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Abstract

A mathematical and numerical model describing chemical transport in a Stokes-
Darcy flow system is discussed. The flow equations are solved through domain de-
composition using classical finite element methods in the Stokes region and mixed
finite element methods in the Darcy region. The local discontinuous Galerkin (LDG)
method is used to solve the transport equation. Models dealing with coupling between
Stokes and Darcy equations have been extensively discussed in the literature. This
paper focuses on the approximation of the transport equation. Stability of the LDG
scheme is analyzed and an a priori error estimate is proved. Several numerical exam-
ples verifying the theory and illustrating the capabilities of the method are presented.

Keywords: Stokes-Darcy flow, coupled flow and transport, error estimates, local dis-
continuous Galerkin.

1 Introduction

Coupling the Stokes and Darcy equation has become a very active area of research because
of its potential for practical applications. Such models can be used to describe physiologi-
cal phenomena like the blood motion in the vessels, hydrological systems in which surface
water percolates through rocks and sand, and various industrial processes involving filtra-
tion. One serious problem today is surface water and groundwater contamination resulting
from leaky underground storage tanks, chemical spills, and various human activities. A
model coupling the Stokes-Darcy equations with a transport equation can be used to study
the spread of pollution released in the water and assess the danger.

There are number of stable and convergent numerical methods developed for the cou-
pled Stokes-Darcy flow system, see e.g., [25, 21, 26, 29, 23]. We will concentrate on the
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methods developed in [25, 29]. Both methods utilize a mixed finite element (MFE) method
in the porous media domain, which computes the velocity directly and with high accu-
racy. Furthermore the MFE method incorporates the Neumann boundary condition (2.6)
into the velocity approximating space, which allows for a more accurate treatment of the
inflow boundary condition (2.13) in the transport problem, see (3.4). Also, MFE methods
provide locally mass conservative velocities, a property critical for the transport problem
in order to avoid creating artificial mass sources and sinks. The method developed in [29]
is especially suited for coupling with transport, since there a discontinuous Galerkin (DG)
approximation is used for the Stokes equation, giving locally mass conservative velocities
in the Stokes region as well.

The focus of this paper is the coupling of the Stokes-Darcy flow system with an advection-
diffusion equation that models transport of a chemical. For the numerical approximation of
the transport problem we employ the local discontinuous Galerkin (LDG) method [15, 13],
which conserves mass locally and approximates sharp fronts accurately. The method can
be defined on general grids and allows one to vary the degree of the approximating polyno-
mial space from element to element. The LDG method can be thought of as a discontinuous
mixed finite element method, since it approximates both the concentration and the diffusive
flux. Primal DG discretizations of advection-diffusion equations have also been studied
[32] and could be applied for our problem. For the sake of space we limit our presentation
to LDG discretizations. Couplings of Darcy flow with DG approximations for transport
have been studied in [31, 20].

In this paper we develop stability and convergence analysis for the concentration and the
diffusive flux in the transport equation. The numerical error is a combination of the LDG
discretization error and the error from the discretization of the Stokes-Darcy velocity. The
former is shown to be of the order O(h*), where k is the polynomial degree in the LDG
approximating space. This is similar to existing bounds in the literature for stand-alone
LDG discretizations [15, 13, 10]. The error terms coming from the Stokes-Darcy flow
discretization are of optimal order, similar to the bounds obtained in [25, 29]. This is an
improvement of O(h) from the result in [18], where the Darcy velocity discretization error
is incorporated into the error analysis of the transport equation. We also extend previous
LDG transport analysis [15, 18, 10, 13] to non-divergence free velocity.

The rest of the paper is organized as follows. In Section 2 we present the model flow-
transport problem. The Stokes-Darcy flow discretization and the LDG transport discretiza-
tion are given in Sections 3 and 4, respectively. Section 5 is devoted to the stability of the
LDG scheme. The error analysis of the LDG method is presented in Section 6. The paper
ends with numerical experiments in Section 7.

2 Model problem

In our model we consider a fluid region €2; C R¢, d = 2, 3, in which the flow is governed
by the Stokes equations (2.1)—(2.3) and a porous medium Q5 C R? in which Darcy’s law



(2.4)—(2.6) holds. The two regions are separated by an interface I';5 through which the fluid
can flow in both directions. Let n; be the outward unit normal vector to 9€2;,¢ = 1, 2, let T,
j = 1,d—1, be an orthonormal system of tangential vectors on "1, and let I"; := 09, \ I'y2.
Letu; : Q; — R%and p; : ©; — R denote, respectively, the velocity and the pressure in
;. Let De(u; ) and T (uy, p1) and denote, respectively, the deformation rate tensor and the
stress tensor:

1
De(u;) = i(Vul + Vu{), T(uy,p1) = —p1I + 2uDe(uy),

where 1 is the fluid viscosity. Let f; € (L?*(Q;))? be body force in €2; and let g; €
(H'/2(T'1))? be boundary velocity data. In €2, K is a symmetric and positive definite rock
permeability tensor with components bounded from above, f, € (L%(€))¢ represents the
gravity force, go € L?*(£2) is a source (sink) function satisfying the solvability condition
(2.7), and g € L?()) is boundary normal velocity data. In addition we also assume that
on I'y5 the interface conditions (2.8)—(2.10) are satisfied. The flow model is

-V -T=-2uV-De(u;)+Vp, = fi inQy, (2.1)
V- u; = 0 in Ql, (22)
u = g only, (2.3)
K uy +Vp, = £, inQ, (2.4)
V- U = (> in QQ, (25)
u; -ny = g only, (2.6)
/ G2 dx:/ g1~n1da—i—/ go do, 2.7)
Qo I 1)
u; - n; + us - No= 0 on Flg, (28)
—1q - T. n =p — 2un1 . De(ul) = P2 OnN Flg, (29)

— \/Enl T-1; = ——‘K]2n1 -De(wy) - m,=u;-7j,j=1,d—1, onT'15(2.10)
o o
Conditions (2.8) and (2.9) impose continuity of flux and normal stress, respectively. Con-
dition (2.10) is known as the Beavers-Joseph-Saffman law [5, 30], where K; = 7; - K - 7;
and v > 0 is an experimentally determined dimensionless constant.

The Stokes-Darcy flow system is coupled with the transport equation on €2 = 21 U €)5:

¢ct + V- (cu—DVe) =¢s , ¥(x,t) e Qx(0,T), (2.11)

where ¢(x,t) is the concentration of some chemical component, 0 < ¢, < ¢(x) < ¢* is
the porosity of the medium in 2 (it is set to 1 in €2;), D(x,t) is the diffusion/dispersion
tensor assumed to be symmetric and positive definite, s(x,t) is a source term, and u is
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the velocity field defined by u|g, = u; , @ = 1,2. The model is completed by the initial
condition

c(x,0) = (x), Vx € Q (2.12)

and the boundary conditions
(cu —DVe)-n = (¢upu)-n on Iy, (2.13)
(DVe)-n = 0 on [yy. (2.14)

Here T, == {x € 00 : u-n < 0}, Ty := {x € 92 : u-n > 0}, and n is the unit
outward normal vector to J€2. We will also use the notation I' = 0S2.

Throughout the paper K will denote a generic constant independent of the discretization
parameters hq, ho, and h. We will use the following standard notation. For a domain
G C RY, the L*(G) inner product and norm for scalar and vector valued functions are

denoted (-, -)g and || - ||, respectively. The norms and seminorms of the Sobolev spaces
WHhP(G), k € R, p > 0 are denoted by || - ||xp.c and | - | ,.c» respectively. The norms and
seminorms of the Hilbert spaces H*(G) are denoted by || - ||.c and | - |1, respectively.

We omit G in the subscript if G = ). For a section of the domain or element boundary
S C R%! we write (-,-)5 and || - || for the L?(.S) inner product (or duality pairing) and
norm, respectively.

3 Stokes-Darcy flow discretization

Let 7;,; be a a shape-regular affine finite element partition of €2; [12] with a maximum
element diameter h;, © = 1,2. We allow for the traces of the grids on [';5 to be non-
matching and assume that no point of the interface boundary 0I'1, belongs to the interior
of a face of an element of 7, . We consider two possibilities for the flow discretization on
Q.

The first choice, which follows [25], is to let X}, ; x M}, ; be any of the known con-
forming and stable Stokes finite element spaces, for example the MINI elements [4], the
Taylor—Hood elements [33], or the conforming Crouzeix—Raviart elements [17]. We as-
sume that X}, ; and M, ; include at least polynomials of degree k; and k; — 1 respectively
(k1 > 1).

The second choice, following [29], is to let X, 1 X M}, 1 be a pair of discontinuous piece-
wise polynomial spaces such that on each element of 7}, ; the space X, ; contains vectors
with components polynomials of degree k; and the space M} ; contains polynomials of
degree k; — 1. In this second case we assume that Q C R2.

In both cases, for the discretization of the Darcy model in (25, we take X, 5 X M}, 5 to be
any of the standard mixed finite element spaces, the RT spaces [28, 27], the BDM spaces
[8], the BDFM spaces [7], the BDDF spaces [6], or the CD spaces [11]. We assume that
X" and M"? contain at least polynomials of degree ks, and l5, respectively.

The analysis in both [25] and [29] allows for non-matching grids across I'15, even
though this is not explicitly stated in [25].



Let
Xy =Xp1 X Xpo, My ={w=(wy,ws) € Mp1 X Mps: (wy,1)q, + (w2,1)q, =0}
and
Xno={v=(vi,ve) € X, : (Vvi-my + vy -no, p)r, =0 V& X,o-ny}.

To save space we will only present the method based on conforming Stokes elements
[25]. We refer the reader to [29] for details on the discontinuous Stokes discretization for
the coupled Stokes-Darcy problem. Let

Xhy={veX,:v=0onT},
X?L,2 :{VGX}ZQIV'HZOOI’IFQ},

Xp=Xp,; xX),, and X)), =X)NX

Let u, € H(div; Q) be such that u,|o, € H*(Q4), u; = g1 on 'y and u, - ny = go on I's.
Let U, € X}, be a suitable approximation to u,. The numerical scheme for the coupled
Stokes-Darcy flow problem is: find U € X} ; + Uy and P € M), such that

a(U,v)+b(v,P) = (f,v), VveX],, (3.1
b(U,w) = —(qo,w)q,, YwéE My, (3.2)

where a(-,-) = ai(-,-) +aa(:, ), b(-,-) = b1 (-, ) + ba(-,-),

d—1
(0%
ai(uy, v1) = (2uD(u), D(v1))a, + D < TR IR 'Tj> ;
j=1 J IR

JE,

GQ(UQ,VQ) = (MK71u27V2>Q2, and bi(VZ‘, ’U}l) = —(V . vi,wi)g 1= 1, 2.

We take U, to be any function in X, o such that U, = Q181 on 'y and U - ny = Q292
on 'y, where Qj,; is the L?(T';)-projection onto X, 1|r, and Q5 is the L?(T'y)-projection
onto Xy 2 - no|p,. The computed flow solution is independent of the choice of U, and
depends only on 5,181 and ()5, 2g2. For the homogeneous boundary conditions case, it
was shown in [25] that the above method has a unique solution satisfying

la—Ullx + lp = Pllar < KRy + b5+ h3™h), (3.3)
assuming u and p are smooth enough, where
IVI% = Vil ) + IVallio gy + IV Vall i@y, wlle = w2

The results easily extend to the non-homogeneous case considered here.



Since U - n is used in the inflow boundary condition for the transport equation, it is
important that it approximates u - n accurately on I';,. In particular, we assume that

|(u—"U) n|p, <K(HM 4 pkT2). (3.4)

OnI'y NIy, this is satisfied due to the approximation properties of (), ;. To satisfy (3.4)
on I'y N T, we need to postprocess U on each element E € 7}, 5 such that £ N T, # 0.
To be precise let us denote the velocity mixed finite element space on £ by XZ?Q (E). Since
Xp2%(E) € Xp3 ™ (E), we have that U € X323M(E). Let U € X% (E) be such that
U agrees with U at all finite element nodes that are not on I';, and U- n, = Q’ff; ! go ON
OF NT,. Clearly the postprocessed velocity satisfies (3.4). Moreover, the normal velocity
on all interior edges (faces) of E' is preserved and the error bound (3.3) still holds. From a
computational point of view, only the integrals on I';,, in the transport scheme are affected
by this postprocessing. To keep the notation simple, in the following U will denote the
postprocessed velocity.

4 Formulation of the LDG method for transport
We rewrite the transport equation in a mixed form by introducing the diffusive flux
z =—-DVe. 4.1)

The system (2.11)-(2.14) is equivalent to

¢ +V-(cu+2z) = ¢s, 4.2)
((u+2z)-n = cpu-n only, (4.3)
z-n = 0 onl,,. 4.4)

Let 7, be a shape-regular finite element partition of €2. We denote by & 5 the diameter of
an element £ and set h to be the maximum element diameter. We assume that no element
E overlaps with both I';,, and I',,,,; and that each element E has a Lipschitz boundary OF.
The partition 7;, may be different from 7}, ; and 7;, 5. Let Wgp = HY(E), Vi = (Wg)4,
and let ng be the outward unit normal on 0F. We will need some notation for values of
discontinuous functions on element edges (faces in 3D). Let

W ={we L*(Q):oneach E € T, w € Wg},

V={ve(*2):oneach E €T, ve Vgl
Letw € W. Forany I € 7}, and any x € OF we define

w”(x) = sli%l— wx+sng), wh(x)= Slir(r)lJr w(x+ sng), 4.5)



1 w(x) ifu-ng>0

w(x) == (wh(x)+w (x)), and w"(x)= { wH(x) if u-ng <0

5 (4.6)

For a vector function v € V, v~, v, and Vv are defined in a similar way.

Assuming that the solution to (4.2)—(4.4) is smooth enough, multiplying by appropriate
test functions on every element £ and integrating by parts, we obtain the following weak
formulation. For every E € 7, c € Wg and z € Vg satisfy

(D 'z,v), — (V- -V)p+{c,v -ng),, =0, Vv e Vg, 4.7)

(¢c,w)g = (cu+2, V) + ((cu+2) - np, w7>8E\F +(eung,w ), p
_ (4.8)
= (¢Saw)E_<Cinu'nan >8EﬂFm’ Yw € WE

Let W), g C W denote the space of all polynomials on E of degree < kg, kg > 1,
and let V5 = (W, g)% Let k = ming kg. On each element E, c(-,t) and z(-,t) are
approximated by C(-,t) € W, g and Z(-,t) € V, g respectively. Let

Wy, = {w € L2(Q) :oneach K € 7, w € Wh,E},

V, i={ve(L*N)*:oneach E €T, veV,g}
Let C° € W}, be the L2-projection of ¢:

VEe€T, (C°-"w), =0,YVweW,pg. (4.9)

The semi-discrete LDG method is defined as follows: for each ¢t € [0, 7] find C(-,t) € W},
and Z(-,t) € V}, such that on each £ € 7},

(D'Z,v), —(C.V-v),+(C,v - nE>8E\F

(4.10)
+<Ci,V7'nE> =0, VVEVh,E, t e [O,T),

dENT
(¢C4, w)E — (CU + Z, Vw)E + <(CUU + Z) ) nE7w_>8E\F

+(C"U - ng, w—>aEmFW = (¢s,w) 4.11)
- <ch . nE,uF>8EﬁFm NweWyg, te(0,T),

C(-,0) = C". (4.12)

In the above scheme we assume that high enough quadrature rules are used, so that the
numerical integration error is dominated by the discretization error. Note that the computed
velocity U is needed to evaluate element and edge integrals in (4.11). As a result U needs
to be evaluated at any quadrature point in £ or on OF. Since we allow for the flow and
transport grids to differ and the velocity approximation could be discontinuous, U may not
be well defined at a given quadrature point. This problem is handled by decomposing £



into sub-elements according to its intersection with the flow grid. More precisely, let EiXh,
1 =1,..., mg be the elements of the flow grid that overlap with E. Then we have

/de_Z/EOE X7 \/BESOdU_Z/BEﬂE

The computed velocity U is well defined on all sub-elements and sub-edges.

In this paper we restrict our attention to the semi-discrete formulation. Standard meth-
ods such as Euler or Runge-Kutta can be employed for the time discretization, see, e.g.
[16].

S Stability of the LDG scheme

The stability argument is based on the analysis in [13]. The main difference here is that we
allow for velocity with non-zero divergence.

By adding equations (4.10) and (4.11), summing over all the elements and integrating
over t, we obtain the equivalent formulation

T T
By (C,Z;w,v) = —/ <ch . n,w_>r, dt +/ (ps,w) dt
0 e 0

(5.1)
V(w,v) € C°0,T; W), x Vi),
where
Bu(C,Z;w,v) := / Z{(pct, —(CU + Z,Vu),
u — —1 (52)
+(C"U -np,w >6Eﬂ1‘(mt +{(C"U+Z) np,w >8E\F +(D Z’V)E
—(C,V-v)p+(C,v™ nE>8E\F +(C7,v™ -ng),, . Hdt.
Taking w = C and v = Z, we have
BU(C, Z, C, Z) = @1 + @2 + @3, (53)
where
T
0, = / Z {(¢Ct, C)p+ (D7'Z, Z)E}dt,
0

E

T
0, = / > { = (CU,VO)p + (C"U np, C7)opyr + (C7U np, C7)oprr,, bt
0

E

O3 = /U Y A - (Z VO s+ (Z-0p,C )opr — (C,V - Z)i

E
+ <6, 7 - nE>aE\1“ + <C_, 7 - l’lE>3EmF}dt.
5.4)



Since 14
(6C1, C)p = 5 7 (6'°C,6'°C)

we can write

1 1 T
= §H¢1/20<T)II2 - §II¢1/QC(0)IIQ+/ ID~2Z|%dt. (5.5)
0

We continue with the bound on O,. Integration by parts gives

1 1
(CU,VO)g = —/ (C7)*U -ng do — —/ C?*V - U dx.
2 Jow 2

E

Then we have
T 1, _ 1, _
@2:/ Z —§<C U -ng,C >8E\F_§<C U - ng, C7)oprr,,
1
5(0 U -ng,C7)oprr,,, + —(02, V-U)g+(C"U- nE>C_>8E\F} dt
/ Z{ (C*V-U)p + = <|U ng|, (C7))omnr
E
1
+((C* — 50_)U : nEac_>8E\F} dt
(1 9 1 —\2
_ —(C*,V-U)+ =(|U-n[,(C7)*)r
o 2 2

+ Z«CU - %C_)U ‘Ng, C_>3E\r} dt.

E

(5.6)

It is convenient to express the sum over the elements in the last term in (5.6) as a sum
over the interior element edges (faces) {e¢}. Let ¢ € OF be an interior edge (face) of the
element E. For w € W), and v € V;, we seton e

ng, [v]=v —v") ng.

Note that these definitions do not depend on which element £ is taken as a reference. Let
us also fix arbitrarily a unit normal vector on e, denoted by n..
Since

SC7] = (€ — (CP)ng = (07 + OO — O = T[C],



we can write

S U~ SCTIU i, o = S (U (CYC] = 5(C7). 1)
= 3 (U (0]~ T 1)
‘ (5.7)

_ %Z(|U-ne|,[(5] - [CD)e

where we used in the last equality that on any e € OF

C_,U'DEZO }_C_+C+>

U- et -0 = Unte o0 ({ G he 2] :

c-—C)

_ U np(C — ) sign(U - ng) = U - n[[C] - [C]

Substituting (5.7) into (5.6) we obtain

@QZ%/OT{«:?,V-U) +(|U-nl,(C +Z U - n,|, ]>e}dt. (5.8)

To estimate ©3 we use the Green’s formula to obtain

1
O, = /Z{ ‘ng,C >6E\F+§<(Z++Z‘)-1’1E,0‘>8E\F

+5 (Ct+C7 2 nE>8E\F} dt

T 1 1
:/ Z{§<C+’Z_ -nE>aE\F+§<Z+.nE,C_>,9E\p} dt
O E

(5.9)

where the last equality follows from the fact that on each interior edge (face) the contribu-
tions from the two adjacent elements cancel, due to the opposite directions of the outward
normal vectors.

A combination of (5.3), (5.5), (5.8), and (5.9) gives

1 1 T
By(C,Z;C,Z) = §||¢1/20(T)||2—§II¢1/QC(0)|I2+/ |ID~'2Z||%dt

1 (5.10)

w3 [ {@v v e Phr+ 30w ) o))}
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Combining (5.1) and (5.10), and using Young’s inequality
1
ab< S+ =0, abeR,e>0 (5.11)
2 2¢

with € = 1, we obtain
1 1/2 2 g 1/2 2
sleem+ [ -z

T
< glocolF+5 [ (v v) ) a 6.12)

N —

1

T T
45 [ QU nl e, die [ o] o 2C e,
0 0

where
0, V-U >0,
(V-1)- '_{ ~-V.-U, V-U<0.

For the second term on the right in (5.12) we have

1

T 1 T
Z 2 . 4L . /2 2
5 [ (€T < G VU)o [0 ECR i

and the use of Gronwall’s inequality implies
T
o e@)P +2 [ Dz
0

T T
< T (||¢1/2C(0)||2 [ Unl e, devz [ o) u¢1/20|\dt) 7
0 0

(5.13)
where
L:=¢"(V-U)_lo.c- (5.14)
Using (4.9),
16'2C(0)]| < (¢)"2(|°). (5.15)

To complete the stability analysis we need the following result shown in [13].

Lemma 5.1 Suppose that for all T > 0
T
() + R < AT +2 [ Bl
0
where R, A and B are nonnegative functions. Then

T
Y2+ R(T) < sup AYV2(t) + / B(t)dt.
0

0<t<T
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Let us define the norm |||(C, Z)||| by

T
11(C. 2P = [l¢"*C(T)|* + 2/0 D=2z %dt. (5.16)

Then, using (5.13), (5.15), and Lemma 5.1, we obtain the following stability result.

Theorem 5.1 The solution to the semi-discrete LDG method (4.10)—(4.12) satisfies

1/2 T
+ eLT/ |6'/2s| dt,
0
(5.17)

LT -
e, 2| < 5 (¢>*||c°||2 + [ Ul e, dt)

where L is defined in (5.14).

Remark 5.1 The stability estimate above depends on ||V - U||o.« and |U - nl|g cor,,. In
Q1, L bounds on the computed Stokes velocity, see e.g. [22], can be used to control these
terms by ||ul|1 000, In Qo, (3.2) implies that V - U is the L*(Qy) projection of V - u in
My, 9; therefore ||V - Ul|o.00.0, < K|V - ul|0,00,0,- Similarly, since U -ny = Qp2u - ny on
I's N Ty, we have that ||U . 1’12||0’oo’1‘*2r~|rm < KHU : n2||07007p20pm.

6 Error analysis of the LDG scheme

Let Ilc € W), Iz € V},, and ITu € V), denote the L2-projections of ¢, z, and u, respec-
tively:

VE €T, (c—Illc,w)p=0,YweW,g, (6.1)
VE€T, (z—Ulz,v)p=0,VveV,p, (6.2)
VEEZL, (u—Hu,V)EZO, VVGVh,E. (63)

The L2-projection has the approximation property [12]
lg = Tgllmpe < Kb dllipe, 0<m <1<kp+1, 1<p< oo, (6.4)

where ¢ is either a scalar or a vector function. We will also make use of the trace inequality

(3]
vee o, Il < K (hpIdls + hffIXs) VX e HYE).  (©63)
Using (6.4) and (6.5),
lg = Tqlle < K Pllglie, 1<1<kp+1. (6.6)
For polynomial functions, (6.5) and the inverse inequality [12]

Jwllie < Khi'||lw]l e (6.7)
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imply
lwlle < Khy'?|lw]e. (6.8)

Similarly to the discrete variational formulation (5.1), the weak solution of (4.7)—(4.8)
satisfies

Bu(c,z;w,v) / {(cmu-n,w >r dt + ¢s w) dt 6.9)
V (w,v) € C°0,T; W x V).
Subtracting (5.1) from (6.9) gives
Bu(c,z;w,v) — By(C,Z;w, V) / <cm u—U) - n, w’>r_ dt. (6.10)

Letvy, = C—Il¢, ¢, = Z—1z, 0. = c—Ilc, and 0, = z—I1z. Setting (w,v) = (Y, V)
in (6.10), the expression on the left becomes

Bu(ec; ez; ¢C7 @/)z) + BU(HC, HZ; ¢cy QzDZ) - BU(wm ¢z; 77Z)ca ¢Z) - BU(Hca HZ; %Um ?/)z),

hence (6.10) can be written as
BU(¢C7 1/)z, ¢c> ¢Z) = Bu(eca QZa ¢ca 77Z)Z) + Bu<HC, HZ, 77Z)cv ¢Z)

T (6.11)
— By(Ile, 11z; 9., ¥,) + / <cin(u —U) n, @/)C_>Fm dt
0

For the error due to the velocity approximation we have
By(Ile, Uz; ., ) — By(le, 1z; e, ¥,)
= /0 ) XE:{—(Hc(u —U), Vio)g + (o) (u—U) - ng, ¥, )omr
- ((T1e) (u = U) -t ¥ Yoo}
/ SV (e = O ) {((T1)" = (1) = U)o

— ((IIe)" (u = U) - ng, ¥, )opnr,, } dt.
6.12)

Substituting (6.12) into (6.11) and using the definition (5.2) for By(f., 0,; ., 1,), we ob-
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tain
(wca wm wca ¢z / Z{ ta wc E — ( cu, V%)E - (eza V%)E

+ (0ra-ng, >aE\r + (0, - np, ¥, )opr + (0, u-np, ¥, )opar,.,
+ (D, 0) e — 06,V - V) + (0e, ¥s” - np)opr + (0, %, - np)opar
+ (V- (e(u = U)), ) o + ((THe)* = (Ile) ") (uw = U) - g, ¥, )omr
+ ((¢in — (Ie)")(u = U) - ng, ¥, )opnr,, } dt.
(6.13)

We now rewrite the summation over the elements in (6.13) in terms of a summation over
the interior edges (faces) where it is relevant:

(?ﬂc’?ﬂz, wcu wz / Z{ tawc E — ( cu, vwc)E - (em vwc)E

( lez; wz>E - (607 V- ¢Z)E + (v ’ (HC(U - U))7¢C)E
+ ((He)" = (Te)™)(u = U) - ng, ¢ )op\r pdt

. B B (6.14)
+K;§}wwmwﬁ+WMmM+WA%hﬁﬁ

T
+/ {<Qc_u "1, 77Z)C_>Fout + <9c_»1/)z_ : l’l>p
0
+ ((cin — (ITe) ) (u—=U) -0, )y, tdt =Ty + Ty + ... + Tis.
Using (5.10) and (4.9), (6.14) implies

1 4 I
St 2 (T)|*+ / D724, %t < / (W2, (V-U)-) dt+ T+ Tyt Ths. (6.15)
0 0

For the first term on the right above we have

1

T 1 T
Z . ™ . /
5[ WU a < G VU)o [ 0O 616

We continue with bounds on the other terms on the right in (6.15).
From the definition of the L2-projections (6.1) and (6.2) it follows that

Ty =Ty = 0. (6.17)

Applying the Cauchy-Schwarz inequality, we obtain for 7}

T T
T = / (8'2(0c)¢, ¢'%0c) dt < (¢7)'/? / 1(0c)el| (|6 22)e| dt. (6.18)
0 0
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For the bound of 75 we will use the L2-projection of u onto the space of piecewise constant
vectors 1Iyu satisfying

VE €T, (u—-Ilhul)p=0, [|u-Iulope<Khglulipe 1<p<oo.

Using (6.1) we have
T T
—/ > (0, Vi) dt:/ > (0c(Mou — u), Vib,) g dt
0 g 0 g
T T
< Klul / S bl Oell Ve < K[l / S 110l e dt (6.19)
E E

T
< Klulls g7 / 10111624 d,

where we used (6.7) for the second inequality. Handling 7 is straightforward, using (5.11)
with e = 1/2:

T T 1 T
T4=/ > (D va)n dts/ HD1/292H2dt+Z/ D2, |%dt.  (6.20)
0 g 0 0

Using (6.4), we have for T:
T, = / SV (Tefw = 0)) v
- / S (Ve (= U), 6)p + (¥ - (u — ), )5} de
-
<o | T;ancuo,muu U5+ [Telloo 1V - (= U]l 62

T
< Ko,V / lellooll — Ul 16724 dt.
0

(6.21)
For T we have
T7 / Z HC HC )(u—U) 'nE7¢C_>8E\F dt
(6.22)
/ Z | (ILe)* ) Nlocomrll(@—U) - ngllopr|[¢, opr di.
Note that

I(11e)* = (Ie) ™ flo,00,0m < [|(T1e)* = €llo.co,0m + [lc = (1e) " [loc00m < lle = Tlello,00.5(m),
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where 0(F) is the union of all elements that share an edge (face) with E. For the second

term on the right in (6.22) we have

H(u - U) : n€||6 < H(u - Hu) 'neHe + ”(Hu - U) : neHe
< K([(u—Ta) - n. + hy'/?||Tu - Ul p)

< K([(u—Ta) - n|l + h?lu—uf| g+ h%u - Ullp),

where second inequality follows from an application of (6.8). Therefore for 7% we obtain,

using (6.8) again,

T
T < K [ 0o Y (1~ 1) o + A — T
0 E

+ 0P lu = Ul p)hy ||

T
< chlw/ el 100 (2] (u = ) - nllg, + [fu = Tl + [fu = T[)ll" 2w,
0

where |[wllg, = (3, [lw]|?)!/2. Similarly, for Ty we have

<93u, W)CDE < K¢>k_1/2||u : neH0,00,eHegHehi_zl/z“gbl/zwcHE?

therefore .
Ty < K oy / B2, 626
Similarly,
Ty < Ko, '/? / ' hY26, - mllg, 19",
0
and

Ty = /O S @ [ dt

T
< K(D*)? / B2 ey D24 | dt

0
T o 1 T
<KD" [ WO, de g [ D
0 0

using (5.11) with e = 1/2 for the last inequality. In a similar way we obtain

T
Thr < Klulloseds / B0 1 16240 d,
0
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(6.24)

(6.25)

(6.26)

(6.27)



T 1 T
Ti» < KD* / IO I dt + 5 / D424, || dt, (6.28)
0 0

and

¢"*e|| dt. (6.29)

Fin

T
Tis < K672 [ (lewlocers, + lellosr,Jh2(a = 0) -
0

A combination of (6.15)—(6.29), the use of Gronwall’s inequality for the term in (6.16),
and an application of Lemma 5.1 imply
T R
el < K [ (D 20u] 52 By + 17720 e
0

00l + [16c] + lu = Ullx + hY2]|(u — Tu) - nlg,
+ lu—Thu|| + [[u = U|| + 57210y le, + h~"?]10, - nlle,

+h7 20, e, + 2 (w = U) -y, ) dt,

(6.30)

where K = K (eT). The above bound, combined with the velocity error bounds (3.3) and
(3.4) and the approximation properties (6.4) and (6.6), implies the following convergence
result.

Theorem 6.1 If the solution to the coupled system (2.1)—(2.14) is smooth enough, then the
solution to the semi-discrete transport LDG method (4.10)—(4.12) satisfies

I|(c = C,z —Z)||| < K(h* 4+ h¥* + pi2tt 4 a2t (6.31)

7 Numerical results

In this section we present results from several computational experiments. The first three
confirm the theoretical convergence rates for problems with given analytical solutions,
while the last two illustrate the behavior of the method for realistic problems of coupled
surface-subsurface flows with contaminant transport. In all tests the computational domain
is taken to be = Q;UQ,, where ©; = [0,1] x [3, 1] and Q5 = [0, 1] x [0, 5]. For simplicity
we have used

T(uy, p1) = —pil + pVuy

in the Stokes equation in {2;. The flow equations are solved via domain decomposition
using the Taylor-Hood triangular finite elements in {2; and the lowest order Raviart Thomas
rectangular finite elements in €2,. In the LDG discretization of the transport equation we
chose W}, g to be the space of bilinear functions on £. With these choices,

k?1:27 k?gzlg:o, and &k =1.

17



The grid for the Stokes discretization in €2, is obtained by first partitioning the domain into
rectangles and then dividing each rectangle along its diagonal into two triangles. The flow
grids in €2; and €25 match on the interface. The LDG transport grid on {2 is the rectangular
grid used for the flow discretization (on €2, this is the grid before subdividing into triangles).

The computed Stokes-Darcy velocity U is used in the transport scheme by first project-
ing it onto the space of piecewise bilinear functions on the transport grid. In the Stokes
region the computed Taylor-Hood velocity vector is quadratic on each triangle and it is
simply evaluated at the vertices of each rectangle. In the Darcy region the velocity vector
at each vertex is recovered by combining the Raviart-Thomas normal velocities on the two
edges forming the vertex.

7.1 Convergence tests

In the three convergence tests we use a second order Runge-Kutta method to discretize
the transport equation in time. The final time is 7" = 2 and the time step is At = 1073,
all numbers being dimensionless. The time step is chosen small enough so that the time
discretization error is smaller than the spatial discretization error even for the finest grids
used. In the convergence tests with nonzero diffusion we take D = 1073 I, where I is the
identity matrix. To handle the purely hyperbolic case D = 0, we introduce an auxiliary
variable Z = —Vcand set z = Dz, following an approach from [2] for mixed finite element
methods for elliptic problems. The LDG analysis for this formulation has been carried out
in [13]. In all convergence tests we take ¢ = 1.
The true solution of the transport equation for all three tests is

c(x,y,t) = t(cos(mx) + cos(my)) /.

It is chosen to satisfy the outflow boundary condition (2.14) on 0f2. The source function s
is obtained by plugging into (2.11) the true solution functions for the concentration and the
velocity specified below. The sign of the normal component of the true velocity determines
whether the inflow or the outflow boundary condition is used for the transport equation. The
initial condition function ¢ and the inflow condition function c;, are obtained by evaluating
the true concentration at ¢ = 0 and x € I';,, respectively.

In Test 1 the velocity field is chosen to be smooth across the interface:

sin(% + w)e?/¢

u; = Uy = —COS(% + w)ey/a )
G x

P = (g = Eeos(z +w)e/) +y 05,
G

P2 = ECOS(% + w)e¥/C,

where
VK
p=01,K=1a=05 G=Y*" andw=1.05.



The velocity u; in the Stokes region is divergence free. The right hand sides f; and f; for
the Stokes-Darcy flow system are obtained by plugging the above functions into (2.1) and
(2.4), respectively. For the Stokes region, the velocity u; is specified on the left and top
boundaries, and the normal and tangential stresses n; - T - n; and n; - T - 7, are specified
on the right boundary. In the Darcy region, the normal velocity us - ny is specified on the
left boundary and the pressure is specified on the bottom and right boundaries.

In Test 2 the velocity field is continuous, but not smooth, across the interface between
the two subdomains:

~—
—~

3—1' 1'5_y)(y_€) :|
—L + L (E+1.5)— 158y —05 |’

(2 —2)(0.5-¢) }
D ’

x? 11y
pP1 = (?—Qx)(05—£)—8—K—I—u(05—§)—|—y—05,
1 a? X, ¥+y
b= (205 -+ L ),
where 1-G 306 — 17
522(1—%—6‘)’ X=—)g B =-0.3,

and i, K, «, and G are defined as in Test 1.
In Test 3 the normal velocity is continuous, but the tangential velocity is discontinuous

across the interface:
o | @) L5 —y)(y —¢)
P Y (€4 1.5) — 158y — 0.5 + sin(wz)

o — w cos(wz)y
> | x(y+0.5) +sin(wz) |’

sin(wzx) +
pL = —M + 1(0.5 — &) + cos(my),
2K
~ x(y+05)?* sin(wa)y
b2 = K 9 K )

where w = 6 and the other parameters are defined as in Test 2.

In all three tests, the solutions are designed to satisfy the interface conditions (2.8)—
(2.10).

The computed velocity field in Test 3 is shown in Figure 1. Note that the flow domain
decomposition scheme correctly imposes continuity of the normal velocity, but allows for
discontinuous tangential velocity across the interface.

The convergence rates for the transport equation are studied by solving the coupled
flow-transport system on several levels of grid refinement. We test convergence with and
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Figure 1: Computed velocity field in Test 3: discontinuous tangential velocity. Left: hori-
zontal velocity; right: vertical velocity.

D=1071 D=0
mesh || |lc — Cl|pe(r2) | rate | ||z — Z|| 1212y | rate || |lc — Clpe(z2) | Tate
4x4 5.50e-02 5.31e-04 5.54e-02

8x8 1.44e-02 1.93 2.39e-04 1.15 1.46e-02 1.93
16x16 3.75e-03 1.95 1.09e-04 1.13 3.81e-03 1.93
32x32 9.84e-04 1.93 5.09e-05 1.10 1.01e-03 1.92
64x64 2.60e-04 1.92 2.43e-05 1.07 2.71e-04 1.90

Table 1: Computed numerical errors and convergence rates for Test 1: smooth velocity.

without diffusion. The numerical errors and convergence rates for the three tests are re-
ported in Tables 1,2, and 3. In all three cases we observe experimental convergence of order
O(h?) for the concentration error in L>(0, T'; L?(12)) and approaching O(h) for the diffu-
sive flux error in L?(0,T; L?(£2)). Our theoretical results predict O(h) for both variables.
Similar second order convergence for the concentration has been observed numerically in
the literature for the stand-alone transport equation, see e.g. [1]. Higher order convergence
O(h¥+1) for the L?(0,T; L?(£2)) error of the concentration has been obtained theoretically
by adding penalty terms [19, 9]. In our case there are additional terms contributing to
the transport numerical error that are coming from the discretization error in the Stokes-
Darcy velocity. For our particular choice of flow discretization these terms are O(h?) from
Stokes and O(h) from Darcy. The observed second order convergence of the concentration
may be due to the superconvergence of the Raviart-Thomas velocity at the edge midpoints,
which are used to obtain the bilinear velocity for the transport scheme. Further theoretical
investigation of this phenomenon will be a topic of future work.
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D=10"°1 D=0

mesh || ||c — Cl|peo(r2y | Tate | ||z — Z|| 1212y | rate || ¢ — Ol p(r2) | Tate
4x4 5.57e-02 4.33e-04 5.63e-02
8x8 1.39¢-02 2.00 2.01e-04 1.10 1.41e-02 2.00

16x16 3.48e-03 2.00 9.62e-05 1.07 3.51e-03 2.00

32x32 8.69e-04 2.00 4.70e-05 1.03 8.77e-04 2.00

64x64 2.17e-04 2.00 2.33e-05 1.01 2.19e-04 2.00

Table 2: Computed numerical errors and convergence rates for Test 2: continuous velocity.

D=10"°1 D=0
mesh || |lc = Cl|pe(r2) | rate | ||z — Z|| 1212y | rate || |lc = Clpe(z2) | rate
4x4 1.99e+00 8.95e-03 2.07e+00

8x8 3.27e-01 2.60 2.71e-03 1.72 3.39e-01 2.61
16x16 8.48e-02 1.95 1.20e-03 1.18 9.04e-02 1.91
32x32 2.23e-02 1.93 5.33e-04 1.17 2.59¢-02 1.80
64x64 5.60e-03 2.00 1.77e-04 1.59 7.76e-03 1.74

Table 3: Computed numerical errors and convergence rates for Test 3: discontinuous tan-
gential velocity.

7.2 Contaminant transport examples

We present two simulations of coupled surface-subsurface flow and contaminant transport.
The Stokes region €2 represents a lake or a river, which interacts with an aquifer occupying
the Darcy region 2. The porous medium is heterogeneous with permeability varying
approximately two orders of magnitude, see Figure 2.

In both examples we use the following flow boundary conditions. In the Stokes region
we set parabolic inflow on the left boundary, no normal flow and zero tangential stress on
the top boundary, and zero normal and tangential stress on the right (outflow) boundary. In

permX
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0 0.2 0.4 0.6 0.8 1

Figure 2: Permeability of the porous medium in the contaminant transport examples.
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Figure 3: Computed velocity field in the contaminant transport examples. Left: horizontal
velocity; right: vertical velocity.

the Darcy region we set no flow on the left and right boundaries and specify pressure on
the bottom boundary to simulate a gravity force. The computed velocity field for the two
simulations is shown in Figure 3.

In Example 1, a plume of contaminant present at the initial time in the surface water re-
gion is transported into the porous media. In Example 2, inflow of contaminant is specified
on part of the left boundary in the surface water region. The contaminant front eventually
reaches and penetrates into the subsurface water region.

The diffusion tensor is chosen to be D, = 10~°T in the Stokes region, and

Da, = ¢dpI + di|u|T + dy|u|(I - T)

in the Darcy region, where T = ﬁ and the parameters values are ¢ = 0.4,d,, = d; =
d; = 1075 . Here d,, represents mollecular diffusion, while d; and d; represent longitudinal
and transverse dispersion, respectively. The simulations were carried out using the forward
Euler method for the temporal discretization with At = 1073 on a square 80 x 80 mesh.
Due to the discontinuity in the initial (Example 1) or boundary (Example 2) conditions
and small diffusion/dispersion values, the simulations exhibit steep concentration gradients.
In such cases a slope limiting procedure is often employed in the LDG scheme to remove
oscillations [14, 1]. Our approach is based on [24]. For each element local extremum is
avoided by comparing the averages of the concentration over the edges with the averages
of the concentration over the neighboring elements. The concentration values at the ver-
tices are reconstructed by imposing mass conservation on the element. The procedure is
equivalent to an optimization problem with parametrized equality constraints. Tighter con-
straints introduce more numerical diffusion and lead to a smoother solution. More relaxed

constraints allow for better approximation of propagating sharp fronts.
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Figure 4: Initial plume, t=0.0. The arrows represent the computed Stokes-Darcy velocity.

Plots of the contaminant concentration at various simulation times are shown in Fig-
ures 4—8 for Example 1 and Figures 9—11 for Example 2. Both two and three dimensional
views are included for better illustration of the steep concentration gradients.

In Example 1, the plume stays compact while in the surface water region. When it
reaches the groundwater region, it starts to spread due to the heterogeneity of the porous
media. The discontinuity in the tangential velocity along the interface causes some of the
contaminant to lag behind and even move in the opposite direction. Similar behavior is
observed in Example 2, where the contaminant front maintains a relatively flat interface in
the surface water region and spreads non-uniformly in the porous media. In both cases, the
LDG method with slope limiter preserves sharp discontinuities in the concentration without
numerical oscillations.
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