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APPROACH TO A FIXED POINT
JUDY DAY∗ , JONATHAN RUBIN† , AND CARSON C. CHOW‡
Abstract.
The goal of this paper is to provide and apply tools to analyze a specific aspect of transient
dynamics not covered by previous theory. The question we address is whether one component of a
perturbed solution to a system of differential equations can overtake the corresponding component
of a reference solution as both converge to a stable node at the origin, given that the perturbed
solution was initially farther away and that both solutions are nonnegative for all time. We call this
phenomenon tolerance, for its relation to a biological effect. We show using geometric arguments
that tolerance will exist in generic linear systems with a complete set of eigenvectors and in excitable
nonlinear systems. We also define a notion of inhibition that may constrain the regions in phase
space where the possibility of tolerance arises in general systems. However, these general existence
theorems do not yield an assessment of tolerance for specific initial conditions. To address that issue,
we develop some analytical tools to determine if particular perturbed and reference solution initial
conditions will exhibit tolerance.
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1. Introduction. Dynamical systems theory has traditionally focused on asymptotic behavior or on invariant manifolds and other structures derived from asymptotic
and local calculations [23, 41]. However, in the last two decades there has been
an increased awareness of the necessity of analyzing transient behavior and associated effects. The work of researchers in the fields of fluid mechanics [1, 4, 5, 6,
16, 18, 22, 24, 32, 35, 38], meteorology [15, 17, 19, 26], and mathematical ecology
[9, 8, 10, 28, 29, 30, 39] has brought significant insight to this once underappreciated topic. In ecology, for example, the concept of reactivity (transient growth) is
important in understanding any short term (transient) effects of changes made to
an environment rather than only focusing on long term (asymptotic) consequences
[8, 25].
In this work, we study a different aspect of transience in dynamical systems. In
particular, we consider a comparison of the transient dynamics of pairs of trajectories with similar asymptotic behaviors. The motivation for this work arises from
a biological phenomenon in which a reduction is observed in the effect induced by
the application of a substance, due to an earlier exposure to that substance. For
example, administration of a toxin to rodents, at a given reference dose, induces a
reproducible acute inflammatory response featuring a rise in a variety of immune system elements followed by a return to near-baseline conditions [2, 11, 34, 40]. If a
small pre-conditioning dose of the toxin is given to an animal prior to the reference
dose then the activation of immune agents by the reference dose is attenuated. This
phenomenon is called tolerance.
A previous study [13] analyzed tolerance in the context of a four dimensional ordinary differential equation (ODE) model of the acute inflammatory response. Within
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the four dimensional ODE model, the origin represents a healthy equilibrium state,
and the abrupt administration of a toxin is represented by a jump of a trajectory to
another point in phase space. Thus, starting from a given initial condition, tolerance
occurs precisely when the sequence of a pre-conditioning dose, a period of ensuing
flow, and a subsequent reference dose leads to a trajectory position that features a
higher initial level of activated immune agents yet from which a lower level of activated
immune agents ensues. From the observation of tolerance in the acute inflammatory
response model, we reasoned that similar tolerance effects should be a general feature
of trajectories generated from different initial conditions by a dynamical system with
negative feedback. Our goal in this work is to provide a framework for the study of
tolerance in ODE systems.
Here, we address two questions regarding tolerance. The first is whether or not
a system will exhibit tolerance at all and the second is whether or not a specific
perturbation from a specific initial condition will yield tolerance in a given system. For
tolerance to occur, the perturbed trajectory must overtake the reference trajectory,
with respect to the distance of one component from the origin. In regard to the first
question, we find that tolerance is a generic property of linear and nonlinear systems
that feature some fairly general properties. We show using geometric arguments that
in systems possessing these properties, for a given reference trajectory, there is some
region of phase space for which initial conditions of the perturbed solution will yield
tolerance. This outcome arises from features of the flow that allow the perturbed
trajectory to take a more rapid route to the origin than that taken by the reference
trajectory, which may result if the perturbed trajectory moves through phase space
faster or if it takes a shorter path to the origin.
In linear systems with distinct real negative eigenvalues, tolerance can be analyzed
by an examination of the geometry of the eigenvectors. In nonlinear systems, tolerance
occurs in systems that are excitable, i.e. where trajectories initially move away from
the origin but eventually return because of negative feedback or inhibition. While
the presence or absence of inhibition can be used to constrain where tolerance may
arise in general systems, in general it does not allow us to determine precisely where
tolerance does or does not occur. To address this question, we demonstrate how
analytical estimates can be made on a case by case basis.
2. Definition of Tolerance. Consider the autonomous ODE system
ẋ = f (x)

(2.1)

where x ∈ Rn and f : Rn → Rn is locally Lipschitz. Let xi ∈ R and fi : Rn → R be
the components of x and f respectively.
(A1) Assume that there exists an asymptotically stable fixed point of (2.1) at the
origin (0, 0, · · · , 0) def
= 0, the eigenvalues of which are real and negative (to
eliminate spirals and center directions).
Let Γ0 = Rn+ ∩ {x(0)|x(t) → 0 as t → ∞} be the basin of attraction of the origin in
n
the positive n-hyperoctant Rn+ def
= [0, ∞) .
+
n+
Let Γ0 = {x(0) ∈ Γ0 |x(t) ∈ R
for all t ≥ 0}, namely the collection of trajectories that converge to the origin without leaving the positive n-hyperoctant. Let
φ(t) = (φ1 (t), φ2 (t), · · · , φn (t)) and ψ(t) = (ψ1 (t), ψ2 (t), · · · , ψn (t)) be two solutions
to the initial value problem of (2.1).
(A2) Assume that φ(t), ψ(t) ∈ Γ+
0.
(A3) Assume that ψ1 (0) ≥ φ1 (0).

COMPETITION IN RATE OF APPROACH TO A FIXED POINT

3

Under (A3), ψ(0) ∈ [φ1 (0), ∞) × [0, ∞)n−1 ; that is, the initial value for the P
solution could lie at any point on or to the right of the hyperplane {x1 = φ1 (0)}
in the positive n-hyperoctant. Correspondingly, for any x1 > 0, we define Γx0 1 =
n−1
n−1
Γ+
to be the subset of Γ+
⊂ Rn+ .
0 ∩ [x1 , ∞) × [0, ∞)
0 in [x1 , ∞) × [0, ∞)
Definition 2.1. Define φ(t) as the reference (R) trajectory or solution.
Definition 2.2. Define ψ(t) as the pre-conditioned or perturbed (P) trajectory
or solution.
We are interested in determining whether or not there exists a time when the
first component of a P trajectory overtakes that of an R trajectory, given that it was
initially behind, as they approach the origin. Our ensuing discussion would apply
equally if we considered any other component instead of the first.
Definition 2.3. The system (2.1) is said to exhibit tolerance for hφ(0), ψ(0)i if
there exists τ > 0 such that ψ1 (τ ) < φ1 (τ ), where h· , ·i indicates a pair of points.
Definition 2.4. If ψ1 (t) ≥ φ1 (t) for all t ∈ [0, ∞), then (2.1) does not exhibit
tolerance for hφ(0), ψ(0)i.
Remark 1. We will also use the terminology that ψ(0) or ψ produces (or does
not produce) tolerance in (2.1) with respect to φ(0) or φ to mean that Definition 2.3
(Definition 2.4) holds. Figure 2.1 illustrates definitions 2.3 and 2.4 with hypothetical
time courses of the first components of solutions φ(t) and ψ(t) in a two dimensional
example.
Remark 2. Our analysis is restricted to the origin as the fixed point, which is the
biologically relevant choice for tolerance in the immune system. However, a theory of
tolerance could be developed using similar methods for any other choice of fixed point
in the positive hyperoctant. We return to this point in the Discussion.

Fig. 2.1. Illustration of Definitions 2.3 and 2.4. Left (Right) panel: Time course of the first
component x1 of a pre-conditioned (P ) solution, ψ(t), with ψ1 (0) = xp , which produces ((does not
produce) tolerance with respect to the reference (R) solution, φ(t), with φ1 (0) = xr .

Definition 2.3 refers only to the presence of tolerance at one time point τ > 0 such
that ψ1 (τ ) < φ1 (τ ). However, continuity arguments can extend this window from a
single time point to an open interval, (t1 , t2 ), around τ , with ψ1 (t1 ) = φ1 (t1 ). This
observation is stated formally in Proposition 2.5 below.
Proposition 2.5. Assume (A1), (A2), and (A3). If (2.1) exhibits tolerance
for hφ(0), ψ(0)i at τ > 0, then there exists an open neighborhood (t1 , t2 ) around τ
such that ψ1 (t̂) < φ1 (t̂) for every t̂ ∈ (t1 , t2 ) and ψ1 (t1 ) = φ1 (t1 ). Furthermore,

4

J. DAY, J. RUBIN AND C.C. CHOW

f1 (ψ(t1 )) ≤ f1 (φ(t1 )).
The window of tolerance can also be extended with respect to φ(0) and ψ(0).
Proposition 2.6. Assume (A1), (A2), and (A3). If (2.1) exhibits tolerance for
hφ(0), ψ(0)i, then there exists an open ball, Br , of radius r around φ(0) such that if
x1
x ∈ Br (φ(0)) ∩ Γ+
0 and ψ(0) ∈ Γ0 , then there exists a corresponding time tk > 0 such
that tolerance is exhibited for hx, ψ(0)i.
Proposition 2.7. Assume (A1), (A2), and (A3). If (2.1) exhibits tolerance for
given hφ(0), ψ(0)i, then there exists an open ball, Br̃ , of radius r̃ around ψ(0) such
φ (0)
that if x̃ ∈ Br̃ (ψ(0)) ∩ Γ0 1 , then there exists a corresponding time t̃k > 0 such that
tolerance is exhibited for hφ(0), x̃i.
Propositions 2.6 and 2.7 are easily proved by noting that solutions of (2.1) are
continuous and depend continuously on initial conditions. Each time tk or t̃k can also
be extended to an interval of times for which tolerance occurs, by Proposition 2.5.
Remark 3. The above definitions of tolerance are related to the biological setting
that motivated this study through the interpretation of the P trajectory. Consider
a non-negative pre-conditioning solution ρ(t) of (2.1) with initial value ρ(0), with
0 < ρ1 (0) ≤ φ1 (0) and 0 ≤ ρi (0) for i = 2, · · · , n. The quantity ρ(0) corresponds
to the state of the inflammatory response immediately after administration of a preconditioning dose of toxin. We think of the perturbed trajectory ψ(t) as the solution
of (2.1) with initial value
ψ(0) = ρ(s) + z for some 0 ≤ s < ∞,

(2.2)

where z ∈ Rn+ corresponds to a second dose of toxin given at time s after preconditioning. If φ(0) = z, which is typical for inflammation experiments, then for
φ(0) and ρ(0), every time s between doses defines a unique initial value for ψ as
defined in equation (2.2), which satisfies (A3). Thus, for a continuum of s values
ranging from 0 to ∞, a curve of possible ψ(0) values is formed, and it is of biological
interest to know which of these ψ(0) lead to tolerance.
3. Tolerance in linear systems. Consider the linear system
ẋ = Ax,

(3.1)

where A ∈ Rn×n , x ∈ Rn+ , and assumption (A1) applies. To begin our consideration
of tolerance, suppose that A has n distinct eigenvalues λn < λn−1 < . . . < λ2 <
λ1 < 0 and denote an associated set of linear independent eigenvectors by V =
{v1 , v2 , . . . , vn }. Given a pair of initial conditions φ(0), ψ(0) that satisfy assumptions
(A2) and (A3), each can be expressed as a linear combination of the elements of V .
A key factor in whether or not tolerance occurs in the long term for this pair is the
relative magnitudes of the coefficients of their v1 terms, corresponding to the direction
of slowest decay. That is, let vjk denote the k th component of the j th eigenvector.
Suppose we can rescale so that vji > 0 for all j and write
φi (t) − ψi (t) = (c1 − d1 )v1i eλ1 t + (c2 − d2 )v2i eλ2 t + . . . + (cn − dn )vni eλn t .

(3.2)

If c1 − d1 > 0, then for t large enough, say t = Tn , φi (Tn ) − ψi (Tn ) > 0, implying
tolerance in the ith component, because λ1 is the slowest eigenvalue and v1i > 0. That
is, c1 > d1 , together with additional assumptions to ensure that the initial conditions
involved satisfy assumptions (A2) and (A3), is sufficient for eventual tolerance when
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all the vji are nonzero. More generally, tolerance in linear systems is determined by
the relative magnitudes of all components in the eigenvector expansions of the initial
conditions involved, including generalized eigenvectors when the set of eigenvectors is
complete, due to the connection between eigenvectors and rates of decay toward the
origin.
Now, we consider what else can be established about tolerance in linear systems,
beyond this fundamental observation. We will show that under fairly general conditions, if we fix an appropriate R trajectory of system (3.1), then there exists a region,
the location of which can be characterized, such that a P trajectory produces tolerance if and only if its initial condition lies in this region. Again, we emphasize that we
will consider tolerance with respect to the first component of solutions, but that all
arguments can be converted directly to apply to tolerance in any other component.
3.1. General tolerance result for linear systems. Recall that Γ0 is the basin
of attraction of 0 in the positive n-hyperoctant Rn+ and that Γ+
0 is the subset of initial
conditions in Γ0 generating trajectories that stay in Rn+ for all t ≥ 0. Analogously,
define Γ1 = {x ∈ Rn : x1 > 0} and Γ+
1 = {x(0) ∈ Γ1 : x(t) ∈ Γ1 for all t ≥ 0}. Also,
for any set Γ ⊂ Rn , we define the translate of the set Ty (Γ) = {x + y|x ∈ Γ}.
Definition 3.1. Given a matrix A ∈ Rn×n with n distinct eigenvalues, the ith
eigenplane is the (n−1)-dimensional hyperplane spanned by the n−1 eigenvectors that
are not associated with the ith eigenvalue. That is, Ei = sp{v1 , · · · , vi−1 , vi+1 , · · · , vn }
where (λi , vi ) are the eigenpairs of A.
Definition 3.2. The ith coordinate hyperplane is the (n − 1)-dimensional hyperplane defined by the equation xi = 0.
Theorem 3.3. If
(i) A has n real eigenvalues, λn ≤ λn−1 ≤ . . . ≤ λ1 < 0, with n linearly independent
eigenvectors v1 , . . . , vn ,
(ii) no eigenplanes coincide with the 1st coordinate hyperplane, and
(iii) Γ+
0 is non-empty,
then (3.1) will exhibit tolerance. More precisely, given an R trajectory x(t) ∈ Rn with
initial condition (x1 , . . . , xn ) in the interior of Γ+
0 , a P trajectory will exhibit tolerance
+
with respect to x(t) if and only if its initial condition lies in Γ+
0 ∩ Tφ(0) (Γ1 \ Γ1 ), and
moreover, this set is always non-empty.
Proof. For tolerance, we are interested in an R trajectory φ(t), t ≥ 0, φ(0) ∈ Γ+
0
and a P trajectory ψ(t), t ≥ 0,ψ(0) ∈ Γ+
0 such that φ1 (0) < ψ1 (0). Note that φ̇ = Aφ
and ψ̇ = Aψ since both φ, ψ are trajectories, and hence ξ˙ = Aξ, for ξ = ψ − φ. Since
φ1 (0) < ψ1 (0), it follows that ξ(0) ∈ Γ1 , and for tolerance, we require that there
exists t∗ > 0 with ξ(t∗ ) ∈
/ Γ1 . Thus, tolerance occurs if and only if ξ(0) ∈ Γ1 \ Γ+
1.
Considering ξ is equivalent, by linearity, to studying ψ in a coordinate system with
φ(0) at its origin. Under this translation (denoted by Tφ(0) (· )), we see that given any
+
+
φ(0) ∈ Γ+
0 , tolerance occurs if and only if ψ(0) ∈ Γ0 ∩ Tφ(0) (Γ1 \ Γ1 ).
+
+
It remains to show that Γ0 ∩ Tφ(0) (Γ1 \ Γ1 ) is always non-empty. Observe that
each eigensurface Ei of A includes the origin and is invariant under ẋ = Ax. The
n eigensurfaces partition Rn into 2n invariant regions, each with n boundaries. We
will consider the partition P of Γ1 formed from the n eigensurfaces together with
{x1 = 0}, consisting of at least 2n−1 regions, each of which includes the origin on its
boundary, since each bounding hyperplane does.
Note that the x1 -nullsurface, defined as the hyperplane N1 that satisfies ẋ1 = 0,
cannot coincide with the hyperplane {x1 = 0} by our assumptions, since that would
imply ẋ1 = cx1 for a constant c, such that E1 would be {x1 = 0}. Hence, N1 partitions
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{x1 = 0} into two components, one with ẋ1 > 0 and one with ẋ1 < 0. There must
exist a region R within the partition P of Γ1 such that one of its boundaries is a part
of {x1 = 0} on which ẋ1 < 0. By construction, the region R is contained in Γ1 \ Γ+
1.
Now, let φ(0) be in the interior of Γ+
.
Translate
φ(0)
to
the
origin
of
a
new
0
coordinate system, as previously. Any neighborhood of φ(0) intersects the translates
of all regions in P, including Tφ(0) (R). Hence, Γ+
0 ∩ Tφ(0) (R) is a nonempty subset of
+
Γ+
∩
T
(Γ
\
Γ
).
1
φ(0)
0
1
+
Remark 4. Note that the non-empty subset of Γ+
0 ∩ Tφ(0) (Γ1 \ Γ1 ) specified in the
above proof favors points ψ(0) with ψ1 (0) − φ1 (0) small, since this subset is defined
using the translate of a region with {x1 = 0} as its boundary. After translation, this
region will have {x1 = φ1 (0)} as its boundary.
The sets defined here are determined by the eigenstructure of the matrix A. As
noted in the above proof, the eigenplanes Ei of A are each invariant under ẋ = Ax,
and these n eigenplanes partition Rn into 2n regions, each with n boundaries. We can
denote these regions by R1 , . . . , R2n , where the subscripts are assigned
S arbitrarily.
Any such region Ri such that bd(Ri ∩ Γ1 ) is entirely contained within Ei yields a
corresponding region of no tolerance after translation.SThat is, Tφ(0) (Ri ) ⊂ Tφ(0) (Γ+
1 ),
r
so ψ(0) ∈ Tφ(0) (Ri ) implies no tolerance. Let R0 = i=1 Ri denote the union of all
such regions, if any exist, with R0 = φ otherwise. The proof of Theorem 3.3 shows
how the tolerance properties of Tφ(0) (Γ1 ) \ Tφ(0) (R0 ) are determined by the vector
field on the 2n−1 faces1 of {x ∈ Rn : x1 = 0}.
We now illustrate the above ideas in two dimensions, where the sets R2+ and
Γ1 are the first quadrant and the right half plane, respectively (see Figure 3.1(a)),
and where the Ei are simply the eigenvectors themselves. In Figure 3.1(b), a specific
eigenstructure is considered and relevant sets are identified. Figure 3.1(c) translates
these sets so that the point φ(0) is the origin of the new axes. Finally, Figure 3.1(d)
marks the regions where tolerance will and will not occur, according to Theorem 3.3.
A second eigenstructure is considered in Figure 3.2(a) with relevant regions identified.
While applying Theorem 3.3 directly, we also look at regions Ri as discussed above
to illustrate how regions of no tolerance can be identified. Figure 3.2(b) shows the
regions where tolerance will and will not occur for this case. A third eigenstructure
is considered in Figures 3.3(a-b), and tolerance regions identified using the same
techniques.
In two dimensions, it is not necessary to use the Ri and R0 to determine tolerance
properties. However, we include them in these examples because these supply the
easiest regions on which to decide tolerance, since it is always the case that there can
be no tolerance on Tφ(0) (R0 ), and because they bear a relation to the normality of
the matrix A. Normality of A has significant implications for the transient dynamics
of individual trajectories of system (3.1) [37]. If A is normal, then its eigennplanes
are orthogonal, which ensures that R0 is non-empty and represents a significant part
of Γ1 . If A is far from normal, then the Ei may be nearly parallel, which also has
implications for the extent of R0 .
Finally, these examples illustrate the general point that in R2 , given the constraints imposed by assumptions (A1), (A2), there is a relation between the location
of R0 and the boundedness of the tolerance region. Specifically, when R0 ⊂ R2+ , the
tolerance region is unbounded, while the failure of this condition yields a bounded tol1 By faces we mean regions separated by sign changes such as {x : x
1 = 0, x2 > 0, x3 >
0, · · · , xn > 0}, {x : x1 = 0, x2 < 0, x3 > 0, · · · , xn > 0}, etc.
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Fig. 3.1. In R2 , the 2n−1 = 2 “faces” of the set {x = 0} are the positive and negative branches
of the y-axis. R2+ is the first quadrant, and the set Γ1 is the right half plane. (b) A specific eigen
2+ , by positive invariance. The eigenvectors partition
structure is considered in which Γ0 ≡ Γ+
0 ≡R
R2 into four regions R1 , . . . , R4 , while the eigenvectors and axes partition Γ1 into S1 , S2 , S3 , and
S4 , from which we define the sets Γ+
1 := S2 ∪ S3 ∪ S4 (i.e. starting in Γ1 , implies staying in Γ1 for
2+ is chosen and the axes and eigenvectors are
all t ≥ 0) and Γ1 \ Γ+
1 := S1 . (c) An arbitrary xr ∈ R
translated (dashed lines) such that xr is now the origin. Correspondingly, translated sets are drawn
and labeled. (d) Tolerance properties are classified using Theorem 3.3, based on possible choices
+
+ x1
+ x1
x1
xp ∈ Γ+
tolerance does not occur, while for xp ∈ Γ+
0 ∩ (Γ1 ) . For xp ∈ Γ0 ∩ (Γ1 )
0 ∩ (Γ1 \ Γ1 )
tolerance does occur.

erance region, as can be seen by considering all possible eigenvector configurations in
R2 . When A is normal, this condition will always fail and hence a bounded tolerance
region will result. Although nonnormality of A does not guarantee an unbounded tolerance region, we still expect some general relationship to hold between the extent of
the tolerance region and the normality of A, which remains to be explored in greater
than 2 dimensions.
3.2. Tolerance in linear planar systems. While Theorem 3.3 is quite general,
it does not complete the theory of tolerance for linear systems. There are several
issues that remain to be addressed, including relating the nature of the tolerance
region to the (non)normality of A, what happens with eigenvalues for which algebraic
multiplicity exceeds geometric multiplicity, and how to estimate the time at which
tolerance occurs. We address the latter two issues in the planar case. We also discuss
how certain parts of this approach can be extended to n dimensions. As noted at
the start of Section 3, tolerance in linear systems is determined by the magnitudes
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Fig. 3.2. (a) A second eigen structure, different from that shown in Figure 3.1, is considered
and the regions R1 · · · R4 are identified. In this case, R0 ≡ R1 . The shaded region is Γ+
0 , which is
+
identical, in this case, to Γ+
.
(b)
An
arbitrary
x
∈
Γ
is
chosen
and
the
axes
and
eigenvectors
are
r
1
0
translated (dashed lines) such that xr becomes the origin. Correspondingly, translated sets are drawn
+ x1
and labeled. As before, tolerance properties are classified using Theorem 3.3. For xp ∈ Γ+
0 ∩ (Γ1 )
+ x1
tolerance does not occur, while for xp ∈ Γ+
tolerance does occur. Note that R1 is
0 ∩ (Γ1 \ Γ1 )
S
immediately ruled out as a tolerance region because bd(R1 ∩ Γ+
Ei .
0 ) is entirely contained within

Fig. 3.3. (a) A third distinct eigen structure is considered and regions R1 , . . . , R4 are identified,
+
+
with R0 ≡ R1 as in Figure 3.2. The sets Γ+
0 and Γ1 are also identified. (b) An arbitrary xr ∈ Γ0 is
chosen and the axes and eigenvectors are translated (dashed lines) such that xr becomes the origin.
Correspondingly, translated sets are drawn and labeled. As before, tolerance properties are classified
+ x1
+ x1
using Theorem 3.3. For xp ∈ Γ+
tolerance does not occur, while for xp ∈ Γ+
0 ∩ (Γ1 )
0 ∩ (Γ1 \ Γ1 )
tolerance does occur. Again, R1 is immediately ruled out as a tolerance region.

of the components of the initial conditions in the direction of slowest eigenvector (or
generalized eigenvector). The analysis done here will correspondingly be intimately
tied to these magnitudes. A geometric representation off this analysis is given in the
Supplementary Materials, along with analysis of necessary and sufficient conditions
for tolerance in the 3D case if c1 < d1 (see equation (3.2).
We consider the linear system (3.1) in two dimensions with eigenvalues λ1 and λ2 ,
and we adopt the notation φ(0) = (xr , yr ), xr ≥ 0, yr ≥ 0 and ψ(0) = (xp , yp ), xp ≥
0, yp ≥ 0.
3.2.1. Case 1: λ1 6= λ2 . This case is covered by Theorem 3.3 but we will
now take a more explicit approach that yields more concrete tolerance conditions
and a precise time at which tolerance occurs. Without loss of generality, assume
that λ2 < λ1 < 0. Let v, w be eigenvectors corresponding to λ1 , λ2 , respectively.
Since λ1 and λ2 are distinct, v and w are linearly independent. Thus, any initial
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condition can be uniquely written as a linear combination of v and w. In particular,
(xr , yr ) = c1 v + c2 w = (c1 v1 + c2 w1 , c1 v2 + c2 w2 ), with c1 , c2 ∈ R. Correspondingly,
the solution φ(t) to the initial value problem (IVP) ẋ = Ax, φ(0) = (xr , yr ) is
φ(t) = c1 veλ1 t + c2 weλ2 t = (c1 v1 eλ1 t + c2 w1 eλ2 t , c1 v2 eλ1 t + c2 w2 eλ2 t ).

(3.3)

Similarly, consider the initial condition (xp , yp ), which can be uniquely written as
(xp , yp ) = d1 v + d2 w = (d1 v1 + d2 w1 , d1 v2 + d2 w2 ), with d1 , d2 ∈ R. The solution ψ(t)
to the IVP ẋ = Ax, ψ(0) = (xp , yp ) is
ψ(t) = d1 veλ1 t + d2 weλ2 t = (d1 v1 eλ1 t + d2 w1 eλ2 t , d1 v2 eλ1 t + d2 w2 eλ2 t ).

(3.4)

Since we know xp ≥ xr by (A3), we have that
d1 v1 + d2 w1 ≥ c1 v1 + c2 w1 .

(3.5)

The first component of each eigenvector can be scaled to be positive whenever it is
nonzero. Since λ1 6= λ2 , v1 and w1 cannot both be zero for this case. If either v1 or
w1 is zero, then this implies A is a lower triangular matrix and the first component is
decoupled from the others, reducing the problem to the one dimensional case. However
by uniqueness of solutions, tolerance cannot occur in one dimension (i.e. a trajectory
cannot pass another trajectory in one dimension). Hence, tolerance is not possible
when either (a) v1 = 0 and w1 = 1 or (b) v1 = 1 and w1 = 0. Note that these cases
fall outside of the tolerance guarantee given by Theorem 3.3, since Ei coincides with
the 1st coordinate hyperplane for i = 1 or 2 in these cases.
Alternatively, suppose v1 > 0 and w1 > 0. Proposition 3.4 below states necessary
and sufficient conditions on the coefficients of the solutions φ and ψ in order for
tolerance to be exhibited and also specifies the precise time value beyond which it
occurs.
Proposition 3.4. Let (xr , yr ), (xp , yp ) be given such that (A1), (A2), (A3) hold
and assume that λ2 < λ1 < 0 and that v1 > 0, w1 > 0 for eigenvectors v and w
corresponding to λ1 and λ2 , respectively. There exists T1 > 0 such that (3.1) will
exhibit tolerance for all t > T1 if and only if (xr , yr ), (xp , yp ) are such that c1 > d1
and c2 < d2 . Furthermore,
T1 =

ln[(d2 − c2 )w1 /(c1 − d1 )v1 ]
.
λ1 − λ 2

(3.6)

Proof. (Necessary Conditions) Assume that c1 ≤ d1 . Consider the difference
between φ1 (t) and ψ1 (t). Using (3.3), (3.4), and (3.5), we have
φ1 (t) − ψ1 (t) = (c1 − d1 )v1 eλ1 t + (c2 − d2 )w1 eλ2 t
≤ (c1 − d1 )v1 (eλ1 t − eλ2 t ).
Since λ2 < λ1 < 0, v1 , w1 > 0, and c1 ≤ d1 , it follows that φ1 (t) − ψ1 (t) ≤ 0, which
means that ψ1 (t) ≥ φ1 (t) for all t ≥ 0. Hence, tolerance cannot be exhibited for
c1 ≤ d1 . Similarly, it can be shown that (3.1) cannot exhibit tolerance for c2 ≥ d2 .
Thus, c1 > d1 and c2 < d2 are both necessary conditions for tolerance.
(Sufficient Conditions) Assume that c1 > d1 and c2 < d2 both hold. Using (3.3)
and (3.4), we have
φ1 (t) − ψ1 (t) = (c1 − d1 )v1 eλ1 t + (c2 − d2 )w1 eλ2 t .


c2 − d2
(λ1 −λ2 )t
= e
v1 +
w1 eλ2 t (c1 − d1 ).
c1 − d1
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By assumption, (c1 − d1 ) > 0, (c2 − d2 ) < 0, and w1 > 0; thus,
eλ2 t (c1 − d1 ) > 0 and

(c2 − d2 )
w1 < 0.
(c1 − d1 )

Therefore,



(c2 − d2 )
φ1 (t) − ψ1 (t) = e
v1 +
w1 eλ2 t (c1 − d1 ) > 0
(c1 − d1 )


(c2 − d2 )
(λ1 −λ2 )t
⇔ e
v1 +
w1 > 0
(c1 − d1 )
(d2 − c2 )
⇔ e(λ1 −λ2 )t v1 >
w1
(c1 − d1 )
ln[(d2 − c2 )w1 /(c1 − d1 )v1 ]
⇔t>
≡ T1 .
λ 1 − λ2
(λ1 −λ2 )t

This inequality is satisfied by large enough t and T1 gives a lower bound for t such
that φ1 (t) − ψ1 (t) > 0. Note that T1 > 0 when (d2 − c2 )w1 /(c1 − d1 )v1 > 1, which is
equivalent to the initial conditions assumption (A3) when c1 > d1 and c2 < d2 .
3.2.2. Case 2: λ1 = λ2 = λ < 0. In this case, λ has either a one- or twodimensional eigenspace. If λ has a two-dimensional eigenspace, then solutions are
linear combinations of the function eλt . Hence, we would arrive at the following:
φ1 (t) − ψ1 (t) = xr eλt − xp eλt = (xr − xp )eλt ≤ 0.
Therefore, if A has identical eigenvalues with a complete set of linear independent
eigenvectors, then the situation reduces to the one dimensional case and tolerance
does not occur.
When λ has a one dimensional eigenspace, the analysis is not as straightforward.
In this case, let v be an eigenvector of λ. One solution to (3.1) is x(1) (t) = veλt . A
second solution to (3.1) is x(2) (t) = vteλt + v̄eλt , where v̄ is a generalized eigenvector
satisfying (A − λI)v̄ = v. The initial condition (xr , yr ) can be uniquely written as a
linear combination of v and v̄,
(xr , yr ) = c1 v + c2 v̄ = (c1 v1 + c2 v̄1 , c1 v2 + c2 v̄2 ),with c1 , c2 ∈ R.
The solution φ(t) to the IVP ẋ = Ax, φ(0) = (xr , yr ) is
φ(t) = c1 veλt + c2 (vteλt + v̄eλt )
= (c1 v1 eλt + c2 (v1 teλt + v̄1 eλt ), c1 v2 eλt + c2 (v2 teλt + v̄2 eλt )).

(3.7)

Similiary, the initial condition, (xp , yp ), can be uniquely written as a linear combination of v and v̄,
(xp , yp ) = d1 v + d2 v̄ = (d1 v1 + d2 v̄1 , d1 v2 + d2 v̄2 ),with d1 , d2 ∈ R,
and the solution ψ(t) to the IVP ẋ = Ax, ψ(0) = (xp , yp ) is
ψ(t) = d1 veλt + d2 (vteλt + v̄eλt )
= (d1 v1 eλt + d2 (v1 teλt + v̄1 eλt ), d1 v2 eλt + d2 (v2 teλt + v̄2 eλt )).

(3.8)
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The following proposition states the results for this case. We will assume that v1 can
be scaled to be positive when it is nonzero.
Proposition 3.5. Let (xr , yr ), (xp , yp ) be given such that (A1), (A2), (A3) hold
and assume that λ1 = λ2 = λ < 0. Suppose that λ has a one-dimensional eigenspace.
Let v be an eigenvector of λ and let v̄ be a corresponding generalized eigenvector.
(i) If v1 > 0, then we can choose v̄1 = 0 and (3.1) will exhibit tolerance for
h(xr , yr ), (xp , yp )i for all t > T2 ≡ (d1 − c1 )/(c2 − d2 ) if c2 > d2 ; otherwise,
no tolerance occurs.
(ii) If v1 = 0, then (3.1) will not exhibit tolerance for h(xr , yr ), (xp , yp )i.
Proof. Consider the difference between φ1 (t) and ψ1 (t). Equations (3.7) and (3.8)
yield
φ1 (t) − ψ1 (t) = ((c1 − d1 )v1 + (c2 − d2 )v̄1 )eλt + (c2 − d2 )teλt v1
Assumption (A3) on the initial conditions of φ and ψ implies
0 ≥ (c1 − d1 )v1 + (c2 − d2 )v̄1 .

(3.9)

(i) Assume that v1 > 0. Without loss of generality, we can assume that v̄1 = 0. That
is, since v is an eigenvector of A, (A−λI)v = 0. Thus, v̄, which satisfies (A−λI)v̄ = v,
also satisfies (A − λI)(v̄ − av) = v for any scalar a, implying that (v̄ − av) is also
a generalized eigenvector of λ, linearly independent of v. Further, there exists an a
such that (v̄ − av) = [0 b]T , which, for simplicity of notation, can be redefined as v̄.
Therefore, in this case, (3.9) implies that c1 ≤ d1 . Moreover, φ1 (t) − ψ1 (t) =
(c1 − d1 + (c2 − d2 )t)v1 eλt , so φ1 (t) > ψ1 (t) requires c2 > d2 and holds for t >
(d1 − c1 )/(c2 − d2 ) ≡ T2 .
(ii) Assume that v1 = 0 and, thus, v̄1 6= 0. Then, we have
φ1 (t) − ψ1 (t) = c2 v̄1 eλt − d2 v̄1 eλt
= (c2 − d2 )v̄1 eλt .

(3.10)
(3.11)

By (3.9) with v1 = 0, (c2 − d2 )v̄1 ≤ 0. Thus, (3.11) implies that φ1 (t) ≤ ψ1 (t) for all
t.
Remark 5. If v̄1 6= 0 is chosen, then the constants c1 , c2 , d1 , d2 change corre−c1
spondingly. For the new constants, the formula for T2 generalizes to T2 = dc21−d
− v̄v11
2
and inequality (3.9) replaces the condition c1 ≤ d1 .
Propositions 3.4 and 3.5 give analytical conditions for the existence of tolerance
in terms of coefficients of general solutions to (3.1). The existence of tolerance is
determined by projecting (xr , yr ) and (xp , yp ) onto the eigenvectors. In the case of
distinct eigenvalues, there is a fast eigenvector corresponding to the larger magnitude
eigenvalue and a slow eigenvector corresponding to the smaller magnitude eigenvalue.
Tolerance will exist if the component of the projection of xr along the slow eigenvector is larger than the corresponding projection of xp and if the component of the
projection of xr along the fast eigenvector is smaller than that of xp . Thus for any
point (xr , yr ) there is a region of tolerance that will be defined by the two eigenvectors
of the flow. The conditions are different in the case of repeated eigenvalues. Examples of trajectories and tolerance regions for various initial conditions and eigenvector
configurations are shown in Figure 3.4, with each figure linking to an animation of
the given example. [INSERT LINKS FOR LinearEx a Reg3.gif, LinearEx b Reg1.gif,
LinearEx c Reg2.gif, and LinearEx d Reg1.gif)] Compare Figures 3.4(a-c) with Figures 3.1(d), 3.3(b), 3.2(b), respectively. The complete enumeration of all possible

12

J. DAY, J. RUBIN AND C.C. CHOW

Fig. 3.4. Four example eigenvector configurations, initial conditions and trajectories. In each
case, tolerance will occur for h(xr , yr ), (xp , yp )i if and only if (xp , yp ) lies in the green region for
(xr , yr ). Each figure links to an animation of the given example.

initial conditions and relevant eigenvector configurations is given in the Supplementary Materials.
Some special cases allow trivial generalization to n-dimensional systems. For
example, if one component of a linear system decouples from the other components
(i.e. the one dimensional tolerance case), then there cannot be tolerance in that
component. Similarly, if a 2 × 2 block including the component of interest decouples,
then 2-d analysis can be used, and so on. Alternatively, if A has n identical eigenvalues,
λn = λn−1 = . . . = λ1 = λ < 0, with a complete set of n linearly independent
eigenvectors, then φi (t) − ψi (t) = (φi (0) − ψi (0))eλt ≤ 0 for all t ≥ 0, such that
tolerance cannot occur. More generally, as noted at the start of Section 3, if A has
n distinct eigenvalues and eigenvectors and equation (3.2) holds, then c1 > d1 is
sufficient for eventual tolerance when all the vji are nonzero, together with additional
restrictions on φ(0), ψ(0) to ensure that assumptions (A2) and (A3) hold. On the
other hand, if c1 ≤ d1 in this case, then tolerance may or may not be possible. For
a 3D system with distinct eigenvalues, if c1 = d1 , then the 2D analysis applies, while
necessary and sufficient conditions for tolerance if c1 < d1 are given in part 2 of the
Supplementary Materials.
3.3. Algorithms for locating regions of tolerance. We conclude our linear
analysis by commenting on practical algorithms for identifying tolerance regions or
for determining whether or not tolerance will occur for a particular choice of initial
conditions φ(0), ψ(0). Theorem 3.3 implies that to fully characterize tolerance for
(3.1), we should first find the eigenvectors of A. For a fixed φ(0) ∈ Γ+
0 , recall that
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φ (0)

Γ0 1 denotes the region from which ψ(0) can be chosen such that (A1), (A2), (A3)
φ (0)
hold. If we can find Γ0 1 , then we can translate it by taking x1 − φ1 (0) for each
φ (0)
x = (x1 , . . . , xn ) ∈ Γ0 1 . Tolerance for ψ(0) is determined by the region Ri in which
its translate, say ψ(0)0 , lies, with no tolerance for ψ(0)0 ∈ R0 and with tolerance
determined by the vector field on the boundaries of Ri that belong to the coordinate hyperplane {x1 = 0} for ψ(0)0 ∈
/ R0 . It remains for future work to determine
computationally efficient algorithms for making this assessment.
A non-optimal but more explicit algorithm can be derived by attempting to locate a maximum of (φ1 (t) − ψ1 (t)) at which this difference is positive. (A related
approach can be used to obtain necessary and sufficient conditions for tolerance for
linear systems in R3 , as shown in the supplementary materials.) Since there are two
possible inequality relationships (≤ and >) between cj and dj for every j = 1 . . . n
in equation (3.2), there are 2n possible sets of coefficient relationships, each having
n inequalities. Thus, one could set up 2n linear programming problems each with n
constraints made up of sets of possible coefficient inequalities. For instance, given a
4×4 matrix A and an initial condition φ(0) = (xr , yr ) (and hence coefficients c1 , c2 , c3 ,
and c4 ), one linear programming problem to solve would be:
maximize (φ1 (t) − ψ1 (t))
subject to: c1 <= d1 , c2 <= d2 , c3 > d3 , and c4 > d4 .
Under these constraints, if values for d1 , d2 , d3 , and d4 can be found such that (φ1 (t)−
ψ1 (t)) has a maximum at which it is positive, then a region of tolerance has been found
with respect to φ(0) = (xr , yr ). Then, systematically, the other sets of inequalities
can be checked. In fact, we can avoid checking the one inequality set that has cj ≤ dj
for all j = 1 . . . n, since this implies no tolerance, from equation (3.2).
4. General systems. A natural question to ask is, how effective is linear analysis for assessing tolerance in general systems? Just as linearization about a critical
point tells us nothing about global properties of a flow in many nonlinear systems,
linear analysis of tolerance based on linearization about the origin is not always a
useful approach to tolerance. For example, tolerance in the first component can occur
for the system
ẋ = −x − xy,
ẏ = x − 2y,
yet the first component of the system obtained by linearizing about the origin decouples, and linear theory predicts no tolerance.
Is there another way to exploit linearization? As in the linear case, the eigenvalues and eigenvectors obtained from the linearization of a nonlinear system about
an asymptotically stable node determine how trajectories approach the node asymptotically. The difficulty in the nonlinear case is that, even if an initial condition is
expressed as a linear combination of these eigenvectors, the relative magnitudes of
the components associated with different eigenvectors is not preserved under the flow.
Theoretically, the dynamics of a nonlinear system with an asymptotically stable node
can be characterized in terms of a fiber structure through which trajectories are slaved
to counterparts on invariant manifolds, in this case associated with negative eigenvalues of different magnitudes and their corresponding eigenspaces [20, 21]. However,
although it is known that this fiber structure exists, there is no means to calculate
how an arbitrary point is situated with respect to the fiber system, and other ideas
are needed to make the analysis of tolerance for nonlinear systems practical.
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An alternative to linearization about a node would be to linearize about an initial
condition of an R trajectory. If linearization yields distinct negative real eigenvalues
and the conditions for Theorem 3.3 hold, then a corresponding tolerance region sufficiently close to the R trajectory will exist. On the other hand, linearization may yield
complex eigenvalues and hence be inconclusive, or nonlinearity may cause or prevent
tolerance away from a neighborhood of the R trajectory in ways that linearization
cannot predict.
Hence, an analysis of tolerance in fully nonlinear systems is required. In this
section, we demonstrate that tolerance can occur generically provided that trajectories
satisfy a geometric property called excitability. The existence of excitability in turn
depends on a property of the dynamics called inhibition where the increase of some
components enhances the rate of approach towards the origin in the first component.
However, given the presence of inhibition in general, an analytical estimate is required
to address whether or not a given pair of reference and perturbed trajectory initial
conditions will lead to tolerance.
4.1. Geometric analysis of tolerance: excitability. Consider the general
system (2.1), ẋ = f (x), for x ∈ Rn . We start with a simple proposition.
Proposition 4.1. Assume (A1), (A2), and (A3). Given hφ(0), ψ(0)i, assume
φ1 (t) and ψ1 (t) → 0 monotonically as t → ∞. If there exists t̂ > 0 such that φ(−t̂) =
ψ(0), then (2.1) does not exhibit tolerance for hφ(0), ψ(0)i.
This proposition follows immediately from the group property of flows2 and is
another explanation for why tolerance is ruled out in one dimensional systems. However, this property also allows the possibility of tolerance in higher dimensions if the
reference trajectory does not approach the origin monotonically. In particular, the
first components of solutions generated by two initial conditions on the same trajectory may exchange order, depending on the geometry of the trajectory. We now focus
on a situation where the reference trajectory φ is what we call a k-excitable trajectory
as represented, for example, in the left panel of Figure 4.1. We make this concept
precise with the following definition.
Definition 4.2. Assume that (A1), (A2), and (A3) hold for system (2.1). Fix
a positive integer k. The trajectory φ(t) is k-excitable if there exist times tei , where
te0 = 0 < te1 < te2 < . . . < te2k−1 , such that
(a) φ1 (tei ) > φ1 (0) for all i > 0,
(
(b)
f (φ(t)) > 0, t ∈ [t , t ) and (t , t
), i ∈ {1, 2, . . . , k − 1},
1

e0

e1

e2i

e2i+1

f1 (φ(t)) < 0, t ∈ (te2i+1 , te2(i+1) ), i ∈ {0, 1, . . . , k − 2}, or t > te2k−1 .
The trajectory φ(t) is excitable if it is 1-excitable.
Excitable trajectories are those that transiently grow (in one component) prior
to approaching 0 and can be related to the amplification of a perturbation known
as reactivity [28], a common feature in various models [7, 9, 10, 27, 28, 30]. In the
context of acute inflammation, an excitable trajectory represents the initial activation
of the immune system by a stimulus followed by a relaxation to a stable baseline state
[13].
Proposition 4.3. Assume (A1), (A2), and (A3) hold for system (2.1). If φ(t) is
a k-excitable trajectory, then system (2.1) exhibits tolerance for all hφ(0), ψ(0)i such
that ψ(0) = φ(t̂), for some 0 < t̂ ≤ te1 .
2 If φt (x) denotes the flow/trajectory generated by evolving a differential equation from initial
point x for time t, the group property of flows is defined as φt+s (x) = φt (φs (x)).
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The proof again follows from the group action of flows and the observation that
φ1 (te2k−1 ) > φ1 (te2k−1 + t̂) = ψ1 (te2k−1 ). For points on the outgoing branch of an
excitable trajectory, those further away from the origin are “ahead” of those that
are closer. By propositions 2.6 and 2.7, we note that the two initial conditions need
not be exactly on the same trajectory. Hence, there is a “tube” around the outgoing
branch of an k-excitable trajectory in which tolerance can exist. The regions for which
tolerance exist can be computed more explicitly in a planar system.
4.1.1. Planar excitable systems. Now we look at the implication of an excitable trajectory in two dimensions, again using the notation
ẋ = f (x, y),
(4.1)
ẏ

= g(x, y).

Remark 6. We add the following condition on ẏ = g(x, y) to Definition 4.2:
(c) g(φ1 (t), φ2 (t)) > 0 for t ∈ [0, te2k−1 ]. Although not necessary for our approach,
this assumption clarifies the presentation to follow.
Below, we define a set T such that tolerance with respect to (xr , yr ) occurs whenever (xp , yp ) ∈ T , when φ(t) is a k-excitable trajectory.
Definition 4.4. For a k-excitable trajectory φ, define tr > 0 to be the first
positive time where φ1 (tr ) = xr , which exists since φ is k-excitable and continuous,
under (A1) and (A2). Note also that φ1 (t) > φ1 (tr ) = xr for all t ∈ (0, tr ) by
definition of an k-excitable trajectory.
Definition 4.5. Assume that φ is an k-excitable trajectory. In terms of tr ,
define G = {(x, y)|(x, y) = φ(t) for t ∈ (0, tr ]}. Further, define the line segment L =
{(x, y) : x = xr , y ∈ (yr , φ2 (tr )]} and define the region S (see Figure 4.1) as the union
of L and the interior of the region bounded by G and L. Finally, let T = G ∪ S.
Definition 4.6. Define M = maxt≥0 {φ1 (t)}, which exists by (A1), (A2), and
the continuity of φ. Let tm > 0 (tM > 0) be the minimal (maximal) positive time such
that φ1 (t) = M .
Proposition 4.7. Let φ(0) = (xr , yr ) and (xp , yp ) be given. Suppose that (A1),
(A2), and (A3) hold and that φ is an k-excitable trajectory. Under these conditions,
T is a non-empty set. Moreover, if (xp , yp ) ∈ T , then (4.1) will exhibit tolerance for
h(xr , yr ), (xp , yp )i.
Proof. By the assumptions, a region T = G ∪ S as defined above is non-empty.
We divide the proof into two parts since T is defined as the union of two sets.
Part 1: Suppose ψ(0) = (xp , yp ) ∈ G. This implies that ψ(0) = (xp , yp ) = φ(τ ),
for some τ > 0. Recall that φ1 (t) < M for all nonnegative t > tM . It follows
that ψ1 (tM ) = φ1 (tM + τ ) < M = φ1 (tM ). Thus, (4.1) exhibits tolerance for
h(xr , yr ), (xp , yp )i ∈ G at time tM .
Part 2: Suppose (xp , yp ) ∈ S. We first consider the case where xp > xr and
define tp = mint>0 {t : ψ1 (t) = xr }, such that ψ(t) ∈ S for all t ∈ [0, tp ]. If tp ≥ tr
then since tr > tM ≥ tm , tm ∈ (0, tp ). Hence, ψ1 (tm ) < M = φ1 (tm ) and tolerance
is exhibited at tm . Now, if 0 < tp < tr , then it is possible that ψ1 (tm ) > M (see
bottom panel of Figure 4.1). However, from the definition of tr , φ1 (tp ) > φ1 (tr ) =
xr = ψ1 (tp ) and tolerance is exhibited at tp . Now, consider the special case that
xp = xr . If f (xp , yp ) > 0 then tp can be defined and the analysis proceeds as above.
If f (xp , yp ) < 0, then there exists  > 0 such that ψ1 () < xr and φ1 () > xr . Thus,
φ1 () > ψ1 () and tolerance occurs at .
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Figure 4.1 illustrates Proposition 4.7 in both phase space (left panel) and with
time courses (right panel). Notice that if we consider the special case when (xr , yr ) =
(xr , 0) for a k-excitable trajectory, then uniqueness of solutions is sufficient to guarantee tolerance.

Fig. 4.1. Illustration of Proposition 4.7 in the case that φ is k-excitable. P trajectories with
initial conditions in region S exhibit tolerance. Left Panel: A 2-excitable R trajectory, φ(t), initial
condition, (xr , yr ) (black) and two example P trajectories, ψ(t), with corresponding initial conditions
(xp , yp ) ∈ S (red). The maximum value in the x-direction for φ(t) is marked with a vertical blue
line and denoted by M . Additionally, note that G = {φ(t)|t ∈ (0, tr ]} (not labeled) is the section of
the graph of φ(t) that forms a portion of the boundary of region S and that L = {(x, y) : x = xr , y ∈
(yr , φ2 (tr )]} (not labeled) is the vertical line segment which forms the remaining boundary of the S.
Right Panel: Time courses of both φ1 (t) (black) and ψ1 (t) (red). Time tp is where ψ1 first takes on
the value xr and tM is the time when φ1 (t) last attains its maximal value.

If more constraints are imposed on the vector field f then the region that guarantees tolerance can be immediately expanded to include the strip above T in Γx0 r .
To be precise, we introduce the following definition.
Definition 4.8. Define T̂ by the set
T̂ = ((xr , M ) × (φ2 (tM ), ∞) \ T ) ∩ Γx0 r .

(4.2)

Proposition 4.9. Assume (A1), (A2), (A3), and that φ is an k-excitable trajectory with φ(0) = (xr , yr ). If f (x, y) ≤ 0 for all (x, y) ∈ T̂ , then for (xp , yp ) ∈ T̂ ,
(4.1) will exhibit tolerance.
Proof. If (xp , yp ) ∈ T̂ and f ≤ 0, then ψ1 (t) ≤ xp < φ1 (tM ) for t ≥ 0. Thus,
φ1 (tM ) > ψ1 (tM ). Hence, (4.1) exhibits tolerance for (xp , yp ) ∈ T̂ at time tM .
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4.2. Inhibition. In the previous section we found specific conditions under
which tolerance would occur for individual points or regions defined by the shape
of the reference trajectory R. Now, we introduce the concept of inhibition, which is
based on the vector field, rather than on a particular trajectory. Inhibition allows us
to characterize whether or not certain special regions in phase space at least admit the
possibility of tolerance and will also be used in the next subsection in an analytical
approach to tolerance for individual trajectories.
The term inhibition, which is often associated with negative feedback, is widely
used in the context of mathematical models of biological systems to refer to the
suppression of one quantity by another. However, the use of this term, while intuitive
and heuristically understood, is not always mathematically precise. Hence, we give a
precise definition of what we mean by inhibition. Subsequently, we prove two results
relating to inhibition and tolerance.
Definition 4.10. Given Ω ⊆ Rn+ , we say xi , i 6= 1, inhibits x1 in Ω, and Ω
is a region of inhibition with respect to xi for (2.1), if f (x1 , . . . , xi = u, xi+1 , . . . ) ≤
f (x1 , . . . , xi = v, xi+1 , . . . ) if u > v (i.e. f1 (x) is a monotone decreasing function of
xi everywhere in Ω ).
Remark 7. Note that the sign of f1 (x) is not specified in Definition 4.10. Thus,
when xi inhibits x, it may either slow the growth of x1 or speed up its decay.
Remark 8. A region of inhibition must be present for a k-excitable trajectory to
exist.
Remark 9. More than one component xj can inhibit x1 and the regions of
inhibition need not be contiguous.
A key first observation that follows from the definition of inhibition is that there
is always the possibility of tolerance when xi inhibits x1 , as long as the perturbed
trajectory samples larger xi values than the reference trajectory. In the context of the
inflammatory response, a preconditioning dose can cause an above normal amplification of anti-inflammatory mediators which can inhibit the response to inflammatory
stimuli significantly enough to cause tolerance. We formalize this observation by stating two further definitions and two results that follow from these definitions, which
establish the necessity of a region of inhibition and of certain relative positions of the
perturbed and reference trajectories for tolerance to occur.
Definition 4.11. The trajectory ψ is bounded below by the trajectory φ in the
xi direction if φi (s1 ) < ψi (s2 ) whenever φ1 (s1 ) = ψ1 (s2 ) for any s1 , s2 > 0, not
necessarily equal. For brevity, we say ψ is bounded below by φ in xi .
Proposition 4.12. Assume that (A1), (A2), and (A3) hold and that ψ is bounded
below by φ in xi for each i > 1. If (2.1) exhibits tolerance for a given pair hφ(0), ψ(0)i,
then there exist a region of inhibition with respect to xi , call it Ωi , for some i and a
time s ∈ R+ such that ψ(s) ∈ Ωi or φ(s) ∈ Ωi .
Definition 4.13. The trajectory of ψ is bounded above by the trajectory of φ in
the xi direction if φi (s1 ) > ψi (s2 ) whenever φ1 (s1 ) = ψ1 (s2 ) for any s1 , s2 > 0, not
necessarily equal. For brevity, we say ψ is bounded above by φ in xi .
Proposition 4.14. Assume that (A1), (A2), and (A3) hold. For given hφ(0), ψ(0)i,
if the graph of ψ is bounded above by the graph of φ in xi for each i > 1, and there exists Ω that is a region of inhibition with respect to xi for all i > 1 with φ(t), ψ(t) ⊂ Ω
for all t ≥ 0, then (2.1) cannot exhibit tolerance for hφ(0), ψ(0)i.
Proposition 4.12 states that the existence of a region of inhibition is necessary
for tolerance to occur when the P trajectory, ψ, is bounded below in all components
i > 1 by the R trajectory, φ, while Proposition 4.14 states that for tolerance to be
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a possibility for a P trajectory ψ that is bounded above in all components i > 1 by
the R trajectory φ, it is necessary that at least one of φ, ψ lies outside of a region of
inhibition with respect to at least one component at some time. Note that we do not
need to worry about φ but not ψ being excitable here, because φ, ψ are contained in a
region of inhibition with respect to xi for all i > 1. These results can be quite useful
in low-dimensional systems. In higher dimensions, as more components interact, the
assumptions involved become more restrictive and hence less likely to be satisfied.
4.3. Time interval estimates. To obtain more precise conditions for the existence of tolerance, direct estimates regarding specific trajectories of (2.1) are necessary.
Here, we show how to derive estimates in the two dimensional plane for upper and
lower bounds on the amount of time it takes for the relevant trajectories to reach
a specified x-value xf that is crossed by both trajectories, φ(t) and ψ(t). We again
adopt the two dimensional notation of section 3.2. If an (xp , yp ) can be found such
that ψ(t) takes a shorter time interval to reach xf than φ(t), then tolerance exists for
that (xp , yp ). To do this, we will use the x-isoclines, which we now define.
Definition 4.15. The x-isoclines of (2.1) are the family of curves (or level sets),
parametrized by a parameter C ∈ R, each defined by f (x, y) = C.
A nullcline, for instance, is an isocline for which C = 0. The vector field points
in the positive (negative) x-direction when C is positive (negative).
Remark 10. We may define y-isoclines analogously to x-isoclines. Since we do
not consider these, we will drop the x- and just use isocline to refer to the x-isoclines
here.
Now, consider the ODE (2.1) and assume that (A1), (A2), and (A3) hold. Suppose that there is a positive integer n for which the graph of φ can be decomposed into a union of n graph segments such that the y component of the graph
is single valued with respect to x on each. This assumption holds, for example,
when φ is m-excitable for some m. Let xi , i ∈ {1, . . . , n + 1} be the n + 1 terminal points of the n segments, defined by x1 = xr , xi = φ1 (tiφ ), for i = 2, . . . , n,
where tiφ = inf t>ti−1 {t : f (φ1 (t), φ2 (t)) = 0} with t1φ = 0, and xn+1 = xf . Let
φ

tn+1
= inf t>tnφ {t : φ1 (t) = xf }. The total time to traverse the trajectory from xr to
φ
Pn
xf is then given by tφ = i=1 ∆tiφ , where ∆tiφ = ti+1
− tiφ .
φ
On each graph segment we can express the graph of φ as a function y = vi (x),
where vi is defined on the interval xi ≤ x ≤ xi+1 , i ∈ {1, . . . , n}. We can compute ∆ti
for each segment directly by integrating the first equation of (2.1) along the graph
segment defined by y = vi (x), i.e. ẋ = f (x, vi (x)), to obtain
tφ =

n Z
X
i=1

xi+1

xi

du
.
f (u, vi (u))

(4.3)

A similar construction can give tψ , with initial x-coordinate xp . Tolerance then implies
tψ < tφ . In general, it is not possible to obtain vi in closed form, but depending on
the structure of f , estimates can be made to obtain various bounds for tφ and tψ .
For example, with respect to (2.1), consider the family of x-isoclines f (x, y) = C,
where C ∈ R. Let ciφ = supt∈[ti ,ti+1 ) {|f (φ1 (t), φ2 (t))|}, i.e. the largest magnitude isoφ

φ

cline through which the trajectory φ passes on the segment [xiφ , xi+1
φ ]. Then from (4.3)
Pn
i
i
i
i+1
we obtain tφ ≥ i=1 |xi+1
−x
|/c
.
Likewise,
let
c
=
inf
φ
φ
ψ
φ
t∈[ti ,t
) {|f (ψ1 (t), ψ2 (t))|},
ψ

ψ

i.e. the smallest magnitude isocline through which the trajectory ψ(t) passes on the
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segment [xiψ , xi+1
ψ ], yielding tψ ≤

Pn

i=1

i
i
|xi+1
ψ − xψ |/cψ . Thus, if

n
i
X
|xi+1
ψ − xψ |
i=1

ciψ
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<

n
X
|xi+1
− xiφ |
φ
i=1

ciφ

,

(4.4)

then tψ < tφ , which implies tolerance.
We can use condition (4.4) to show, for example, that if ψ(t) is bounded below
by an m-excitable trajectory φ(t), and φ(t) and ψ(t) both lie in a region of inhibition,
then the region on which tolerance is guaranteed to occur can be expanded from
that defined in Proposition 4.9. As an example, suppose that φ(t) is an excitable
trajectory. We can then divide φ into two segments. In the first segment φ1 (t) and
φ2 (t) are increasing, and in the second φ1 (t) is decreasing. By continuity and (A1),
φ2 (t) must first increase and then decrease on the second segment. The end point
of the first segment is xM = maxt>0 φ1 (t). Define xf as the x-value where φ2 (t) is
maximal and let φ2 (t) = yf at this point. Since φ(t) belongs to a region of inhibition,
the largest magnitude isocline through which the first segment of φ(t) passes is given
by c1φ = f (xr , yr ) = Cr . On the second segment, the largest magnitude isocline passes
through φ(t) when φ2 (t) is maximal. Thus c2φ = |f (xf , yf )| = Cf > 0.

Fig. 4.2. Illustration for time interval estimates.

Now, using Figure 4.2 as a reference, consider a trajectory ψ(t) such that f < 0
along the trajectory, so there is only one segment and it is bounded below by the line
y = yf . Thus, c1ψ = Cψ > Cf , and tolerance is observed if
|xf − xp |
|xM − xr | |xf − xM |
<
+
.
Cψ
Cr
Cf

(4.5)

If we consider an excitable trajectory, then xp > xf , xM > xr , and xM > xf . Taking
these inequalities in (4.5) gives the tolerance condition
xp < xM +

Cψ − Cf
Cψ
(xM − xf ) +
(xM − xr ) def
= x̂M .
Cf
Cr

(4.6)

Since Cψ > Cf , (4.6) implies that x̂M > xM , which expands the region obtained from
Proposition 4.9. We note that Cψ is a function of yp , so (4.6) defines a region R such
that if (xp , yp ) ∈ R, then tolerance occurs in (2.1).
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4.4. Examples. In the examples below, we illustrate the ideas introduced in
the previous subsection. We consider examples within the class of negative feedback
mechanisms appearing naturally in biological models, such as our earlier model of
the acute inflammatory response [13], selected based on the types of isoclines they
generate. The examples selected provide a progressive increase in isocline complexity,
while specific coefficients in each were chosen for ease of presentation. In each figure,
regions are labeled with the following conventions: T (green) or T̂ (light green) as
in Definitions 4.5 and 4.8 (on pages 15 and 16), where tolerance is guaranteed; P T
(light blue) for possible tolerance region; N T (gray) for a no tolerance region.
Example 1. Consider the system given by
ẋ = f (x, y) = x2 /(1 + y) − x
ẏ = g(x, y) =
x2 − y/2.

(4.7)

The 1/(1 + y) term is typical of the damping effect of anti-inflammatory mediators
in inflammation models. Note that (0, 0) is a stable node for (4.7). The isoclines for
this system are the family of curves given by the equation
y=

x2 − x − C
x+C

(4.8)

for C ∈ R. Figure 4.3 shows a subset of the isoclines for C ∈ [−4.0, 50] shown in
increments of 0.5 for those above the C = 0 isocline and in increments of 1.0 for those
below.

Fig. 4.3. Isoclines for Example 1 defined by Equations 4.8 for C ∈ [−4.0, 50].

For each C < 0, the corresponding isocline has a local minimum at x = −2C and
a vertical asymptote at x = −C. Direct differentiation of f in (4.7) yields fy < 0,
or equivalently, from (4.8), dy/dC < 0, for all (x, y) in the first quadrant. Thus,
the entire first quadrant is a region of inhibition. We will consider several different
initial conditions (xr , yr ) for φ(t) in this example: (a) (xr , yr ) = (4.0, 0.0), C = 12;
(b) (xr , yr ) = (4.0, 3.0), C = 0; (c) (xr , yr ) = (4.0, 10.0), C = −28
11 . If x and y are
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Fig. 4.4. Isoclines and various initial values (xr , yr ) for Example 1. (a) For (xr , yr ) = (4, 0),
tolerance is guaranteed for (xp , yp ) in regions T and T̂ . Tolerance is possible but not guaranteed for
(xp , yp ) in region P T . (b) For (xr , yr ) = (4, 3), tolerance is possible but not guaranteed for (xp , yp )
in region P T . (c) For (xr , yr ) = (4, 10), tolerance is not possible for (xp , yp ) in region N T and
possible but not guaranteed for (xp , yp ) in region P T .

mediators in the inflammatory response, these initial conditions would correspond to
possible mediator levels at the start of a tolerance experiment.
Figure 4.4(a) gives the regions where tolerance can occur for initial condition (a).
By Proposition 4.7, any (xp , yp ) ∈ T will produce tolerance. Furthermore, define
G as the part of the boundary of T for which x ∈ [xr , ∞), as in Definition 4.5. By
Proposition 2.7, for each (xp , yp ) ∈ G, there exists an open ball, Br̃ , of radius r̃ around
r
(xp , yp ) such that (x̃k , ỹk ) ∈ Br̃ ∩ Γx(0,0)
produces tolerance with respect to (4.0, 0).
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Region T̂ is inhibitory (f < 0). Thus, by Proposition 4.9, any (xp , yp ) ∈ T̂ will produce
tolerance. Tolerance is also possible, although not guaranteed, for (xp , yp ) ∈ P T . In
this case, for ψ1 (t) > M def
= maxt≥0 {φ1 (t)}, ψ(t) is bounded below by φ(t) and there
is inhibition. For ψ1 (t) < M , which is possible for small yp , ψ(t) will eventually
be bounded below by φ(t) and hence tolerance is again possible. The following link
supplies four separate animations that illustrate the presence or absence of tolerance
in Example 1(a) using various choices of ψ(0) from the different regions shown in
Figure 4.4(a). Each animation displays both phase space trajectories of φ and ψ and
time courses of φ1 (t) and ψ1 (t) in a side-by-side comparison. [INSERT LINKS FOR
EX1a T Animation.gif, EX1a That Animation.gif, EX1a PT tol Animation.gif, and
EX1a PT notol Animation.gif.]
Now consider initial condition (b). Note that if yr is increased with xr fixed, the
regions T and T̂ shrink. Finally, when yr reaches 3.0, corresponding to initial condition
(b), these regions disappear; see Figure 4.4(b). For this example, if xp = xr = 4.0,
then for all (xp , yp ) ∈ P T , the corresponding graph of ψ is or will eventually be
bounded below by the graph of φ. Since the graph of ψ lies in R2+ and R2+ is a
region of inhibition, Proposition 4.12 implies that it is possible that tolerance can be
exhibited by any (xp , yp ) ∈ P T , although, as in the previous case, tolerance is not
guaranteed.
For initial condition (c), there is the possibility of tolerance for all (xr , yr ) and
(xp , yp ) since the entire first quadrant is a region of inhibition, except when xr ≤
xp < maxt≥0 φ̂1 (t) and ψ is bounded above by φ, as illustrated in the light blue region P T in Figure 4.4(c). However, by Proposition 4.14 and Proposition 4.1, there
cannot be tolerance for (xp , yp ) ∈ N T . The following link provides three animations
for Example 1(c) with ψ(0) chosen from the different regions shown in Figure 4.4(c).
As before, each animation shows phase space and time courses in a side-by-side comparison. [LINK TO EX1C NT notol Animation.gif, EX1C PT tol Animation.gif, and
EX1C PT notol Animation.gif]
We now use time interval estimates to expand the region that guarantees tolerance. Consider initial value (a). We choose (xf , yf ) such that yf = maxt≥0 φ2 (t) (as
labeled on Figure 4.4(a)). We note that the extremal points of φ(t), (xM , yM ) and
(xf , yf ), are on the x-nullcline and y-nullcline respectively so that yM = xM − 1 and
yf = 2x2f from (4.7). Given that initial value (a) results in an excitable trajectory,
we can apply (4.6) with Cr = 12 and Cψ = Cf = |x2f /(1 + 2x2f ) − xf |. This then
establishes a bound on x̂M , such that tolerance occurs for xr < xp < x̂M , in terms
of the initial value and extremal points of the reference trajectory φ(t). For example,
rough bounds on xf and xM can be obtained from a visual inspection of φ(t). From
Fig 4.4, we can propose 2 < xf < 3, leading to 1.55 < Cf < 2.53, and 4.5 < xM < 5,
with x̂M = xM + (Cf /Cr )(xM − xr ) from (4.6) with Cψ = Cf . More stringent bounds
can be obtained by performing numerical integration using interval arithmetic. Moreover, as yp increases, Cψ increases while Cf remains fixed, such that tolerance can be
guaranteed for larger xp , given larger yp .
In fact, example 1 is simple enough that we can obtain more precise estimates
on tφ and tψ , as defined in Section 4.3. Let tφ (similarly, tψ ) be the time of passage
from φ1 = xr (ψ1 = xp ) to φ1 = xf (ψ1 = xf ). φ(t) can be represented by two
segments. Denote the graph of φ for t ∈ [0, tφ ] by (u, vi (u)), i = 1, 2 on the two
segments. tφ is given by (4.3), with (xφ )1 = xr , (xφ )2 = xM and (xφ )3 = xf , where
xM = maxt>0 φ1 (t). Recall that in this example, the entire first quadrant is a region
of inhibition. Our approach is to estimate the time intervals by setting vi (u) to a
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constant in (4.3) and then integrating to obtain tφ > ∆(yr , xr , xM ) + ∆(yf , xM , xf ),
where
Z b
du
|1 + w − b|
a
∆(w, a, b) =
= log
+ log .
(4.9)
2
|1 + w − a|
b
a u /(1 + w) − u
Next, we compute tψ for the trajectory ψ(t) with initial condition (xp , yp ), ending
at (xf , yf ). Now, consider those (xp , yp ) such that xp > xr and yp > yf . Since
the y-nullcline is the curve y = 2x2 , by uniqueness of solutions to (4.7), the latter
condition ensures that ψ2 (t) > yf for all t such that ψ1 (t) > xf . By the continuity
of ∆(w, xf , xp ) in w, tψ = ∆(yψ , xp , xf ) for some yψ > yf . Thus, for the tolerance
condition tψ < tφ to hold, it is sufficient that
∆(yr , xr , xM ) + ∆(yf , xM , xf ) > ∆(yψ , xp , xf ).

(4.10)

If xp = xM , then the observation that ∆(yf , xM , xf ) > ∆(yψ , xM , xf ) implies that
(4.10) holds, and hence tolerance occurs, as expected from Proposition 4.9. For xp >
xM , writing ∆(yψ , xp , xf ) = ∆(yψ , xp , xM ) + ∆(yψ , xM , xf ) shows immediately that
the upper bound for tolerance can be extended from xM to some xp > xM .
Assuming that both sides of (4.10) are positive, as in Figure 4.4, condition (4.10)
can be expressed as
(1 + yψ − xf )xp
xr (1 − xf + yf )(xM − 1 − yr )
>
.
(1 − xM + yf )(xr − 1 − yr )
1 + yψ − xp

(4.11)

Condition (4.11) still depends on yψ , which can be estimated under the assumption
that yψ > ψ2 (tψ ) (which holds, for example, if g < 0 along ψ(t) from t = 0 to
t = tψ ). Formally integrating the second equation of (4.7) gives ψ2 (tψ ) = yp e−tψ /2 +
R tψ −(t −t0 )/2 2 0
e ψ
x dt . On the trajectory ψ(t), xf ≤ x ≤ xp , hence ψ2 (tψ ) > yp e−tψ /2 +
R0tψ −(t −t0 )/2 2 0
e ψ
xf dt = yf + (yp − yf )e−tψ /2 , where we have used yf = 2x2f . Now
0
tψ = ∆(yψ , xp , xf ) < ∆(yf , xp , xf ). Therefore, yψ > ψ2 (tψ ) > yb , where
yb = yf + (yp − yf ) exp[−∆(yf , xp , xf )/2],

(4.12)

and yb is an affine function of yp . Note that the right hand side of (4.11) is a monotonic
decreasing function of yψ . Hence, (4.11) is guaranteed to hold if
xr (1 − xf + yf )(xM − 1 − yr )
(1 + yb − xf )xp
>
,
(1 − xM + yf )(xr − 1 − yr )
1 + yb − xp

(4.13)

which is a condition on tolerance for the initial value (xp , yp ) of ψ(t) in terms of the
initial value and extremal points of the reference trajectory φ(t).
To conclude, note that condition (4.13) is also applicable for initial condition (b)
or (c). In those cases, set xM = xr . Alternatively, if we choose an initial condition
(xr , yr ) on φ(t) that is closer to the origin than (xM , yM ), then the analogous condition
for tolerance after the time t such that φ(t) = (xf , yf ), with xf < xr , simplifies to
the direct comparison ∆(yf , xr , xf ) > ∆(yψ , xp , xf ). This inequality can be rewritten
similarly to (4.13), with the same right hand side and a simplified left hand side.
Remark 11. If yp is increased for fixed xp , then yψ increases, such that the right
hand side of (4.11) decreases. Thus, the larger yp is, the more likely it is that (4.11)
is satisfied.
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Example 2. Let ẏ = rx − y, r > 0 and consider the following general equations
as possibilities for ẋ = f (x, y):
axn
− cx
1 + by m
ẋ = f (x, y) = g(x) − by m
ẋ = f (x, y) = g(x) − bxy m ,
ẋ = f (x, y) =

(4.14)
(4.15)
(4.16)

where a, b, c > 0, n, m ∈ Z+ and g(0) = 0. Equations of the form (4.14) arise in
models describing the inflammatory response [33, 13, 12], in which anti-inflammatory
agents (y) can mitigate the production or activation of various quantities, including phagocytes that in turn produce anti-inflammatories. Equations (4.15,4.16) are
activator-inhibitor systems if g 0 (0) > 0 and may arise in other biological settings [14].
Each of the above equations models has fy < 0 in the first quadrant, implying that
the entire first quadrant is a region of inhibition. Assuming parameters are chosen
so that (0, 0) is an asymptotically stable fixed point, results will be completely analogous to those in Example 1. More diverse possibilities arise when fy ≥ 0 on at least a
subset of the first quadrant. For example, suppose that f (x, y) is the product of two
inhibitory terms, such as
f (x, y) = (ax + by)(

cx
+ h),
1 + dy

with b < 0 and a, c, d > 0. Indeed,
sgn(fy ) = sgn(cx(b − adx) + bh(1 + dy)2 ).
If h > 0, then fy < 0 for all (x, y) ∈ R2+ , as in the previous example. If, however,
h < 0, then fy changes signs in R2+ .
Example 3. Consider the nonlinear system:

 )
1+y 2
19
ẋ = f (x, y) = x 1−y+y
2 − 10
(4.17)
ẏ = g(x, y) = x − y
The isoclines for this system are the family of curves given by the equations
√

1
37x2 − 340xC − 300C 2
(1)
2 19x + 10C +
y =
,
9x + 10C
√

1
19x + 10C − 37x2 − 340xC − 300C 2
y (2) = 2
,
9x + 10C

(4.18)
(4.19)

where C ∈ R. In Figure 4.5, the isoclines are drawn in increments of 0.1 for values of
C ∈ [−1.2, 0] and in increments of 0.01 for C ∈ [0, 1]. For C ∈ [0, 1], the two curves
defined by equations (4.18) and (4.19) together form a continuous curve. The black
line, y = 1, in the figure emphasizes the two parts, with equation (4.18) forming the
curves above and equation (4.19) forming those beneath.
A saddle exists near (0.7176, 0.7176). The stable manifold of this saddle point
forms a boundary for the basin of attraction of (0, 0), Γ(0,0) . The blue shaded region in
Figure 4.5 shows the subset of Γ(0,0) in the first quadrant. A third fixed point (stable
spiral, not labeled) in the first quadrant is located near (1.3935, 1.3935), outside of
Γ(0,0) . This third fixed point could be interpreted as an ‘unhealthy’ outcome of an
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Fig. 4.5. Isoclines for Example 3, drawn for various values of C ∈ (−1.2, 1).

immune response, with the stable manifold forming a boundary between it and the
‘healthy’ stable fixed point corresponding to (0, 0). The x-nullclines (C = 0) are
marked (red) to help delineate where the speeds associated with the isoclines (i.e. ẋ)
are positive or negative.
We define four disjoint subregions (see Figure 4.5) of the basin of attraction of
(0, 0) in the first quadrant, as follows. 1) α: above (and including) the top component
of the C = 0 isocline, 2) β: below the top component of the C = 0 isocline and above
(and including) the line y = 1, 3) γ: below the line y = 1 and above (and including)
the bottom component of the C = 0 isocline, and 4) δ: below the bottom component of
the C = 0 isocline. These subregions are relevant because C varies nonmonotonically
in y. If looked at separately, subregions α and β are both regions of inhibition and
subregions γ and δ are not regions of inhibition. However, additional complications
may arise if φ and ψ are not in the same subregion on some time interval.
Figure 4.6 shows one specific solution, φ(t) with φ(0) = (0.5, 0.5), that will be
considered for this example. As usual, we consider points (xp , yp ) that lie on or to
the right of the line {x = xr }. For (xp , yp ) ∈ P T1 \ φ̂, ψ will be bounded above by
φ. From Proposition 4.14, since there are no regions of inhibition that contain both
ψ(t) and φ(t) for all t ≥ 0, (xp , yp ) might produce tolerance. It is clear that tolerance
occurs if xp = 0.5 and 0 ≤ yp < yr . In particular, tolerance occurs if (xp , yp ) = (0.5, 0).
Tolerance does not occur if (xp , yp ) lies on φ̂, by Proposition 4.1, so tolerance does not
occur if (xp , yp ) = (1, 0). Thus, there exists a unique x̂p ∈ (0.5, 1) and a continuous
curve connecting (0.5, 0.5) to (x̂p , 0) such that tolerance occurs for all (x, p) in P T1
below this curve and does not occur in P T1 above this curve. Time interval estimates
are necessary to prove that tolerance occurs or does not occur for specific choices of
(xp , yp ) in P T1 .
For (xp , yp ) ∈ N T , φ ⊂ δ and ψ will be bounded below by φ. Note that γ is not
a region of inhibition and that β, although a region of inhibition by itself, has f > 0,
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Fig. 4.6. Tolerance in example 3. The orange curve, denoted as φ̂, is the curve of points
obtained by integrating φ(t) backwards in time from t = 0 to t ≈ −1.75, at which time it intersects
the x-axis at x̂ ≈ 1.0. P T1 is the lower light blue region together with the boundaries made by the
line segment {(x, y)|x = 0.5, 0 ≤ y ≤ 0.5}, the orange curve φ̂, and the x-axis. N T is the gray region,
xr
def xr
defined as N T def
= Γ(0,0) \ (α ∪ P T1 ). P T2 is the upper light blue region defined as P T2 = Γ(0,0) ∩ α.

such that no tolerance can occur before ψ enters δ. But δ is not a region of inhibition,
and hence from Proposition 4.12, any (xp , yp ) ∈ N T does not produce tolerance.
For (xp , yp ) ∈ P T2 , since C < 0 in P T2 , it is possible that tolerance will occur
before ψ leaves α. Alternatively, suppose that this does not happen. After ψ leaves
α, it enters β, γ, and finally δ as it converges toward (0, 0). In theory, tolerance could
occur after ψ enters δ. However, ψ is bounded below by φ and δ is not a region of
inhibition. Hence, as in Case 2, Proposition 4.12 implies that tolerance will not occur.
In summary, if φ(0) ∈ δ and (xp , yp ) ∈ P T2 , then either tolerance occurs before ψ
leaves α or it does not occur at all.
Using the same nonlinear system given by (4.17), consider an alternative choice
for (xr , yr ), namely one in α. Such a choice demonstrates some additional complexities
that can arise in this type of example. Now, φ passes through regions where f < 0,
then f > 0, and finally f < 0 again as it converges to (0, 0). In terms of inflammation,
this corresponds to an initial decrease in the inflammatory variable, (x), followed by a
transient increase in the response before the final, decreasing approach to the baseline
level. For different ψ trajectories, either bounded above or below by φ (see Figure
4.7), there are different time intervals when tolerance cannot occur or might possibly
occur, which can be inferred from the isoclines.
In the particular example shown, for the ψ that is bounded below by φ, tolerance
cannot be ruled out in any region. On the other hand, for the ψ that is bounded
above by φ, tolerance is only possible after ψ enters δ. The following link provides
access to two animations for Example 3 using φ(0) = (0.5, 2) in Region P T2 and two
choices of ψ(0) also in Region P T2 , similar to those shown in Figure 4.7: [INSERT
LINK FOR EX3 PT2 tol Animation.gif and EX3 PT2 notol Animation.gif]
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Fig. 4.7. Nonmonotonic convergence to (0, 0) in Example 3.

5. Discussion. Our consideration of tolerance serves as an example of how dynamical systems questions can arise from biological phenomena and adds to the ongoing efforts to characterize transient dynamics. The concept of tolerance, which we
studied numerically from a dynamical systems perspective in our previous work [13],
has not received previous analytical treatment. However, related research that addresses transient effects has been done in the fields of fluid mechanics, mathematical
ecology and meteorology, where many of the ideas and techniques developed by Trefethen, Schmid, Farrell and collaborators have been used [38, 37, 35, 19]. Specifically,
this body of work addresses many questions about how solutions approach equilibria
in the case where the matrices or operators describing the time evolution of a system
are nonnormal.
We initiated our analysis of tolerance under assumptions representative of typical
experimental preconditioning protocols used in the study of the acute inflammatory
response [13, 3, 31, 36, 42]. However, in this paper, we present a generalized analysis,
allowing relatively general choices of initial conditions for the reference and perturbed
trajectories, since the ideas of inhibition and tolerance, as we have defined them, are
themselves quite general. The goal of this analysis is to use information about the initial conditions of the R and P trajectories and the vector field to determine a priori if
the associated trajectories will or will not exhibit tolerance. In tolerance experiments,
by applying the challenge dose to the preconditioning trajectory at different times,
an experimentalist could generate a continuous curve of possible initial conditions for
what we call the P trajectory, as described in Remark 3, and our analysis aims to
consider all such initial conditions, to fully characterize the possibility of tolerance
within a given experimental set-up.
We find that tolerance is actually quite natural for linear and nonlinear systems
satisfying certain general conditions. The intuitive idea of tolerance is that a system’s
vector field sets up different directions in phase space that are associated with different
rates of contraction to an asymptotically stable node. An initial condition that is
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dominated by components in strongly contracting directions may yield a trajectory
that approaches the node faster than another trajectory that is initially closer but
has larger components in weakly contracting directions. These geometric ideas can
be exploited most directly in linear systems, where the relative magnitudes of these
components can be obtained by expressing an initial condition as a linear combination
of eigenvectors and generalized eigenvectors. In the linear case, we have also gone
beyond these ideas to prove that, given that there are trajectories that remain in
the positive hyperoctant as they approach a stable node at the origin, a region of
tolerance will exist, relative to a given admissible reference trajectory, as long as the
matrix specifying the flow has a complete set of eigenvectors and satisfies a genericity
condition. We find it somewhat unexpected that tolerance is so ubiquitous here.
Indeed, given that tolerance sufficiently close to a reference trajectory is determined by
linearization about that trajectory, and that this linearization will yield a complete set
of distinct, negative real eigenvalues for a significant class of systems, tolerance is quite
widespread, at least for small perturbations. In the nonlinear case, we have discussed
how tolerance arises in systems that are excitable, namely those for which trajectories
may exhibit a strong initial flow away from the equilibrium followed by a decay back
to the stable fixed point. The existence of excitability in turn is contingent on the
presence of inhibition, through which growth in one component prevents growth, or
enhances decay, in another component; inhibition also influences tolerance in systems
that are not excitable.
Although we obtain general results on the existence of tolerance for linear systems
and the possibility of tolerance when inhibition is present, the knowledge that there
exists a region of initial conditions that yield or may yield tolerance does not necessarily translate to knowledge about the extent of this region or about tolerance for
a specific pair of reference and perturbed trajectory starting points. We have noted
that when the matrix associated with a linear system is normal, a significant region
of possible perturbed trajectory initial conditions will not yield tolerance, and in fact
normal matrices yield bounded tolerance regions in R2 . Hopefully, future work can
exploit the large body of work on transient dynamics and (non)normality (cf. [37]) to
illuminate how the properties of a nonnormal matrix constrain the tolerance regions
of the associated linear system. To specifically assess tolerance for a given initial
condition pair, analytical methods are necessary. Our analytical approach is based
on direct estimation of times of passage resulting from the isocline structure of the
vector field, which must be made on a case by case basis, as we illustrate.
Our work only considers tolerance for orbits approaching the origin. For a fixed
point not at the origin, the concept of tolerance could be generalized to include initial
conditions such that ψ1 (0) is less than φ1 (0), but ψ1 (0) is farther away from the
fixed point in the x1 -direction than is φ1 (0). If the fixed point was at (1,1) for
instance, with φ1 (0) = (1.5, 1) and ψ1 (0) = (0, 0.5), then ψ1 (0) would be farther away
from the fixed point in the x1 -direction, but ψ1 (0) < φ1 (0) would hold, which is not
permitted in the set-up we consider. This situation could be addressed by comparing
the distance of each trajectory from the fixed point, with respect to the component
deemed relevant for tolerance. Additionally, it may be of interest to generalize the
concept and analysis of tolerance to allow for complex eigenvalues for fixed points in
the interior of the positive hyperoctant, as these are likely to be important in certain
biological settings. Finally, a more complete connection between linear and nonlinear
systems is currently lacking. Specifically, this paper does not explicitly provide a link
between approaches to tolerance analysis for general systems, such as those presented
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in Section 4, and the tolerance regions predicted to exist from linearization about a
reference trajectory, when such predictions can be made.
Acknowledgments. This work was supported in part by NIH Award R01GM67240 (JD, JR, CC), by the Intramural Research Program of the NIH, NIDDK
(CC), and by NSF Awards DMS0414023 (JR), DMS0716936 (JR), and Agreement
No. 0635561 (JD). We thank Gilles Clermont and Yoram Vodovotz for discussions
on tolerance in the acute inflammatory response. We also thank the anonymous
reviewers, whose insightful comments considerably improved this paper.
REFERENCES
[1] J. S. Baggett, T. A. Driscoll, and L. N. Trefethen, A mostly linear model of transition
to turbulence, Phys. Fluids A, 7 (1995), pp. 833–838.
[2] P. B. Beeson, Tolerance to bacterial pyrogens: I. Factors influencing its development, J. Exp.
Med., 86 (1947), pp. 29–38.
[3] D. J. Berg, R. Kuhn, K. Rajewsky, W. Muller, S. Menon, N. Davidson, G. Grunig,
and D. Rennick, Interleukin-10 is a central regulator of the response to LPS in murine
models of endotoxic shock and the Shwartzman reaction but not endotoxin tolerance, J.
Clin. Invest., 96 (1995), pp. 2339–2347.
[4] L. Boberg and U. Brosa, Onset of turbulence in a pipe, Zeitschrift für Naturforschung, Section
A-J. Phys. Sci., 43 (1988), pp. 697–729.
[5] K. S. Breuer and T. Kuraishi, Transient growth in two- and three-dimensional boundary
layers, Phys. Fluids A, 6 (1994), pp. 1983–1993.
[6] K. M. Butler and B. F. Farrell, Three dimensional optimal perturbations in viscous shear
flow, Phys. Fluids A, 4 (1992), pp. 1637–1650.
[7] H. Caswell, Matrix Population Models: Construction, Analysis, and Interpretation, Sinauer
Associates, Sunderland, 2 ed., 2001.
[8]
, Sensitivity analysis of transient population dynamics, Ecol. Lett., 10(1) (2007), pp. 1–
15.
[9] H. Caswell and M. G. Neubert, Reactivity and transient dynamics of discrete-time ecological
systems, J. Differ. Equ. Appl., 11(4-5) (2005), pp. 295–310.
[10] X. Chen and J. E. Cohen, Transient dynamics and food-web complexity in the LotkaVolterra
cascade model, Proc. R. Soc. Lond. B, 268 (2001), pp. 869–877.
[11] A. S. Cross, Endotoxin tolerance-current concepts in historical perspective, J. Endotoxin Res.,
8 (2002), pp. 83–98.
[12] S. Daun, R. J., V. Y., R. A., P. R., and C. G., An ensemble of models of the acute inflammatory response: results from parameter reduction, J. Theor. Biol., 253 (2008), pp. 843–853.
[13] J. Day, J. Rubin, Y. Vodovotz, C. C. Chow, A. Reynolds, and G. Clermont, A reduced
mathematical model of the acute inflammatory response II. capturing scenarios of repeated
endotoxin administration, J. Theor. Biol., 242 (2006), pp. 237–256.
[14] L. Edelstein-Keshet, Mathematical Models in Biology, Random House, Inc., New York, 1988.
[15] B. F. Farrell, Optimal excitation of neutral Rossby waves, J. Atmos. Sci., 45 (1988), pp. 163–
172.
[16]
, Optimal excitation of perturbations in viscous shear flow, Phys. Fluids, 31 (1988),
pp. 2093–2102.
[17]
, Transient development in confluent and diffluent flow, J. Atmos. Sci., 46 (1989),
pp. 3279–3288.
[18] B. F. Farrell and P. J. Ioannou, Transient development of perturbations in stratified shear
flow, J. Atmos. Sci., 50 (1993), pp. 2201–2214.
[19]
, Generalized stability theory. Part I: Autonomous operators, J. Atmos. Sci., 53(14)
(1996), p. 20252040.
[20] N. Fenichel, Asymptotic stability with rate conditions, Ind. Univ. Math. J., 23 (1974),
pp. 1109–1137.
[21]
, Asymptotic stability with rate conditions, II, Ind. Univ. Math. J., 26 (1977), pp. 81–93.
[22] T. Gebhardt and S. Grossmann, Chaos transition despite linear stability, Phys. Rev. E, 50
(1994), pp. 3705–3711.
[23] J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, Appl. Math. Sci. Vol 42, Springer-Verlag, New York, 1983.

30

J. DAY, J. RUBIN AND C.C. CHOW

[24] L. H. Gustavsson, Energy growth of three-dimensional disturbances in plane Poiseuille flow,
J. Fluid Mech., 224 (1991), pp. 241–260.
[25] A. Hastings, Transients: the key to long-term ecological understanding?, Trends Ecol. Evol.,
19(1) (2004), pp. 39–45.
[26] P. J. Ioannou, Nonnormality increases variance, J. Atmos. Sci., 52 (1995), pp. 1155–1158.
[27] M. Marvier, P. Kareiva, and M. G. Neubert, Habitat destruction, fragmentation, and
disturbance promote invasion by habitat generalists in a multispecies metapopulation, Risk
Anal., 24 (2004), pp. 869–878.
[28] M. G. Neubert and H. Caswell, Alternatives to resilience for measuring the responses of
ecological systems to perturbations, Ecology, 78 (1997), pp. 653–665.
[29] M. G. Neubert, H. Caswell, and J. D. Murray, Transient dynamics and pattern formation:
reactivity is necessary for Turing instabilities, Math. Biosci., 175(1) (2002), pp. 1–11.
[30] M. G. Neubert, T. Klanjscek, and H. Caswell, Reactivity and transient dynamics of predatorprey and food web models, Ecol. Model, 179 (2004), pp. 29–38.
[31] N. Rayhane, C. Fitting, and J. M. Cavaillon, Dissociation of IFN-gamma from IL-12 and
IL-18 production during endotoxin tolerance, J. Endotoxin Res., 5 (1999), pp. 319–324.
[32] S. C. Reddy and D. S. Henningson, Energy growth in viscous channel flows, J. Fluid Mech.,
252 (1993), pp. 209–238.
[33] A. Reynolds, J. Rubin, G. Clermont, J. Day, Y. Vodovotz, and B. Ermentrout, A
reduced mathematical model of the acute inflammatory response: I. derivation of model
and analysis of anti-inflammation., J. Theor. Biol., 242 (2006), pp. 220–236.
[34] F. U. Schade, R. Flach, S. Flohe, M. Majetschak, E. Kreuzfelder, E. DominguezFernandez, J. Borgermann, and U. Obertacke, Endotoxin Tolerance, In: Brade, M.
and Opal, V. (Eds.), Endotoxin in Health and Disease, Marcel Dekker, New York, 1999,
pp. 751–767.
[35] P. J. Schmid and D. S. Henningson, Stability and Transition in Shear Flows, Springer, New
York, 2001.
[36] L. M. Sly, M. J. Rauh, J. Kalesnikoff, C. H. Song, and G. Krystal, LPS-induced upregulation of SHIP is essential for endotoxin tolerance, Immunity, 21 (2004), pp. 227–239.
[37] L. N. Trefethen and M. Embree, Spectra and Pseudospectra: The Behavior of Nonnormal
Matrices and Operators, Princeton University Press, Princeton, 2005.
[38] L. N. Trefethen, A. E. Trefethen, S. C. Reddy, and T. A. Driscoll, Hydrodynamic
stability without eigenvalues, Science, 261(5121) (1993), pp. 578 – 584.
[39] A. Verdy and H. Caswell, Sensitivity analysis of reactive ecological dynamics, Bull. Math.
Biol., 70 (2008), pp. 1634–1659.
[40] M. A. West and W. Heagy, Endotoxin tolerance: a review, Crit. Care Med., 30 (2002),
pp. S64–S73.
[41] S. Wiggins, Normally Hyperbolic Invariant Manifolds in Dynamical Systems, Appl. Math. Sci.
Vol 105, Springer-Verlag, New York, 1994.
[42] M. Wysocka, S. Robertson, H. Riemann, J. Caamano, C. Hunter, A. Mackiewicz, L. J.
Montaner, G. Trinchieri, and C. L. Karp, IL-12 suppression during experimental endotoxin tolerance: dendritic cell loss and macrophage hyporesponsiveness., J. Immunol.,
166 (2001), pp. 7504–7513.

