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Abstract. Consider an incompressible fluid in a region Q¢ flowing both ways across an interface,
I, into a porous media domain €2, saturated with the same fluid. The physical processes in each
domain have been well studied and are described by the Stokes equations in the fluid region and
the Darcy equations in the porous media region. Taking the interfacial conditions into account
produces a system with an exactly skew symmetric coupling. Spatial discretization by finite element
method and time discretization by Crank-Nicolson LeapFrog gives a second order partitioned method
requiring only one Stokes and one Darcy sub-physics and sub-domain solver per time step for the fully
evolutionary Stokes-Darcy problem. Analysis of this method leads to a time-step condition sufficient
for stability and convergence. Numerical tests verify predicted rates of convergence, however stability
tests reveal the problem of growth of numerical noise in unstable modes in some cases. In such
instances, the addition of time filters adds stability.

1. Introduction. Many important problems in environmental science seek an
accurate solution for the coupling of groundwater flows with surface flows. For exam-
ple, one serious problem concerns how pollution discharged into lakes, streams, and
rivers, permeates ground water supply. Descriptions of the interaction of groundwater
and surface water can be found in many places, see for example, Pinder and Celia [1].
One difficulty in solving such problems comes from the coupling of two domains, a
fluid region and a porous media region, along with the two physical processes happen-
ing in each region, described by the Stokes or Navier-Stokes and Darcy or Brinkman
equations respectively. In both sub-regions, the problem is time-dependent and since
different physical processes are taking place in each region, this suggests the efficiency
of utilizing different codes for each sub-process.

This paper examines the effectiveness of the Crank-Nicolson LeapFrog to uncouple
the problem into two sub problems requiring only one Stokes and one Darcy sub-
physics and sub-domain solver per time step. We analyze the stability of such a
method in relation to the physical parameters and mesh width and conduct an error
analysis over long time intervals. Finally, we present numerical experiments and
compare and contrast these results with the analysis of the method.

Denote the fluid region by 2 and the porous media region by €,. Assume both
domains are bounded and regular. Let I represent the interface between the two
domains. Assume that the fluid motion in €2y is governed by the Stokes equations
and let the Darcy equations govern the fluid motion in €2,. Then the fluid velocity,
u, fluid pressure, p, and porous media piezometric head (Darcy pressure), ¢, satisfy
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ur — vAu 4 Vp = fr in Qy,

V-u=0, in Qy,

Sode = V- (kV6) = f, in Q.

u(z,0) = up in Oy and ¢(z,0) = ¢g in Qp,

w(z,t) =0 on 0Ny \ I and ¢(x,t) =0 on 0, \ I,

+ coupling conditions across I.

We assume no-slip along the exterior boundary of the coupled region. Let the
dimension, d, be 2 or 3. Below is a list of the variables in the above equations and
many of the variables used throughout this paper.

u = fluid velocity in porous media region €2y,
v = kinematic viscosity of fluid,
p = fluid pressure in Q¢, rescaled by density,
ff, fp = body forces in fluid region rescaled by density, source in porous region
u,, = fluid velocity in porous media region €2,
¢ = Darcy pressure + elevation induced pressure = piezometric head,
So = specific mass storativity coefficient,
x = hydraulic conductivity tensor,

g = gravitational acceleration.

All functions depend on both space, x = (z1, 2, ..., £4) and time, ¢. Note that u,
u,, and f; are vector valued functions. We assume all material and fluid parameters
above are positive, and also that the eigenvalues of the hydraulic conductivity tensor
satisfy 0 < kmin = Amin(K) < Amaz(K) = kmae < 00. Denote the outward unit normal
vectors of €2y, by 7iy,. Coupling conditions along the interface I for this problem
include conservation of mass and the balance of normal forces across the interface:

u-Nfg+u,-np=0o0onl<u-nf—kVe i, =0onlI, (conservation of mass)

p—viyg-Vu-ny = geon I. (balance of normal forces)

In addition to these coupling conditions, we need a tangential condition on the fluid
region’s velocity along the interface. For our analysis we utilize the Beavers-Joseph-
Saffman coupling condition (see, e.g. [2], [3]),

@
\/ 7A'j R f'j
where 75,7 = 1,...,d — 1 denotes the orthonormal system of tangent vectors on I,
and a > 0 is a constant that must be experimentally determined and depends on
properties of the porous medium. This condition is a simplification of the more
physically realistic Beavers-Joseph coupling condition in [4].
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1.1. Previous Work. There has been considerable growth on the numerical
analysis of methods for the Stokes-Darcy coupled problems. The study of the equi-
librium problem is advanced, see for example, Layton, Schieweck, and Yotov in [5],
Discacciati, Miglio, and Quarteroni in [6], and Payne and Straughan in [7]. Domain
decomposition for the equilibrium problem has been studied in Discacciati in [8] and
Discacciati, Quarteroni, and Valli in [9]. Cao, Gunzberger et. all in [10] provide
an analysis of the finite element method for the time-dependent problem using the
Beavers-Joseph interface conditions, and [11] analyzes parallel domain decomposition
methods. In this paper we focus on a specific partitioned method which allows us to
uncouple the fully evolutionary problem and use one (SPD) Stokes and one (SPD)
Darcy solver per time step. The first study on partitioned methods for this problem
was presented by Mu and Zhu [12] in 2010. Partitioned methods were also studied by
Layton and Trenchea in [13], and by Layton, Trenchea, and Tran in [14]. Partitioned
methods utilizing different time steps in each domain have been examined by Layton,
Shan, and Zheng in [15] and [16].

2. The Continuous Problem and Semi-Discrete Approximation. For
simplicity, denote the L?(I) norm by || - ||; and the L*(Qy,) norms by || - |7, re-
spectively. Likewise, we represent their corresponding inner products by (-,-)r,fp-
Define

Xf = {U S (Hl(Qf))d :v=0on an \I},
X, ={Ye H Q) :¢¥=0o0n0Q,\ I},
Qs = Lj(Qy).

Define the following norms on the dual spaces (X7)* and (X,)*.

(f?w)fp
Ifl-rpp= sup L2 (2.1)
I 0AWEXy ) HVwa,p

Our analysis will make use of the following inequalities.
LEMMA 2.1. (A Trace Inequality) Let Q be a bounded reqular domain, u € H ().

Then there exists a constant Cq > 0 depending on the domain Q such that the follow-
ing inequality holds.

1 1
||“HL2(8(2) < CQ||U||[2,2(Q)||vu||z2(Q)'

Proof. See, for example Brenner and Scott in [17], Ch. 1.6 p.36-38. O
LEMMA 2.2. (Poincaré Inequality) Let v € Xy, ¢ € X,. Then there exists a
constant Cp > 0 such that the following holds for w = v or .

lw] < Cp||Vuw]|. (Poincaré inequality) (2.2)

Define the bilinear forms



d—1
@ . .
ar(u,v) =v(Vu, Vo) + ; /I \/ﬁ(u - 7i)(v - i) ds,
ap(¢7 1/’) = g(anS, Vw)Pv
= - ds.
cr(u.6) =g [ oy ds

Note that the bilinear forms as(-,-) and a,(-,-) are both continuous and coercive on
their respective domains, Q¢ and €, as given below in the following lemma.

LEMMA 2.3. (Continuity and Coercivity of the Bilinear Forms) The following
mequalities hold.

ap(uv) < ( j%) IVl 190l
ap( ) < maz‘|v¢||p‘|v¢||p» (2.3)
as () > ]Vl

a’P(¢7 (b) Z gkmanV(bHZQw

where C' > 0 is a positive constant depending on the domain of Q¢ arising from the
Trace and Poincaré Inequalities.
The variational formulation for the coupled Stokes-Darcy problem is as follows.

Find (u,p, ¢) : [0,00) = (X, Qy, X,) satisfying

(ut, ) + ag(u,v) = (p, V-v)p +c1(v,0) = (fr0)
(0.9 - u); =0, (2.4

9S0(¢t:V)p + ap(d, ) — cr(u, ¥) = g(fp, ¥)ps

for all (v,q,¢) € (X5, Qf, Xp).

It is interesting to note that setting v = uw and ¥ = ¢ and adding the first and
third equations exactly cancels the coupling terms. In other words, the sub-Stokes
and sub-Darcy problems are exactly skew symmetric. Applying coercivity of the two
bilinear forms, using the Cauchy-Schwartz and Young inequalities and integrating in
time yields the energy estimate for the coupled system.

t 2
o)+ aSoll o)1+ v [ I1u(s)1F ds + ki [ IV

t
g
< o [ ds+ 5 [ 1 ds + ol + gSollol;
v min J(Q

Select a mesh for Qf and Q,. Let 7, denote the combined mesh of Q¢ U Q,,
with the maximum triangle diameter denoted by h. Assume that 7}, is quasi-uniform.
Select finite element spaces,

fluid velocity: X}l C Xy,
Darcy pressure: X;} C Xy,
Stokes pressure: Q}} C Qy,
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based on a conforming FEM triangulation. We assume that the Stokes velocity-
pressure FEM spaces, X J}} and Q’; satisfy the usual discrete inf-sup condition for

stability of the discrete pressure, denoted by (LBB") [18], as stated below.

V.
35, > 0 such that inf sup {9,V -vn)y > 6, (LBB")

an€Q" an#0 v, ex, vy 20 [ VORI £llanl |5

No assumption is made on the mesh compatibility or inter-domain continuity
on the interface I between the two FEM meshes in the two subdomains. Assume

that X j}, X[,L, and Q'} satisfy approximation properties of piecewise polynomials on

quasi-uniform meshes of local degrees r — 1,7, and r + 1. That is,

. _ r+1
it =l < O0 o

uhlgg(}l ”u - uhHHl(Qf) S Ch’r”u”HTJrl(Qf),

i — r+1
%lgg(g 16— dnllp < CR" T8l 10, (2.5)
inf _ s 1 < C«hr’ . 7
¢}112X£‘ ||¢ Onl (Qp) = H¢||H +1(Q,)

inf |lp = pally < CA" Pl s a,)-
PreQ! f (Q5)

Further, assume that the following inverse inequality holds for our choice of 75 and
finite element spaces. Note that this assumption implies an angle condition. See
Brenner and Scott, [17], chapter 4 for more on inverse inequalities.

LEMMA 2.4. (An Inverse Inequality) Let wy, € XJ}} or X!, then

h|IVwr || < Cine)llwn |- (Inverse Inequality)

The semi-discretization for the coupled Stokes-Darcy problem is as follows.

Find (up (-, 1), pn(- 1), ¢n (-, 1)) : [0,00) = (X}, QF, X))
satisfying for all (vp, qn,¥n) € (X}L,Q?,X;}),

(un,tsvn) g + ap(un,vn) = (P, V- vn) s + cr(uns én) = (fr.vn) s, (2.6)
(qn, V- up) =0,
9S0( Pt Vn)p + ap(Pn, Yr) — cr(un, ¥n) = g(fp, ¥n)p-

Throughout this paper, C' represents a positive constant independent of the time
step and mesh width and will vary from situation to situation. Analysis of the method
will require special treatment of the coupling term, c;(,-).

LEMMA 2.5. (Coupling Inequalities) For all vy, € XJ’Z‘ and Yy, € X}’}, with C =
Ca,;Caq,Cliny)g we have

1 1
cr(vn, Yn) < §Ch lonllF + §C||1/fh|\;2, (2.7)
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1 1
cr (v, ¥n) < §Ch_1th||fc + §Ch_1|\¢h||§- (2.8)

Proof. We make use of the Cauchy-Schwarz, Trace, Inverse, and Young inequal-
ities in that order, picking up the corresponding constants which depend on the ge-
ometry of the spaces {2 or ),.

c1(Vn, ¥n) = 9/¢hvh~ﬁfd8 < ‘g/whvh'ﬁfds
I I

1 1 1 1
< gll¥rlrllonllr < Ca, Co,gll¥onllz IVYRllE lvnll FIIVnll §
< Ca, Ca, Clinwyh ™ gllvnllpllvnll s

1 _ 1
< ichCQpC(in'u)h QgHU}L”?‘ + QOQfCQpO(inv)g”wh“]Q)

Note that we can replace the last line with
1 _ 1 _
cr (vn, ¥n) < 500,00, Clinvyh "ogllvnllF + 500,00, Clinvyh Logllnll?.

3. CNLF for the coupled Stokes Darcy Equations. One of the difficulties
in solving the coupled Stokes-Darcy equations arises from the desire to uncouple the
equations in order to implement existing codes optimized to solve the physical pro-
cesses in each sub domain. By treating the coupling terms explicitly with Leapfrog,
we successfully uncouple the two equations.

DEFINITION 1. (Crank-Nicolson LeapFrog Method) Let t" := nAt and w™ :=
w(x,t") for any function w(x,t). CNLF for the evolutionary Stokes-Darcy equations
is as follows.

. k=1 k-1 jk—
Given (ufj, py, ¢1,) , (wy ' ph "y 1) € (X?,Q’},Xg),ﬁnd
(u kaZH, ﬁ“) € (X?,Qf,Xg) satisfying for all (vn, qn,¥n) € (XJ}},Q?,X;L) :

uk+l_uk71 k+1 uk 1 k+1 k—1
( ar ’Uh)f +ay (7+ - vh) - (7+ph V- vh)f
+ CI(/Uhadjl}CL) = (f]]f,l)h)f,
k+1 uk 1 3.1
(an v (57542 =0, 3.1)

950 (u,wh) +ap (¢§i+1+¢h ,¢h) —cr(uf, ) = 9<f§a1/}h)p-

CNLF is a 3 level method. The first terms, (u),p?,#?), arise from the initial
conditions of the problem. To obtain (u}, p}, ¢},) one must use another method. Note
that errors in this first step will affect the overall convergence rate of the method.

3.1. Stability of CNLF. We derive a CFL-type time step condition for the
stability of CNLF. Under this condition, approximate solutions to the Stokes-Darcy
coupled problem are uniform in time stable and convergent.



THEOREM 3.1. (Stability for CNLF Method) Suppose At satisfies

At < C7'max {min{hz,gSo},min{h,gSoh}}, (3.2)

where C = Cq,Cq,C(inyg. Let @ = min{l — AtCTIAH 1 — AtCh72} > 0 and
B = min{gSy — AtC~*h=1,gSy — AtC~'} > 0. Then, for N = 1,2,3,... CNLF
stability holds:

alllug M+ g 117) + BClox I + o 117)
N-1

— kmzn —
+At§j[uv<k“ W) |3 4 TEmin g (gt g g1y |2
k=1
SOMM?+M%%+@&MWH&HWH@+¢Aqubﬁ)fmw%%n
N—-1
+ 288 37 [0) IR + 9kmin) 512
k=1

Proof. Choose vy, = uk+1+uh and iy, = k“—i—gﬁh ! Then the second equation

drops out and the first and third equations of the method added together become

iz (1% + gSollon ™ 1% — lluk =17 — gSolloy 112)
ap (B ) (B g 4 g
+ecr(u Hl"’“h Lo8) — cr(uy, k+1+¢ Y
= (ffu ™ Fuy g e + 81,

Consider the right-hand-side of the above equation. Using the Cauchy-Schwarz and
Young inequalities, one obtains the following bound.

(ot +uy ™+ g(fy o + 00
Sllffll LIV G+ ™D+ gl -
< *IIV( A ] PR Ol i (e

V(g™ + oDl

gkmm _ _
+ IV (@5 + &5 Dlp + g(Kmin) I -

This bound along with coercivity of as(.,.) and a,(.,.) gives,

k k k— k— k k—
sz (lup 17 + g9Sollon M5 = llup =17 — gSoller, " I13) + IIV( I
IR (D )+ e (T 6) - er (0 4 0) )
< ) THFFIZ L+ glhmin) M2
Consider the coupling terms c(uy ™ +uy ™, ¢F) — cr(uf, oi ™ + ¢F~1). Define

1
C*2 = er(up ™, o) — er(up, o).
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The coupling terms equal C¥+2 — C*~2. Multiplying by 2A¢ and adding and sub-
tracting ||u§||?C and gSo||¢f |2 yields the following.

k k
(i M1 + i 17+ 9Sollén 115 + 9Solléhll3)
= (a7 + llap =" 17 + gSollok 17 + gSoll &~ I17)

v — kmzn —
+ 2At <4||v(u’,j+1 +up T+ QTHV( AR 1)I;:)
+2a¢ (O - o)
< 2At ((1/)_1||f}€||2_17f + g(kmm)_1||f§||2—1,p) .

Define the energy terms.

1
BME = [ 3 + k7 + 9Sollof I + gSollofl:

Using this notation, sum the previous inequality from &k =1 to N — 1.

EN=2 _ B2 4 oAtCNE — 2A1C2
N—-1 v
+2A¢ Y {4||V(uﬁ+l +uf 3+
k=1

gk

V@R + il

N-1
< 2At Z [(V)_lnf}g”%l,f +g(kmzn)_1||f§||31,p] .
k=1

The above inequality implies the stability of the CNLF-method provided that
1 1
EN=2 +2AtCN=2 > 0. By (2.7) and (2.8),

_1 1, _ _ 1 _

OV > Lo (I3 + 1) - Se el 2 + ey 12)
1 1 _ 1, _ _

OV > Lent (I3 + ) — S (o 12+ 6y 1)

Apply these bounds separately to the energy term EN=z 4 9AtCN -3,

EN72 4+ 2AtCN T2 > (1= AChT ) (|[up 17 + luy 1)

+ (980 — AC)(llon 12 + 1o~ 112),
EN=5 42860V > (1= AChTY) ([lud |3+ [lup 1)

+ (95 — AtCh ) (lon 17 + llon —I12)-

Therefore EN—3 + IAtCN—3 > 0 provided that

At < C!max {min {hQ,gSo} ,min{h,gSoh}} .
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Fic. 3.1. (left) Surface Plot of the Time Step Condition (right) Cross Section of the Time Step
Condition

A surface plot for the time step condition is given in Figure 3.1, with g = 1. For
stability, At must be on or below the surface. This surface consists of three separate
surfaces forming one continuous surface as evident in 3.1 (left). In region I, At < Sy,
in region II, At < h2, and in region III, At < Sph. It is also important to notice that
this time step condition is independent of k,,;,, but sensitive to Sp.

3.2. Error Analysis of CNLF. We analyze the error of the method over long
time intervals. Recall that the FEM spaces, X ]}}, X;} and Q? satisfy approximation
properties of piecewise polynomials of degree » — 1, r, and r 4+ 1 as stated previously.
Since we assumed that X J}} and Q? satisfied (LBB"), there exists some constant C
such that if u e V:={ve X;: V-v =0}

inf ||lu—w 1 <C inf |ju—= 1 , 3.3
vh’EVhH nllmop) < wheXJ’}” nllm o)) (3.3)

(see, for example, Girault and Raviart [18]). Let N € N be given. Denote t™ = nAt
and T'= NAt. If T = oo then N = oco. In order to conduct error analysis for CNLF,
we first introduce the following discrete norms.

N 1/2
lvlllz2 0,750 (027.,) = (Z ”vkﬁ{s(ﬂﬁp)At) :

k=1

k
|||U||\Loo(o,T;Hs(Qf,p)) = OISY}%XNHU ||HS(Qf,p)‘

Our error analysis of CNLF will use the lemma below.
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LEMMA 3.2. (Consistency Errors) The following inequalities hold:

N-1 2

wk L k1 (At
At 2 up — oAt < 10 ||UtttH%2(0’T;L2(Qf)), (3.4)
phlte k+1 k—1 4
e AT RPN (AY)) ,
At e H(bt - IAL || S 40 H(bttt”LZ(O,T;L?(Qp))) (35)
e k+1 E—1\ |2 4
vt tu T(At)
At V (uk —_ 5 > H S 6 ||utt||%2(O,T;H1(Qf))7 (36)
k=1 f
N-1 9
¢+ gt 7(At)!
At V (d)k —_ 2 S 6 H(bttH%Q(O,T;Hl(Qp))' (37)
k=1 p

Proof. We will prove (3.4) and (3.6). The proofs for the other inequalities are
similar. We prove the first inequality by integrating by parts twice and the Cauchy-
Schwarz inequality.

N-1 S wF L k12
¢ 2At
k=1 f
1 = o k “ k i
= t— t* Ty, dt / t—tF Yuudt| d
4(At)? Af Pt /fk ( Juw dt + tk—l( st v
1 N-1 tht1

X 2
£ k12 t* t_ th=1)2
(/k %um dt + /k ) %uttt dt dx
t th—
(R
(/ |um|2dt> dx
tk—1

(At)®

0 Huttt||%2(0,T;L2(Qf))'

b
Il
—

Il
>~
—
— >
~
N
[V
:)\
S

i
>
g

~—

[)

S~

RS
[N~}
()

e

L
B>
~
!

IN
>
ﬂk

|uttt|2 dt dx S

IA
a| D>
O

%
5
S—
}q

This next inequality is proved similarly.

N-1 k+1 k—1\ |12 N-1 k k+1 k k—1\ |2
U +u u” —u u” —u
\% <uk — > = / E \% < + ) dx
2 2 2
k=1 f Qf p—1

N—-1
1 )
_ 1/ S (Vb — Vbt (Vb — Va2 da
Qf

k=1
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1 N—-1 tk tk
:*/ Vutdt—i—/ Vup dt| dx
4 Qf p—q th+1 th—1
1 N—1| ¢k ik
= */ / (t—t’“)’Vutdt+/ (t — %) Vuydt| da
4 Qf 14 th+1 th—1
1 N-1 k1 (Rl
= 7/ _At/ Vg dt+/ (t — t*)Vuy, dt
4oy o tht e
tk‘,

(t* — t)Vuy, dt|*dx

-

+
—

1 N—-1 Rl pht1 2
gf/ ((At)2/ Vg dt +/ (t — t*)Vuy, dt
2 Qf b1 tk—l tk
th 2
+ / (t* — ) Vuy, dt )dm
tk*l
N—1 e+l 3 $ht1
1 At
<= (At)3/ \Vutt\2dt+u/ |Vug)? dt | da
2 Qf 1 tk,—l 3 tk—l
7(At)3
> 6 Hutt”%"’(QT;Hl(Qf))'

0

We now prove convergence with optimal rates over long time intervals under con-
dition (3.2). Denote e} = u" —uj and ejy = ¢" — ¢j.

THEOREM 3.3. (Convergence of CNLF) Consider the CNLF method (3.1). Sup-
pose that the time step condition (3.2) holds and u, p, ¢ satisfy the following regularity
conditions.

we L2(0,T; H™2(Q4)) N L(0,T; H™ () N H?(0,T; H' (Qf)),
p € L*(0,T; L* (%)),
¢ € L*(0,T; H™2(Q,)) N L>(0,T; H™(,)) N H3(0,T; H' ().

Then, for any 0 < ty < oo, there is a positive constant C independent of the mesh
width and time step such that

a - B -
S (e 17+ lleg =H1F + S e’ 15+ lley 117
N-1

1%
Ay (4||v<e;s+1 T2 4
k=1

gk

2 e 4 )

11



< C{h2r{||u||2L2(O,T;HT+1(Qf)) + H|¢H|2L2(0,T;HT+I(QP))}
+ h2r+2{Hut”iQ(O,T;HT‘H(Qf)) + ||¢t||L2(0,T;HT+1(Qp)) + |||U|||2Loo(o,T;Hr+1(Qf))
+ |||¢|||?;oo(o,T;Hr+1(Qp)) + Hlp”'%z(O,T;H“rl(Qf))}

+ (At)4{||utttH2L2(O,T;L2(Qf)) + ||¢ttt||2L2(o,T;L2(Qp)) + ||Utt|\2L2(o,T;H1(Qf))

16l 2020 (0 § + ALUVERF + 1VEGI7 + [Vep|2 + [VeS|I2)

+llesl7 + el + llepll5 + leplls }

Proof. Recall that solution u¥ = u(t*) where t* = kAt, satisfies (2.4). Consider
CNLF over the discretely divergence free space V" := {v;, € XJ'} 2 (gn,V -on)f =
0Vqy, € Q;ﬁ} instead of X}L. Subtract (3.1) from (2.4) evaluated at time t*. Note that

k+1, k—1
since v;, € V", the Stokes pressure term, (%, V- Uh) is equal to zero, and can

therefore be omitted from the equation. We have:

k1l k—1 k41, k—1
k Up ——Uy k Up U
(ut — SAL ,vh)f—i—af (u - , U

- (pk7v : Uh)f +cr (Il}had)k - d)ﬁ) = 07
k41

k+1_  k—1 4okl
950 (¢} - %,wh)p tap (0 = FP ) — e (b — ) =00

Since vy, is discretely divergence free, (pk, V- vh)f = (pk — ALV vh)f7 for any Ap, €

Q}.

After rearranging terms, the error equations become

wktl — uffl wk—1 — u;@;l ukt! + uk—1 u;cLJrl + uﬁfl
— , Uh | tay - y Un
f

2A¢ 2At 2 2

( i k) wk L _ k-1 i
+er (v, @7 — ¢p) = (,”Uh) — (ug,vn)s
2A¢ f

k41 k—1
U —+u
—ar (Uk - 2avh> + (p" = AL,V Uh)fy

k+1 k—1 k+1 k—1 k+1 k—1 k+1 k—1

- - + Gt + o

gSO <¢ ZAt(b — b 2Ath 7wh> +ap <¢ 2¢ — b 9 £ awh>
p

B4l k-1
)~ oSleh v,

k+1 k—1
—ap <¢k - W7¢h) .

—Cr (uk - Uﬁylbh) =950 (

12



The consistency errors are:

k+1 k—1 k+1 k—1
k u —u k LU +u
erlop) = | ——=———,v — (uy, v —ar | U — ——— v |,
7(vn) ( 2At ”>f (uss vn) s f( 2 h)

k+1 k—1 k+1 k—1
er(tn) = gSo (w,wh) — 9S0(F n)p — ap (¢k - %7 ‘1’h> .
p

Split the error terms into:

k+1
f =1Uu
el;+l — ¢k+1 ¢k+1 (¢k+l Q;k+l) + (q;k+1 _ ¢Z+1) — n§+1 £§+1'

k41 ul}cl+1 = (u k41 ak-ﬁ-l) T (ak+1 k+1) nk+1 i £k+1

Take @**! € V" and q§k+1 € XZ’} so that f’;H € Vh. Rearranging error equations

gives
§k+1 gk—l gk-‘,—l gk)—l
(mjcv“h +ag %»”h + er(vn, &)
f

(e Y (e
- oAt f 2 oh
!

k
7

k+1l _ k-1 ghtl 4 gkl
950 <p2Atp, ¢h> +ap <p2p’ ¢h> o Cf(fl;’¢h)
P

k+1 k—1 k+1 k—1
_ M~ —Tp . '
- gSO ( AL 71/}h> ap ( 2 51/}h
P

+ cr(nf,vn) + ep ().

Choc;slng o _d G+ eVhand ¢y = 5+ 6571 € X and adding both error
equations produces

1 _ _
sz (€571 13 + 9Solleh ™ 12 — 1513 — gSolleh ™ 12)
+ (e + €7 eh) — enleh 5+ 6]

+% [af(€k+1+€ 7§k+1+§1}:71)+%(£§+1+€§—1’§S+1+€§—1):

_ 1 k+1 k+1 k—1 k+1 k—1 ¢#k+1 k—1 ]
= QAt |:<77f ag +§f )ergSo( — 1y ’gp +§p )p_

1 ! ) N
—5h4¢“+m,¢H+¢1»mA¢“+ﬁa$“+$lx
@@“15“3ﬁ%wmﬁﬁ“+$“ﬂ

T R A ) JR AR ]
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Split the coupled terms on the left hand side in the following way:

er(€f T+ ) e (€ g 67
= (enertgh) — erleh ) = (er(h. b —en(ef 1 6h)

k+3 k—
=0 - o

1
2
Denote the £ energy terms by

k
BETY2 = €53 4 gSoll€b Y12 + (1113 + gSollgR 2.

Applying the coercivity of af(-,-) and a,(-,-) we have

EFFY? ponecftE - BETYR ool

3 13
+ At (VIV(EF + I3 + ghminlIV(E + 657 2)
<- [(n'}“ LT ) aso (- n§1,§§+l+fs§1>p}

~ oy (n';“ ST ) o (7 T )]
— 288 [er (€ + €6 ) - cz(n’;,@’.f“ )
+ oA (sf(g’m T 4 (0F - AL V(€ ) bt + 5;’3_1)) :

Now we bound the right hand side of the inequality from above. We begin by
bounding the first term on the right using the standard Cauchy-Schwarz, Poincaré
(2.2), and Young inequalities.

=T &+ gSo (™ - ,fk“ &
303,
< = - P
= A I St
gk _
+At*IIV(§’“+1 “HIF + At mmIIV( AR S 1=

k+1 _

” k+1

[

Next, we apply the continuity of the bilinear forms as(-,-) and a,(-,-) to bound the

(1/ + \/2% as in (2.3).

ar(i™ + LT T + ap(n,’.f“ R S i)
S MV + 0 IV EET + €7Dy
+ gkmMHV(n’;“ + DL IVET + &7,
3M k41 5gk
< -
190 =

*I\V(fk+1 “HIF+ m’"IIV( s GO

second term on the right. To simplify, let M =

+n§_1)llfr o IV oI
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We bound the coupled terms on the right hand side using the trace (2.1), Poincaré
(2.2), and Young inequalities. Let C' = szzf C%pprpr,pgz. Then

er(§5 + &) —er(nf & + 67
<g@@“4+ﬁ*»ﬁﬁﬂﬁm+wﬁwwMM“4+$*m)
< Ca, Co,g (€5 + &M 12UV R + 501 I I3/ 2wk 132
+n&“+fkwﬂﬂv&“4+ﬁ’wwﬂwm”vaW”)
<¢*@v&“1 EDAVE L + IVl DR +€5)p)

5C
< *HVU?H? + f||vng||§

_ gkmzn _
VR + I3 + Zomm ekt + 5|2,

Finally, we bound the consistency errors, ¢§ and e}, and the pressure term,
(pk - )‘ﬁa <£k+1 51;71))f , as follows.

(§k+1+£k—1)7 (UkH uh! §k+1+€k—1> (u €k+1+€k—1)
f =\ 7 7rr f t> rf

2At
k+1 k—1
U —+u _
_af<uk_ 2 7£k+1+£]f€ 1)
Rl ke
u — U _
< luy — T IEF + €57 My
k+1 k1
+MMVQﬁ—+“)H|vé“ &)
< 6CRy || o ubtl—ub? ? N 6M2 ok WEHL g1 ||
- ¢ 2At ; v 2 f
+ *||V(§I€Jrl I3,

Boektl | ch—1y _ A A R B k kil | k-1
Ep(é—p + gp ) - gSO )fp + gp gSO(¢t?§p +€p )P

2AL )
k41l | k-1
+ _
—ap (¢ - g g
d)kJrl _ d)kfl B
<950 ‘ oF — TaAr 6 + &7l
p

+gk v (¢k B ¢k+1 +¢k1)

2

IV + &7l
p

. ¢k+1+¢k—1 2
V(=)

2
5 kmam
L 5o

p kmin

. ¢k+1 _ ¢k—1
¢ 2At

212
< 5955C%,

kmin
gkmvn _
+ THV( ;lfﬂ +€5 1)||12)7
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(7 =MLV ) <l = MY (€

< *Ilp = NliF+ 55 IIV(§’“+1 &I

Having bounded each term on the right hand side from above, we now subsume
the £ terms on the right into the left hand side of the inequality.

1 1 -1 -1
BT 4200 T — B - 20108

km'Ln
+At<IV(§’““ 1y 4 Pomin G kit g gk 1>||§)

303, 5955C%
_ fik k— 0~p, -
< a0 {XBupr - g+ 28 e o

3M? _ gkmw 12C
+At{ VG I + IV Gt + )5 + =~V

2k,
10C k” 120123)]( . uk+1_uk—1 2
gk pt v t 2At f
12012 A R
v v<u’f—2)H + 2k ks
f

5gS§C}%7P ? + 5gkmaw

P kmzn

. ¢k+1 _ ¢k—1
¢ 2At

kmin

1

p

i ¢k+1 _|_¢k—1
V(=)

Sum this inequality from k£ =1,..., N — 1. Then

BN vome) Tt B2
N-1 gk )
racY (510 (g0 ) 15+ S wies 4 gz )
k=1
N—-1 2 22
_ 3Cp, - 595:Cp _
O I R At 1\\§+—2k e U
k=1 min
N—-1
+ At [VIV( Py )Hf+ o, IIV( A1
k=1
12C 10C 12C%, uF L k1P
+ —|Vnjl; mplly + —2L |fuf -
Gkmi 2A¢t f
1202 uF kN 1P 12d
+ V(uk_2> —|——Hp - Anll?
X 2 2
109S5CE, || o @FF — bt N 10gk2,,. v(s PEFTL + ph—1 ]
Emin ¢ 2At p  Fmin 2 o
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We want to bound this in terms of norms instead of summations. Using Cauchy-
Schwarz and other basic inequalities, we bound the first term on the right hand side
as follows.

N-1 N-1 R+l 2
; It =13 = ;; /tH Ny adt f
N-1 thtt (3.8)
S ean [ nsear s
k=1

2
(0,T;L2(Q4))"

We treat the second term similarly.

Z Iy =y < 400y ell720.7:02(0,))- (3.9)

We bound the remaining 7 terms using Cauchy-Schwartz and the discrete norms.

Z IV s )2 < 2 Z (I 213 + 19 13)

. (3.10)
< 42 N = 4(At)_1H|V77f|||%2(0,T;L2(szf)),
k=0
ZHV my g OIF < 4O IVl 207220,)): (3.11)
N-1
IVn§IlF < (At)~ 1|||v77f|HL2(OTL2(Qf))7 (3.12)
k=1
N-1
IVnsl12 < (A)HIVDl1720.7:22 (0, ) (3.13)
k=1
N-1
Ip* = Xil7 < (A~ lp — /\h|||L2(0TL2(Qf)) (3.14)
k=1

Recall from the proof of stability that since (3.2) holds, we have the following
lower bound for the energy terms.

N—-1/2 N-1 _ _
BY Y2 1 2nt0; 77 > (€N 113 + 16N THIR) + BUENIZ + 11X 2) > 0

Here o = min{1—AtC~*h~ 1, 1-AtC~'h=2} and 8 = min{gSy— AtC~1h~t gSy—
AtC~1} are both positive because of the time step condition (3.2).
17



After applying bounds (3.8)-(3.14), along with (3.4)-(3.7), and absorbing all the
constants into one constant, C7, the inequality becomes

a(llef 17 + 1€ 1) + BUEN 2+ 11E 112)

N1 G

+ar Y (FIVEET + 6B + TRV + g IR)
k=1

<C {H 13207 + 7.l 20,1 + 11Vns Il

= SUNseliLzo,m;e2(Qp)) T 1ptliL2(0,1302(9,)) NelllLz(0,1;02(Q;))
+ |||V77P|||%2(O,T;L2(Qp)) +[llp — >‘h|H%2(O,T;L2(Qf))
+ (A)* ( [l + [l peee?

tetl122(0,7:22 () tetll 220,752 ()

1/2 3
+ llweel 220,001 (0p)) + ||¢tt||%2(0,T;H1(Qp)))} + Eg/ + 2AtC¢ .

(3.15)

Recall that eécv =ul¥ —ul¥ and elﬂv = ¢ — ¢V, Use the triangle inequality on the
error equation to split the error terms into terms of n and &.

a _ B -
© e 13+ e =13+ S e 12 + e 12
2 2
N1 T
+AEY <4||V(e’;+1 +ei N7+ Z”” [V (eht! + e‘;-l)ng)
k=1
< (€] I3 + 161 13) + BUIEIE + &2 12)
o . (3.16)
+ar Y (FIVEET + eI+ L2 v + g IR)
k=1
a3 + I 1) + A 12 + 1)
N1 s
ar Y (FIV0E I + L2 e a2
k=1

N-1 . . .
Note that [0, 07, 17, < Wnrplli<orr2(0,,)) Using this, the previous
bounds for n terms, applying inequality (3.15), and absorbing constants into a new
constant, Cy produces

o _ B _
e 13+ ey 1+ e 2+ 11 2)

N-1

v kmzn —
+AEY <4||V(e’;-+1 +ei N7+ J T [V (kT + ek 1)||§>
k=1
< & { g2 T 2 + g2
= B2 UMs L2 0,1322(2)) T WMt I1L2(0,7322(92,)) NflL2(0,1302(2))
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+ |||V77;D|||%2(0,T;L2(QP)) +llp — )\h|H2L2(0,T;L2(Qf))
+ (A0 (Jluese 220 7222y + 900t F20.7:2200, )
+ w72 0,781 0p)) + ||¢ttH%‘2(O,T;H1(QP))) (3.17)
g0z + Nl 0 riz2 )}

1/2
+11EF13 + gSoll&p 12 + 116713 + gSollép 3 + 24¢C .

The coupled terms on the right hand side can be bounded by:
12 _ C
o < 5 (VGG +1VE G + IVERIF + IVEfIF)

Since (3.17) holds for any @ € V" ), € Q?, and ¢ € X{j, we may take the
infimum over V", Q?, and XZ}. By (3.3), we may bound the infimum over V" by the

infimum over X }‘ so the following holds for some positive constant 54:

o - B _

S 1 + 1) 0+ e 12+ ey —112)
No1 o

oY (SI0eE + e + 2 e 4 e )
k=1

< 63{ ﬂiefg}l {H77f,t||%2(o,T;L2(Qf)) + |||77f|||%2(0,T;H1(Qf)) + |||77f|||2Loo(o,T;L2(Qf))
+1EH1Z + 11E211% + At(IVEHI + IVE2) } + Ahirelg? 2 = MnlllZ20,752200)
+ Jsier;gg {||77p,t||2L2(0,T;L2(Qp)) + |H77;D|||L2(O,T;H1(Qp)) + |||77PH|%°°(O,T;L2(QP))
+gSo(I€X112 + 1€0112) + At(IVEL |2 + IVES)2) } + (At)4{IIUttt||2L2(o,T;L2(Qf))
160l 2207, 0200,)) + Nl T2 0,760 0y + ||¢tt||iz(0,T;H1(Qp))}}'

After applying the approximation assumptions we get the final result. O

4. Numerical Experiments. Using the exact solutions introduced by Mu and
Zhu in [12], we conduct numerical experiments to verify the stability and predicted
rates of convergence of CNLF. First, we test the convergence rate of the method.
Then, we will test stability in various ways. In both tests, we use the same domain
and exact solutions. We utilize FreeFem++ software for all calculations.

19



Qr =(0,1) x (1,2), Q, =(0,1) x (0,1), I={(x,1):2€(0,1)}
u(z,y,t) = <(9:2(y1) + y) cos(t), (:2)) (1 —y)®+ 2 — mwsin(nz)) cos(t )

p(z,y,t) = (2 — wsin(nx)) sin(=y) cos(t)

¢(z,y,t) = (2 = wsin(mz))(1 — y — cos(my)) cos(t)

e

4.1. Convergence Experiment. To test the rate of convergence, we set all
parameters, a, v, Sp, K, g, equal to one. We use Taylor-Hood elements (P2-P1) for
the Stokes problem and piecewise quadratics (P2) for the Darcy problem. We set the
boundary condition on the problem to be inhomogeneous Dirichlet: uj, = u on 99 /1,
and similar for the Darcy pressure, ¢. The initial condition and first two terms are
chosen to correspond with the exact solutions. We set the mesh size, h, equal to the
time step, At. This satisfies the time step condition (3.2) when Sy = 1. The errors
for various values of h are given in Table 4.1. We denote L>°(0,1; L?(€2,,)) by LY,

h=At | [[lu—u"l[Lz | rate | [[lp—p"[llz= | rate | [l — ¢"[[[Lxx | rate
L 70000862671 0.156045 0.00654407
~ [ 0.000177135 [ 2.28 | 0.0377064 | 2.05 | 0.00146515 | 2.16
= 3.54644e-5 | 2.32 | 0.0089672 | 2.07 | 0.00034904 | 2.07
= 6.72106e-6 | 2.40 | 0.00215951 | 2.05 | 8.70886e-5 | 2.00

TABLE 4.1
Rates of Convergence

The rates of convergence in the table exhibit second order convergence for u, p,
and ¢. This agrees with the error analysis.

4.2. Stability Experiments. To test the stability of the method, we set the
body force and source functions, f; and f,, equal to zero, change the boundary
conditions to be equal to zero except along the interface, I, and calculate the energy at
each time level, E(n) = |[uj||3+|u;, 1Hf+gSo||¢Z||]2,+gSO||¢Z_1||§. Let h = At = 5.
We compute the energy over the time interval (0, 10) for various values of Sy and plot
the energy versus the time step, n

As evident in 4.1, the energy decays to zero only for Sy = 1.0, which satisfies
our time step condition. The other values of Sy violate the condition and we see the
energy for the system increasing as time progresses.

The CFL-type stability condition, (3.2), is independent of k,,;,. We ran the same
stability tests for Sy = O(1) and K4y, is small. The energy rapidly decreased towards
zero, as expected. However, when the time interval was extended, the energy began to
grown again due, we believe, to the accumulation of numerical noise in the "unstable
mode” of Leapfrog, see, for example, Durran [19]. Leapfrog is only marginally stable
due to an undamped oscillatory mode, referred to here as the "unstable mode”. To
connect the energy growth to the unstable mode, we computed two energy modes of
u and o |uptt — 1||f7 ¢t — ¢~ "||2, the unstable energy modes, and |luj ™ +

up |3, and [|¢p " + ¢ 1|2, the stable energy modes.

In both pictures of 4.2, the growth in the energy, E(n), corresponds with spurious
oscillations in unstable energy modes of both u and ¢. The stable energy modes decay
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Fic. 4.1. Test 1: CFL Condition holds, Test 2-4: CFL Condition Violated

to zero in machine precision. Thus, the rise in energy in this case is exactly in the
unstable mode of CNLF.

4.3. CNLF and Time Filtering. One popular way to counteract this effect of
the unstable mode in CNLF in geophysical fluid dynamics is to use time filters, see,
for example Jablonowski and Williamson [20]. For this initial test we begin with the
Robert-Asselin Filter, or RA-filter ([21], [22]). At every time step, after computing
qu‘H, pZH, qb’,f'l, we update the previous k** values and replace them with a filtered

value, given below.

w;, = w,’j + a(ﬁlg_l - QwZ + w,]jﬂ), where w = u,p, or ¢,0 < a < 1.

The RA-filter damps the computational mode in Leapfrog (see e.g. Durran [19]).
However, the analytical theory of the RA-filter applied to CNLF remains an interesting
open problem. For this initial test we chose @ = 0.20. For more discussion on the
choice of the parameter « see, for example [20] p. 437. After applying the RA-filter
to the stability test performed in 4.1, with Sy = O(1) and ks = 0.1, we see the
energy, E(n) decay to zero in machine precision, as well as the unstable energy mode,
Figure 4.3.

5. Conclusion. Analysis of the Crank Nicolson Leap-Frog method applied to the
Stokes-Darcy equations lead us to a CFL-type time step condition, (3.2), sufficient for
stability and convergence. However, the sensitivity of this condition to small values of
S, is restrictive in cases of confined aquifers in which Sy can be very small. See p.566
in Domenico and Mifflin, [23], for values of specific storage for different materials.
Numerical experiments confirmed sensitivity to Sy. Theoretical analysis showed that
the CFL-type condition for stability is insensitive to ki, being small when we have
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Fic. 4.2. Energy Plots for kmin = 0.1

So = O(1). However, the numerical tests revealed the problem of growth of numerical
noise in unstable modes causing an energy blow-up in finite time. Time filters seem to
add stability, but their analytical foundations is an open problem. The convergence
analysis and numerical experiments show that this method is second order in time and
space provided our stability condition is satisfied, approximation assumptions (2.5)
hold for at least » = 2, and our choice of initial method to compute (u}b,pi,@ll) is
accurate enough.
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