LARGE EDDY SIMULATION FOR MHD FLOWS

ALEXANDR LABOVSCHIT* AND CATALIN TRENCHEA*

Abstract. We consider the mathematical properties of a model for the simulation of the large
eddies in turbulent viscous, incompressible, electrically conducting flows. We prove existence and
uniqueness of weak solutions for the simplest (zeroth) closed MHD model (1.7), we prove that the
solutions to the LES-MHD equations converge to the solution of the MHD equations in a weak sense
as the averaging radii converge to zero, and we derive a bound on the modeling error. Furthermore,
we show that the model preserve the properties of the 3D MHD equations. In particular, we prove
that the kinetic energy and the magnetic helicity of the model are conserved, while the model’s cross
helicity is approximately conserved and converges to the cross helicity of the MHD equations as the
radii 41,02 tend to zero. Also, the model is proven to preserve the Alfvén waves, with the velocity
converging to that of the MHD, as d1, d2 tend to zero.
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1. Introduction.

Magnetically conducting fluids arise in important applications including plasma
physics, geophysics and astronomy. In many of these turbulent MHD flows are typical.
The difficulties of accurately modeling and simulating turbulent flows are magnified
many times over in the MHD case. They are evinced by the more complex dynamics
of the flow due to the coupling of Navier-Stokes and Maxwell equations via the Lorenz
force and Ohm’s law.

In this report we consider the problem of modeling the motion of large structures
in a viscous, incompressible, electrically conducting, turbulent fluid.

The MHD (magnetohydrodynamics [2]) equations are related to engineering prob-
lems such as plasma confinement, controlled thermonuclear fusion, liquid-metal cool-
ing of nuclear reactors, electromagnetic casting of metals, MHD sea water propulsion.

The flow of an electrically conducting fluid is affected by Lorentz forces, induced
by the interaction of electric currents and magnetic fields in the fluid. The Lorentz
forces can be used to control the flow and to attain specific engineering design goals
such as flow stabilization, suppression or delay of flow separation, reduction of near-
wall turbulence and skin friction, drag reduction and thrust generation. There is a
large body of literature dedicated to both experimental and theoretical investigations
on the influence of electromagnetic force on flows (see e.g., [17, 23, 24, 16, 34, 12, 35,
18, 30, 7]). The MHD effects arising from the macroscopic interaction of liquid metals
with applied currents and magnetic fields are exploited in metallurgical processes
to control the flow of metallic melts: the electromagnetic stirring of molten metals
[25], electromagnetic turbulence control in induction furnaces [36], electromagnetic
damping of buoyancy-driven flow during solidification [26], and the electromagnetic
shaping of ingots in continuous casting [27].

The mathematical description of the problem proceeds as follows. Assuming the
fluid to be viscous and incompressible, the governing equations are the Navier- Stokes
and pre-Maxwell equations, coupled via the Lorentz force and Ohm’s law (see e.g.
[29]). Let Q = (0, L)3 be the flow domain, and u(t,z), p(t,z), B(t, z) be the velocity,
pressure, and the magnetic field of the flow, drived by the velocity body force f and
magnetic field force curlg. Then u,p, B satisfy the magnetohydrodynamics (MHD)
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equations:

1 S
ug + V- (uu®) — ﬁAu + §V(BQ) — SV -(BBT) +Vp=f,
1
B: + o curl(curl B) + curl (B x u) = curlg, (1.1)

V-u=0,V-B=0,
in @ = (0,T) x £, with the initial data:
u(0,2) =wup(x), B(0,2) = Bp(x) in Q, (1.2)

and with periodic boundary conditions (with zero mean):
B(t,2 + Les) = Dt 2),i = 1,2,3, / B(t,2)dz = 0, (1.3)
Q

for ® = u,ug,p, B, By, f, g.

Here Re, Rey,, and S are nondimensional constants that characterize the flow:
the Reynolds number, the magnetic Reynolds number and the coupling number, re-
spectively. For derivation of (1.1), physical interpretation and mathematical analysis,
see [9, 19, 28, 15] and the references therein.

If 701, 7% denote two local, spacing averaging operators that commute with the
d1fferent1at1on then averaging (1 1) gives the following non-closed equations for %!,

B ? P% in (0,T) x

. 1 S —561 =01
761+V ( 5 )_R 761 _ SV - (BBT‘S )—I—V( B2 _,'_761) :f‘s7
592 1 592 792 ——702 —
B + o curlcarl B®) + V- (BuT™) — V- (BT ) = curl g, (1.4)

vV.a =0 V-.-B”=0.

The usual closure problem which We study here arises because uuT £ o wd,

BBT " + B B”, uBT & £ o BT . To isolate the turbulence closure problem
from the difficult problem of wall laws for near wall turbulence, we study (1.1) hence

5 =
(1.4) subject to (1.3). The closure problern is to replace the tensors uvu®” | BBT
p— b2 . :
uBT" with tensors .7 (', "), ﬂ(B B %), 3(@51,B6 ), respectively, depending

76 .
only on @', B> and not u, B. There are many closure models proposed in large
eddy snnulatlon reflecting the centrality of closure in turbulence simulation. Calling

. . . 51 =8 B . .
w,q, W the resulting approximations to @’!,p°, B ", we are led to considering the
following model

wt+V~9(w,w)—éAw—Sﬂ(VV,W)—FVq:TSI

1
Wi+ R?curl(curl W)+V-T(w,W)—V-T(W,w)=curl g, (1.5)

V.ow=0 V- -W=0.



. . —=é
With any reasonable averaging operator, the true averages @', B -, p° are smoother
than u, B, p. We consider the simplest, accurate closure model that is exact on con-

. _ -9 .
stant flows (i.e., 7t = u, B~ = B) is

o 5 51 5
wl =ur T = 7@, u’),
SO 02 02 o R R—
BBT" ~B"BT” = 7(B",B"), (1.6)
—
leading to
—=6 1 —5 —
wi+ V- (@) = o Aw = SV (WHT Y+ vg=T7", (1.72)
1 —F0 —F=0
Wr + R curl(curl W) + V- (WwT ) = V- (wWT ") = curl g, (1.7b)
Vow=0 V- -W=0, (1.7¢)

subject to w(z, 0) = @) (z), W (x,0) = ESQ (x) and periodic boundary conditions (with

zero means).

We shall show that the LES MHD model (1.7) has the mathematical properties
which are expected of a model derived from the MHD equations by an averaging
operation and which are important for practical computations using (1.7).

The model considered can be developed for quite general averaging operators, see
e.g. [1]. The choice of averaging operator in (1.7) is a differential filter, defined as fol-
lows. Let the § > 0 denote the averaging radius, related to the finest computationally
feasible mesh. (In this report we use different lengthscales for the Navier-Stokes and

Maxwell equations). Given ¢ € LZ(Q), 66 € H%(Q) N L3() is the unique solution of
-5 o0 b :
Asdp = —0"A¢p +¢ =¢ inQ, (1.8)

subject to periodic boundary conditions. Under periodic boundary conditions, this
averaging operator commutes with differentiation, and with this averaging operator,
the model (1.6) has consistency O(5?), i.e.,

"o 4+ 0(0,2),

—=—=01 =02 —6251

BBT  =B7?BT" +0(5?%),
——=02 —6252
UBT == u BT + 0(512 + 522),

uuT

for smooth u, B. We prove that the model (1.7) has a unique, weak solution w, W
that converges in the appropriate sense w — u, W — B, as d1,d2 — 0.

In Section 2 we prove the global existence and uniqueness of the solution for the
closed MHD model, after giving the notations and a definition. Section 3 treats the
questions of limit consistency of the model and verifiability. The conservation of the
kinetic energy and helicity for the approximate deconvolution model is presented in
Section 4. Section 5 shows that the model preserves the Alfén waves, with the velocity
tending to the velocity of Alfvén waves in the MHD, as the radii d1, 0> tend to zero.
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2. Existence and uniqueness for the MHD LES equations.

2.1. Notations and preliminaries. We shall use the standard notations for
function spaces in the space periodic case (see [33]). Let H"(€2) denote the space of
functions (and their vector valued counterparts also) that are locally in H™(R?3), are
periodic of period L and have zero mean, i.e. satisfy (1.3). We recall the solenoidal
space

2(Q) ={¢ € C®(Q) : ¢ periodic with zero mean, V - ¢ = 0},
and the closures of 2(12) in the usual L*(Q2) and H*(£2) norms :

H={pecH)N),V -¢=0in 2(Q))?,
V={¢pc HN),V-p=0in 2(Q)}°.

We define the operator & € Z(V,V’) by setting

(o (w1, Wh), (w2, Wa)) :/

1
Q<R6Vw1 -Vwsy +

S
curl Wicurl W2> dz, (2.1)

€ m

for all (w;, W;) € V. The operator & is an unbounded operator on H, with the
domain D(«7) = {(w,W) € V;(Aw,AW) € H} and we denote again by <7 its
restriction to H.

We define also a continuous tri-linear form %y on V x V x V by setting

01

%0((w1,wl),(wQ,WQ),(wg,%)):/ (v-(ww{ )ws (2.2)

Q

")

—01 —_— ———02
-5V - (WQWlT )’LU3 + V- (Wgw? W3-V - (’LUQWiT )Wg) dx

and a continuous bilinear operator #(-) : V — V with
(B(w1, W1), (w2, Wa)) = Bo((w1, Wh), (w1, Wh), (wa, W2))

for all (w;, W;) € V.
The following properties of the trilinear form %, hold (see [22, 28, 14, 11])

go((wla W1)7 (w27 W2)7 (A51w25 SA52W2)) = Oa
)

Bo (w1, Wh), (wa, Wa), (As, w3, SAs,W3)) (2.3)
= —HBo((w1, Wh), (w3, W3), (A5, w2, SA5,W2)),

for all (w;, W;) € V. Also

| Bo (w1, W1), (w2, Wa), (w3, W3))| (2.4)
s b
< C|| (w1, W)l [ (w2, W) [[mg-41 | (@05°, W5 )|y

for all (w1, W) € H™ (), (wa, Wa) € H™2T1(Q), (w3, W3) € H™(Q2) and
d . d )
m1+m2+m32§, 1fmi7é§forallz:l,...,d,

d
m1+m2+m3>§, ifml-:iforanyofizl,...,d.
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In terms of V, H, &7, %(-) we can rewrite (1.7) as

L w0, W)+ (w0, W) (1) + B (w0, W)(0) = (F curl ™), ¢ € (0,T),
dt (2.5)
(w, W)(0) = (@, By).

where (f,curlg) = P(f,curlg), and P : L?(2) — H is the Hodge projection.

DEFINITION 2.1. Let (170517B—062) € H, ?61,curl§52 € L*(0,T;V'). The mea-
surable functions w, W : [0,T] x Q — R? are the weak solutions of (2.5) if w,W €
L2(0,T; V)N L>(0,T; H), and w, W satisfy

/ ¢dm+/ /—Vw (Ve + w(r) - Va(r) ¢ — SW(r) - VW) édedr

/u051¢dx+/ /f "o dadr, (2.6)

/W 1pdx+/ /—VW (F)VY + w(r) - NW (1) 2 — W(r) - Veo(r) o dadr

:/FOdex+/ /curlg(T)(SQz/}d:rdT,
Q 0o JQ

vt e [0,7), 6,0 € 2(Q).
Also, it is easy to show that for any u,v € H'(Q) with V-u = V- v = 0, the
following identity holds

V x (uxv)=v-Vu—u-Vo. (2.7)

2.2. Stability and existence for the model. The first result states that the
weak solution of the MHD LES model (1.7) exists globally in time, for large data and
general Re, Re,,, > 0 and that it satisfies an energy equality while initial data and the
source terms are smooth enough.

THEOREM 2.2. Let 01,02 > 0 be fived. For any (" ,Foéz) €V and (?61, curlgo?)
€ L?(0,T; H), there erists a unique weak solution w,W to (1.7). The weak solu-
tion also belongs to L°°(0,T; HY(Q)) N L2(0,T; H*(Q)) and wy, W, € L*((0,T) x Q).
Moreover, the following energy equality holds for t € [0,T):

—|—/0 N (7)dT = #(0) +/O P(r)dr, (2:8)

5225'

where

S
VW ()l + S I )16,
522S

bﬁwzéﬂWw@N%+;m@N%
A= ) 4 e [Tl ) 422
P(t)=(£(8), w(t)) + S(curlg(t), W (1),

S
—llaw, ME+Z VW (EIIE, (29)

We shall use the semigroup approach proposed in [6] for the Navier-Stokes equa-
tions, based on the machinery of nonlinear differential equations of accretive type in
Banach spaces.



Let us define the modified nonlinearity Zn(-) : V. — V by setting

B(w, W) if ||(w, W)l <N,
B (w, W) = 2 : (2.10)
(W) B(w, W) if || (w, W)|; > N.
By (2.4) we have for the case of ||(wy, W1)l|1, |[(wa, Wa)|1 < N
(BN (wy, W) — B (w2, Wa), (w1 — wa, Wy — W)
= |Bo (w1 — wa, W1 — Wa), (w1, W1), (w1 — wa, W1 — Wy)|
+ Bo((wa, Wa), (w1 — wa, Wy — Wa), (w1 — wa, W — Wa)|
—01 2
< Cl(wy — wa, Wi — Wa) |12 (wr, Wi ]| (w1 — W Wi =W )|
v
< S ll(wy — w2, Wi — Wo)[IF + Cn | (wy — wa, Wy — Wa)|[3,
where v = inf{1/Re, S/Re;, }.
In the case of ||(w;, W;)||1 > N we have
(BN (w1, W) — B (w2, Wa), (w1 — wa, W1 — Wa))|
N2
= ———=Bo((w1 — wa, W1 — Wa), (w1, Wh), (w1 — wa, W1 — Wa))
T, w20l b (o, W )
N2 N2
+ - Bo((wa, Wa), (we, Wa), (w1 — wa, Wi — Wa))
(T~ T ) Zoll Wl (). )

< ON|[(wy — wa, Wi — Wa) 32| (w1 — wa, Wy — Wa)l/?
+CNH(’U}1 —U}Q,Wl —Wg)”%
14

< 5”(“’1 — wo, W1 — Wa) |7 + On || (w1 — wa, W1 — Wa) 3.

For the case of ||(wi, W1)|1 > N, |[(we, W2)|l1 < N (similar estimates are obtained
when |[(wy, W1)||1 < N, [[(we, W2)|l1 > N) we have

‘<=%N(w1, Wl) - %N(UJQ, WQ), (w1 — wa, I/V1 _ W2)>|
N2
B m‘%)((“’l —wa, Wi — Wa), (wi, Wh), (w1 — wa, Wy — W2))

N2
— (1 — (’LU1W/1)||2> @O((w%WZ)a (w27 W2)7 (’LU1 - U}27W1 - WQ))
’ 1
1/2

< ON|[(wy — wa, Wy — W) [} (w1 — wa, W1 — W)l
+ CN (w1 —wa, Wy —Wa)||1][ (w1 —w2, W1 —=Wa)l|1/2

14
< §||(w1 —wa, Wy = Wa)|I} + Cn |l (w1 — wa, Wy — Wa)|3.

Combining all the cases above we conclude that

(BN (w1, W1) — B (w2, Wa), (w1 — wa, W1 — Wa))| (2.11)

< Sll(wy — we, Wi = W) |1 4 On (w1 — wa, Wy — Wa)|[5.

v
2
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The operator %y is continuous from V' to V’. Indeed, as above we have (using (2.4)
with my = 1,m2 = O,mg =1 )

(BN (w1, W1) — B (w2, Wa), (w3, W3))| (2.12)
< %o (wy — wo, W1 — Wa), (w1, Wh), (w3, W3))|

+ | Bo ((we, Wa), (w1 — we, W1 — Wa), (ws, W3))]
< On|l(wr — w2, Wi = Wa)|[1 [ (ws, W3) |1

Now consider the operator I'y : D(I'y) — H defined by
I'y=o +PBy, DIn)=D(A).

Here we used (2.4) with my; = 1,ms = 1/2,m3 = 0 and interpolation results (see e.g.
[13, 32, 11]) to show that

1B (w, W)y < Cll(w, W) |3 || (w, W)|1§/* < Cn |7/ (w, W)[[/%. (2.13)

LEMMA 2.3. There exists any > 0 such that Ty + anI is m-accretive (maximal
monotone) in H x H.
Proof. By (2.11) we have that

(T + M) (wi, W1) — (TN + A (wa, Wa), (w1 — wa, W1 — Wa)) (2.14)
> 2l|(ws = wa, Wy — W)}, for all (w;, W;) € D(Ty),
for A > C'ny. Next we consider the operator
Fn(w, W) = (w,W) + Bn(w, W) + ay(w,W), forall (w,W) e D(Fy),
with
D(ZFn) ={(w,W) e V; o (w,W) + Bn(w,W) € H}.

By (2.12) and (2.14) we see that .#n is monotone, coercive and continuous from V
to V/. We infer that .#y is maximal monotone from V to V' and the restriction to
H is maximal monotone on H with the domain D(.#y) D D(&7) (see e.g. [8, 4]).
Moreover, we have D(%y) = D(%/). For this we use the perturbation theorem for
nonlinear m-accretive operators and split %y into a continuous and a w-m-accretive
operator on H

Fk ==, D(Fy)=D(),

F2 = %ﬂ + Bn()+anl, D(F})={(w,W)eV, Zi(w,W)ec H}.
As seen above by (2.13) we have

3
|75 (w, W)ly < 511/ (w, W)llo + (1B (w, W)llo + en| (w, W)llo

02
< el (w, W)llo + an|l(w, W)llo + 2—? for all (w, W) € D(Fy) = D(<),

where 0 < ¢ < 1.
Since Z Y +.F% = 'y +anI we infer that I’y +a I with domain D (/) is m-accretive
in H as claimed. O



Proof. [Proof of Theorem 2.2] As a consequence of Lemma 2.3 (see, e.g., [4, 5]) we
have that for (17051,37062) € D(&/) and (?51,cur1§52) € Whi([0,T], H) the equation

d 7 g%
(0 W)+ /(0. W)0) + P (. W)0) = (T eulg™) ce 1)

(w, W)(0) = (@", Bo™),

has a unique strong solution (wy, Wx) € WH([0,T]; H) N L>=(0,T; D()).
By a density argument (see, e.g., [5, 22]) it can be shown that if (%51,§062) €
H and ( f5 curlg®) € L?(0,T,V') then there exist absolute continuous functions
(wn,Wx) : [0,T] — V' that satisfy (wy,Wy) € C([0,T]; H) N L2(0,T : V) N
W12([0,T],V’) and (2.15) a.e. in (0,T), where d/dt is considered in the strong
topology of V.

First, we show that D(«7) is dense in H. Indeed, if (w, W) € H we set (we, We) =
(I +el'n)~Y(w, W), where I is the unity operator in H. Multiplying the equation

(we, We) + el n (we, We) = (w, W)
by (we, We) it follows by (2.3), (2.11) that

|(we, Wo)l[§ + 2ev[|(we, Wo)[[§ < [I(w, W3

and by (2.10)
[(we —w, We = W)y = e||Te(we, We) || =1 < eN || (we, We) 1o [l (we, Wo) It/

Hence, {(we, W¢)} is bounded in H and (w., W) — (w, W) in V' as e — 0. Therefore,
(we, We) — (w, W) in H as € — 0, which implies that D(I'y) is dense in H.

Secondly, let (*51 B06 ) € H and (f ,curlg®?) € L?(0,T,V’). Then there are
sequences { (72! ,Bon )} € D(Tw), {(f6 curlg®?)} ¢ Wh1([0,T]; H) such that

(@, Bowt) — (1™, By™) in H,

(F curlg??) — (F7,curlg™) in L2(0,T; V"),
as n — oo. Let (wl, WN) € WHe°([0,T]; H) be the solution to problem (2.15) where
(w, W)(0) = (T ,Bon ) and (fél,curlﬁgz) = (?il,curlgff). By (2.14) we have

Dy — e WE— W+ 2wy — wfp, W~ WEDIE
< 20w |[(wy — wif, Wy = WR)IIE + *||( - cwrl(gl? — g%)|2.
for a.e. t € (0,T). By the Gronwall inequality we obtain
Il — wit, W — WN>< >|\2 < 2O (wh — %, Boy: — Boy)II3

2620Nt .
1@ - @l ~ )01

Hence

(wn (t), Wn (1)) = lim (wy (t), Wx(t))

n—oo
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exists in H uniformly in ¢ on [0,7]. Similarly we obtain

n n i 1 n S
@+ 1RO + [ (goITak IR+

m

(Jleur! W;&(sn%) s
5 — ¢ —01 5
<Oy [wn% B+ [ (IR + curlgﬂs)n%)ds} 7

and

2

dt
-1

@t W)

T
A

t
. —4 —0 .
< O I 8 + 1B R+ [ (172 I + euntg: ()12, )as).

Hence on a sequence we have

(W, W) — (wn, Wn) weakly in L*(0,T; V),
d

d
%(’LU?],W;\Z[) - %(wl\/VWN) Weakly in L2(07T; Vl)v

where d(wpy, Wi)/dt is considered in the sense of V’-valued distributions on (0,7).
We proved that (wy, Wy) € C([0,T]; H) N L?(0,T; V) N W2([0, T]; V).

It remains to prove that (wy, Wy) satisfies the equation (2.15) a.e. on (0,7).
Let (w, W) € V be arbitrary but fixed. We multiply the equation

d -
@ fwfe, WR) + Dy, WR) = (Folcurlgl), ae. te (0.7),
by (wi —w, W — W), integrate on (s,t) and get

2 (1wl (0, WR () — (o, W) — |y (5), WA (5)) — o, W)3)
< [ ) curlgl (7)) = Do, W), (wh (), W) = (w0, W)

After we let n — oo we get

< (wn (1), Wn (1)) = (wn(s), W (s))

t—s

,(wn (s), Wa(s)) — (w, W)> (2.16)

1

t—s

= / <(?61 (T)7 curl géz (T)) - 1—‘N(w7 W)7 (wN (T)7 Wn (T)) - (w, W)>d7—‘

Let to denote a point at which (wx, Wy) is differentiable and

5 to+h 5
(7" (o), curl 3% (10)) = Jim = / (7" (h), curl g (k) dh.

Then by (2.16) we have

<d(wN, W)

dt (to) — (?lecurlgéz)(to) + Iy (w, W), (wn, Wi )(to) — (w, W)> <o.

9



Since (w, W) is arbitrary in V and I'y is maximal monotone in V' x V'’ we conclude
that

d(wn, Wn)

dt (to) + I'nv(wn, Wi )(to) = (?61,CUY1§52)(750)-

If we multiply (2.15) by (As,wn,SAs,Wn), use (2.3) and integrate in time we
obtain

5,2 5,%8
(lon (D15 + SIWN #)]5) +%||szv(t)||3+ 22 leurl W (8)]13

DN =

t
1
+ [ (eI + o lauxG)R)
0 €

o (leunt Wi () + 02 feustcur W (5)]) ) d

5229

1 . —0 512 - —0
= 5 (1™ 13 + SIB6™I3) + S5-I Vas™ I} + 25> lleurl By 3

t
0

—5 .
[ (17 @l ()l + Sl g™ ()1 [Wa ()] ) ds.
Using the Cauchy-Schwarz and Gronwall inequalities this implies

l(wn, WN)(#®)|l1 < Cs,6, forallte (0,T),

where Cs, 5, is independent of V. In particular, for NV sufficiently large it follows from
(2.10) that Zn = B and (wy, Wx) = (w, W) is a solution to (1.7).

In the following we prove the uniqueness of the weak solution. Let (wq, W;) and
(w2, W5) be two solutions of the system (2.5) and set ¢ = wy — we, ® = By — Bo.
Thus (¢, ®) is a solution to the problem

d
7 (9 @) + (9, 2)(t) = = B((wr, W1)(1)) + B((wz, W2)(2)), t€(0,T),
We take (As, @, SAs, ) as test function, integrate in space, use the incompressibility
condition (2.3) and the estimate (2.4) to get

5o (613 + 82Vl + S| @[3 + 55,2 Vo |3)
1 S
+ gz IVl + 8E1Al8) + 52— (1V9ll + 331 A2(3)

= %0((907 q))a (wla Wl)v (A61S07 SA52(I)))
< COl(wi, W) loll(, ®)|I5/* (Vo V) |13/
< G5, 5.1 (w1, W) lo (10113 + 6:2][Vpl|3 + S||@]|3 + S| VD|12) .

Applying the Gronwall’s lemma we deduce that (¢, ®) vanishes for all ¢ € [0, T], and
hence the uniqueness of the solution. O

REMARK 2.1. The pressure is recovered from the weak solution via the classical
DeRham theorem (see [21]).
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2.3. Regularity.
THEOREM 2.4. Let m € N, (ug, Bg) € VN H™ Y(Q) and (f, curlg) € L*(0,T;
H™Y(Q)). Then there exists a unique solution w, W, q to the equation (1.7) such that

(w, W) € L®(0,T; H™1(Q)) N L*(0,T; H™ (),
q € L*(0,T; H™(Q)).

Proof. The result is already proved when m = 0 in Theorem 2.2. For any m € N*,
we assume that

(w, W) € L>(0,T; H™(Q)) N L*(0,T; H™ () (2.17)
so it remains to prove
(D™w, D™W) € L*>(0,T; H(Q)) N L*(0,T; H*(Q)),

where D™ denotes any partial derivative of total order m. We take the m'" derivative
of (1.7) and have

]. 1 1 1
(D™w) ~ 5= A(D™w) + D (w Vo) — SDm(W VW) =Dnf,

1 . . S
(D™ W)+ 5=V X V x (D™ W) + D (w- VW)~ DR(W V) : =V x Dig”,
V. (D™w) =0,V - (D"W) =0,

me(o’ ) — Dmfoél,DmW(O, ) _ DmE627

with periodic boundary conditions and zero mean, and the initial conditions with zero
divergence and mean. Taking As, D™w, As, D™W as test functions we obtain

1d
5 3 IP7w[§+ 02 [ VD™ w[[§ + S| DT WIJG + 56| VD™ WI[5) (2.18)
1 m m 1 m m
+ 5o (VD™ w[[§ + 6T AD™w[§) + — (VD™ WI[G + 63| AD™WI|5)

:/ (D" fD"w+V x gD"W)dx — 2,
Q
where
X = / (D"™(w-Vw) —SD™(W -VW) + D™ (w- VW) — D™ (W - Vw)) dz.
Q

Now we apply (2.4) and use the induction assumption (2.17)

3
m « m—o m « m—o m
- Z ( N ) Z/QD w; D™ Djw; D™w; — SD*W,; D™ *D;W; D™ w;
la|<m ij=1
- Da’wiDm_aDinDij - DaWiDm_aDiijij

3/2 1/2 3/2 1/2
< w22 ol 2wl + W2 0]l

1/2 1/2 3/2 1/2
[l W2 WA W o+ W3 oW [

Integrating (2.18) on (0,7, using the Cauchy-Schwarz and Hélder inequalities, and
the assumption (2.17) we obtain the desired result for w, W. We conclude the proof
mentioning that the regularity of the pressure term ¢ is obtained via classical methods,
see e.g. [31, 3]. O
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3. Accuracy of the model.

We will address first the question of consistency error, i.e., we show in Theorem
3.1 that the solution of the closed model (1.7) converges to a weak solution of the
MHD equations (1.1) when 41, d2 go to zero. This proves that the model is consistent
as 51, 52 — 0.
Let 7., 7B, 7By denote the model’s consistency errors

—382—=4 —0
T =0 —uu, 75=DB'B°—BB, 7p,=B"u" — Bu, (3.1)

where u, B is a solution of the MHD equations obtained as a limit of a subsequence
of the sequence ws, , W, .

We will also prove in Theorem 3.2 that ||@’* —w| L= (0,1:22(Q))5 H§52 —W Lo (0,1:02(Q))
are bounded by ||7u|/z2(Q.)s I7BlI22(Qr)s 17BullL2(0r)-

3.1. Limit consistency of the model.
THEOREM 3.1. There exist two sequences 67,905 — 0 as n — 0 such that

(wSI‘;Wé;aQJ?)_) (U,B,p) as 5?ﬂ53_)07

where (u, B,p) € L>®(0,T; H) N L2(0,t; V) x L3(0,T; L*(Q)) is a weak solution of
the MHD equations (1.1). The sequences {wsn nen, {Wsy fnen converge strongly to
u, B in L%(O,T;LQ(Q)) and weakly in L2(0,T; H*(2)), respectively, while {gs7 fnen
converges weakly to p in L3 (0,T; L2(Q)).

Proof. The proof follows that of Theorem 3.1 in [20], and is an easy consequence
of Theorem 3.2 and Proposition 3.4; we will sketch it for the reader’s convenience. O

3.2. Verifiability of the model.
THEOREM 3.2. Suppose that the true solution of (1.1) satisfies the regularity
condition (u, B) € L*(0,T;V). Then e =" —w, E = B® -w satisfy

tr S
He(t)||3+SIIE(t)II?)+/O (ReHVe(S)II% R

< Co(t) /0 (Rellmu(s) + S7a(s)II5 + Rew I T5u(s) — 754" (5)I5) ds,

curlE(s)|(2)) ds

Cm

(3.2)

where (t) = exp {Re3 JEIVuldds, Rew® [ | Vulldds + RemRe? [ HVBHg}.

_ -0 . . ..
Proof. The errors e = @’ —w, E = B> — W satisfy in variational sense

e e e N e e — 5
e+ V- (@u ww ) ReAe—i—SV (B°B WW )+ V(@ —q)

=V (7! +575),
1 s 02 — 02
Et—l—R—curlcurlE—i—V-(B 't —=Ww )—V-@*'B~ —wW )

=V (?%u - ?%uT%

12



and V-e=V-E =0, ¢(0) = E(0) = 0. Taking the inner product with (4s,e, SAs, E)
we get as in (2.8) the energy estimate

1d

5 o (lell3 + SIEIE + 83 Vell3 + 835 cur E3)
1 52 628
+ o Vel + o eurl EJ3 + 2L Ael + 22 feurlcurl B

+/ (v (@’ —ww)e + SV - (E *B” —WW)e
Q
+ SV - (B — Ww)E — 8V - (@ B” — wW)E) da

= —/ ((Tu +87B)-Ve+ S(Tpy — TBu) - VE)d:z:
Q

S Re
| Vells + ||Cur1E||o ||Tu+STB||3 — 1780 — T84 |I3-

Ren

- 2R 25
Since @ — ww = eu’ + we E E - WWwW = EEJQ + WE, §52ﬂ51 —Ww =
Eu% + We, @ B” —wW =B’ + wE, and [,V - (we)edz = [,V - (WE)Edxz =0
we have

d

T (lell + SIE|G + 671 Vells + 565 [|curl E|3)

1 S 52 828

+ §||V6H(2) + Riemﬂcurl E||(2) + R—LHAeH% + RziemﬂcurlcurlEHg

S/ (—e'Vﬂ5le—SV~(E§6
Q

+ Re”Tu + STB”% + RemHTBu - TBuT”g
3/2y 11/2 1 1/2 1/2\ 150
< (Ivelly2llely Va0 + 281111y 2V Elly 21 VB ol Vell

e — SV - (ET)E + Se - V§52E> dz

+ SIBIYIVEIS IV o) + Relr + S75[3 + Renll7is — 7o I3
Using ab < ea*/? + Ce=3b* we obtain

d
= Ulellg + SIEE + o1 [ Vells + S5 |ewrl £[5)

52 628
||curl EH% 1 HA ||0 + 7||curlcur1E||o

+ Vel +
< O(ReelRIva i + RemRezuEHonvF”no + Ren® | EIRIVE" )
+ Rell7 + 575G + Rem 750 — 75" [
and by the Gronwall inequality we deduce

! S
eI + SIE@I + [ (eI Ve + et B ) s

< C‘I’(L‘)/O (Rellmu(s) + S7B(s)I[§ + RewmIm5u(s) — 784" (5)[3) ds,

where

t t t
W(t) = exp {Re3/ |\Vﬂ51||§ds,Rem3/ ||Vﬂ51||§ds+RemRe2/ ||v362|gds}.
0 0 0

13



Using the stability bounds ||V@o! ||y < ||Vullo, ||V§62||0 < |I[VB]Jlp we conclude the
proof. O

3.3. Consistency error estimate. Here we shall give bounds on the consis-
tency errors (3.1) as 61,02 — 0 in L1((0,7) x Q) and L2((0,T) x Q).

PROPOSITION 3.3. Let us assume that (f, curlg) € L*(0,T;V"'). Then the fol-
lowing holds

I 7ull L2072 () < 2326, TY?Re'/28(T),
Rern1/2

I78llL10,7;20 () < 23/252T1/2T5(T), (3.3)
1

ITBullLr 0101 () < 21/2T1/2§(51Re1/2 + 85Ren 2 E(T),

where

Rem
&(T) = (||“0||g + S|IBoll§ + Re”fH%Z(O,T;H*l(Q)) + S||Cur19||2L2(o,T;H1(Q))> .

Proof. Using the stability bounds we have

I7ullzrorpr @) < llu+3 20 :z2@) 1@ — ull L2012 ()

< 2fjull 20,7120 V201 [Vl 20,7322 (9)-

Similarly

—35 —5
I78llLt 0L @) < 1B+ B |20.m:20 1B = BllL2o.m:02(0)
< 2||Bllz2(0,7:12(0)) V202| | VB 20,712 (0))
—48 _ _
IBullzr0.7:L1(2)) < I1B™ = Bllr2@Ia’ | 22(@) + 1Bl 17 — ullr2(@)
< V26| VBl 2 llull 2 (q) + V2611Vl 2 | Bll 2 (q) -
The classical energy estimates for the MHD system (1.1) will yield now (3.3). O
Assuming more regularity on (u, B) leads to the sharper bounds on the consistency
€ITOTS.
REMARK 3.1. Let (u, B) € L*(0,T; H*(Q2)). Then
I7ullzr0,7:01 () < 03,
1781l L1 (0,152 () < €63,
I7BullLi0,7:01 () < C(67 +63),
wheTe C = C(T, Re, Rem, || (u, B)||L2(07T;L2(Q)), ||(u, B) HLZ(O,T;H2(Q)))-

Proof. The result is obtained by following the proof of Proposition 3.3 and using
the bounds

2% — ullL20,7522(0)) < 01l Aul|L20,7:L2(02))»

—s
IB” = Bllz2(0,1:02@)) < 03 I1ABI 22 (0,132(2)-
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Next we estimate the L?-norms of the consistency errors 7., Ts, Ty, Which were
used in Theorem 3.2 to estimate the filtering errors e, .
PROPOSITION 3.4. Let u, B be a solution of the MHD equations (1.1) and assume
that
(u, B) € L*((0,T) x Q) N L*(0,T; H*(Q)).

Then we have

I7ullz2(@) < €1,
IT8ll2(q) < Cda,
ITBullL2(Q) < C(d1 + d2),

where C = C(||(u, B)||La(0,7)x2), | (W, B)l| 220,12 (2)) ) -
Proof. As in the proof of Proposition 3.3, using the stability bounds we have

I7ullz2@) < 2llulla) @’ — ullLaq)

T
< 22 |lull 1) @ = ullr2o) V(@ = u)|G2 ) dt
0 (2

1/4

. 1/4
< 22ull s g (/0 45%”“"”(”"A“'%Z“”dt>

< 41 |Jull La @) llull 20,711 () 1wl L2 0,75 12 () -

Similarly we deduce

I78L2(@) < 402(|Bllz2@) | Bl z2(0,7:11 ) | Bl L2 (0,1 52 (€2)) 5

and
. .
ITBullz2(@) < lulla@)lB™ = Bllra) + 1Blla@” — ullraq)
< 20a|ul o) | Bl 20,7151 () | Bl 20,7512 (92))
+ 201 ||B|| 4@y lull 20,7511 cony 1wl L2 (0, 7312 (02)) -
0

Asin Remark 3.1, assuming extra regularity on (u, B) leads to the sharper bounds.
REMARK 3.2. Let

(u, B) € L*((0,T) x Q) N L*(0, T; H*(2)).
Then

Imull L2y < C6F,
|75]lr2(q) < C63,
I7BullL2(q) < C(6F +03),

where C = C’(||(u, B) HL4((O,T)><Q), ||(u, B) ||L4(O,T;H2(Q))).
The proof repeats the one of Remark 3.1.
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4. Conservation laws.

As our model is some sort of a regularizing numerical scheme, we would like to
make sure that the model inherits some of the original properties of the 3D MHD
equations.

It is well known that kinetic energy and helicity are critical in the organization
of the flow.

The energy E = % [ (u(z) - u(z) + SB(z) - B(z))dz, the cross helicity Hc =
1 [o(u(z) - B(z))dz and the magnetic helicity Hyy = 3 [ (A(z) - B(z))dz (where A is
the vector potential, B = V x A) are the three invariants of the MHD equations (1.1)
in the absence of kinematic viscosity and magnetic diffusivity (é = Rém =0).

Introduce the characteristic quantities of the model

1
ELES = 5[(1451?1),11)) + S(A52W, W)],

1
Heres = 3 (As,w, A5, W),

and
1 —02 —062 1
HM,LES’ = §(A52W,A )7 where A ~ = A52 A.
This section is devoted to proving that these quantities are conserved by (1.7)
with the periodic boundary conditions and ﬁ = R% = 0. Also, note that
Ergs — E, Hecrps — He, Hy,pps — Hy, as 61,2 — 0.
THEOREM 4.1 (Conservation Laws). The following conservation laws hold, VT >
0
Erps(T) = ELps(0), (4.1)
Herps(T) = Ho,Les(0) + C(T) max 57, (4.2)
and
Hypes(T) = Hypes(0). (4.3)

Note that the cross helicity He,rgs of the model is not conserved exactly, but it
possesses two important properties:

Herps — Heo as 612 — 0,
and

He res(T) — He,Les(0) as N increases.

Proof. Start by proving (4.1). Consider (1.7) with 5= = Rim = 0. Multiply (1.7a)

by As, w, and multiply (1.7b) by SAs, W. Integrating both equations over 2 gives

%%(A(;lw,w) = S((V x W) x W,w), (4.4)
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1
55%(A52W, W) — S(W - Vw, W) = 0. (4.5)
Use the identity
(Vxv) xu,w)=(u-Vo,w) — (w-Vo,u). (4.6)

Add (4.4) and (4.5). Using (4.6) leads to

1d
5 o [(A5,0,) + S(As, W, W)
=S(W -VW,w) — S(w- VW, W)+ S(W - Vw, W).
Hence
1d
3 g (Asw,w) +5(As, W, W) =0, (4.7)

which proves (4.1).
To prove (4.2), multiply (1.7a) by As, W, and multiply (1.7b) by As,w. Integrat-
ing both equations over 2 gives

A
(‘Mgiw,w) +(w- VW, w) = 0. (4.9)

Add (4.8) and (4.9); the identity (u- Vv,w) = —(u - Vw, v) implies

8A51w 6A52W o
( T )+ ( ot ,w) = 0. (4.10)
It follows from (1.8) that
w = Az, w + 61 Aw, (4.11)

W = As,W + 65 AW.

Then (4.10) gives

0As,w 0As, W
( ot A52 W) + ( ot ’A(slw) (412)
_ 0As,w 0A;, W
Hence,
d ) aAglu}
%(Aglw,A(;zW) = d5( 9 ,AW) (4.13)
+ o3PV A,

ot

which proves (4.2).
17



Next, we prove (4.3) by multiplying (1.7b) by A52K62, and integrating over (.
This gives

| &

(V x As5,A7% %) (4.14)

DN | =
U

t
4 (w- VW,A™) — (W -V, K™) = 0.

Since the cross-product of two vectors is orthogonal to each of them,
(VxA™) x w,V x &) = 0.
It follows from (4.15) and (4.6) that
8> -8 b2 b
(w- VA7 VXxA")=(VXxA”") VA w). (4.15)

Since W = V x A, we obtain from (4.14) and (4.15) that (4.3) holds. O

5. Alfvén waves. In this section we prove that our model possesses a very im-
portant property of the MHD: the ability of the magnetic field to transmit transverse
inertial waves - Alfvén waves. We follow the argument typically used to prove the
existence of Alfvén waves in MHD, see, e.g., [10].

Using the density p and permeability p, we write the equations of the model (1.7)
in the form

—4 1l —
wy + V- (wwT ) + Vp = ﬁ(v x W) x W LV x (V x w), (5.1a)
0
W:V><(w><W)62—77V><(V><W), (5.1b)
V-w=0, V-W=0, (5.1c)
here v !
w =— n==—.
Re' Rey,

PROPOSITION 5.1. The magnetic field in (5.1) transmits the Alfvén waves with
group velocity

Tg = va + O(02 + 03),

where v, 18 the velocity of Alfvén waves in MHD.
Proof. Assume a uniform, steady magnetic field Wy, perturbed by a small velocity

field w. We denote the perturbations in current density and magnetic field by Joder
and W), with

V x Wp = ijodel~ (52)
Also, the vorticity of the model is
Wmodel = V x w. (53)

Since w - Vw is quadratic in the small quantity w, it can be neglected in the
Navier-Stokes equation (5.1a), and therefore

l o —r———
o TV = VX XWo'h — UV x (V x w). (5.4)
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The leading order terms in the induction equation (5.1b) are

% =V x (0 x W) — 0V % (V x W). (5.5)
Using (5.2), we rewrite (5.4) as
l———
%7’;0 + Vﬁal = ;jmodel X I/VO(S + vAw. (56)

Take curl of (5.6) and use the identity (2.7). Since VW, = 0, we obtain from (5.3)
that

OWmode l—— 5
le = ;WO * Vimodel ' + VAWmodel - (57)

Taking curl of (5.5) and using (5.2),(5.3) yields

a 'mO (4 76 .
/‘% = WO . vWmoalel : + nMA]model- (58)
Divide (5.8) by u to obtain
8jm0d€l 1752 .
IO — Wy - Vidmode Ajmodel- 5.9
ot " 0 VWmodel + NAJmodel (5.9)

We now eliminate jy,oder from (5.7) by taking the time derivative of (5.7) and substi-
tuting for 2imedel yging (5.9). This yields

ot
Pmete — L4y ¥ (LW Voo o) vzt (5 1
The linearity of Aé_ll implies
Pomort Ly Y (Wo Vamaaa) (5.11)
+%WO N Do) + m%.

In order to eliminate the term containing Aj,,ede; from (5.11), we take the Laplacian
of (5.7):

8Wﬂ"bodel
A ot

= ;WO . V(Ajmodel) + VAQWmodel- (512)

It follows from (5.11)-(5.12) that

01

Pt _ Ly (W Vomaaa”) (.13
+(n+ I/)Aawg;dd — A2 Wnmodel.
Next we look for the plane-wave solutions of the form
Winodel ~ woe'K*=00) (5.14)
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where k is the wavenumber. It immediately follows from (5.14) that

awmodel o 0
It = —tWWmodel,
2
0 Wmodel o —92w
atQ - model
8wmodel
-n1.2
AT =ik Wmodel s

A2 (wmodel) = k4wmodel~
Substitute (5.14) into the wave equation (5.13). Using (5.15) gives

01

1 —_———3
_92wmodel = 2 0" V(” 0" vWmoclel :
P

+(77 + V)iekQWmodel - 77Vk4"‘)model~
It follows from (1.8) that

Wo - Vermoder” = Wo - Vomoder + O(62),

01
Wo . V(WO . Vwmodelgz) = (WO : v)meodel + 0(5%) + 0(55)

Thus we obtain from (5.16),(5.17) that

—0%Wmoder = i(WO V) Winodet + (7 + )i0k*Wmoder
— vk moder + O(62 + 62).
It follows from (5.14) that
(Wo - V)*Winodel = =Wi ki Wmodet,

where k| is the component of k parallel to Wy. Hence, (5.18),(5.19) imply

W2k
_62wmodel = - 1 Wmodel + (n + V)i9k2wmodel
— vk omeder + O(63 + 62).
This gives
WZ2k?
—0% = —% (4 v)ifk? — qukt + O(62 + 62).

Solving this quadratic equation for 6 gives the dispersion relationship

0=—

n+v)k? . W3k (v — )2kt
(n )k 2) i+ W'—( 4) +0(63 +63)).

Hence, for a perfect fluid (v = n = 0) we obtain
0 = £04ky|,
T = vq + O(67 +63),

20
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where v, is the Alfvén velocity Wy /. /pp.

When v = 0 and 7 is small (i.e. for high Re,,) we have

k2
0 = %iuky — i,

which represents a transverse wave with a group velocity equal to +v, + O(6? + 63).

|

We conclude that our model (1.7) preserves the Alfvén waves and the group

velocity of the waves ¥, tends to the true Alfvén velocity v, as the radii tend to zero.
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