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SOLUTIONS TO THE THREE-DIMENSIONAL EQUATIONS OF
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ABSTRACT. The three-dimensional equations of compressible magnetohydrodynamic
isentropic flows are considered. An initial-boundary value problem is studied in a
bounded domain with large data. The existence and large-time behavior of global weak
solutions are established through a three-level approximation, energy estimates, and
weak convergence for the adiabatic exponent vy > % and constant viscosity coefficients.

1. INTRODUCTION

Magnetohydrodynamics (MHD) concerns the motion of conducting fluids in an electro-
magnetic field with a very broad range of applications. The dynamic motion of the fluid and
the magnetic field interact strongly on each other. The hydrodynamic and electrodynamic
effects are coupled. The equations of three-dimensional compressible magnetohydrody-
namic flows in the isentropic case have the following form ([2, 18, 19]):

pt + div(pu) =0,
(pu); +div(pu@u) + Vp = (V x H) x H+ pAu + (A + p)V(divu), (1.1)
H;—-Vx(uxH)=-Vx ©¥VxH), divH=0,

where p denotes the density, u € R? the velocity, H € R? the magnetic field, p(p) = ap” the
pressure with constant a > 0 and the adiabatic exponent v > 1; the viscosity coefficients
of the flow satisfy 2u 4+ 3\ > 0 and p > 0; v > 0 is the magnetic diffusivity acting as a
magnetic diffusion coefficient of the magnetic field, and all these kinetic coefficients and the
magnetic diffusivity are independent of the magnitude and direction of the magnetic field.
The symbol ® denotes the Kronecker tensor product. Usually, we refer to the first equation
in (1.1) as the continuity equation, and the second equation as the momentum balance
equation. It is well-known that the electromagnetic fields are governed by the Maxwell’s
equations. In magnetohydrodynamics, the displacement current can be neglected ([18, 19]).
As a consequence, the last equation in (1.1) is called the induction equation, and the electric
field can be written in terms of the magnetic field H and the velocity u,

E=1vVxH-uxH.

Although the electric field E does not appear in (1.1), it is indeed induced according to
the above relation by the moving conductive flow in the magnetic field.

In this paper, we are interested in the global existence and large-time behavior of so-
lutions to the three-dimensional MHD equations (1.1) in a bounded domain  C R? with
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the following initial-boundary conditions:

p(x,0) = po(x) € L7(Q), po(x) =0,

2
p(z,0)u(z,0) = mo(x) € LY(Q), mg =0 if pg = 0, % € LY(Q),
H(x,0) = Ho(z) € L*(Q), divHg =0 in D'(Q),
ulpo =0, Hlpo =0.

(1.2)

There have been a lot of studies on MHD by physicists and mathematicians because of
its physical importance, complexity, rich phenomena, and mathematical challenges; see
[3,4,5,7,12, 15, 19, 25] and the references cited therein. In particular, the one-dimensional
problem has been studied in many papers, for examples, [3, 4, 7, 15, 17, 22, 25] and so
on. However, many fundamental problems for MHD are still open. For example, even
for the one-dimensional case, the global existence of classical solution to the full perfect
MHD equations with large data remains unsolved when all the viscosity, heat conductiv-
ity, and diffusivity coefficients are constant, although the corresponding problem for the
Navier-Stokes equations was solved in [16] long time ago. The reason is that the presence
of the magnetic field and its interaction with the hydrodynamic motion in the MHD flow
of large oscillation cause serious difficulties. In this paper we consider the global weak
solution to the three-dimensional MHD problem with large data, and investigate the fun-
damental problems such as global existence and large-time behavior. A multi-dimensional
nonisentropic MHD system for gaseous stars coupled with the Poisson equation is studied
in [5], where all the viscosity coefficients depend on temperature, and the pressure depends
on density asymptotically like the isentropic case p(p) = ap%. In this paper, we study
the multi-dimensional isentropic problem (1.1)-(1.2) with v > 2, where all the viscosity
coefficients pu, A, v are constant. We remark that v = % for the monoatomic gases.

When there is no electromagnetic field, system (1.1) reduces to the compressible Navier-
Stokes equations. See [9, 14, 21] and their references for the studies on the multi-dimensional
Navier-Stokes equations. In particular, to overcome the difficulties of large oscillations of
solutions, especially of density, the concept of a renormalized solutions is used in [21, 9].
Based on this idea, we study the initial-boundary value problem (1.1)-(1.2) for the MHD
system in a bounded three-dimensional domain 2. The goal of this paper is to establish
the existence of global weak solutions for large initial data in certain functional spaces
for v > % and to study the large-time behavior of global weak solutions when the mag-
netic field and interaction present. The existence of global weak solutions is proved by
using the Faedo-Galerkin method and the vanishing viscosity method. We first obtain a
priori estimates directly from (1.1), which is the backbone of our result. In the proof of
the existence, we use the similar approximation scheme to that in [10] which consists of
Faedo-Galerkin approximation, artificial viscosity, and artificial pressure. Then, motivated
by the work in [6], we show that an improvement on the integrability of density can ensure
the effectiveness and convergence of our approximation scheme. More specifically, we show
that the uniform bound of p?In(1 + p) in L', rather than the uniform bound of p7*? in
L' for some 6 > 0 as used in [10, 9, 21], ensures the vanishing of artificial pressure and
the strong convergence of the density. To overcome the difficulty arising from the possible
large oscillations of the density p, we adopt the method in Lions [21] and Feireisl [9] which
is based on the celebrated weak continuity of the effective viscous flux p— (A4 2u)divu (see
also Hoff [13]). The estimates obtained by our approach produce further the large-time
behavior of the global weak solutions to the initial-boundary value problem (1.1)-(1.2). To
achieve our goal for the MHD problem, we also need to develop estimates to deal with
the magnetic field and its coupling and interaction with the fluid variables. The nonlinear
term (V x H) x H will be dealt with by the idea arising in incompressible Navier-Stokes
equations.
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We organize the rest of the paper as follows. In Section 2, we derive a priori estimates
from (1.1), give the definition of the weak solutions, and also state our main results and
give our approximation scheme. In Section 3, we will show the unique solvability of the
magnetic field in terms of the velocity field. In Section 4, following the method in [9] and
the result obtained in Section 3, we show the existence of solutions to the approximation
system. In Section 5, we follow the technique in [10] with some modifications to get the
strong convergence of p in L'((0,T) x ). In Section 6, motivated by [11] we study the
large-time behavior of global weak solutions to (1.1)-(1.2).

2. MAIN RESULTS

In this section, we reformulate the initial-boundary value problem (1.1)-(1.2) and state
the main results.

We first formally derive the energy equation and some a priori estimates. Multiplying
the second equation in (1.1) by u, integrating over 2, and using the boundary condition
in (1.2), we obtain

4
dt Jq,

z/((VxH)xH)-udaﬁ.
Q

1u2 @ T ul? iva)?) dz
(2,3 +7_1p)d + [ pap + (v v a o

The term on the right hand side of (2.1) can be rewritten as

/Q((VxH) XH)-udJ;:—/Q (HTVuHJr;V(HF)-u) dz.

Hence, (2.1) becomes

d 1
—/ —pu® + pr dx —|—/ (1| Du* + (X + p)(diva)?) dz
dt Jo \ 2 v—1 0
) (2.2)
- f/ (HTVuH + o V(HP)- u> dz.
Q

Multiplying the third equation in (1.1) by H, integrating over 2, and using the boundary
condition in (1.2) and the condition divH = 0, one has

1d
77/ |H|2dx+/(V x (vV x H))-H dx :/(v x (u x H)) - H da. (2.3)
Direct calculations show that

/(VX(VVXH)).de:u/|V><H\2dx,
Q Q

1
/(v « (ux H))-Hde = / (HTqu + 5 V(HP) ~u> da.
Q Q
Thus (2.3) yields

1d 1
77/ |H|2dx+y/ |V><H|2d;z::/ H'VuH+ -V(H?) -u ) dz. (2.4)
2dt Jq Q Q 2
Adding (2.2) and (2.4) gives
d 1 a 1
— - ~H
o Q<2pu +’yflp +2| [“ | dz

(2.5)
+ / (u|Du* + (X + p)(divu)® + v|V x H]?) dz = 0.
Q
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From Lemma 3.3 in [23], our assumptions on initial data, and (2.5), we have the following
a priori estimates:

plul® € L (0, T): LM (€);

we L2([0,T); Hy(9));

H e L(0, T); Hy () 1 L(0, T); L2(Q);
p e L=(0.T): L ().

Multiplying the continuity equation (i.e., the first equation in (1.1)) by ¥'(p), we obtain
the renormalized continuity equation:

b(p): + div(b(p)u) + (' (p)p — b(p))divu = 0, (2.6)

for some suitable function b € C1(RT). Following the strategy in [21, 9], we introduce
the concept of finite energy weak solution (p,u, H) to the initial-boundary value problem
(1.1)-(1.2) in the following sense:

e The density p is a non-negative function,
p € C([0,T]; L1 () N L=([0, T} L7()),  p(x,0) = po,

and the momentum pu satisfies

27
pu € C([0,TT; L car(2));
e The velocity u and the magnetic field H satisfy the following:
u e L2([0,T); Hy (), H € L*([0,T]; Hy (2)) N C([0, TT; Ly car (),
pu®u, V x (ux H), and (V x H) x H are integrable on (0,7) x €, and
pu(z,0) =my, H(z,0)=H,, divH =0 in D'(Q);

e The system (1.1) is satisfied in D'(R?® x (0,7)) provided that p, u, and H are

prolonged to be zero outside €2;
e The continuity equation in (1.1) is satisfied in the sense of renormalized solutions,

that is, (2.6) holds in D'(Q2 x (0,7T)) for any b € C1(R™T) satisfying

b'(2) =0 for all 2 € RT large enough, say, z > zp, (2.7)

where the constant zy depends on the choice of function b;
e The energy inequality

Et) +/0 /Q (uDul? + (A + p)(diva)? + v|V x H?) deds < E(0),

holds for a.e ¢ € [0, T], where
1 a 1
Et)= | (spu’ 7+ <|H? ) d
(t) /Q<2pu o gl |> z,

1 |mg|? a 1 2)
EOz/ Mol Y H? ) da.
©) Q<2 po 170 5 Hol

and

Remark 2.1. As a matter of fact, the function b does not need to be bounded. By Lebesgue
Dominated convergence theorem, we can show that if p,u is a pair of finite energy weak
solutions in the renormalized sense, they also satisfy (2.6) for any b € C'(0, 00) N C[0, 00)
satisfying

|b/(2)z] < ¢z for z larger than some positive constant z. (2.8)

Now our main result on the existence of finite energy weak solutions reads as follows.
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Theorem 2.1. Assume that 2 C R? be a bounded domain with a boundary of class C*1*,
k>0, and v > % Then for any given T > 0, the initial-boundary value problem (1.1)-(1.2)
has a finite energy weak solution (p,u,H) on Q x (0,T).

Remark 2.2. The fluid density p as well as the momentum pu should be recognized in the
sense of instantaneous values (cf. Definition 2.1 in [9]) for any time ¢ € [0, T7.

As a direct application of Theorem 2.1, we have the following result on the large-time
behavior of solutions to the problem (1.1)-(1.2):

Theorem 2.2. Assume that (p,u,H) is the finite energy weak solution to (1.1)-(1.2) ob-
tained in Theorem 2.1, then there exist a stationary state of density ps which is a positive
constant, a stationary state of velocity ugy = 0, and a stationary state of magnetic field
H, = 0 such that, as t — oo,

p(x,t) — ps strongly in L7(Q);
u(z,t) — us = 0 strongly in L*(Q); (2.9)
H(z,t) — H, = 0 strongly in L*(Q2).

The proof of Theorem 2.1 is based on the following approximation problem:

pt + div(pu) = eAp,

(pu); + div (pu @ u) + aVp? +6Vp® +eVu- Vp
=(VxH)xH+ pAu+ (A + p)Vdivu,

H,-Vx(uxH)=-Vx ¥V xH), divH=0,

(2.10)

with the initial-boundary conditions which will be specified in Section 4, where 3 > 0 is a
constant to be determined later, and £ > 0,6 > 0. Taking ¢ — 0 and 6 — 0 in (2.10) will
give the solution of (1.1) in Theorem 2.1. We remark that the nonlinear term (V x H) x H
can be dealt with by the idea arising in incompressible Navier-Stokes equations, but there
are no estimates good enough to control possible oscillations of the density p. In order to
overcome this difficulty, we adopt the method in Lions [21] and Feireisl [9] which is based
on the celebrated weak continuity of the effective viscous flux p — (A + 2u)divu. More
specifically, it can be shown that

(apy, — (A + 2p)divag)b(pn) — (ap7 — (A + 2p)diva)b(p)

weakly in L1 (Q2x (0,T)), where p,, and u,, are a suitable sequence of approximate solutions,

and the symbol F'(v) stands for a weak limit of {F(v,)}n%.

Remark 2.3. Similarly to [8], our approach also works for the general barotropic flow:

p(p) = ap +2(p),  1im 22 ¢ [0,00),
p—00 p’)’

where a > 0,y > % Moreover, we also can extend our results to the initial-boundary
value problem for (1.1) in an exterior domain by using the method of invading domain (cf.
Section 7.11 in [24]) and the following special type of Orlicz spaces L?(S2) (see Appendix

A in [21)):

LE(Q) = {feLi,(): flisi<n € LUQ), and f|{f1>n € LP(Q), for some n >0} .
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3. THE SOLVABILITY OF THE MAGNETIC FIELD

In order to prove the existence of solutions to (2.10) by Faedo-Galerkin method, we need
to show that the following system can be uniquely solved in terms of u:

H, - Vx(uxH)=-Vx ¥V xH),
divH = 0, (3.1)
H(z,0) =Hy, H]sq=0.
In fact, we have the following properties:
Lemma 3.1. Let u € C([0,7]; C3(;R?)). Then there exists at most one function
H € L*([0, T]; Hy(Q)) N L>((0,T]; L*(Q))

which solves (3.1) in the weak sense on Q x (0,T), and satisfies boundary and initial
conditions in the sense of traces.

Proof. Let Hy, Hy be two solutions of (3.1) with the same data. Then we have
(Hl — H2)t -V x (u X (Hl — HQ)) =-Vx (l/v X (Hl — HQ)) (32)

Multiplying (3.2) by Hy —Hos, integrating over 2, and using the Cauchy-Schwarz inequality,
we obtain
1d
2 dt
= / (ll X (Hl — Hz)) . (V X (Hl — HQ))d.’E
Q

/ H;, — Hy?dz + y/ |V x (H; — Hy)|?dz
Q Q

1
< 5/ |V x (Hl—Hz)deJr—/ lu x (H; — Hy)|?dx
2 Q 21/ Q

12
< 5/ |V x (H; — Hy)|*dz + C(v, || u||oo)/ H; — Hy|?dx.
Q Q

This implies

1d
5%/ ‘Hl — H2|2df£ + %/ |V X (Hl — H2)|2d1'
@ @ (3.3)
<C(v,||u ||Oo)/ [H, — H,|2dz.
Q
Then, Lemma 3.1 follows directly from Gronwall’s inequality and (3.3). O

Lemma 3.2. Let Q2 C R3 be a bounded domain of class C*1*, k > 0. Assume that
u € C([0,T]; C2(4;R3)) is a given velocity field. Then the solution operator

u — HJu]

assigns to u € C([0,T]; C3(Q;R3)) the unique solution H of (3.1). Moreover, the solution
operator u +— H[u] maps bounded sets in C([0,T]; C3(Q;R?)) into bounded subsets of
Y = L2([0,T); H} (2)) N L>°([0,T]; L*(2)), and the mapping

uc (0, T);C2(LR?) —HEY
is continuous on any bounded subsets of C([0,T]; C2(%;R?)).

Proof. The uniqueness of the solution to (3.1) is a consequence of Lemma 3.1. Noticing
that

V x (V x H) = V(divH) — AH,
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then (3.1) becomes
H; -V x (ux H) =vAH,
divH = 0, (3.4)
H(z,0) =Ho, Hpo =0,
which is a linear parabolic-type problem in H, so the existence of solution can be obtained
by the standard Faedo-Galerkin methods. And from (3.3), we can conclude that the solu-
tion operator u +— H[u] maps bounded sets in C([0,7T]; C2(Q;R?)) into bounded subsets
of the set Y = L2([0,T]; H}(Q)) N L>([0,T]; L*()).

Our next step is to show the solution operator is continuous from any bounded subset
of C([0,T); C3(Q; R3) to L2([0, T); HE (2))NL>°([0, T]; L*(2)). To this end, let {u,}5°; be
a bounded sequence in C([0, T]; C2(Q;R?), i.e., {u,}>2; C B(0,K) C C([0,T]; C2(4;R3)
for some K > 0, and

u, — u in C([0,T); C2(Q;R3)), as n — oo.
Then, we have, denoting H[u] by Hy, and H[u,,] by H,,
1d

77/ \Hn—Hu|2dx+u/ IV x (H, — Hy)|?dz
2dt Jo o

:/(un xH, —uxHy)) (VxH, —Hy))dz
Q

< /((un —u)xH,+ux(H,-Hy)) (VxH,-H,))ds
Q
<[ u, — uHOOHHn”%/ + K||H,, — HUHL2(Q)”Hn - HUHH(}(Q)
v
< C?[luy, — u|o + ¢[Hy — HUH%Q(Q) + §HHn - Hunilé(mv

where, we used the fact that Hy,[u,] is bounded in Y, says, by C = C(K,v). This implies
that

1d

14
-— [ H,-H de—l—f/ V x (H, — Hy)[*dz
2dt/§2| ul 2 S2| ( o) (3.5)
< C2Hun —Ufjoc + c[|H; — Hu||2L2(Q)

Integrating (3.5) over ¢ € (0,7, and then taking the upper limit over n on the both sides,
we get, noting that u,, — u in C([0, T]; C3(; R3)),

1 t
- limsup/ IH,, — Hy|?dz + v limsup/ / IV x (H, — Hy)|?dzds
2 n Q 2 n 0 JQ
. p (3.6)
< climsup/ IH,, — Hy|72(q)ds < c/ lim sup [|[H,, — Hyl|72(0yds,
n 0 0 n

thus, from (3.6), using Gronwall’s inequality and the same initial value for H,, and H,, we
get

lim Sup/ IH,, — H,|*(t)dz = 0.
n Q
This yields, from (3.6) again,

¢
limsup/ / |V x (H, — Hy)|*dzds = 0.
n 0 Jo

Therefore, we obtain
H,—H,inY.
This completes the proof of the continuity of the solution operator. O
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4. THE FAEDO-GALERKIN APPROXIMATION SCHEME

In this section, we establish the existence of solutions to (2.10) following the approach
in [10] with the extra efforts to overcome the difficulty arising from the magnetic field. Let

X, = span{n; };-L:l
be the finite-dimensional space endowed with the L? Hilbert space structure, where the
functions n; € D(Q;R3), j = 1,2, ..., form a dense subset in, says, Cg(€Q; R?). Through this
paper, we use D to denote C§°, and D’ for the sense of distributions. The approximate
velocity field u,, € C([0,T]; X,,) satisfies the system of integral equations:

/ puy,(z,t) -ndr — / my s - ndz
Q Q
t
= / / (,uAun — div(pu, ® u,) + V (A + p)diva, —ap” — 5p”) (4.1)
0o Jo

V- Vu, + (V x H) x H) - dadr,

for any ¢t € [0,7] and any n € X,,, where ¢, ¢, and /3 are fixed positive parameters. The
density p, = p[u,] is determined uniquely as the solution of the Neumann initial-boundary
value problem (cf. Lemma 2.2 in [10]):

pt + div(pu,) = eAp,
Vp-nlsag =0, (4.2)
p(x,0) = po,s(x);

and the magnetic field H,, = H[u,] as a solution to the system (3.1). The initial data pg_s

is a smooth function in C3(Q) satisfying the homogeneous Neumann boundary conditions
Vpo,s - n|po = 0, and
0<6<pos<d 2, (4.3)
po,s — po in L7(Q),  {po,s < po}| — 0 for § — 0;
moreover, we set
) 'f > )
g o(a) — | 0L I p0a 2 po(a) (4.5)
0, if Po,s < po(.’L‘).

Due to Lemma 3.1 and Lemma 3.2, the problem (4.1), (4.2), and (3.1) can be solved
locally in time by means of the Schauder fixed-point technique; see for example Section
7.2 of Feireisl [9]. As in [10, 9] the role of the ”artificial pressure” term dp” in (4.1) is to
provide additional estimates on the approximate densities in order to facilitate the limit

passage € — 0 (cf. Chapter 7 in [9]). To this end, one has to take ( large enough, says,
(3 > 8, and to re-parametrize the initial distribution of the approximate densities so that

5/p§6dx—>0a55—>0. (4.6)
oo

To obtain uniform bounds on u,,, we derive an energy equality similar to (2.5) as follows.
Taking n(z) = u,(z,t) with fixed ¢ in (4.1) and repeating the procedure for a priori
estimates in Section 2, we deduce a “kinetic energy equality”:

d 1 9 a o 5.1 9

— = — — ~|H

di Q(zp”“”+71p”+ﬂ1p"+2| ol ) de

+/ (1| Duy|® + (A + p)(diva,)® +v(V x Hy,) - (V x Hy,)) dz (4.7)
Q

b [ (@ + 6900 2) [Vpuf do =
Q
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The uniform estimates obtained from (4.7) furnish the possibility to repeat the above fixed
point argument to extend the local solution u,, to the whole time interval [0, T]. Then, by
the solvability of equations (4.2) and (3.1), we obtain the functions {p,, H,} on the whole
time interval [0, 7.

The next step in the proof of Theorem 2.1 consists of passing to the limit as n — oo
in the sequence of approximate solutions {p,, u,,H,} obtained above. We first observe
that the terms related to u, and p,, can be treated similarly to Section 7.3.6 in [9], due to
the energy equality (4.7). It remains to show the convergence of the sequence of solutions
{H,}32,. From (4.7), we conclude

H,, is bounded in L>([0,T]; L*(Q)) N L*([0, T]; Hy (2)).

This implies that, by the compactness of H'(2) — L?(Q) and selecting a subsequence if
necessary, there exists a function H € L>([0,T]; L%(2)) N L2([0,T]; H*(Q)) with divH = 0
such that H, (-,t) — H(-,t) in L?(Q) for a.e. t € [0,T]. Thus,

(VxH,) xH, - (VxH)xHinD'(Qx (0,7)).
Similarly, we have
V x (u, x H,) = V x (ux H) in D'(2 x (0,7)),
where
u,, — u weakly in L*([0,T]; H3(Q)).

Therefore, (4.1) and (3.1) holds at least in the sense of distribution. Moreover, by the
uniform estimates on u, H and the third equation in (1.1), we know that the map

t— / H,, (z,t)p(z) dz for any ¢ € D(Q),
Q

is equi-continuous on [0,T]. By the Ascoli-Arzela Theorem, we know that

t—>/QH(:1:,t)g0(x)dx

is continuous for any ¢ € D(Q2). Thus, H satisfy the initial condition in (3.1) in the sense
of distribution.

Now, we are ready to summarize an existence result for problem (4.1), (4.2), and (3.1)
(cf. Proposition 7.5 in [9]).

Proposition 4.1. Assume that Q C R? is a bounded domain of the class C*T*, k > 0.
Lete >0, § > 0, and 8 > max{4,v} be fized. Then for any given T > 0, problem (4.1),
(4.2), and (3.1) admits at least one solution p,u, H in the following sense:

(1) The density p is a non-negative function such that
p € L"([0,T; W2"(Q)), pec L"((0,T) x Q),

for some r > 1, the velocity u belongs to the class L*([0,T]; H} (2)), equation (4.2)
holds a.e on Q x (0,T), and the boundary condition as well as the initial data
condition on p are satisfied in the sense of traces. Moreover, the total mass is

conserved, especially,
[ platyde= [ posod
Q Q

for all t € [0, T]; and the following estimates hold:

T
5//p’8+1dxdt§C(5),
0Jo

T
5// |Vp|? dzdt < C with C independent of «.
0Ja
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(2) All quantities appearing in equation (4.1) are locally integrable, and the equation
is satisfied in D' (Q x (0,T)). Moreover, we have
pu e C(0.T): L0, (),

and pu satisfies the initial condition.

(3) All terms in (3.1) are locally integrable on Q% (0,T). The magnetic field H satisfies
equation (3.1) and the initial data in the sense of distribution. divH = 0 also holds
in the sense of distribution.

(4) The energy inequality
)
p7 +—p’+ |H|2> (x,t)dx

/<1u2+
Q 2” Y- p—1

—|—/ (u|Dul? + A(diva)® + v|V x H|?) (z,t) dz
Q

(4.8)
+ 6/ (avp" % + 55;}’872) |Vp|?(z,t) dx
o

1|1’1’10|2 a 1) 3 1 2)
< 5 + o+ + S[Ho|* | da
/9(2 2 771,00 5*1[)0 2| ol

holds a.e t € [0,T].

In the next section, we will complete the proof of Theorem 2.1 by taking vanishing
artificial viscosity and vanishing artificial pressure.

5. THE CONVERGENCE OF THE APPROXIMATE SOLUTION SEQUENCE

Now we have the approximate solutions {p¢ s, uc s, H: 5} obtained in Section 4. To prove
Theorem 2.1 we need to take the limits as the artificial viscosity coefficient ¢ — 0 and as
the artificial pressure coefficient § — 0.

First, following Chapter 7 in [9] (see also [10]), we can pass to the limit as ¢ — 0 to
obtain the following result:

Proposition 5.1. Assume 2 C R? is a bounded domain of class C?>**, k > 0. Let § > 0,
and

6
B > maz{4, 5 1 3}

be fized. Then, for given initial data po,mg as in (4.3)-(4.5) and Hy as in (1.2), there
exists a finite energy weak solution p,u, H of the problem:

pt + div(pu) =0,
(pu); +div (pu @ u) + V(ap” + 0p°) = (V x H) x H+ pAu + (A + p)u, (5.1)
H;,-Vx(uxH)=-Vx ®VxH), divH =0,

satisfying the initial boundary conditions (4.3)-(4.6) and (1.2). Moreover, p € LPT1(Q x

(0,T)) and the continuity equation in (5.1) holds in the sense of renormalized solutions.
Furthermore, p,u, H satisfy the following uniform estimates:

sup ||p(t)l[7 ) < cEs[po, mo, Hol, (5.2)
t€[0,T]

5 S[lép]llp( )76 < ¢Eslpo, mo, Hol, (5.3)
te

bup v/ p(t)u(t HLZ(Q < ¢Fs[po, mo, Hy), (5.4)

||11||L2([0,T];H5(Q)) < cEs(po, mg, Hy, (5.5)
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sup [|H(t)||72(q) < cEslpo, mo, Hol, (5.6)
te[0,T]
1H[ 2 jo,11:12 (2)) < ¢Es[po, mo, Ho], (5.7)

where the constant c is independent of § > 0 and

B 1 |mg 5|2 a b o5 1 5
Es[po, mg, Ho] = /Q (2 Do + 51700 + G170 + 2|H0| > dz.

Observing that the conditions (4.4)-(4.6) imply that the term Es[pg, mo, Ho] appearing
in (5.2)-(5.7) can be indeed majored to be a constant E[pg, mg, Ho] which is also inde-
pendent of the choice of §. This gives us a list of a priori estimates on p, u, H which are
independent of . We omit the proof of Proposition 5.1, and concentrate our attention on
passing to the limit in the artificial pressure term to establish the weak sequential stability
property for the approximate solutions obtained in Proposition 5.1 as § — 0.

5.1. On the integrability of the density. We first derive an estimate of the density
ps uniform in § > 0 to make possible passing to the limit in the term 6p§ as 0 — 0. The
technique is similar to that in [10].

Noting that the function b(p) = In(1+ p) satisfies the condition (2.8), and ps, us, Hs are
the solution to (5.1) in the sense of renormalized solutions, we have

Ps
Ps

(In(1 + ps)), + div (In (1 + ps) us) + <1 —In(1+ p5)> divus = 0. (5.8)

Now we introduce an auxiliary operator

B {feLP(Q): / fO}H[WS’p(Q)]?’

which is a bounded linear operator, i.e.,

IBU 2@y < Pl Fllney for any 1 < p < oo (5.9)
and the function W = B[f] € R? solves the problem
divwW = fin Q, W|sq = 0. (5.10)
Moreover, if f can be written in the form f = divg for some g € L", g - n|pq = 0, then
IB[fllzr@) < er)llgllLr o) (5.11)

for arbitrary 1 < r < oo.
Define the functions:

i = ¥ (t)B; [ln(l + ps) f]lﬂln(l + ps) dI:| , v eD(0,T),i=1,2,3,
where {,In(1 + ps) dz = Wll JoIn(1 + ps)dzx is the average of In(1 + ps) over Q. By virtue
of (5.2) and (5.8), we get
In(1 + ps) € C([0,T]; LP(§2)) for any finite p > 1.
Therefore, from (5.9), we have
@; € C([0,T]; Wy () for any finite p > 1.

In particular, p; € C(Q x [0,T]) by the Sobolev embedding theorem. Consequently, ; can
be used as test functions for the momentum balance equation in (5.1). After a little bit
lengthy but straightforward computation, we obtain:

T 7
/O/Qw(épg + ap))In(1 + ps) dedt = le, (5.12)

Jj=1
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where

T
L :/ w/(épg +apg)da:][ In(1 + ps) dzdt,
0 Q o
T
I, =(\+p) // YIn(1 + ps)divus dedt,
0Ja
T .
L= // Vupsls By [111(1 + s) _][ In(1 +p5)dx} dzdt,
0Jo Q
T . . .
I, :// Y (p0y; u5 — psugus)Oy, By [ln(l + ps) —][ In(1 + ps) dx} dadt,
0o Q
T ] Ps
I :/()/prgu(;Bi [(111(1 +ps) — Hp(s) divug

Ps .
— In(1+ — ) divu dx] dzdt,
]{z < 1+ 5) L+ ps ’

T
Is = / / Wpsu’s Bi[div(In(1 + ps)us] dadt,
0JQ

T
I7 :/O/Q’(/}(V X H6> x Hs - B; |:]{2 1n(1 + ps — ]n(l +p5)) d:L‘:| dzdt.

Now, we can estimate the integrals Iy — I7 as follows.
(1) First, we see that I is bounded uniformly in §, from (5.2), (5.3), and the following
property:
lim In(1 +¢)
t—o0 tY
(2) As for the second term, we also have

=0.

T
|Io| < // [¥ln(1 + ps)divus| dzdt < ¢,
0Ja
by the Holder inequality, (5.5), (5.2), and the following property:

In?(1+¢
im 20D
t—00 tY

where and throughout the rest of the paper, ¢ > 0 denotes a generic constant.
(3) Similarly, for the third term, we have

T
|I5] < /O/Q Yy psu By {ln(l + ps) —]éln(l + ps) dx}

Here, we have used (5.4), (5.5), and the embedding W'P(Q) — L*°(Q) for p > 3, since
In(1 + ps) — o In(1 + ps) dz € LP(Q2) for any 1 < p < oo.
(4) Similarly to (3), we have

dadt < e.

<c

T
// YOy, u50y, B; [ln(l + ps) —][ In(1+ ps) dx] dxdt
0Ja Q

and, by (5.2), (5.5), and Holder inequality, we have

<ec.

T
// Ypsusu}0y, By {ln(l + ps) —][ In(1 + ps) dx} dzdt
0/a Q

Here, we used the restriction v > % Therefore, we obtain

‘I4| S C.
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(5) Next, by Holder inequality and (5.9), we have,

T 1
1< [ loslEs oy lV7Ruslao | Bl 2, e < c
since
w = (ln(l + ps) — p5> divus —][ (111(1 + ps) — p5> divusdz € L"(Q),
L+ ps Q L+ps

for some 1 < r < 2, and here we have used the estimates (5.2), (5.4).
(6) Similarly to (5), using (5.2), (5.4), and we have

T
|Is] < // |1/Jp5uf;Bi[diV(ln(1 + ps)us)]| dadt < c.
0Ja

Here, we have also used the property (5.11).
(7) Finally, using Holder inequality again, we have

T
L] <e / WOV % Hy | 2oy | s 2o < c.
0

Here we used the result ¢; € C([0,T] x Q), (5.6), and (5.7).
Consequently, we have proved the following result:

Lemma 5.1. The solutions ps of system (5.1) also satisfies the following estimate

T
// »(8p5 + ap))In(1 + ps) dadt < c,
0J0
where the constant c is independent of § > 0.

Remark 5.1. Lemma 5.1 yields

T
// ((5,0? + apy)In(1 + ps) dzdt < c,
0Jo

where ¢ does not depend on 0. Using the similar method to Lemma 4.1 in [10], it can be
shown (cf. [21, 10, 9]) that the optimal estimate for the density ps is the following:

T
// (695 + ap})pf dadt < c,
0JQ

where the constant c is independent of § > 0, and 6 > 0 is a constant. But as shown later,
our estimate in Lemma 5.1 is enough for our purpose.

Define the set
T ={(z,t) € (0,T) x Q: ps(x,t) <k}, k>0, &e(0,1).
From (5.2), there exists a constant s € (0, 00) such that, for all 6 € (0,1) and k& > 0,
meas{Q x (0,T) — Jo} < %

We have the following estimate:

T
//6p§dxdt §// 6p§dxdt—|—// 6p?dxdt
0/Q Jg Qx(0,17)-J¢

T
< TokPmeas{Q} + 5// XQX(O,T)_Jgpf dzdt.
0/Ja

(5.13)
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Then, by the Holder inequality in Orlicz spaces (cf. [1]) and Lemma 5.1, we obtain

T T
3 [ Xooirysgel dot < Slxaiom gl max{1, [ [ M(o}) daat

<5 <N1 (’;))1 max{1, /OT/Q 2(1 + p2)In(1 + p?) dadt)

) (N_l (k)>l max{1, (4ln2)T meas{Q} +45/T/ Ml
< x{1, psIn(1 + ps) dedt}
§ 0Jan{ps>1}
1 T
< <N1 <Iz>> max{J, (4ln2)0T meas{Q} +45ﬂ// p?ln(l + ps) dadt},
0/a
(5.14)

where L (), and Ly(Q) are two Orlicz Spaces generated by two complementary N-
functions

M(s) = (1+ $)ln(1 + 8) — s,
N(s)=e’—s—1,
respectively. Due to Lemma 5.1, we know that, if § < 1,

(5.15)

T
max{J, (4In2)6T meas{Q} + 465// p?ln(l + ps) dzdt} <,
0oJo

for some ¢ > 0 which is independent of §. Combining (5.13) with (5.14), we obtain the
k

estimate
T -1
// 5p§ dzdt| < TokPmeas{Q} + ¢ (N_l <)> ,
0J0 s

where ¢ does not depend on § and k. Consequently

/OT/Q 6p8 dzdt| < ¢ (N—l (5))‘1 . (5.16)

The right-hand side of (5.16) tends to zero as k — oo. Thus, we have

lim sup
6—0

T
lim / 8p3 dxdt = 0,
5—0 0Ja

which yields
ps — 0in D'(Q2 x (0,T)). (5.17)

5.2. Passing to the limit. The uniform estimates on p in Lemma 5.1, and Proposition
5.1 imply, as § — 0,

ps = pin C([0,T]; Lyeqr, (), (5.18)
u; — u weakly in L*([0, T]; Hj (Q)), (5.19)
and
H;s — H weakly* in L*([0,T]; H}(2)) N L>=([0,T]; L*(2)), (5.20)
divH = 0 in D'( x (0,7)); '
and, from Lemma 5.1 and Proposition 2.1 in [9], we have, as § — 0,
py — p7 weakly in L*([0,T]; L*(2)), (5.21)

subject to a subsequence.
By (5.19), (5.20) and the compactness of H}(Q2) — L?(£2), we obtain,

V x (us x Hs) = Vx (ux H) inD'(2x (0,7)), (5.22)
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and

(VxHs)xHs; > (VxH)xH inD'(Qx(0,7)), (5.23)
as 6 — 0. On the other hand, by virtue of the momentum balance in (5.1) and estimates
(5.2)-(5.7), we have, as § — 0,

psus — puin C([0,T); L77L, (). (5.24)

weak

Similarly, we have, as § — 0,

Hs — H in C([0,T); L2, (Q)).

weak
Thus, the limits p, pu, H satisfy the initial conditions of (1.2) in the sense of distribution.
Since v > 2, (5.24) and (5.19) combined with the compactness of H!(Q) — L*(Q)
imply, as § — 0,
psus @ us — pu@u in D'(Q x (0,7)).

Consequently, letting 6 — 0 in (5.1) and making use of (5.18)-(5.24), (p, u, H) satisfies

Op + div(pu) = 0, (5.25)
Or(pu) + div(pu @ u) — pAu — (A + p)Vdiva + aVp? = (V x H) x H, (5.26)
H; - Vx(uxH)=-Vx ¥VxH), divH=0, (5.27)

in D'(Q x (0,T)). Therefore the only thing left to complete the proof of Theorem 2.1 is to
show the strong convergence of ps in L' or, equivalently, p7 = p7.

Since ps, us is a renormalized solution of the continuity equation (5.1) in D'(R? x (0, 7)),
we have

Ty (ps)t + div(Ti(ps)us) + (T7.(ps)ps — Tr(ps))divus = 0 in D'(R® x (0,7)),  (5.28)

where T}, is the cut-off functions defined as follows:
Ti(2) :kT<%) forz€ R, k=1,2,...

and T € C*°(R) is concave and is chosen such that

<1

T(z) = BoEsS

z > 3.

Passing to the limit for § — 04, we obtain

O Ta(p) + div(Ti(p)w) + (T(p)p — Ta(p))diva = 0 in D/((0,T) x R?),

where

(Ti(ps)ps — Ti(ps))divus — (T}.(p)p — Ti(p))diva weakly in L*(Q x (0,7))),

and

Ti(ps) — Tr(p) in C([0,T); LP . (Q)) for all 1 < p < oo.

weak

5.3. The effective viscous flux. In this section, we discuss the effective viscous flux
p(p) — (A + 2p)divu. Similarly to [21, 10, 9], we prove the following auxiliary result:

Lemma 5.2. Let ps, us be the sequence of approximation solutions obtained in Proposition

(5.1). Then,

T
lim 1/)/ dlap) — (X4 2p)divus) Tk (ps) dadt
d—0+ 0 QO

T —
= / P / d(ap? — (X + 2u)diva) Ty (p) dzdt,
0 Q
for any ¢ € D(0,T) and ¢ € D().
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Proof. As in [10, 9], we consider the operators

Ai[v] = A0 0], i =1,2,3

where A1 stands for the inverse of the Laplace operator on R3. To be more specific, A;
can be expressed by their Fourier symbol

—i&;
€12

Ai[] = F1 { ]—'[~]} ,i=1,2,3,

with the following properties (see [10]):

[Aivllwrs@) < cs, Q)]

Ls(R3)s 1<s< oo,

. . 1 1 1
Aiv]|La() < (g, s, Q)||v]|Ls(rs), g finite, provided . > ===,

w

S
|Aiv|| Loo () < (s, Q)||v]

Ls(R3)) if s > 3.
Next, we use the quantities
@i(t, x) = P(t)d(x) Ai[Ti(ps)], ¥ € D(0,T), ¢ € D(Q), i =1,2,3,

as the test functions for the momentum balance equation in (5.1) to obtain,

T
//Qw(b(apg + 6,0? — (A + 2u)divug) Tk (ps) daedt
0
T
= [ w0u (O + idivus = agg = 39) AT ()] dad
0
it [ (00,00, 05 AT )] = 50,000, AT )]+ 502, 6T, )
T
-/ / bpsus (Db Ai[Tk(ps)] + BA(Tk(ps) — T(ps)ps)divuag]) dadt (5.29)
0
T .
- //Q YpsusuiOn, o A;[Th(ps)] dadt
0
T . .
+/0/Q¢ufs (Tk(PJ)Ri,j[Paufs] —¢P5U§Ri,j[Tk(P6)]) dxdt

T
- /0 . Yop(V x Hs) x Hs - A[T}(ps)] dedt,

where the operators R;; = 0., A;[v] and the summation convention is used to simplify
notations.

Analogously, we can repeat the above arguments for equation (5.26) and the test func-
tions

pi(t, z) = P(t)¢(x) ATk (p)], i =1,2,3,



GLOBAL SOLUTIONS OF MAGNETOHYDRODYNAMIC EQUATIONS 17

to obtain

T
//sz op(ap? — (A + 2u)diva) Ty (p) dedt
0

B /o/g PO, (A + p)diva — ap?) Ai [Ty (p)] dadt

+u / / W (axj 30 1 Ai[Ti(p)] — 00, 60, Ai[Th(p)] + ulawigéTk(p)) dadt
0JQ

— /O/ngpui (&W&im(p)] + A [(Tx(p) — Té(p)p)divu}) dzdt (5.30)
T
~ [ [ v, 0 AT doa
0JQ
T
+ / /Q vt (L) R loow?] — opw R [Ti(p)]) dladt
T
— /O/Qz/J¢(V x H) x H - A[Ty(p)] dzdt.

Similarly to [10, 9], it can be shown that all the terms on the right-hand side of (5.29)
converge to their counterparts in (5.30). Indeed, with the relations (5.18)-(5.24) and the
Sobolev embedding theorem in mind, it is easy to see that it is enough to show

T . .
/O/QZZJUf; (Tk(Pa)Ri,j[(ﬁpaué] — psuzRi [Tk(Pé)]) dadt
T
- / / pu’ (Tk(P)Rz‘,j [ppu’] = $pu! R 5 [Tk(P)]) dadt,
0JQ

because the properties of A; and the weak convergence of u in L([0,7; H'(Q)) imply

Ai(Ti(ps)) — Ai(Tk(p)) in C((0,T) x ),

Ri;j(Ti(ps)) — Rij(Tr(p)) weakly in LP([0,T] x ) for all 1 < p < o0,

and

A(Tul(ps) — Th(p)p)divas] — Ai[(Th(p) = Th(p)p)diva) weakly in L2([0, T); H''(%)).
From Lemma 3.4 in [10], we have

To(ps) R slopsud) — dpsufRi ;[T (ps)]
— Ti(p)Ri jlopu’] — ppu’ Ri j[Ti(p)] weakly in L'(R), i,j =1,2,3,

for some r > 1. Hence, we complete the proof of Lemma 5.2. O

5.4. The amplitude of oscillations. The main result of this subsection reads as follows,
and is essentially taken from [10] (cf. Lemma 4.3 in [10]):

Lemma 5.3. There exists a constant c independent of k such that

liém sup 1Tk (ps) — Tr(p) | Lv+1 (0,1 x0) < C.
—0+
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Proof. By the convexity of functions t — p(t), t — —T}(t), one has

lim sup /0 T/Q (p}Tk(pa) - W(T(p))) dadt

5—0+

T
=timsup [ (5} = 7)(Tu(ps) — Ti(p) daa

6—0+
o (5.31)
+ [ [ = @00 - T o
T
> timsup [ (6] = ) (T(ps) ~ Ti(p)) dact
s—o+ JoJa
On one hand, we have
y y
y' -2 = / vs7 " ds > 7/ (s —2)7"'ds =~(y — 2)7,
for all y > z > 0, and
1T (y) — Tu(2)|" < [y = 2|,

thus,

(27 = y")(Ti(2) = Ti(y)) = V[Ti(2) — Te(y)|"[Tk(z) — Th(y)|

=|Tk(2) — Ti(y)"*,
for all z,y > 0. On the other hand,
T _—
lim sup// (diVU5Tk(p5) - divuTk(p)) dzdt
6—0+ JoJQ
T
—timsup [ [ (Tulos) = Tilo) + Tilp) ~ Tia)) divus o
s—0+ JoJa
<2 sup [ divus|| L2 0,1y x0) 11;11 sup 1Tk (ps) — Tr(p)ll2((0,7)x ) (5.32)
—0+

< Cligniw 1Tk (ps) — Tr(p)llL2((0,1)x0)
—0+

1
< ¢+ g limsup [Tk (ps) - To(P) 1734 0.1y e

The relations (5.31), (5.32) combined with Lemma 5.2 yield the desired conclusion. O

5.5. The renormalized solutions. We now use Lemma 5.3 to prove the following crucial
result:

Lemma 5.4. The limit functions p,u solve (5.25) in the sense of renormalized solutions,
i.e.,

9ib(p) + div(b(p)u) + (b'(p)p — b(p))divu =0, (5.33)
holds in D'(R? x (0,T)) for any b € C*(R) satisfying b'(z) = 0 for all z € R large enough,
say, z > M, where the constant M may depend on b.

Proof. Regularizing (5.28), one gets

OpSm [T (p)] + div(Sm[Th(p)]w) + Sm[(Ty.(p)p — Ti(p))divu] = rm, (5.34)
where S, [v] = v,,*v are the standard smoothing operators and r,, — 0 in L%([0, T]; L?(R?))
for any fixed k (see Lemma 2.3 in [20]). Now, we are allowed to multiply (5.34) by
b (Sm[Tk(p)]). Letting m — oo, we obtain

O{Ti(p)) + div(b{Ti (p)w) + (¥ (Te(p))Tk(p) — b(Te(p)))divu
— ¥ (Te(p)[(T()p — Telp))diva] in D'((0,T) x B?).

(5.35)
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At this stage, the main idea is to let k — oo in (5.35). We have

Tr(p) — p in LP(Q x (0,T)) forany 1 <p <, ask — oo,
since
1T%(p) = pllLe@x(0,1)) < lim inf 1Tk (ps) = psllLex(0,1))5
and
Tk (ps) — P6||ZL)p(Q><(0,T)) < 2pkp77HP6||zw(Qx(o,T)) < ckP. (5.36)
Thus (5.35) will imply (5.33) provided we show

Y (T (o) (T (p)p — Tu(p))divu] — 0 in L1(Q x (0,T)) as k — oo.
To this end, let us denote

Qrm ={(t,2) € Q% (0,T) [ Ti(p) < M},
then

I

< s W) [ /Q [ = TG s

Y (Tep)[(T(p)p — Tilp))divul | dedt

0<z<M

< sup [V (z)[liminf [[(T}(ps)ps — Ti(ps))divus|lzr(qy )
0<z<M §—0+ ’

< 5 / 5 2 CH1 lim inf T/ -1 2
< Sup V) sup lusllez oy o Hminf [ T4 (ps)s = Tilps)llz(@unn
< CI%IE})&f ||Tlé(pé)P5 - Tk(p5)||L2(Qk,M)'

Now, by interpolation, one has

T4 (p5)ps = Ti(ps) 172 1)

, 21 / i1 (5.37)
< Tk (ps)ps — Tk(p5)||L1Y(Q><(O,T))||Tk(p5)p5 - Tk(pé)||L3+1(QkM)~
Similarly to (5.36), we have
I1T7.(ps)ps — Tr(ps) |l L (ax 0,7y < k'™ sup llosll7~ < ck'=7,
and, using T}, (z)z < Ty(%),
1
§||T12(Pé)06 - Tk(ﬂé)HmH(Qk,M)
< 1 Ti(ps) = Ti(p) |41 0x0,7)) + 1Tk (P 27+1(Qk, 00
< HT/@(Pé) - Tk(p)||L“/+1(Q><(O,T)) + ||Tk(P)||Lv+1(Qk,M) (5.38)

+ 11Tk (p) = T (p) || Lr+1 (2 (0,1))
< | Tk(ps) — Tr(p) | Lv+1 (ax 0,1)) + Mc(R)

+ 11Tk (p) — T(p)l L+ (2x (0,1))-
From Lemma 5.3 and (5.38), we obtain

lim sup T3 (ps)ps — Ti(ps) || L1 ar) < 4e + 2Me(S),
—0+4

which, together with (5.37)-(5.38), completes the proof of Lemma 5.4. O
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5.6. Strong convergence of the density. Now, we can complete the proof of Theorem
2.1. To this end, we introduce a sequence of functions Ly € C1(R):

Lu(2) = zlnz, 0<z<k,
R zIn(k —i—zsz’“(g)ds z> k.

S

Noting that Lj can be written as
Lk(z) = ,BkZ + bk(z), (539)

where by satisfies the conditions in Lemma 5.4, we can use the fact that ps, us are renor-
malized solutions of (5.1) to deduce

8th(p5) + diV(Lk(p(s)u(;) + Tk(p5>diVU§ =0. (5.40)
Similarly, by (5.25) and Lemma 5.4, we have
OcLi(p) + div(Lg(p)u) + Ti(p)diva = 0, (5.41)

in D'((0,T) x ). By (5.40), we can assume, as § — 0,
Li(ps) — Li(p) in O([0, T} L7, 01,(2))-
Taking the difference of (5.40) and (5.41) and integrating with respect to t, we get

/ (Li(ps) — Lu(p)) de
(5.42)

/ / ((Li(ps)us — Li(p)u) - Vo + (Tx(p)divau — Ti(ps)divus)¢) dadt,

for any ¢ € D(Q2). Passing to the limit for § — 0 and making use of (5.42), one obtains

/ (Tn(p) — Li(p)) da

/ / Li(p (p)u- Vo drdt (5.43)

+ lim / /(Tk(p)divu—Tk(p(;)divu(;)qbda;dt7
=0+ Jo Jao

for any ¢ € D(Q).
Since the velocity components u‘,i = 1,2, 3, belong to L?([0,T]; I/Vol’2 (©)), one has the
following (see Theorem 4.2 in [9]):
|ul
dist[x, 09
Let us consider a sequence of functions ¢,, € D(§) which approximate the characteristic
function of € such that

€ L*([0,T]; L*(%)).

1
0< ¢m <1, ¢pm(z)=1for all x such that dist[z,dQ] > —

m’ (5.44)
and |V, ()] < 2m for all x € Q.

Taking the sequence ¢ = ¢,, as the test functions in (5.43), making use of the boundary
conditions in (1.2), and passing to the limit as m — oo, one has

/(Lk( ) — Li(p dx—// Tk (p)divadadt — hm // Ti(ps)divus dadt. (5.45)

We observe that the term Ly(p) — Ly (p) is bounded by (5.39).
At this stage, the main idea is to let kK — oo in (5.45). By (5 2), we can assume

peln(pe) — pln(p) weakly star in L=([0, T]; L*(2)) for all 1 < o < 7.
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We also have
Li(p) — pln(p) in L>=([0,T]; L*(Q)) as k — oo for all 1 < a < 7,
since, by (5.2),
lim r(k) =0, where r(k) := meas{(z,t) € Q x (0,T)|ps(x,t) > k};

k—oo

and because Li(z) < zlnz, repeating the similar procedure to (5.14), we have

||Lk( ) — Phl( )HLOC ([0,T];Le ()

< sup hm1nf||Lk(p5) psIn(ps) || Lo (jo,77;L ()
tef0,7] 9

< 2¢(k)sup sup max{l,/M(p?|lnp5|a)dx}
5 t€0,T) Q

< 2¢(k)sup sup max{l, 2/ (14 p§ Inps|“)n(1 + p§ Inps|*) dz}
6 tel0,T) Q

< 2¢g(k)sup sup max{l,c(a)meas{Q} + c(a)/ p§|Inps|* T d}
o t€[0,T] QN{ps>e}

< 2¢(k)sup sup max{l,c(a)meaS{Q}+c(a,'y)/ pg dz}
5 tefo,T] Q

<cq(k) — 0, as k — oo,

where the function M is defined in (5.15), ¢ is a constant independent of ¢ and

q(k) == ”X[ﬂéZk]”LN(Q) s <N ' <7“(k)>) .
Similarly, we have

Li(p) — plu(p) in L=([0,T]; L*(Q2)) as k — oo, forall 1 <a <7,
and, by Lemma 5.3,
Ti(p) — Ti(p) in LY([0,T]; LY(Q)) as k — oo, foralll <a<y+1. (5.46)

Finally, making use of Lemma 5.2 and the monotonicity of the pressure (see (5.31)), we
obtain the following estimate on the right hand side of (5.45):

/ /Tk Ydivadzdt — 11r(1)1+/ /T;C ps)divus dzdt
/ / Ti(p) — Ti(p))divu dzdt.

From (5.46) and the Sobolev embedding theorem, we see that the right hand side of (5.47)
tends to zero as k — oo. Accordingly, one can pass to the limit for k¥ — oo in (5.45) to
conclude

(5.47)

/ (plT(p) - pln(p)) (z,t)dz =0, for t € [0,T] a.e. (5.48)
Because of the conve?(ity of the function z — zlnz, we have
pln(p) > pln(p), a.e.in Q x (0,T),
which, combining with (5.48), implies
pln(p)(t) = pln(p)(t), for t € [0,T] a.e. (5.49)
Theorem 2.11 in [9], combined with (5.49), implies
pe — p, a.e. in Qx (0,T).
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From the estimate (5.2) on p, together with Proposition 2.1 in [9], again we know,
ps — p weakly in L' (Q x (0,T)),

subject to a subsequence. By Theorem 2.10 in [9], we know that for any n > 0, there exists
o > 0 such that for all § > 0,

/ pé(ta (E) dadt < UB
E

for any measurable set E C  x (0,7) with meas{E} < o.
On the other hand, by virtue of Egorov’s Theorem, for ¢ > 0 given above, there exists
a measurable set E, C Q x (0,T) such that
meas{E,} < o, and ps(z,t) — p(z,t) uniformly in Q x (0,T) — E,.

Therefore, we have

T lps = plaoat

Qx(0,T)

< // |ps — pldzdt + // lps — p| dzdt (5.50)
E, Qx(0,T)—E,

< 2n+ Tmeas{Q} sup |(ps — p)(x,t)],
(

z,t)eES

which tends to zero if we first let 6 — 0+, and then let  — 0+. The strong convergence
of the sequence ps in L'(Q x (0,7)) follows from (5.50).
The proof of Theorem 2.1 is completed.

6. LARGE-TIME BEHAVIOR OF WEAK SOLUTIONS

Our final goal in this paper is to study the large-time behavior of the finite energy weak
solutions, whose existence is ensured by Theorem 2.1.
First of all, from Theorem 2.1, we have

esssup,- o E(t) +/ / {u|Dul® + (A + p)(divu)® + v|V x H|*} dzdt < E(0).  (6.1)
0o Jao
Following the idea in [11], we consider a sequence
pm(,t) == p(z,t + m);
U, (z,t) == u(z, t +m);
H,,(z,t) == H(x,t + m),
for all integer m, and ¢t € (0,1), x € Q. It is easy to see that (6.1) yields uniform bounds
of
pm € L=([0,1]; L7(R)), H,, € L=([0,1]; L*(2))
S € L2([0,1]; L2(Q)),  pmtim € L2([0,1]; L777 (),

which are independent of m. Moreover, we have
1
lim (||Vum||2L2(Q) +|V x Hmuiz(m) dt = 0. (6.2)
m— 00 O
Hence, choosing a subsequence if necessary, we can assume that, as m — oo,
pm(x,t) — ps weakly in L7(Q2 x (0,1));
U (7,t) — ug weakly in L2([Ov 1]; Hé (2));
H,,(z,t) — H, weakly in L*([0,1]; Hj(Q)).
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Furthermore,

m—00

/ psdr < liminf/ pm(t) dx < C(Ep).
Q Q

Therefore, from the Poincaré inequality and (6.2), we know
1
m— 00 0
This, combined with the compactness of H' < L2, implies
us; =0, a.ein Q x (0,1).

Similarly, we know that

H, =0, aeinQx (0,1). (6.3)
On the other hand, by Sobolev inequality, Holder inequality, (6.1) and (6.2), we have
1
. 2 2 _
Jin [ (lowban I, 5, )+ lontonll? g, ) de=o. (6.0

Since p, u are solutions to (1.1) in the sense of renormalized solutions, one has, in particular,
pt +div(pu) = 0 in D' (2 x (0,7)). (6.5)

Then taking test functions ¢(z,t) = ¥(t)¢(x) in (6.5), where 9 (t) € D(0,1), ¢ € D(Q), we
have, using integrating by parts,

/01 </Q pm¢dz> Y (t)dt + /Ol/ﬂpmumvgm/) dzdt = 0.

Letting m — oo and using (6.4), we obtain

/01 </Q ps¢dm> Y (t)dt = 0.

This implies that ps must be independent of t, by the arbitrariness of .
Now, following the procedure used in Section 5, or in Lemma 4.1 in [10], one can obtain

P2+ is bounded in L'(€ x (0,1)), independently of m > 0,
for some 6 > 0. Consequently, one has
p). — p7 weakly in L'(Q x (0,1)). (6.6)

Therefore, passing to the limit in the momentum balance equation of (1.1) and using (6.2),
(6.4), we get
Vp7 =0 in D'(Q). (6.7)
Now, we show that the convergence in (6.6) is indeed strong. To this end, similarly to
[11], we consider

1 0
G(z)=2% 0<a<ming—,——
) 1 { 2y 0+ 'v}
so that b(z) = G(27) may be used in (2.6). Consider the vector functions
[G(p).),0,0,0] and [p],,0,0,0]
of the time variable ¢ and the spatial coordinates z. Using (2.6) and (6.2), (6.4), we get

Div[G(p1,),0,0,0] is precompact in W, -9 (Q x (0, 1)), (6.8)

loc

for some ¢g; > 1 small enough. Similarly, making use of the momentum balance equation
n (1.1), (6.2), and (6.4), we obtain

Curl[p,,0,0,0] is precompact in W% (€Q x (0,1)), (6.9)

loc
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for some go > 1, where
Div(fo, f1, f2, f3) := (fo)s + 27,04 fi,

and
CU.I‘](fQ,fl7 fz,fg) = 8i£i - ajfiv Xp = t, 1,_] = 0, ceey 3.

Meanwhile, we can assume

G(pl,) — G(p7) weakly in LP2(Q2 x (0,1)), (6.10)

and

G(pi)pm — G(p7)p? weakly in L"(2 x (0, 1)), (6.11)
with
1 1 1 1
pp=—, —4—=-<1
@ p1 p2 T
Using the LP-version of the celebrated div-curl lemma (see [26]), we deduce that from

(6.8)-(6.11)

G(p")pT = G(p7)p7. (6.12)
As G is strictly monotone, (6.12) implies G(p7) = G(p7). Since L= is uniformly convex,
this yields strong convergence in (6.6). Therefore, we have
Pm — ps strongly in L7(Q x (0, 1)).
This, combined with (6.6) and (6.7), gives VpY = 0 in the sense of distributions, which
implies that p, is independent of the spatial variables.
Finally, by the energy inequality, the energy converges to a finite constant as t goes to
infinity:
FEy = 75lim E(t),
and, by (6.4) and (6.3),

m—+1
lim / plu)®dz =0,
m Q

m— 00

m—+1
lim / [H|? dz = 0.
m— 00 m Q
Thus

m—oo ’yfl

— 4 4
/Q’y—lps -

Furthermore, using the continuity equation in (1.1), one easily observe that

S 1 a 1
E, = lim / (pu2 + P+ H|2) dzdt
m Q 2 2

p(x,t) — ps weakly in L7 () as t — oo.

Thus, we have

Es :/ pYdz < liminf p7dx < limsup Lp"’ dx
ov—1 t=oo Joy—1 t—oo Jo v —1
1 a 1 R
< —pul 4+ ——p7" + Z|H]? = 1i =FE.
_tlggo Q (2pu + ’yflp + 2|H| )dx tli)rgoE(t) B

This implies
lim a pldx = / a pldz,
t=oo Jogy—1 oy—17

and (2.9) follows since the space L7 is uniformly convex.
This completes the proof of Theorem 2.2.
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