STABILITY OF PARTITIONED IMEX METHODS FOR SYSTEMS OF
EVOLUTION EQUATIONS WITH SKEW-SYMMETRIC COUPLING f
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Abstract. Stability is proven for an implicit-explicit, second order, two step method for uncoupling a system
of two evolution equations with exactly skew symmetric coupling. The form of the coupling studied arises in spatial
discretizations of the Stokes-Darcy problem. The method proposed is an interpolation of the Crank-Nicolson Leap
Frog (CNLF) combination with the BDF2-AB2 combination, being stable under the time step condition suggested by
linear stability theory for the Leap-Frog scheme and BDF2-AB2.

We analyze and prove the stability of a second order IMEX method for uncoupling two evolution
equations with exactly skew symmetric coupling:

{ %+A1u+0¢ = f(t), for t > 0 and u(0) = ug O
P+ Arp—CTu = g(t), for t > 0 and ¢(0) = do.

This problem occurs, for example, after spatial discretization of the evolutionary Stokes-Darcy prob-
lem (e.g. [1, 4] and references therein). Here u : [0,00) — RY ¢ : [0,00) — RM and f,g,uo, do and
the matrices A; /5, C have compatible dimensions (and in particular C' is N x M). Note especially
the exactly skew symmetric coupling linking the two equations. We assume that the A; are SPD.
The analysis extends to the case of A; non-symmetric with positive definite symmetric part or even
nonlinear with (A(v),v) > Const.|[v|*>. The case where A;/, are exactly skew symmetric, relevant to
wave propagation problems with both fast and slow waves, is treated in Remark 2. In Theorem 1 we
show that the quantities of interest for uncoupling system (1) are the following

)\maX(CTC)a rilinz{)\mln(Az)}

With superscript denoting the time step number, consider the three level #-method [2]

(29—%)u"“+(—49;rt2)u"+(2a—g)u”*1 +A1(9un+1 (1 _H)Un—l) (2)
+C (200" + (—20 + 1)p" 1) = frr20-L
(200" A0 20030 g (gt 1 (1 - g)gnY) (3)

= CT(20u™ + (=20 + L)u" 1) = g2

where 6 € [%, 1]7 and u', ¢! are computed with a second order method. When 6 = %, one obtains
the Crank-Nicolson Leap Frog (CNLF) method
un+17un71 un+1+un71
A Co" = f"
oAt 2 oot =17
¢n+17¢n71 ¢n+1+¢n71 .
A —Cru=g"
oAt 2T v

while 6§ = 1 gives the BDF2-AB2 method

w241y

~ 2 ! +A1un+1 +C(2¢n _¢n—1) _ fn-l—l,

n+l_o n 1 n—1
[ 2zt+2¢ + A2¢n+1 N CT(Qun o unfl) _ gn+1.
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REMARK 1. The system (2)-(3) can be rewritten as CNLF in variables u™, ¢"™, corrected with a
first-order scheme (Crank-Nicolson-lagged) for the errors e™ = u™ — u™ "1, " = ¢" — ¢"~1:

wntl_gn—1 ntl g n—1

*6 en+1 e n n _
oar AL +Co"+ (29_1){ Ao tAI St +C<P}:f 2L

SR b A T Oy (20-1) £ 4 Ay £ Oy | = gn 20

This “modification” of CNLF introduces the numerical dissipation term
N—2

(20 = 1)((260 — 1) min Ain (A7) = At8*Anax(CTC)) Y ([l + [l67]%).
’ n=3

Since the stability region of LF is the interval —1 < Im(z) < +1, from the scalar case we
expect a stability restriction of the form Aty/Apax(CTC) < 1. (Sufficiency in the non-commutative
case for CNLF was proven only recently in [4].) For vectors of the same length, we denote the
usual euclidean inner product and norm by (u,v) = ulv, |¢|? = (¢, ¢), and the weighted norms by
0}, = o Ay, |6, = 67 Az0.

Let denote

A =620 = 1) min Amin A} = (1 = )/ Amax (CTO).

THEOREM 1. theorem Assume that the time-step At satisfies the following:

1 : _ 1
AtS )\max(CTc)7 Zfo - 2 (4)
(A /A2 402(20 — 1) M pax (CTC)v - (20—1) ming—1 o Pmin (Ai)}
< 9
At<min -1 (CTC) " Aean(CTC) - 5)

if 0 e (%, 1]. For the 0-family of IMEX methods (2)-(3) the following energy estimate holds

(ALtJrG(%)f1)i121}r12{)\min(Ai)}—0(170) Amax (CTC) —02(20 — 1) Amase (CT C) Ad)x

< (™2 A+ ™+ N2 + o™ %)

N—-1
+((20-1)7 min {Amin (A1)} —0%(20—1) Anax (CT C) At) ) > (P +1l¢™117)
o n=3
N
—0) > (™ + a5, + o™+ 0" )
n=1
20—1
< =S (- 2u P+ 6226+ 6°)12) — 0020 —1) (1?3, +16°113,)

+ (1= 0)20 = DIl %, + [w’l%, +110% 1%, + 16°1%,)
=201 = 0)((C°,ul) = (CTu, ¢1)) — 0(1 = 20)((C¢,u?) — (CTu®, ¢%))

1
+ 57 (Il u)lE + 1167, ")12)

N
+ D (0T (L= 0)u" ) (g 06"+ (1-0)9" 7)),

n=1



where v € [1, 1] is defined in (6).

12
COROLLARY 0.1. For § = 1 (CNLF), the method is stable if

1
At <

"V AmaxCTC
while for 8 =1 (BDF2-AB2), the method is stable provided

min;—i o )\min(A )
At < il k2
T dnax(CTO)

REMARK 2. In the case when Ao are skew-symmetric, for 6 = %(CNLF) the method s stable.
For 0 € (%, 1], stability is less clear. It includes dissipation terms, which, while possibly large, do not
seem to control the coupling terms (see [4]).

LEMMA 0.2 (G-stability). There exists a positive definite matriz [3]

292 _ g4 1 _(0-1?

G = ) +24 2 . 0e i 1], such that
~@OZT 992 3045

(20 — D" + (=40 + 2)u” + (20 — $)u" ", ou" T 4+ (1 — O)u" )

= " u)lE = ™ u " HIE + 2 e = 2u” 4 a2

L
At

LEMMA 0.3. [[(u™ u)||E = v([[u"T? + [[u]]?) + [lau™T! + bu™||?, where

1 1
= € 135/ 6
Y 16(202 — 30+ 9) (73] (6)

0= B (VTH (@012 +1), b= /2L (/T+ (20— 17 - 1).

(SIS

Proof of Theorem 1. The proof is based on energy type estimates. First, multiply (2) by
Ou™tt + (1 — O)u"~ ! and (3) by 0¢" ! + (1 — 0)¢" ! to obtain

1 20 — 1
- n+1 ny\|2 _ n n—1\(12 n+1_2 n n—112
5 (Il = @ w1 ) + S e = 20"+ (")

= 20 — 1
= (167,63 — 6,75 + 2Lt —2gm 4 gnt

0T+ (1= 0, + 1067 + (1 —0)0" Y3,
+(C(209" + (=20 + 1)¢" 1), 0u™+ + (1 - O)u" )

—(CT (200" + (=20 + DY), 0™ + (1 — 0)¢" 1)

= (/00" 4+ (1= ) u™ ) + (g7, 00" + (1 — 6)¢" ),

which by summation from n =1 to N yields

A%(H(UN“»UN)H%HI(QSN“,¢N)II?;) (8)

N
20—1 _ " o e
+ AT Z(||un+1_2un+un 1||2+H¢ +1_2¢ +¢ 1H2)

n=1
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+

] =

(10u™ + (1 = 0)u" %, + 100" + (1= 0)¢" ' 3,)

n=1

+

[M] =

(C(209™+(1-20)¢" 1), Ou™ T +(1—0)u" 1)
—(CT(20u™+(1—20)u"""), 06" +(1-0)¢" 1))

(1, )G + (07, ¢)11E)

n

1

AL
N

+ > (0T (1= 0)u" ) + (g7 0" +(1-0)0" ).
n=1

LEMMA 0.4. The contribution of the dissipative terms to the energy equation is

N
(I0u™* + (1 = 0)u" %, + 100" + (1 - 0)¢"4,)

n=1
=020 — (™%, + o™ %, + eI, + 1o™5,)

N-—1
+20-1)2Y (w4, + l6"3,)

n=2
— (1 =020 — D(lu' I, + W13, + 1165, + 16°13,)
N
+0(1—0) Y ([lu™™ +u" %, + o™+ 6" E,).
n=1

Proof. Using the polarized identity, the dissipative terms can be rewritten as
10u™ T+ (1= O)u "%, + 100" + (1 - 0)o" 3,
= 0(20 — 1) ("%, + 10" A, + 00 = ) (lu" ™ +u"7HEA, + [lo" ™ +¢"HIE,)
—(1=0)(20 = 1) ("M%, + 19" A,)

and therefore

] =

([10u™*" + (1 = 0)u" %, + 106" + (1= 0)¢"'3,)

3

1
= 0(20 — 1) (™%, + 1™ FHE, + Iu™I%, + 1oV %)

N-1
+(20 =12 Y (Il"I%, + l1971%,)
n=2
= (=020 = (a3, + [[u’l%, + 1015, + 1¢°]%,)
N
+0(1—=0) > ([l + a5, + o™ + 0",
n=1

which completes the proof. O
LEMMA 0.5. The contribution of the coupling terms to the energy equation is

N
S (C@66m+(1-20)6" ), 0 (1-B)u" )
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—(CT(20u" + (1—20)u"Y), e¢"+1+(1—9)¢"—1>)

> (= 0(1 = 0)\/ Anax (CTC) = 02(20 — 1) At Apnax (CTC)) x

X (a2 + o2 4 |2 4 97 2)

20—1 _ n .
—WZ(HWH—%"*'W P24 [Ju =20 u )

N-1

—0%(20—1) AtAmax(CTC)Y (Il [+ 16" 1)

n=3

+20(1 = 0)((C¢%,u') — (CTu’,6")) +0(1 = 20)((C9°, w?) — (CTu, 7).

Proof. We note that the coupling terms can be written as
(C(200" +(—204+1)¢" 1), Qu™ T+ (1—0)u" 1)
—(CT(20u" +(—20+1)u""1), 0" L 4 (1—-0)p" 1)
= 207((Co™ u" ™) — (CTu™, 6" 1) +20(1 = 0)((Cg™, u" ™) — (CTu", 6" 1))
+0(1—=20)((Co" ™, uh) — (CTu" " "))
+(1=20)(1 - 0) ((Co" !, u"™!) —(CTu"7", 6" 7)),

=0

Sum the coupling terms from n = 1 to N and rearrange to obtain after some calculations

N—-1
202((Co™, u™ ) —(CTuM, ")) +20(20 = 1) Y ({C9", u"™) — (CTu", "))

e
+20(1 — 0)((C¢°, u') — (CTu0, ¢1)) + 0(1 — 26) ZN: (ComH um ) — (CTum ™, g™ Thy)
=292(<C¢N7u“1>—<CTuN,¢>N“>)+9(1—29)(<C¢>TV uN ) = (CTuN T g
+20(20 — 1) §(<O¢"7u”+1> —(CTu", o™t )
. N-—
+20(1 — 0)((C¢°, u'y — (CTu, ¢')) 4 6(1 — 26) Z (Com=t umtt)y — (CTum™t, ¢t Ly)
= 20*((C¢™, N+1> (CTu™, M) +0(1 - 20)((C 0; uH) —(CTuN T g )
+26(260 — 1) Z ((Co™,umth) — (CTum, g™ H))

=

+20(1 — 0)((C¢°, ut) — (CTu, 1)) + 0(1 — 26)

(]

((Co"hum*t) — (CTu ™1, 9" )

Il
-

n

= 202((Co™ V) = (CTuN, 6N ) + 0(1 - 20)((CoN 1 uN ) — (CTuM 1, g 1))
N—-1
+0(20— 1) 3 ((C (20" — "), w) — (T (2u" — 1), 6™
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+20(1 = 0)((C6°, ub) — (CTu0, 1)) +0(1 = 20) (O, 0) — (CTu, 6%))
= 262((Co™ V) = (CTuN 6N H) + 6(1 = 20)((CoN 1w+ — (CTuM 1, N +1))
N-1
026~ 1) 30 (C(=6™ 426" — 6wt — (T (—u ! 4 2um — u ), 7))

n=2
+20(1 = 0)((C¢",u') — (CTu’, ¢1)) + 0(1 = 20)({C", u?) — (CTu’, 6%))
=(C (20PN +60(1—-20)" ") WV —(CT (207N + 01 —20)uN ) N

=20(1—0)pN —20(1—20)pN +6(1—20)pN 1 =20(1—0)uN —20(1—20)uN +0(1—20)uN -1
N-1
+9(29 _ 1) Z(<C(_¢n+1 + 2¢n _ ¢n—1)’un+1> _ <CT(_un+1 4oy — un—l)’¢n+1>)

42001 = 0)((C6,ut) — (T, 1)) + 01 — 20)((C6°,u2) — (CTu, %))
= (C(20(1 — )" —20(1 —20)¢™ +6(1 — 20)p™ 1), uNH1)
—(CT(20(1 — 0)u™ —20(1 — 20)u™ +6(1 — 20)u™ 1), N1
N—-1
+9(29 _ 1) Z(<C(_¢n+1 + 2¢n _ ¢n71)’un+1> _ <C«T(_un+1 +ou" — unfl)’¢n+1>)

n=2
+20(1 — 0)((C¢°,u') — (CTu’, ")) + 0(1 — 20)((C°%, u®) — (CTu, ¢%))
=0(1—20)(C(—2¢" + V), uNTh) —0(1 — 20)(CT (—2u™ + uN ), ¢
+20(1 — 0)(CoN , uN 1) — 20(1 — ) (CTul, N+
N-—1
+0(20 o 1) Z(<O(7¢n+1 + 2¢n o ¢n71)7un+1> o <C«T(7un+1 +oun — unfl)’¢n+1>)
+20(1 — 9)(<EJ¢°, u') = (CTu, ")) + 0(1 — 20)((C¢%, u®) — (CTu°, ¢%))
=20(1 - 0)((Co™, u" ) — (CTu™, N Th))
N
+0(20 - 1) ((C(=¢" + 20" — ¢" 1), um ) — (CT (=" + 20" —u" 1), ¢™T1))

n=2

+20(1 = 0)((C9°,u') — (CTu’, 6")) + 6(1 — 20)((C°, u?) — (CTu’, 6?))
Now, use

29(1 _ 9)(<C¢N+1,UN> _ <C«¢N,UN+1>)

<001 = 0) A (CTO) ([ 12 6V + a2+ 6V 2)

and the Cauchy-Schwarz inequality

N
020~ 1) S ((Cg™ 426" — 6"1) 1) — (07 (a1 4 20 — '), 54))
n=2
N
Z (||¢n+1 _ 2¢n + ¢7L—1H2 + ||un+1 — " + un—l”?)

n=2

20 — 1
<
- 4AAt

N
+0%(20 — DALY ([CTu T + [[Co T2
n=2
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to obtain

ZN:((C(2€¢"+(1—29)¢"‘1), Gun L (1—0)u 1)

~CT 20" +(1-20)u"), 0" (1-0)9" 1)
=20(1 - 0)((Co™, u 1) —(CTu™, V1))
N
+0(20 — 1) Y ((C(=¢" " 26" — ¢ 1), ") — (O (—uH 4 2u™ — ), @)

n=2

+20(]‘ - 9)(<C¢07 'LL1> - <CTU01 ¢1>) + 9(1 - 29)(<C¢07u2> - <CTU’07 ¢2>)
> —0(1 = 0) Amax(CTC) (I 2 + N2 + a2 + 6V

20—1 al n+1 n n—112 n+1 n n—112
i D (19" =26 P 2w 2)
n=2

N
—92(29—1)At2(”CTUn+1 ||2+ ||C¢n+1 ||2)
n=2

+20(1 - 0)((C°,ut) — (CT’, ¢1)) +6(1 = 20)((C¢°, u?) — (CTu’, ¢°))
> (= 0(1 — 0)y/ Anax(CTC) — 0%(20— 1) AtAyax (CTC)) x

x (a2 + N2 + |2 + 97]2)

N
_29—1 Z(H¢n+1_2¢n+¢n—1”2+Hun—i-l_Qun_’_un—lHQ)
4At
n=2
N-2
0220~ 1) A Y (JCTu P 404"
n=2

+20(1 - 0)((Co°,u') — (CTu®, ")) + 0(1 - 20)((C¢%, u?) — (CTw’, ¢?))
= (= 0(1 = 0)1/Anax(CTC) — 62(20—1) At Ao (CT O)) x

x (a2 + N2 + a2 + 97)2)

N
_29_1Z(||¢n+1_2¢n+¢n—1||2+Hun-i—1_2un+un—1H2)
4Nt
n=2
N-1
—0%(20-1)At Y ([|CTu"|*+]|C"||?)
n=3

+20(1 = 0)((Ce%, u') — (CTu®, ¢")) + 0(1 = 20)((C°, u?) — (CTu’, 6%)).

Using (8) and (9) in (10) we have

201
AU @M G+ 0M)1E) + = (=20 +u0 )+ 16261 +6°|1°)
+ (0(260-1) g}%{)\min(Ai)}—G(l—e) Amax(CTC) =602 (20— 1) Anax (CT C) At) x
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X (R 4 2+ VR + 9N?)
N-1
2 : 2 T ni2 n |2
+ (2017 i, Qo (40} =07 20~ DA€ OB 3 (116 )

+0(20-1)(lv?[I%, +11°]%,)
= (1= 0)20 = D(Jlu %, + %, +10%[%, + 16°]%,)
+0(1-90) Y (" + A, + o™ + 0" I,)
+ 29( ;(<C¢O ul) = (CTu’,6h) +0(1 = 20)({C¢°,u?) — (CTu’, ¢%))
Lul)liE + 110, 00)1IE)

(
N
+ D (L 0um (1= 0)u ) + (g™ 00"+ (1-0)0" ).

n=1
Equivalently
1
AU MG+ (6™ 6M)]1E)

+(0(20-1) min {Amin(4i)} —0(1-0) Amax(CTC) =02 (20—1) Apnax (CT C) At)x
X (™2 4 ™12+ 1™+ 10™])%)
N-1

+ ((20-1)? mm{)\mm( i)} =02(20— 1) Amax (CTCYAL) Y (J|u[P+1|¢"]1%)

i=1
n=3

N
+01=0) > (Ju" +um YR, [l + 0" A,)

n=1

20—
< 2 (=20t 02+ 6220 +6°1) — 6(20—1) (I3, + 1167113,
(1= 0)(20 = (a3, + 003, + 1621, + 16°]3,)

2001~ 0)((C6",ut) — (€T, 6")) — 61~ 2)((06° u?) — (CTu’, )
(1 ) + 164, 6°)12)

N
+ D (O (1= 0)um ) + (g 09" - (1-0)0" ).
n=1

Therefore, using the G-stability property (6) we obtain
(57 +6(20—1) 1min Punin (4} =0(1=0)y/ Amax (CTC) =07 (20— 1) Ao (€T C) At) x

< (a2 + a2+ o™ + (1™ %)

N-1
2 : 2 T ni2 n |2
(2017 i i (40) =020~ D C7CI) 3 (I 41671
N

(" + a7 A, + o™ + 0",

n=1
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20—1
< = (= 2ut P 220+ 6% 12) — 020 1) (1 5, +11673,)

+(1=0)20 — D)(lut 1%, + el 1925, + 19°1%,)
—20(1 = 0)((C¢°,u'y — (CTu®, ¢")) — O(1 — 20) ((C¢°, u?) — (CTu°, ¢%))
(1w w2 + 16 6)113)

N
+ Z(<fn+1’ eun+1+(1_6)un,—1> + <gn+17 9¢71+1+(1_9)¢71—1>)
n=1

and (conditional) stability under the following time-step restrictions

0<v+ [9(29_1) rilinQ{)‘mm(Az)}_e(l_e) \/ )\max<CTC’)} At
— 60%(20 — 1) Aax (CTCO) AP,
and
(20—1)2 min;—1 2 { Amin (4:)}
62 Amax(CTC) 7

(20-1)At <

which yield (4) and (5).

8 optimal method

N (hain(Ay }

(A ) 00 (CTC) 2 4 ] é Ib 1‘2 1‘4 16 18 ;U

.
}maX(C CJ: coupling strength
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