ON THE ESTIMATES OF DETERMINING MODES FOR NS-a AND
NS-w MODELS

HOANG TRANT
Abstract.

Key words. determining modes, Navier-Stokes equations

1. Introduction. Solutions of NSE can be represented adequately in a finite
dimensional space whose basis is determining modes. Number of determining modes
is an indicator of complexity of solutions to the NSE [2]. The problem of finding
an optimal determining modes estimation to understand the complexity of the NSE
continues to grow.

This report will give an estimate of the determining modes of NS-a and NS-w
models. We show that these models have fewer determining modes than in the case
of NSE models [3], and when the radius filter goes to 0, these three models turn out
to have the same number of determining modes.

We investigate the 3D equilibrium NS-a regularization

—vAu—1u x (V xu)+ Vp=fin Q:=(0,27)3
V-a=0in Q

and NS-w regularization

—vAu—ux (Vxa)+Vp=finQ
V-u=0inQ

with differential filter

—PAi+a=u
V-a=0

and 27-periodic boundary condition:

/Qu(z)das =0

Using Fourier transform, solution to both of the above models can be written

u(z) = d(k)e

k

where ke Z? and Fourier coefficient

a(k) = u(z)e” *dx
/

Define V, = {u(z) = Y_ a(k)e~* such that Y |k|**|a(k)|?> < oo}. In V define
K K
the norm

[ulls = [lul

1/2
v, = (Z IkIQSU(k)I2>
k
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We will use the following inequality in [3]
(u-Vo,w) < cllulls, [[vllsytallwl]s, (L.1)

where s1 + so + s3 = %,51,32,53 >0
A similar inequality can also be verified

(ux (V xw),w) < ellulls, [[v]ls,41llwlls, (1.2)

The following identities will also be employed

(ux (Vxv),w)=—(wx(Vxv),u) (1.3)
(ux (Vxv),u) =0 (1.4)
ax(Vxb)=(Vxa)xb—a-Vb—b-Va+V(a-b) (1.5)

2. Estimate of determining modes for NS-a models. We will state and
prove the following theorem

2 2
THEOREM 2.1. Let k,(5) = 1+162 = M”* and X, denote the finite dimensional
space

X, = span{e™® : |k| < ko (0)} NV

If uy and ug are 2 solutions of the NS-a regularization with Px_(u; —ug) = 0 then
U = Us.

Here V. ={v € HY(Q)| [vdx = 0,V -v = 0}, ||.|« is the norm in V*, the dual
Q
space of V', Px_, is the projection from V to X,
Proof. Let u; and us be 2 solutions to the equilibrium problem and ¢ = u; — us
7I/A’Z,L1 — Uy X (V X ul) +VP1 = f
_VA'LLQ — Uz X (v X U2) +Vp2 = f
It turns out
— VA(ul — Ug) — (’l]l X (V X Ul) — U X (V X UQ)) + V(p1 —pg) =0
= —vAp— (¢ x (VXu)+ty x (Vx¢)+V(pr—p2) =0
= —vA¢p = ¢ X (VXU1)+1_LQ X (VX(b)*V(pl*pg)
Multipying both sides by ¢ and [, yields
LHS:
- V(A(ba Q_S) = V(v¢a V(Z_S) = I/(V(ZE, V(,Z_S) - V(SQ(V(AQ_S)’ V(;_S)
=v||Vo|* + vd?(|Ad|? (2.1)

RHS:

(¢ % (V xu1),d) + (@2 x (V x ¢),0) — (V(p1 = p2), 6) = (G2 X (V X ¢), )
Applying identity (1.5) we have

(a2 x (V x ¢),9)
=— (¢ x (V x Us),0) — (U2 V¢,0) — (¢ Viiz, ¢) + (V(u2 - ¢), 9)
=— (¢ x (V X 1), 0) + 0*(A¢ x (V X U),9) + (g - Vp, ) — (2 - V, Ag) — (¢ - Viig, ¢) + 0°(Ad - Viiz, )
=62(A¢ x (V X 1), d) — 62(t - Vb, Ad) — (¢ - Viig, ¢) + 6°(A¢ - Viig, ) |
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By (1.1) and (1.2) we get

82 (A x (V x u2),¢) < 6| AG|[[| V||| ¢]ls/2

—0%(ttz - V§, Ag) < c8?(|Vaiall||l]5/2 | A

3*(A¢ - Viiz, §) < c8°(| A [ V2] [[| ][5/
—(¢-Viun),¢) <c ||¢H1/2HVU2||||V¢||

Therefore
(a2 x (V X ¢),9)
<CH¢||1/2||VU2||HV¢H + 052||A¢5||HVUQI|II¢H3/2
H¢|| 1l Vael® + *||V¢||2 ||<25||3/2||VUQH2 + fIIAcﬁHQ (2.2)
From (2.1) and (2. )

2
IIVch2 IIAcbII2 ||¢>H1/2||VUQII2 |\¢>II:‘\,/2||VU2H2

IVel* + 52IIA¢3II2 < ;IIVazHQ(IIQ_SH?/z + 52||¢_>||§/2)

Now by Fourier transform
k| )2 &% [kl 2
LHS = —_
Zk:(l+52|k\ 7 1906) +Z ERE B

k|? A
- Z 1 +| <5|2|k|2 ()" (2:3)

RHS: Since

—vAug — g X (V X ug) + Vpe = f
= — v(Aug, tz) = (f,U2)
=v(Vuy, Vi) = (f, 42)
=v(Vig, Viig) — v63(V(Ats), Vi) = (f, 12)
||f||2

= V||V |? + vl At |* = (f, 42) < [If]l Va2 <
I£112
V2

+ 2 IV
=[|Vts||? + 67| At <

k[ 0% k|* N Z k2o o N2
Z ( 1+ 52|k| + (]_ +52|k|2)2 |u( )| 1+ 52|k|2 |u( )| =2

2 - (1+62|k| )2 - 1+62 14—(52|k|2 — 1462 12
(2.4)
Furthermore
02 2072 _ k| 6%k 2 2
912+ 81018 = 3 (o + s 1609
LS PNT
217 o) (2:5)
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From (2.3)-(2.5)
k2 Ll [Pl K|
Z1+52|k\2|¢( )< 14462 4 Zl+52|k|2|¢( i

L 1 SfIE K] )12
é;[lﬂﬁlk? 1402 4 1462k ool <

For |k| large enough, the bracket term is positive. Then, the NS-« regularization
will have a finite number of determining modes.

To estimate the number, let & = |k| > 0. Then, the number of determining modes
is the greatest integer in the positive roots of

S S 1 S S
1+62k2 1462 v4 1462k2
1 Alf2
k= *
= 1462 v4

2 2 2 2
1 AUsE o A2
REMARK 2.1. ko = 115 l,‘,{“ < Il\/i”\l =knsE-

When § — 0, then ko — knsg. Furthermore ko ~ (1 — 52)617{“3‘ if 6 small

3. Estimate of determining modes for NS-w model. Below is the same
theorem for NS-w models
THEOREM 3.1. Let k() be the greatest integer in the positive Toot of

2 2
0 0v2  CIfIE

Let X, denote the finite dimensional space
X, = span{e™® : |k| < k,(8)} NV

If uy and ug are 2 solutions of the NS-w regularization with Px,_(u; —u2) = 0 then
Uy = usg.
Proof. Let u; and us be 2 solutions to the equilibrium problem and ¢ = u; — us

—vAu; —ug X (Vxa)+Vpr=f
—vAuy — ug X (V X ’U,Q) + Vpy = f

It turns out

—VA(Ul—W)—((bX(VX@1)+U2><( )) +Vi(p1—p2) =0
—V(A¢, 9) = (¢ x (V x 11),¢) + (uz x (V ¢_>) ¢) = (V(p1 — p2), 8)
=>V||V¢H2 (uz x (V X ¢),9) (3.1)

Again applying identity (1.5) we have
(u2 % (V x 9),9)

—7(5 X (V X uz),¢) — (uz - Vo, ) — (¢ Vg, ¢) + (V(uz - 9), ¢)
<cl|ll1 2l Vuzll[[ VS (3.2)

From (3.1) and (3.2), we have |[V¢|? < & H¢|| /2||Vu2H2
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But —vAugy —ug X (V X 42) + Vpy = f. Hence

[HE

V2

v||[Vus|® = (f,uz) < [|fll«l[Vuz| or [|Vus? <

2 2
And we get ||[Vo|]? < Cl,‘,iﬁ“
Using Fourier transform

R 2 2 k R
S keioR < S S a0
k

k
20| £112 )
k

$||§/2

vi o (1+6%k]?)

For |k| large enough, the bracket term is positive. Then, the NS-w regularization
will have a finite number of determining modes.

To estimate the number, let k£ = |k| > 0. Then, the number of determining modes
is the greatest integer in the positive roots of

P 1 O
vh o (1+0%k?%)?
aal B
=k(1+6%k%)? = |l|/4”

REMARK 3.1. k, < Cz‘l{i”i =knsE.
When § — 0, then ky, — knsg. Furthermore k, ~ (1 — 2(52)62[‘/7{Hi if 0 small
REMARK 3.2. By computation in this report, k, < ko. We could expect that

NS-w regularization need fewer modes than NS-a.
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