7] :
||v(uh1 - Ih1u)|| < C’hl_1||uh1 - IhluH'
Using triangle inequality, we obtain
hfl“uhl - Ihlu” < hfl||u - Ihlu” + h;1|lu — Upy ”

These two terms are bounded for any continuous piecewise polynomial element
satisfying LBB-condition, [18], and converging to the exact solution. Thus we
showed that

1Q = Qnill—2 < C-[[V(u—uy,)l
with some positive constant C' = C(u) depending on the solution u. O

Remark 2. If h = O(hy), then in order to have convergence for the total error
in Theorem 8, it’s sufficient that ||V(u — up,)||2(L2(q,)) converge superlinearly.
This means we have to use high-order FEM scheme for the NSE. For example,
Taylor-Hood element will be sufficient ( see [18] ).

5. ESTIMATING THE ERROR IN ACOUSTIC POWER

From now on we consider the semidiscrete FEM scheme for solving the problem
(3.1), referring to [21]. The exact acoustic power on the surface S is given by the
formula

A(t) = /S a(t, v (t, ) - ndS.

Its approximate analogue is defined as

Ap(t) = /th(t, YV, (t,-) - ndS.

Decompose the error in power in two terms as follows :

(5.1) A(t) — Ap(t) = /S(q —qp)v-ndS +/th(v — Vp,) - ndS.

Denote the terms on the RHS as Ej(t) and Es(t) respectively. For computing g
we use the semidiscrete FEM scheme.

Everywhere throughout the paper we’re assuming that S is Lipschitz continuous.
Estimating the error in sound power depends on how we compute the velocity vy,
in the first place. The straightforward method is described below.

5.1. The exact formula. In order to find the exact formula for v, consider the
compressible linearized NSE in the far field

9
%afg—FpoV'V:O,
po ¥ + Vg = 0.

The second equation gives

1 [t
v(t,)=—— Vq(r,-)dr +v(0,-).
Po Jo
Thus define ,
1
Vh,y (t7 ) = th(Tv ')dT + V(Ov )

Po Jo
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The errors will be

Brt) =~ [a=a (/Vq rw>%+LmeuMWNMS

Eo(t) = L th(t, ) (/Ot Vig—qn)(r,-) - nd7> ds.

Po
Using Fubini’s theorem, write the first term in the form

(//q—% IVa(r,) ndsdr + [ (g = (e, 1v(0,) - nas,

Next obtain the bound :

|E1 (%) C/ (g —qn)(t, ) Vq(T,-) - ndS‘ dr + ‘/S(q —qn)(t,)v(0,-) - ndS‘ <

< Cllg—an)(t m./‘HVq )l

1 (S)dr—i- 1(g=qn)(t; ) ll1-[Iv(0,-)-m]| , s (S) <

< Clla = anlomsnian (194801 1 s+ V0 1l )

For the second term, again, using Fubini’s theorem, we obtain

//‘ V(g - @)(r.-) - ndSdr.

t
B2(0] < Cllan(t Mircey - [ IV =an)(m) -l <

Thus, in the same manner,

< Cllanlleoe om0 - IV(a = an) - nll 4 o -3 )

For a regular enough function ¢, the rate of convergence in the term E; is no slower
than that of ||¢ — qal| .= (0,711 (0)), Which is O(K* =1+ [|Q — Qn, || 2(r2(0,))) for con-
tinuous piecewise polynomials of degree no more than m—1, m > k > 2. In the term

E5 the rate of convergence is defined by that of the term HV(q qn)- n||L1 o4 ()

which is O(hF~2 + h~2]|Q — Qn, | L2(22(0.)))- Thus the rate of convergence for the
total error may be estimated as O(h*~2 + h™z2||Q — Qn llz2(z2(0,))). The only
assumption we require is

V(O, ) € Hdiv(Q)a

since conditions ||Vq - n|| < oo and ||gn Lo (0,51 (0)) < oo will be

LY(0,T;H ™3 (5))
guranteed by the regularity assumption ¢ € L>®(H"*(2)) for k > 2 and the stability
theorem for g, ( see [21] ) respectively.

The advantage of this exact approach is in its cheapness. The velocity and thus
the sound power are computed quickly once ¢ is known. The disadvantage is that
we lose % power of h compared to the L2-norm of the error ¢ — ¢;,. This is the least
accurate method among those presented here.

In the particular case S C 9 we can make an improvement. In the term Fs(t),
due to the boundary condition,

1 dq  Ogp
V(ig—aqn) n= <8t@t>’
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and so

0q Oqy
ot ot

IV(a—an)-nl, <
2 (00) Li(H3(Q))

< C(hk" +hTEQ Qn llz2(2201)))-

Then the total rate of convergence will be of order O(h¥~*4+h~2[|Q—Qh, lz2(z2(01)):
which comes from the term FE;(t). In the case S C 9 there’s a loss of only one
power of h compared to the L2-error of ¢ — qy.

5.2. The bound for the sound power. Instead of finding the sound power, let
us find some its upper bound. This may be used in applications where one does not
necessarily need to know the exact sound power but rather needs to know whether
the loudness surpasses a certain level. If the flow variable @ is given exactly as a
function of space and time, then using this method only has meaning if S is not
a part of Jf) since otherwise it has absolutely no advantage compared to the first
approach. We have for some arbitrary fixed 0 <t < T

JLavnds < llal gy g v nil, g ) < CL@) - Co@ ey Wl o

Here (2 is some domain of our choice that has S as a part of its boundary and that
doesn’t coincide with the turbulent region, figure 2. Constant C is the norm of the
trace operator from H*(€) to H2(8Q) and Cs is a norm of the continuous linear
operator from H gy, (Q) to H™3% (8(2), [24]. In fact, C is constant Cy,. from the trace
theorem 1, section 2.

FIGURE 2. Domain

Next,

Vi@ = IV Iy TV VI )
From the continuity equation of the linearized compressible NSE we have
1 0Oq

V.v=—- =
a2po Ot
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and also

L ov
V(8 sy~ 1V < V6 —¥(0 ey = | [ G

t
/ Vqdr
0

IVIlz2@) < HVQ||L1(0tL2 @) TV, 20

L2(%)

1 t
< — Vv A dT.
= [ 19l

Po L2(Q)

Thus at time ¢

That’s why we obtain

1 ||0q 2
||V||Hdiv((2) < 2” q||L1(OfL2(Q)) W a 2@ +2HV( )”LQ(Q)
Our bound will be
(5.2)
P(t) =
- - 2 1 8q
= Dl Vs s 5577 | 3] g, 2O e
Introduce
(5.3)
Py(t) =
- . 2 1 | og |
_ R 2 - Z1h R
= 01(9)02(Q)||qh”H1(Q) p% ||th||L1(O,t;L2(Q)) + 613,0(2) ot L2(Q) + 2||V(O7 )HLQ(Q)

Our purpose now is to get the rate of convergence for the error P — P;,. For
simplicity, denote

1 ||0q 2
SQ(t> = 2 || q”Ll 0,t; LQ(Q)) + an% a L2(Q) + 2||V( HLZ(Q
and
1 aqh 2
SQh(t) = 2 ||VQh||L1 0,t; LQ(Q)) + ang E 2(@) + 2”"( )HLQ(Q .

If we require that

v(0,) € (L*())7,
then both SQ(t) and SQp(t) will be bounded due to earlier regularity assumptions
and stability theorem from [21]. Obviously,

P(t) = Pu(t) = C1(2) - Co() - (lla(t, M g @y —llan (b )l @y) - SQUE+
+C1(2) - Co(Q) - llan(t, )l g1 ) - (SQE) = SQn(1)),
The first term of the error may be bounded by
C1() - Co() - lg = anll 1@y - SR
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and thus converges as O(h* ' +(Q — Qu, | L2(12(02,)))- The second term of the error
may be bounded by

C1() - C2(D) - llanll g1 (53 - %

Next,
1SQ* - 5Q3| =

1 dq
2
= (190 0 12 = IV s i) + 72 (Hat . m>

The first and the second terms in this expression converge as O REY 4+ 1Q —
Qni |l z2(22(01))) and O(hF + [|Q — Qn, || L2(22(0y))) Tespectively. Therefore we con-
clude that the rate of convergence for the total error P — Py is O(hF~1 + ||Q —
Q. lL2(22(0.))). The advantage of this approach is obvious : it gives more accurate
approximation in case when S is not a part of 92. A big disadvantage is that we
compute the upper bound for the sound power instead of itself. This approach also
suffers from the necessity for the user to know constants C;(Q) and Cy(Q) whose
behavior depends on the geometry of the domain ) chosen.

H oqn

5.3. Duality analysis. The error in the sound power cannot converge to zero
faster than the L?-norm of the error ¢ — ¢y, i.e. the greatest rate of convergence
may not be higher than O(h*). The way we may reach this rate is by using the
duality approach. This method also allows to reduce the regularity of the exact
solution needed to reach the desired rate of convergence. This advantage may be
crucial if one works with turbulent irregular effects. In this case we work with

time-averaged sound power
_ 1 (T
= — qv - ndSdr,
) .
and the error

T T
(5.4) T(A—Ap) = / /(q — qp)Vv - ndSdr + / / qn(v — vp,) - ndSdr.
0o Js 0o Js
Also we assume that S C 9. Denote these error terms as £y and Fs respectively.
Let us demonstrate the duality approach by estimating the error term F; first.

First, write the variational formulation for the wave equation, using integration
both in space and time. If v denotes a test function, then

T /92 T T
0°q 2 dq
/0 <at2,v)+a0/0 (Vq,V’U)JraO/O <8t’v =
T 1 T
:a%/ (R+7G,v)gl+ag/ < g,v>.
0 ap 0

Integration by parts in time gives us

(5.0~ (%0000~ (G )+ (G000} [ (Gda)+

. T
+a3/0 (Vq, Vo) +ag < ¢(T),v(T) > —ag < q(0),v(0) > 7a0/0 <q’ ?’j> -
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T 1 T
:a%/ (R"‘*ZG,U)QI‘FG%/ <g7’U>.
0 g 0

The initial data is given :

(0, = (), 910,) = (),
and thus
(Ser.om)-(Grmram)+ [ (Gpa)+ad [ vavor-an [ {a5)+

T 1 v
+ag < ¢(T),v(T) >= ag/ (R+ ?G,’l})gl + (g2, v(0)) — (at(o),ch) +
0 0
+ag < q1,v(0) > +af < g,v > .
Consider a function ¥ by the formula

v-n, if x €5,

Y(t,x) = .
0, if x € 092/S.

The weak formulation for the dual problem with unknown function ¢ will be

(Sre.am) - (Smam) + [ (5Lo) +ai [ va.v0-

—ag /OT <Uvg§> +ap < §(T),v(T) >= a} /OT (¥, v).

In order to get rid of the terms at the final time 7', we may reduce this formulation
to the following point-wise problem :
Gt — a2AG =0, on Q x (0,7)
q(T,-) =0, on Q
G:(T,) =0, on
V(]n—%q} =1, on 90 x (0,7T)
and so

T /526 T T q T
/0 <6t;]7'11> +ag/0 (vquv)ia()/o <’0763> :a%/() <1/)7’U>'

Next we present the stability lemma which will be needed for the error analysis.
Lemma 3. Let v € L?(0,T; (H*(Q))?). Then the variational solution of the dual
problem is stable in the following sense :

94
ot

(5.5)

3
+ao||VallLe 2y < agl|v-nlr2p2(s))-
L= (L2(Q))

Proof. The change of time variable 7 =T — t will give us the problem

T 9% - S 0Nz [
/0 (87’2’1]) +a0/0 (VQ,VU)+GOA <U’87—> _aO/O <’(/}7’U>.

Set v = 24

or”
1
2

2

or

%

or

or

I

2 1 T
) + §a(2)(||vdH72-:T —IValz=o) + ao/o

7=0

=T
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Since we have homogeneous conditions at time ¢ = T, or 7 = 0, we can simplify the

equation :
T ~
aq
= 2a] —= ).
%[, ()

Bound the RHS using Young’s inequality as shown below :

0§ ap . o 110G
— < — —
<w’ 37’> =4 oI + ao

2 2

%

9q 212 !
Val|7= 2
15 +abrvatar v [

or
This results in cancelling the boundary term with the time derivative :

|1...

’ a% T ag 2

+aBIValor <2 [ 1P = LI nlo rase

0
Extracting the square root out of both sides and using the fact that |a| + |b] <
V2 - va? + b2, we obtain the formulation of the theorem. O

Remark 3. The analogous stability result may be obtained for the FEM solution
dn of the dual problem, if we use the same space M () of piecewise polynomials
as for the original problem.

We now may proceed with the error analysis. Set test function v = ¢ — g, in the
variational formulation of the dual problem to get

5 T T 82@ 9 T _ T aq
ag | (.q—aqn) = G204~ @ ) Fag (V@ V(g—qn))—ao 4= dn 5 )-
0 0 0 0

The LHS is exactly a2E;. Let us again integrate by parts :

a3/0T<w,q—qh> -
_ /0 ! (Wa;%)q) . (q(o), W(O)) +a2 /0 ' (Va, Vg )

@‘f( ) <qqh><o>) +a0<<qqh><0>’@(0>>+“°/oT<W’q>'

Let vy, be some arbitrary test function from the approximating space M{"(Q2). Then
Galerkin orthogonality gives

ag /OT (V,q—qn) = /OT (W@—w) + (d(O), a(qatqh)(())> -

~ (501=0)©) +43 [ (9= ).Vl - ) + ao la = )(0).00) +

T — T
+ao/0 <8(qat%),qvh>+a3/0 (Q — Qn,,vn)a,

The next step will be the integration by parts of the second derivative term once :

T _ _
i [ - = (L2 am) - o)) - (25 220,0) - () -



22 ALEXANDER V. LOZOVSKIY

_ /OT<6<qa—tqh>va<qa—tvh>)+<q~(0),a<q—qh ) (

94 )
8
T
+a3/0 (V(G—vn), V(g—aqn))+ao (g — q1)(0),G(0))+ao < q—qn) ~_Uh>+

(¢— qh)(O)) +

T
+a’(2)/ (Q - Qh1 ) Uh)Ql

Let vy, = ¢, be the FEM solution for ¢. We assume that at time t = T' ¢, and aqh
are chosen to be the H'-ptojections of the corresponding functions, just as in case
of g, and 2% - being H L_projections of exact functions at time ¢ = 0. This implies
that the ﬁrst term in the RHS above is zero since ¢(T),-) = 0 and H!-projection of
zero function is also zero. Finally, we have

56 i | g = (2 0).00) - ' (e M) -

_ (23(0)7 (q— qh)(0)> + ag/o (V(G—qn), V(g —an) + a0 {(g — g1)(0),G(0)) +

T /7o(q - T
rao [ (M G0} v [ @ Quinn

Now we must bound optimally each term on the RHS.

Definition 1. Let r € R and r > 0. Then |r[ denotes the smallest possible integer
s € N with a property s > r.

Theorem 5. Assume the initial data satisfies
0
a(0,) € H*(2), 510, ) € H (@),
where integer k satisfies 2 < k < m. Also let q,(0,-), 222(0,-) be H'-projections of

) Bt
the initial data. If the exact solution q and the solution ¢ of the dual problem (5.5)

satisfy reqularity conditions

¢,G € L®(0,T; H (),

94 94 _ 1o J5[+

e L0, T HIE (@),
0%q G _ 120 . y]E [0
@7@ GL (OvTvH (Q))a

then
= E[_1
By < CWF + 0312 1Q = Qu 22y + 1Q = @il -1 ()

with some positive constant C' independent of h.

Proof. Using stability lemma, for the first term of (5.6) we obtain

‘(fma—tq) <o>,q~h<o>)\ < W(O)H

Next, in the same manner,

(50~ a00)| < |50 1 - a0 < on

NgnO) | () < ChF L,
H-1(Q)
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0 1{(a = ) (0), 40D < Cl(a = a)O)ll - g - 18O 1120 < OB

For the integral terms, using (1.3), we obtain

/OT <8(qa_t qh)7 a(fja—t q~h)> (g — qn)

ot
< OMAEF2 L WEFYIQ — Qualliezony),

L= (L2(2))

<
L= (L?(2))

<

(G — qn)
ot

T
ag /0 (V(G—=qn); V(g —aqn)| < CIV(G = qn)lle>z2) - IV(@ = an)llL~ (2 () <

<AL nE0Q — Qu, 22 ),

T T
3((1*%) ~ ~> / a(qCIh)‘ - .
a ———,4—qn )| <C — NG = Gnll ey <
o [ (25 1™,y - Bl
<mﬁwm“”W <o L alE31Q - Quylle e an),
Ot L4 oo
and finally

T
ag/o (Q = Qnysdn)a, | < ClQ = QuyllLrm-1(00)) Gl Lo 1 ()

Therefore, the total rate of convergence for E; is given by

— E[_1
67 B <O+ hEE3Q = Qu lrae@ + 1Q = Qulln -1 ()
O

To obtain the bound for Es it’s necessary to formulate and solve a variational
problem for v. We have the linearized continuity equation

1 dq 2
5.8 — V.-v=0,
( ) 20 ot + Qg v
and the linearized momentum equation

ov 1 1
5.9 — + —Vq¢=—F,
(5:9) at  po Po

where F is zero in the far field and
1
F = —pOV-(u®u)+,00-f+V~S— ?Gl
0

in the turbulent region of the flow. Here G is such function that V- G, = G.
Take V of the first equation and differentiate the second equation with respect
to time t. The subtraction leads to one equation of variable v only :

0%v 0, in the far field Q/Q;,
510) — —alV(V-v) =
(5.10) 55 —aV(V V) { GV (ueu) +f+rvAu) - 2o LG i

with initial conditions
ov

V(va) = Vl(x)a a(

0,z) = vo(x).
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The boundary condition is

1
é;—: ‘n+aV-v= f%g on 90 x (0,7).
The variational formulation for this problem will be as follows. Assume
0 1
—(=V-(u®u)+f+vAu— ——Gy) € L*(0,T; (L*(21))%), v(0, ) € Hain (),
ot agpo
ov

5¢0:7) € (L*())%,9 € L*(0,T; L*(99)).

Find v € L?(0,T; Hain(Q)) such that 2¥ € L2(0, T; Hain () and Z¥ €
L2(0,T;(L?(2))?) and which satisfies

v 9 ov
(5.11) (aﬁ,w)+a0(v.v,v.w)+ao<at.n,W.n>_
1 0 ag
=—|(==F,w|—-—<g,w-n>
Po (375 ) oo Y

Yw € Hyi(Q),0 <t < T,
(v(0,-),w) = (v1(-),w) YW € H g, (2),

e
Let (Mg (€2))? denote the space of vector continuous piecewise polynomials of de-

gree no more than mo—1, where mo > 2 is an integer. The mesh has a characteristic
size ho < 1. The FEM semidiscrete approximation is as follows. Assume

<8v 0, .)7W> = (va(:), W) YW € Hy;n(Q).

0 1
&(—v-(u;“@llhl)—'—I/AUhl—Ff—anOGl) (S LZ(O, 7"7 (LQ(Ql))d)7g c LQ(O’T, L2(6Q))
0

Find a twice differentiable map vy, : [0, 7] — (Mj"*(22))¢ such that

0? 0
(5.12) (8;’2’12’th) + a%(v Vi, V- Wp, ) + ag <;§2 ‘N, W, - n> =

1 /0 )
= — (Fhl,wh2> — ; < g,Wp, -n>
0

Vwp, € (MJ2(Q)%,0<t<T,
v, (0, ) approximates vy (x) well,

6vh2
ot

Definition 2. Let a vector function u € Hy;,y (). Then its Hgy;p-projection 0 is
defined by the formula

(0, z) approximates va(z) well.

a2(V -0,V -wp,) + (0, wp,) = ad(V -,V -wp,) + (0, wp,), ¥V wp, € (MJ™(Q))%
Assume u € (H'(Q))?, with ma > 1 > 2. Then

(5.13) lu =@l < Chy™" - [lullz.
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Theorem 6. Let the solution v of (5.11) satisfy conditions v, %‘t’ € L>((HY(Q))9)
and %g € L2((HY())?) for some positive integer I, mg > 1 > 2. Let the inital
conditions be the H g;,-projections of the corresponding initial functions :

thQ ov

Vhy (Oa ) = ‘A"(O, ')7 ot (0’ ) = a(ov )

Then the solution of (5.12) satisfies

<
Lo ((L2(2))%)

IV = Vi, || om0 ()

0
a(v - Vh2)

_ d
<C (hé T+ H&(F—Fhl)

with some constant C > 0 independent of hs.

L2((L2(Ql))d)>
Proof. The equation for the error has the form

0%e Ode 1 0
(W’WM) +a§(V-e,V.wh2)+a0<at n,wp, - > = (8t(F Fh,), wh2> .

Decompose the error € = v — vy, = €] + ez, where e = v — Vv and ea =V — vp,.
Notice that ey € (MJ**(2))?. Tt’s obvious that

0%e des
( 8t22,Wh2> +a3(V-e2,V.wh2)+ao< 5 ‘N, Wh, - n> = —ag(v.el,v.th)_

8261 1 0 Oeq
—<8t2,wh2>+ <8t(F Frn,), th) —ag <6t~n,wh2~n>.

Using the definition of the Hg;,-projection, we obtain

0%e Oes 9%e
(815227th> +a(2)(V-e2,V~wh2) +ao< En ‘N, Wy, > = (e1 — 6‘1521’th> +

1 /0 Oeq
+— (at(F Fh,), wh2> <8t nwh2~n>.

Next we use the energy method by setting wy, = O,

W.
des || L2ld des 2 1 (0 des
H taos g Tt T G F ) )

0%e; Oes Oey Oes
e e )\ M

Using the fact that (a,b) < o=[la]|* + §[|b||* for any inner product (-,-) and any
€ > 0, we can get

IV - e + ao

2dt

d Oes 2 9 2 ? 1 ||Oeq ?
— | ||== V- — F F
t (] o2 iy el W+ |
0% des > ag |Oe 2
2 1 ge2 20 | &1
2||eq| —&-2” 52 —i—‘ 5 5 0

Add

2 8e2
2 fea) < (H

+ Iezll2>
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to the previous inequality to obtain

des ||? s g 5 1o 2 8e2
: <—||=(F-F,
pn (H + [le2]]” +ag ||V - e| p” at( hi) o
2%, || ag |Oe 2
2 2 1 0 1
+llez||” + 2|le1]]” + 2 ’ 52 5 |5 ™

Integrate assuming that the initial data is approximated via H g;,-projection.

Oe Oe
H g +|ez|2+a%||ve2||2<( ) (H g +e2||2>d7+
110 2
+ (F Fh ) +2||el||22 2 ay T+
at Yl @i pERe
H6261 02 8e1
(12 m)d) 0t || 2oy

where C}, denotes the constant from the trace theorem. Applying Gronwall’s lemma
and extracting the square root of both sides yield

862
ot

+ lleall om0 2) <
Loo ((L2())%)

¢ (H;(F —Fp,)

6261
o2

+ el L2z (0))ay+
L2((L%(21)))

H 8e1

L2((H( Q))”‘))
with some constant C' = C(T) growing exponentially fast. This implies, due to the
triangle inequality, that

|5
Ot Lo (r2()))

(H

8261
o

L2((L2(22))4

+ (e[l Loe (Has0(2)) <

+ [lew]l Loo (rs0 () F

LQ((L"’(Ql))d)
Hl(ﬂ))“)> .

3e1
Using (5.13), we obtain the statement of the theorem. O

In order to estimate Fs, it is necessary to formulate a corresponding dual prob-
lem. Similarly to the case with E7, the pointwise dual problem with unknown
function v has the form

Vi — a2V (V-v) =0, on (0,T) x Q
v(T,-) =0, on
v(T,-) =0, on Q
V~vf%vt'n:§, on (0,T) x 09,

(5.14)
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where

if
£t x) = qh,'l xeS
0, if x € 99/S.

The equation in the weak form will be

T /5%% T T v !
[ (2ot [ o5 om [ orn ) [
0 0 0 ’

Next we present a stability lemma similar to Lemma 3. We omit its proof due to
its resemblence to the proof of Lemma 3.

Lemma 4. The variational solution of the dual problem is stable and the following
inequality holds :

av
ot

Remark 4. The same stability result holds for the approzimate solution vy, .

3
+aol|V - VLo 0,122 () < a6 llanllz20,1:22(5))
Le=(0,T;L2(Q))

We'll follow the same ideas as those used for obtaining the estimate for the
error Fy. Integrating the second derivative term by parts twice and then setting
W =V — vp, lead to

a3/0T<f,<v—vh2>-n>=

:/OT <82(v5;2vh2>,\”f)—&—a%/OT(V-G,V-(V—V;LZ))—i—aO /OT <fr-n,8(";tv’”)-n>+

a - 12 a~ ~
+ (9(0), (Vat"’)(oﬁ = <(v —vi)(0), a?(())) tap < 9(0)m, (v—v4,)(0)n > .
Next use Galerkin orthogonality with a test function wy,, :

a%/OT<f,<v—vh2>-n>=

:/OT (W,\?—th) +a3/OT(V-(V—Whg)av'(V—th)H‘

T . (v —vi,) 1 (f/o
"‘CLO\/0 <(V_Wh2)'nvat'n>+p0/0 (&(Fhl _F)aWhQ) -

- ((v —vi,)(0), gj(o))—f—ao < ¥(0)n, (v—vp,)(0)n > + <v(o), EW(O)> .

Let wj, = V5, be the FEM solution for ¥ in the space (MJ"*(Q))?. We assume
that at time ¢t = T" the approximate solution vy, is an Hg;,-projection of the exact
solution v, i.e. it’s zero. The same goes for a;’;z (T, ) since it’s an H g;,,-projection

of ¥(T,-) = 0. Then finally
T —v v
i [ e v v = (5 0,9,0)) - (v - v, F0)) +

+ag (¥(0) - m, (v — v4,)(0) - m) — /OT (8(" 5_)ch2>7 o gt\?hz)) N

v [ @ v [ (@ w o 2O
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1 ~ 1 T a{’h2
+%((F_Fh1)(0)vvh2(0))+ %/0 <F—Fh1»at)~

Now we have to estimate each term separately.
Theorem 7. Assume the initial data satisfies conditions
ov
v(0,) € (H'(Q))%, 57(0:) € (H' ()%,
OVhy

where integer | satisfies 2 <1 < mg. Also let vp,(0,-), —5;2(0,-) be Haj,,-projections
of the initial data. If the exact solution v and the solution v of the dual problem
(5.14) satisfy regularity conditions

v, ¥ € L0, T; H [+ (),

o e =0l @),
0%v %% 1
2 o € L2(07T§ H]Q[H(Q)),
then
_ B -1l 0
Ey <C(hs '+ h]22[ 5 Fn —F) + NF = Fnllor 2@ +
L2((L2(21))4)

+[[(Fr, —F)(0,)])
with some positive constant C' independent of ho.

Proof. For each term we have estimates

<8(v — Vi)

2 (0), Vi, (0))‘ <2 = Vi)

ot

<0>H O] < CHb,

(=)0, 50 < 1= va )|

ag [(¥(0) -, (v = v4,)(0) - m)| < OV - 9(0)| - [|(v = v, )(0) |1 < Chy ",

a% l
- <

/T O(v = vhy) OV =) \| _
o o’ ot h
CHa(V—VhQ) Ha({f—{/}m) <
Ot e (2 (@))0) Ot (L2 @)e)
<o(mllil) 2@ p,) ,
ot L2((L2(0)))

T
/0 (V- (¥ = 912, V- (v = Vi))| < O e a1 () IV =V | (10051 <

0
&(F - Fhl)

b

L L
<C h§]2[ +h]22[
L2((L2(1))%)

/OT<({,_{,h2),n7a(v;ch2).n>

- (v —vp,)
SOV =iyl poo (15 ) * H&Q

ag <

<
Lo ((H1(2))4)
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2]L[-1 -1l 0
<o(w e ali T 2@ - m,) ,
L2((L2(1)9)
1 - -
o (F —Fp,)(0), v, (0))’ S O(F = Fr)O) - [[V4, (0)]]-

Finally,

1 r ovy, ) ‘ Ovy

— F-F,,—2 || <C|F-F . 2 .

0 /0 ( i gy | It (L2 (01))) ot Lo (L))
The estimate for Ey will be
_ B -1l 0
Ey <C(h ' + h]22[ 5~ Fm) + NF = Frllor ey +

t L2((L2(21)®)
+I(F —Fp,)(0)]).
O
Combining both estimates for F; and Es, we obtain
|A— Ap| <
E[_1
<C(hF + plEl- 1Q — Qnillzzz2(0y)) + 1Q — QnyllLr(r-1(00))+

_ -1l 0

st 2 - m) 1B ~Fll s zauyeyHIEr ~F)O)).
L2((L2(1))9)

We see that in term FE; the rate of convergence is dictated by h* whereas for the
exact formula approach the convergence is of order h*~1.
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