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Abstract

In this paper, we prove the convergence of a class of discontinuous Galerkin methods
for solving the fully coupled incompressible two-phase flow problem in the non-
degenerate case. Estimates in both the mesh size and the polynomial degrees are

obtained. Numerical convergence rates confirm the theoretical results.
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1 Introduction

This paper is devoted to the numerical analysis of high order primal discontin-
uous Galerkin methods for solving the incompressible two-phase flow problem
arising in porous media [6,26,19]. The unknowns of the proposed fully coupled

scheme are the global pressure of Chavent and Jaffré [8] and the non-wetting
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phase saturation, which are approximated by discontinuous piecewise polyno-
mials of different degree. We show stability and hp convergence of the method
under the condition that the diffusion coefficient for the saturation equation

is bounded below away from zero.

Many discretization techniques have been applied and analyzed for incom-
pressible two-phase flow in both non-degenerate and degenerate cases. These
numerical methods are of low order and include finite differences [26,3,12],
finite volume methods [23,21,20], mixed finite elements coupled with Galerkin
method or finite volume method [8,13,10,14,25,9]. There are however few works
on the application of discontinuous Galerkin methods to incompressible two-

phase flow.

Since the late nineties, discontinuous Galerkin (DG) methods have been ap-
plied to a wide range of applications ranging from solid mechanics to fluid me-
chanics. One of the attractive features of these locally mass conservative meth-
ods is the ability to easily increase the order of approximation on each mesh
element. Many of the proposed DG methods are sequential approaches where
at each time step a discrete pressure equation and a discrete saturation equa-
tion are solved successively [27,28,5,24,18]. The underlying variational problem
is based on the non-symmetric interior penalty Galerkin method (NIPG) [29],
the symmetric interior penalty Galerkin method (SIPG) [33,2] or the incom-
plete interior penalty Galerkin method (IIPG) [11,31]. All three methods are

very similar to each other and involve the use of stabilizing penalty terms.

More recently, in [17,16], we introduce a fully coupled DG method for the wet-
ting phase pressure and non-wetting phase saturation. We numerically show

convergence of the scheme with respect to the mesh size and the polynomial



degree. We also obtain accurate solutions for the quarter-five spot benchmark
problem. The advantages of the coupled approach over the sequential one,
are that no slope limiting techniques are used. The overshoot and undershoot
phenomena occurring near the saturation front are small, stable and decrease

with h and p refinement.

The outline of the paper is as follows. Section 2 contains the coupled system
of partial differential equations and assumptions on the data. The DG scheme
is formulated in Section 3. A priori bounds are derived in Section 4, and are
followed by the hp error estimates in Section 5. Finally, Section 6 gives some

numerical examples. Concluding remarks end this paper.

2 Model Problem and Notation

Let Q be a polygonal porous medium in R?. The incompressible flow of the
wetting phase (such as water) and non-wetting phase (such as oil) in Q over a
time interval [0, T'], is described by Darcy’s law and the continuity equation for
each phase. If we denote the wetting and non-wetting phase by the subscript
a = w and a = n respectively, we can write the continuity equation satisfied

by each phase saturation s, as:

0(#s4)
ot

+V- Uy =¢, a=w,n, (1)

where the phase velocity u, follows Darcy’s law:

Ug = —AaK VDo, a=w,n. (2)

Here, the phase pressure is denoted by p,. The other coefficients are the poros-

ity ¢, the permeability K, the phase mobility A\, and the source function g,.



In addition, we assume the following closure relations to hold:

Sw+ Sp =1, (3)

Pec = Pn — Pw, (4)

where p. is the capillary pressure. Several models for the mobilities and cap-
illary pressure are available in the literature [22]: two popular ones are the

Brooks-Corey and the Van Genuchten models.

Based on the work of Chavent and Jaffré [8], we reformulate the model problem

by using the global pressure defined by:

Ve ) €Qx LT, plort) =)+l - ) = [ (ke
o)

where s, (resp. sy,) is the residual saturation of the non-wetting phase (resp.

wetting phase). The total mobility ); is defined as the sum of the phase mo-
bilities (A\; = Ay + Ay ). Mathematically, the global pressure is well-defined for
all values of s, in [1 — Sy, Snr]- An equivalent formulation of (1) can then be

obtained for the primary variables (p, s,):

-V (/\tKVp) = Quw + Gn, (6)
AwAn

t

0s
Yon (M KVp —
¢8t + V- Vp

KVpc) = —Qu- (7)

In the analysis that follows, we make the following assumptions on the coeffi-

cients in (6), (7).

Awrn

o Assumption H1. The function y = =%

pl. is Lipschitz continuous with Lip-
schitz constant (.. It is also bounded above and below: 0 <~y <~y <7.
e Assumption H2. The mobilities A\;, A, are Lipschitz continuous with Lips-

chitz constant C).



e Assumption H3. The mobilities A\, A\,, As are bounded functions of satura-
tion:

O<At§)‘tgxta OS)\wSXwa OS)\nSXn

e Assumption H4. The tensor K is symmetric positive definite and uniformly

bounded above and below. There are constants k > 0,k > 0 such that:
Vz, krte < 2'Kz < kx'x.
e Assumption H5. The porosity is bounded above and below.
p<$< 9

We close the system (2), (3), (4), (5), (6), (7) by the following initial and
boundary conditions. We decompose the boundary 02 into disjoint sets I'p

and 'y and we denote by n the unit outward normal to 0S2.

Ve R, sa(s,0) = (1) ®)
Ve € T'p, sp(z,t) = sff’", p(z,t) = pdr 9)
Ve €y, Uy -n=1u, n=0. (10)

It is understood that I'p contains both inflow and outflow boundaries whereas

'y corresponds to the no-flow boundary.

We propose a discontinuous finite element discretization of (6), (7). For this,
we introduce a non-degenerate quasi-uniform subdivision of €2, made of either
triangles or quadrilaterals. The quasiuniformity assumption is only needed
for the p-version, i.e. for deriving error estimates in terms of the polynomial
degree. The set of interior edges is denoted by I'y,. To each edge e in I'y,, we
associate a unit normal vector n.. For a boundary edge, n. coincides with the

outward normal. The discrete space of discontinuous piecewise polynomials of



degree 7 > 1 is denoted by D, (&):
Dr(gh) = {U € LQ(Q) VE € & U|E € ]PT(E)}

For any function v € D, (&), we denote the jump and average over a given

edge e by [v] and {v} respectively. We assume that n, is outward to E:

Ve =0E,; NOE., [v]le=v|m —vlg, {v}le=0.50|p + 0.50|p,

Ve=0E N0, [o]l=vlm, {v}l=0lm.

We also denote by C the constant that only depends on the maximum number
of neighbors that one mesh element can have so that the following inequality

holds. Let A be any quantity depending on E} or EZ:

Vi=1,2, (X A(E))"?< @( > A(E)). (11)

eEFh E€£h

(Y AE)2 <O A@E)“2. (12)

ecl'p Ee&h

Let H*(O) be the usual Sobolev space on O C R¢,d > 1 with norm || - ||y.0-

We now recall well-known facts that will be used in the error analysis.

Lemma 1 There is a constant Cy independent of h and r such that

1
Yo € Dr(&n), llvlloe < Co( 3 IVollse+ X lllllg)Y?  (13)

Eegp, e, Ul'p | |

2
0,e

where |e| denotes the measure of e.

Lemma 2 Let vy and v, denote the usual trace operators. There is a constant



C; independent of h such that if E is a triangle or quadrilateral:

Yo € HYE), k > 1,Ve C OF, |lyovllo,, < Coh™ 2(|[vlly s + A Vol ), (14)

Yv € H*(E),k > 2,VYe C OF, ||11v

o < CR2(IVolly 5+ V2] ).

0,E

(15)

Lemma 3 Let E be a mesh element. Let f : N — N be a function defined by
f(k) = (k+1)(k+2) if E is a triangle, and by f(k) = k? if E is a quadrilateral.

There is a constant C, independent of h and k such that:

k
Vv € Py(F),Ve C OF, ||fyov||0’e < Ct\/ % |v]

In the case of the triangle, if O denotes the smallest angle, an exact expression

/ h
Ct = 2COt9Em

The proofs of these results can be found in the literature: see Lemma 2.1 in

0,5 - (16)

for Cy 1s given by:

[2] or (1.3) in [7] for Lemma 1, see Theorem 3.10 in [1] for Lemma 2, see
Theorem 3 in [32] and the proof of Theorem 9 in [15] for the case of triangle

for Lemma 3 and Lemma 2.1 in [30] for the case of quadrilateral for Lemma 3.

3 Numerical Scheme

Let At > 0 be a time step such that T = NAt with N € N. Let ¢ = iAt.
For each 1 < i < N, the approximations (P*,S.) € D,, (&) x Dy, (&) of the

functions (p(-, %), s,(-, %)) satisfy the following set of equations:



Initial condition

Vv € Dy, /SOU—/SU (17)
Pressure equation

Vz e D, (&), Vi>0,
Z / /\t Sz—f—l)KVPH—l VZ-{-UP Z f(rp) /[Pi—f—l][z]

Ec&y, e€l',Ul'p le]
_ Z /{)\ SH—I)KVPH—I ne} Z / /\t dzr KVPH—l )
eel’y, ecl'p
+e Y / (M(SEYEVZ - n [P +e 3 / (s KV 2 - ) P
ecl'y, EEFD €

=& ) /)\t IKVz -ne)p™ + 0, rp /pd"z—k/ (Gw + qn) 2

ecl'p ecl'p

(18)

Saturation equation

Vv € D, (&), Vi>0,

/Qﬁ (S — Sijy— 3 / A (SHYKV P . Wy + Z/ (S KVSitt .

Ecgy, Ec&y,
+ 3 / Do(SFYEVPH i} o] + 3 / o (57 KV P - )
e€Ty, “ ¢ e€l'p * €
— Z /{”Y Sz-l—l Kvsz—l—l ne}[v] Z / dzr KVSH—I )U
ecly, ecl'p
—¢ Z /{/\ SH—I)KVU n }PH—I] Z / dzr va ne)PH—l
ecl'y, ecl'p
+e Y /{7 (SEMKVv-nSEH +e > /7 YKV - ne) S
ecl'y, ecl'p
flrs) [rqin flrs) [
+0s (S, [v] = s
P >y
—c dzr va ne pdzr+€ dzr KV’U ne dzr G-
T fo- x Joe “h
(19)



The scheme (17), (18), (19) yields a coupled system of nonlinear equations that
can be solved using the Newton-Raphson technique. These equations contain
two types of parameters: the coefficient € that takes the values {—1,0,+1}
corresponding to the generalization of the SIPG, IIPG and NIPG methods
and the penalty coefficients o, > 0,05 > 0. In this work, we show that o, and

o5 need to be chosen large enough for stability and convergence of the scheme.

4 A priori Estimates

In this section, we prove existence of the numerical solution by using the
Leray-Schauder theorem [34]. For this, we first prove a priori estimates for the

discrete global pressure and non-wetting phase saturation.

Proposition 4 Assume that the penalty parameter satisfies

Y \2T. 2
o, > (1 - ‘S)ZM + %E (20)
2

Then, there is a constant C independent of h,r,,rs and At such that

m—1 ) r )
V1 <m<N, Z ( Z ||K1/2VPZ+1||37E+ Z % H[Pz+1]|

1=0 Eeé&y, ecl',Ul'p

2
0,e

: (21)

m-1 , ml Fp) 1 air
<CY aw+ allfa+C D Y = Hp
1=0

1=0 e€cl'p |€| O,e .



PROOF. Let us put z = P! in pressure equation (18) so we obtain:

/\ Sz+1 KVPH—I VPz+1+0_ f [PH—I] Pz—l—l]
p

Ecé&y, ecl',Ul'p
(1= ¥ [(uSHETPH 0P+ (1 Z [ EVPH ) P
ecl'y, el'p
+e Y /(At(siir)KVPi—l—l e )ptT + o ) f(rp) /pdirPi+1+/(qw+qn)Pi+1
ecl'p € ecl'p |€| e Q
- 131 -F s -F 135.

We now bound each term B; in the right-hand side of the equation above.
In what follows, the numbers ¢; are positive real numbers to be defined later.

Using Assumption H3, H4 and Cauchy-Schwarz inequality, we have

|Bi| < (1-e)N(F)? Z | (x> Al

We now fix an interior edge e and denote by E! and E? the two elements

sharing the edge e. Using the trace inequality (16) and (11) , we have:

e+ KPP g [lo Pl

lo,e

S Jucierey],, e, < X 50

ecl'y,

1 T . . .
< S0 L S (T P oy KT P ) [P
ecl'y,
< (Z sz( )||[PZ+1] 1/2( Z || 1/2 Z ||K1/2VPZ+1||2 )1/2)
- 4h
ecl’y, ecly, e€l’y,
CC?f(r ; ;
< (y GOy proyp e 5= g P

ecl'y, Eegy,

Therefore, we have the following bound for By:

I L R e P
Ee&,
<5 ¥ |Kiveef +a —s)?“t);’fof 5! |(;”) |\[Pz+w j,e (22)

Ee€é&y,

10



Similarly, we have for Bs:

R o I WRSIBEE G S Ly e

Eegh ecl'p

Similarly, we have for Bs:

|Bs| < % HK2VPZ+1HOE 4 ()\t kCCZ Z p H dir||?
€&y

2 0,e )

(24)

The term By is simply bounded by Cauchy-Schwarz and Young’s inequalities.

N DAY M S

0,e )

2
|B4| < ey Z H pitt

ecl'p Oe 464 ecl'p |e‘

Finally, the last term Bjy is bounded using Cauchy-Schwarz inequality and

(13).
‘B5| < ||qw + qn
; 1
< Collgw + gulloa( 3o IVP™ Ge+ > HII[P 00)"?
Ec&y, ecl',Ul'p
i 1 i %
<ek(Y VPG + > WII[P FGe) + g7 19w + anlls,
E€é&, e, Ul'p €5k
. 1 ; C?
Sa(X KPP ip+k 3 PTG + g2l + wllse
Eeéy ecl'p,Ul'p 5L
; f(rs) 3
el X IKAVP kS TENPR ) 4  + al
Ee&y, e€T,Ul'p 58
(26)
Combining the bounds (22)-(26) we obtain:
€ :
(A-a-S-a) T IKEVPHR,
Ec&y,
(A)*kCCE F(rp) |1 pina
-1-(0 (1—g)? "t —ey — Eﬁs) — P ]
p 251 eeI‘hZUI‘D |e H 0,e
3 (A)*kCCE 0p2> f(ro) | ai
w + Gn — 4+ = a 27
< gt albe+ (=4 2) = SE b, e
Thus, if we choose
€2 At
€1 = B = €5 = 6

11



and

€4 = —

we have:

A .
52 KPP
2 Ecé&,
3(\)2CC? Mk
+<@_ (1_5)2L _ i) ) LH[ w?
2 At 6 EEFhUFD | €
3C3 (3(/\_,5)2EC~'C§ Up) F(rp) | air|?
w -+ Gn SOk 2T 2 p®r . 28
< ongletaliat (5 +7) X SE P, @)
e€l'p
The final result is obtained by summing over 3.
Proposition 5 Assume that (20) holds and that
12(7)%kCC?  k
oy > (1— o 2OVRCC | Ky (29)

ot 6

There is a constant C independent of h,rp, s and At such that:

m—1 m—1
vi<m<N, Y S IEPvS Y Y Iy, < oL spg
1=0 E€&

1=0 e€l',Ul'p | |
¢

m—1 m—1
< C=lsallo roa+ i), f(TS G+ @llio +C Y llawlld
A llsnllo +C( TS ZO|| , %H |

f TP f Ts ml f Tp dir dir
wo(1+ fm LS 5 [ ) oS 5 T

0,e )

(30)

12



PROOF. Choosing v = S in (19) gives:

Ec&,

Z/ S'L—I—l Kvsz—H VSZ_H—{- 0, Z

) g

ecl',Ul'p |e|

+/ AL S;'jl Sz)Sz+1 Z / )\ Sz+1)KVP1+1 Vsz+1

E€E,
— X [DulSEETPY S - 5 [l KVP 0 i
ecl'y 7€ e€l'p " ¢
+(1—¢) Z /{7 (SHYKVSH . n [SH] + (1 Z / i) KV St
eel"h CEFD
e Y [Qu(SKVSn P+ ¥ [ (8K VS 0y P
eEFh ecl'p
+ Z ( / derz—I—l c Z / dzr Kvsz—l—l )pdir
ecl'p | ecl'p
+e Z / dzr Kvsz—}-l Zir_/ QwSZ—H
ecl'p Q
:D1+"'+D11.
We now bound each term D,.
—2
Dil<e Y [KAVSEY + S |xivpi (31)
Ec&y, 0, 2 Reg, 0.B
The term D, is bounded like B;:
Aw 2k002
D < T fctvpe) o+ Bl s Dl syl e
E€&), e€ly, e
The term Dj is bounded like Bs:
i+1 (X )2]‘700 gi+l 2
|Ds < 92 Z HK2 VP HOE+ Z | 7 loe” (33)
Ecgy, e€l'p
The term D, is bounded like Bj:
kCC
1Dy < 58 2 HK?VS’“H +(1—¢)? 2(7) Z © L (34)
EESh ecly, O
The term Dj5 is bounded like Bs:
2]4:002
|D5|§8 HK2VSH—1H +(1—6 2 (7) Z 7Z1+1 2 . (35)
EcE, = e€lp O

13
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The term Dg is bounded like Bj:

() 2k002

425 3 fetvsi, + QRO 5 S0 o
EESh e€ly
The term Dy is bounded like Bs:
i+1 (X chcz pi+t|?
IPr < E%h HKZVS HOE‘ T e Z ‘ i e
The term Dg is bounded like Bjy:
2
D < e %—1—1 2 + O-L @ dir 2 .
| 8| Qeezr 4&_9 GEZFD |€‘ | " lo,e
The term Dy is bounded like Dy:
610 i+1 ( kCCQ dir
‘D9| < Z HK VS HOE+ 2510 Z | Oe'

Ec&,

The term D;y is bounded like D7:

7)2kCC? SN
|D10‘ < Ej Z HKZVSH—IH + (’7) t f(T ) ‘SZZ'I‘ 2
E€&y, = 2611 gery e O,
The term D;; is bounded like Bs:
Dul < en( ¥ 1KV B +8 Y Lysivye )+ &
Eeg&, e€l',Ul'p ‘ ‘ deiok

14

(36)

(37)

(38)

(39)

(40)

16,0

(41)



Combining the bounds (31)-(41), we have:

€ € i
(1me-e-a-L-To) S KSR,

JRCC: £
2e3f(rs) —(-9 2e5 ? Eu) 2 el Iis:

CEFhUFD
1 ] i+1
/At S = SIS <

—9 — —_— ~
A A\ )2kCC2f (7,
(G5 +a) X [xiop) o+ Ceorite)
4 2 Ee€&), 257f(rp) eeI‘hUI‘D
Xw 2k‘éc2 T T ir |12 052 2kCC2 s ir ||
(BT - 10 +(_+()7t) f( )\i
510f(rp) ecl'p ‘e‘ 0, deg 2en ecl'p ‘€| 0
2
2 2
gl
Thus, taking
=€ —e =29 _ 2
2 = €5 7 9 2= 75
and
(Xw)zkécff(rp) o = Os
253.]((7”5) ’ 4’
we obtain:
2> KSR
2 Ec&y,
oy 6(7)%kCC?  ky f(rs) (% i1 iy Qitl
H(T-n-p - +o [ (St = siysi
T Z o E A
—2 2 = < \o%
3\ IN,ECC2f(r,) 6(\)?kCC2f (1)
1 O-Sf(TS) E; H HOE f}/f( ) eGFhUFD H
3(M)2kCC2f (rs) f o) 1l dir 3(¥ ) kCC? f rs i
Z p H “ ( + ) Z ‘ " 0,e
’Yf Tp ecTp eclp ’
302
+—llawll
1_
Therefore, if
12(9)%kCC?  k
TRl

15




then there is a constant C' independent of h,rs, 7, and At such that

Z ||K1/2VS£L+1||3,E+ Z ( )||[Sz+1”|oe+CAt/ Sz—l—l SZ)SZ+1

Ee& e€l',Ul'p ‘ ‘

<o+ L) v it VPZ“H NELOEDS fjr"’H[P

f(rs) Eeé’ 0.5 f(rp) ethuF |

f(rs)

ol s L el w5 T st} s Claulie
p) ecTp o e€l'p ’

We now sum over ¢ and use the fact that ||S2]oo < ||s%]loo (obtained from

(17)).

m—1 m—1
||K1/2vsz;+1||%,E+ > v s o lys;
i=0 Ee&, 1=0 eEFhUFD ‘ |
A TS f( ) A 2
<Ol wref,rofn s 5 L,
=0 EEEh £ 1=0 e€l'pUI'p ’
f Ts = f T T
RS e oSy e ot
Tp) i=0 ecTp € i=0 eel'p € i=0
(42)
From (21) and (42), we have:
—1 —1
m z- m Frs) o .
S Y KPS S Y fﬂms A+ 0L sy
i=0 E€&, i=0 e€T,UTp
QS 0112 f(Tp) f( 2 ! 2
< 0= 1 w
<C At||sn||o,g+c( + f(rs)+ o) zo||qw+qn | +cg||q |
f(T) f( ) di di
+C(1+ ) w +C JN ST nzr
T+ § Z . Z% Z 2l

Theorem 6 There ezists a solution to (17), (18), (19).

PROOF. The existence of S? is trivial. Let P = (P*)1<j<ny and S, = (S)1<i<n
be the sequences of approximations satisfying (18) and (19). Let X = D, (€,)"
D,, (&)Y and let G : X — X such that G(P,S,) = (P, S,) where (P, S,) is

the solution of the following system of linear equations:

Yv € D,, /SOU—/SU (43)

16



Vz € D, (5h) \V/i>0

> / AN(STYEVPH . V2 4 0, / (P[]
Ecéy, GEFhUFD
_ Z/{)\ SH—I)KVPH—I ne} Z/)‘t dir KVPH—l )
eEI‘h CEFD
+e S / (MSHYEVz - n P 46 3 / UMYV 2 - ) PP
ecl'y CEFD
=¢ Z / )\t dzr sz ne)pdzr+o.p Z /pdzrz+/ Qw+QH
ecl'p ecl'p ‘ |

(44)

Vv € D, (&), Vi>0,

/Q © (5 _ G- / Ao(SFYKVEH . Ty + ¥ / (SHYKVSEH - v

Zk Ec&, Ecé&y,

+ 3 [PuSETP T n o]+ Y [Ou(sE KV n o

ecl'y, ecl'p

_ Z /{’Y SZ+1 KVSH-I ne}[v] Z / dzr KVSH—l )U

eel"h CEFD

‘EZ/ (SR P e 3 [Ou(o) KT PP

e€l’y, e€l'p

/{7 (SHNKVu - n S + ¢ > /7 4N KV - ne) Sttt

eth ecl'p

to, Y f(rs )/(J:SZ—FI][] 5 |(|)/Sdzrv

e€l,Ulp le| ecl'p

—¢ Z / dzr va ne pdzr+€ Z / dzr KVU ne dzr /qu

eeTp e€Tp
(45)
The operator G is well-defined only if there exists a unique solution to (43),
(44), (45). But this system of equations is linear and can be solved sequentially
at each time step. Indeed, (44) corresponds to a DG discretization of an elliptic
equation satisfied by P and (45) corresponds to a DG discretization of a
parabolic equation satisfied by S,. Furthermore, it is easy to see that the

operator GG is continuous as this follows from the continuity of the functions

17



Ats Aw, Ap and 7. Finally, the operator G is a compact operator. Indeed, one can
show that it transforms bounded sets into bounded sets (relatively compact

sets in finite-dimensional spaces) by deriving a priori estimates similar to (21),

(30) for (P, S,,).

Now by construction, for any « € [0, 1], the problem (P, S,) = aG(P, S,) has

exactly the same solution as the scheme (18)-(19) with ap®", as?™ as?, ag,

dir
st

dir

and ag,. Since we have Hozp

5l

dir dir 0
0,e < Hp 0’ 0,e < HS” 0’ ”aS””O’Q <

0,00 190wl < llgwllo e, and [[agallyo < llgnllg o, the a priori estimates
(21) and (30) are uniformly satisfied for any « € [0, 1] and any solution of
(P, S,) = aG(P, S,). Therefore, from Leray-Schauder’s theorem, there exists

a fixed point for G; so there exists at least one solution to (18)-(19).

5 Error Analysis

We now derive a priori error estimates for (18), (19). For 1 < i < N, let us

denote the numerical errors by
T )
where 5, € D, (&) and p € D, (£),) are approximations of the exact solutions

s, and p. Here, we use the notation s{, = s, (%), 5% = 3,(t') and similarly for

p' and p'. We assume that

vVt € [0,T], p(t) e W-°(Q), 3(t) € WHe(Q), (47)

18



and that the following optimal bounds hold for any E € &, and ¢t > 0 (see
[4]): there is a constant C independent of h,r,, 7, and At such that

. hmin(rs+1,ns)
V0 < g < ks |lsn(t) = 3n(t)llgr < CWH%U)IIKS,E, (48)

8

hmin(rp+1,np)
B < Cwnp(t)”nmlﬂ- (49)
p

VO < g < kp, |p(t) — B(2)]

We first prove two lemmas that contain bounds of the discrete errors 7¢ and
3

Lemma 7 If
2 (M)*RCPC
At ’
then, there is a constant M independent of h,rs,rp, and At such that:

o, > 8(1l—¢)

; Lo ia1l12 f(r ; 2
wzo 3 vl e s R je
Eeéy ’ e€T,UTp ;
720 kCAC? N\ () o
< (TR #8000 10 R
1 200 6N K C2C 12N RCAC2f(ry)
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A Upf(rp) A Bez, 0,E
+6(/\_t)2(E)QCfC h? 5 HV20'L'+1H2
M 0,E
Op f(rp) E€E ’

il (403 VA5 F | 3CRC2C IV, (E)zf(m) e
M X 40, f (rp)
+i<40§ IVF 2 & 3<?C§03E2||wi+1||§o>” 2
M A 40pf(rp) X o
N2 2T (1T FHL2 2
3%3350”75 ) D S
p p Ee&y,

An expression for M is

» (\)2kCEC )

(A Tp
M—m1n<5,5—4(1—5) %

PROOF. Using the consistency of the scheme and choosing the test function
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z = 71 we obtain one error equation for the global pressure:

> [ AMSIHHER vt o, / [P =

Ecgy, EEFhUPD

(19 X [SIHET n 4+ (1-0) ¥ [0 K V7L, )ri*!

ecly, 7€ e€l'p "€

_ Z / )\ Z-1-1 KV0Z+1 VTH—I

Ecé&,

+ 3[R n 4 S [ K8

ecl'y, € eclp ”¢
—c Z /{/\ 1) (Vi Y] — Z / Sdir) Vit
eEFh ecl'p

. (p) i1 i+
3T [l

ecl',Ul'p

X [ A e e

Ecé&,

i Z /{ A(SEY) = M\ (s KV - n Y [riH]

eel"h

e Z /{ A(SEY = A (55 ) KV - M

eth

=T+ +Tu.

e)TH—l

e)gi-}—l

Next, we bound each term in the right-hand side of (50) using techniques

standard to DG methods. In what follows, the quantities ¢; are positive real

numbers to be defined later. Using Assumption H3, H4 and Cauchy-Schwarz

inequality, we have

Ty < (1—e)h(k)? Z |[{x=vr

We now fix an interior edge e and denote by E! and E? the two elements
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sharing the edge e. Using the trace inequality (16) and (11), we have:

N llo,e

> Jerrvre i)
ecly,

1 ) ,
0o < 2 UK YT pyloe + | K2V
’ eel’

eln

o)

G @ Y (IKV2vr

B 2 ecl’y,
2
S (Z C f( )”[ 1/2( Z ||K1/2V z+1||0E 1/2 Z ||K1/2V z+1||2 )1/2)
ecl’y, 4h ecly, ecly,
CN'C'Zf(r ) i i
<(X 7t4h PN )X KPS )
e€l’y Ecé&y,

Therefore, we have the following bound for 77:

ITy| < —Eéh HKzVTZHHO,E 4 (1—e)? 2 (M) kCc Z rp H
E;,, HKNHHHOE +(1—¢) (At k002 Z H (51)
Similarly, we have for T5:
€ 1 ir1l2 5 (At) 2k002 i 2
723 T Jiv 0 EOE 5 S

The term T3 is bounded using Assumption H3, H4, Cauchy-Schwarz and

Young’s inequality.

T < X (R)? S HK2VTZ+1H E|\vei+1|
Ec&;,

0,E

<e Y |KEvAH

Ecé&y,

Z |vo Z“H : (53)

o, BT 453 Ecé&,

The terms 7T, and 75 are bounded in a similar way as the terms 7 and 75,
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except that the trace inequality (15) is used instead of (16).

i < NF .
20Nk
< (X 20 IR 1/2( > IV ) + (5 WV ) )
ecl'y, 4h Eeé&, Ee&y,
C2ONE

< £4 [ z+1 7( (”VHH—IHZ +h2||v29i+1||2 ))
eezrh H Oe  8euf(rp) E;h 0.8 0.5

(54)

Similarly, we have for T5:

a2 | CONE ,. Z.
T5| < &4 Z +1| 0,e thT(tr)( > (IVOTH G 5 + RPIVZOHIE )
e€l'p ’ p Ecéy,

(55)
The terms Ty and 77 are handled in the same way as the terms 7} and 75,
with the exception that the trace inequality (14) is used to handle the approx-

imation error term.

Tsl < Xu(R)? Y |[{K2 V7

BEFh

A kC402fr o ni i
y ARG (p)<z(h 210741 s+ V0 3.))

Gs

0,e

<es y KAV

E€&), 6 Ec&y,
(56)
Similarly, for T, we have:
_2_ ~
, M KCHC%f(r , ,
Tl <o X K273t 2T (5 g ooz ).
E€&, 7 deg E€&, ’ ’
(57)
Using the trace inequality (15), we have for the term Tg:
S0 s PCRCH() z.
T<es 3 5% [7+] |\Oe+%€5*’( > (W16 s+ IV 5 0))-
ecl',Ul'p ’ EeE&,
(58)
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Using Assumption H2, H4, Cauchy-Schwarz inequality and (47), we have:

Tl < G vrt | @ X I8y - v
E€gy, ’
<G VE | B X (e o [ 3V 4 I s [ 297 )
Ee&, ’
< %, Z HK%VTi—i—lHE,E i C,\ ||V4€:1” ||§i-|-1||g’Q 02 ||V46:1|| I z‘+1||g’Q_

Ecé&y,
(59)
The term T}y is a summation term over interior edges. We assume that the
edge e is shared by the elements E! and E?. Thus, we have using Assumption

H2, H4, Cauchy-Schwarz inequality and (47).

Tl < |97 BS X e
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§i+1|Eg

oe T I

H_I‘Eel

oe T I

z'—|—1|Eg

Using the trace inequalities (14), (16), we have:

1) 5 (e )l

h eel"h

O gz
ool < SFIVF |

(jA ~1 2
k||Vp ooCeh 237 (I o2 + [1X

ecl’y,

o)l
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<€ Y, 015, + —2 Se1o

eEFh “

CC)\CZk ||V~Z+1||oo Z ”X

PREGNS G 60
Sl ) I3+ 6e)- (60)

The term 77 vanishes if the approximation p is continuous. Otherwise, we can

bound it exactly like the term 7.

A (SEDY — N (8PP KVt - n YO

T11<Z/

ecl'y,

<es y KAV

EEE),

. 2N, kCIC2f(r,)
€6

(> (W20 15,5 + IVOHIG 5))-
Ecéy,

(61)

Combining all the bounds (51)-(61) obtained above we have the following
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estimate for the pressure equation :

(At — &1 — €3 — 3e6 — 2¢9) Z HKQVTZ—HHOE

Ec&y
(M)*kCEC f(r)\ = f()
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)\_ 2 E 272 A h2
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(62)

Thus, choosing

A
61—63—366:269—_§t,
and
o f(rs) _Op
€4 = €5 _Glof(rp) ~ 6
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we obtain:
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Lemma 8 Let €}, €}, €15, €15, €55 be positive real numbers. For i > 0, define
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= A ot

Then, the following bound holds:
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+(0§C’fé’f(rs)+19272ECfé2 f(rs) 16k CCE’

ENE: h? T Bekyf(ry)
. 1607 ECAC2 £ (r,) 162
th 0,02
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PROOF. Using the consistency of the scheme, choosing the test function

v =&, and defining p'*! = (2 S

_5i, _ osit
At ot

) we obtain one error equation

for the non-wetting phase saturation:
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EcE
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26

NCEIVH E+ CEIVE ) ) I



+ Z /{’Y i+1 KVXH—I ne} £z+1 + Z / dzr Kvxz—l—l e)gz’—kl
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e 3 [PulEEVE n 0+ 3 [ (st KVE -0 )6
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4o 2 1S )Ml DEVE n 5 e X [10(SE) = (55 ) KVE 53]
e€ly, e€ly
=A; + -+ Ags.

We now bound each term in the right-hand side of the equation above. The
term A; is simply bounded using Assumption H3 and Cauchy-Schwarz in-

equality

A <ef Y ||KC 5”1H 4 D)’ 3 HK2V¢Z+1H . (63)

S
EEE, 0.5 4ef E€Ey

The term A, is bounded in a similar way as for the term 77:
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The term Az is bounded in a similar way as for the term T5:
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The term A, is bounded in a similar way as for the term 77:
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The term Ajs is bounded in a similar way as for the term T5:
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The term Ag is bounded in a similar way as for the term 77:
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‘56 i+1 kCCt f(r i+1)
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Eesh 6 e€ly,
The term A7 is bounded in a similar way as for the term T5:
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The terms Ag and Ay are simply bounded using Cauchy-Schwarz’s inequality.
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The term A;q is bounded exactly like Tg.
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The term A;; is bounded exactly like T5.
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The term A;, is bounded exactly like T5.
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The term A;3 is bounded exactly like T}.
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The term Ay4 is bounded exactly like T5.
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The term A5 is bounded exactly like T7.
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The term A;g is bounded exactly like 7.
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The term A;7 is bounded exactly like 7.
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The term A;g is bounded exactly like T7.
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The term A;g is bounded exactly like T.
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The term Ay is bounded exactly like 77.
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The term A, is bounded exactly like Tg.
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The term A, is bounded exactly like Tg.
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The term Ay is bounded exactly like 77;.
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The term Asg is bounded exactly like T7;.
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Combining the bounds (63)-(88), we obtain:
¢ i i
E(Ilf 6.a = 11€°16,0)
1 . 2
Hy— € — € — € — ey — €]y — 265 —delg —4e3) Y |[K2VET|
Ecgy, ’
_2_~ —_~
/\wk‘CCg f(rp) 2 721{“00152 S S S s f(T's) 1+1 2
-{—(05— 865 f(Ts)_(l_e ) 862 —610—613—615—2623) e;:h \e\ “5 ] 0,e
_2_~ —_ ~
Ak CC} f(rp) 207 kCCY S(rs) || i 2
s_w —(1— vt s 8 8 JNTS) || i1
+(U 23 f(Ts) ( € ) 25 €10 — €13 615) eeZF:D \e| 3 0,

30



(Aw)?

2

< (g te) 2 |xivr|
1 Ec&y,
(E)2ECCE f('rs) Z f(rp) H[TH—I]
2¢¢ () eetr, el
ok Z.
ei 1o NNV HE, + CHIVE ) 1€
23 21
—2 —2
o At? I i1 |2 + ¢_
18 P o T g
. (agcféf(rs)+372Ec§é2 [, ko CCE’
2¢§yh? €foh? de3y  8essf(rs)
_2_ ~
/\w/foCQf(Ts) 1 2 i+11(2
+ 3 (E + %)Hﬁ 0.0
. (agogé flry) 7k CCFE N 3V2KCLC2 f (ry)

2¢d defy €f5f(7“s) €19

0,E

2

0,e

+(eg + €+ (

6.0

I 116,0

NIV I+ CEITE ) ) I

6.0

COE h? i
o L (CHIVETE, + C2IVESIL)) X IV R
8e33.f(rs) E€Ey
2

YECONR o n ] |
X 2L RRCIC ) (o + =) 3 IVEH
(4€§1 6{3f(7"s) g f( )(€§7 6{9) Eéh ” HO’E

C2C7%k h? ) C2CN K h? .
V X'L—I—l 2 + t w V201—|—1 2 ]
et VX SR X IV

Thus, choosing

S S S S S S S S 1
€] = €, = €5 = €11 = €19 = 2€1; = dejg = dey; = 16
we have
¢ 1112 2 9 L pitl]?
S (EH G0 = IIEG0) +5 > ||K2VET
2At 0,2 0,0/ 9 s H HO,E
_2_~ —_—~
AkCCY f(ry) 227 kCCE F(rs) yip i)
+(0s——""—; —(1—€) ————€},—€},—€5—2¢5 &t
=5 o I 240 B T [l
_2_~ —_—~
NFCC? f(r,) 87 RCC? F(r) oo
+(og — 2 —(1—€)f)————¢€,— €, — € e F3as
( 25 f(rs) ( ) v 1o — €13 — €15) eeZFD €] 0.
4 E 2 s 1 i 2
< (S L ) 5 |KEven
1 Eegh ’
8(M\)2kCC2 f(r, f(r i1ql12
+( ) t () Z (p)H[ +1]0
Y f(rp) ecT',UT'p |e‘ o




C’CQk 4k

+(eg + e+ ( o ,Y)(CAHVﬁ’“IIQ +CHIIVE IRIE
¢ At2 52
—— I o
U?Cfé'f(rs) 19272]“0;102“7'5) 16% chk 2117 4i+1][2 2(|\7 5i+1)2 i+1))2
e (5 8, fr) CIVE™ IOV 1) Il
160X KCAC2F (1) | vivt o
e 7
o2C2Cf(r,) 472k C:C*k  19292kCAC2f(ry)
+( ; L +
2¢d 0 €15.f (1) 0

CO?E h? ,-
8%(0§||Vp iz + C?IIVSn“IIio)) > IVXIG
623f(7"s) EcE),

~2 5 ~~2 52 27 4 A
ANk C2ONk 160\, KCrC?f(r, .
( w 4 i w 4 t f(’f' )) Z ”vgz—H“gE
o €isf(rs) o E€E, ’
C207°K h? ) s C2ON T h? .
V X'L—I—l 2 + 4 w V20’L—|—1 2 ]
G{Sf(rs) E;h || ”07E eif&f(rs) Eze;h ” ||0’E

The final result is obtained by taking ¢ = €2 = 0.5.

Theorem 9 Assume that s8 € H™(Q2), and for 1 <i < N, s,(t") € H=T(Q), p(t*) €
H™ Q) (s,)¢(t") € H™(Q) and (s,)x € L*([0,T]; HY(Q)). In addition, as-
sume that
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Then, under the assumptions of Lemma 7 and Lemma 8, and if At is small
enough, there is a constant C independent of h,rp,rs and At, but dependent
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PROOF. We give a detailed proof in the case of the NIPG method, namely
with the choice e = 1. The cases corresponding to SIPG and IIPG are handled
in the same way; there are additional terms in the derivation and the penalty
parameter o, must be bounded below:
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The final error estimates are the same with a different constant C. We define
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6{5}0(7,8) Egh ” ||0,E‘
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with the constant M = 0.5min(),, 0,). Next, we choose

X kCC2f(ry) _ 0,

e =€, =¢5. =28, = — vV 72
10 13 15 23 26§f(rs) 107

In that case, the constant L becomes

I~ s (4/\w . 5AkCC: f(rp), Sk
Y f(rs)os ¥

and we obtain:
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Therefore, there is a constant C' independent of h,7,,7s and At such that

[

a6 =€) + 3 32 [xEve],, g X 4 fe‘) &
sc(1+<1+§§:;§>max(ﬁ:;§,1+§§Qj))||»:i+1||§,Q+0At2||pi+l||§,Q+0||x;'+1||3,9
w0t gy T 0 gm0+ 2 )
o (5 T w1+ )19
+C(f(rs) +1+ 1;&32 + f?:,,) max(ﬁ:;;,l + ;gf’;)) E;h VXS 2
o+ 1)+ ﬁ) max(;g;; 1+ ”3 ) V6
#0703 T IV e+ O (s 7s) 3 IV

Multiplying by 2At, summing over ¢ = 0 to ¢ = m — 1, using the fact that for
any 7 > 1,1 < r? < f(r) < 6r?, and using Gronwall’s inequality, we obtain

that there exists a constant C' that is independent of h and At but depends
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on the ratios (rs/rp)? and (r,/rs)? such that for At small enough:

e, [iwe |0 +osAtZ >
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2 4
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8 S

2 2 .
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p

s Ecé&y

h? Z. 11 .
+O% S IV s+ O (5 + ) T IV

s E€&, s p’/ E€&,

We next bound the error [[p"™!|loo using a Taylor expansion with integral

remainder:
) aSH—l 1 tit+1 825
§ =5t — At - t— ) —2dt
*n = 5n o "ol TG
which easily yields:
23
I 152 1B . (59)

Using the approximation properties (48), (49), and the bound (89), we obtain:

€2+ A0S 3 i f’“I\OE+NZ 2 f|(£f)
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To obtain the pressure error estimate, we combine Lemma, 7 with the equation

above. Hence, we obtain:

Atmz_ Z |‘K%V7i+l|‘z,E+Atmz_ Z %H[ z‘+1]H2

1=0 E€&, 1=0 e€',UI'p

7.2 T h2rs 7.2 h27"s ,,,2 N—-1 8Sz—|—1
< CAP(1+ —Z)/ I(sn)etll6.0 + C—QT (1+ —Z)II nll7, 0 +0 T+ 5)A Y I lre
Ty Jo s rp =0 ¢
2rs 7.1% 7.2 1 h2re r2 7.2 2 1
3 3
+C——(1+ 5) (1 + 5)At Z Isn  Is10 + Cag T 1+ 21+ +-3 At Z (22|
T's Ts F i=0 p 5

A straightforward consequence is the following result.

Corollary 10 Assume that the ratio :—: 1s bounded below and above:

r
0<a< ?<a.
Ts

Then, there is a constant C' independent of h,rp, 75 and At such that

flrs)

o [ i+1_8i+1]|2
e

n 0,e

||S,T—s§||§7Q+Atmil > |KEv(sit st HOE+At z 3
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N0 SRl LS NS SR fg‘p) lir

1=0 Eegh 1=0 eGF UFD
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< CAP + C(rm_2 + —5m3)-
s Tp
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6 Numerical Results

We consider the simulation of two-phase flow in Q = (0, 1)? with the following

data.

r

K(z,y) = 0.5, Y(z,y) € (0,0.5) x (0,1),
K(z,y)=1, ¥Y(x,y)€ (0.5,1)x (0,1),
¢(z,y) =1, V(z,y) € (0,1)%

Au(sn) = (1= 50) 7,

An(8n) = 3%(1 —(1- Sn)g)a

1
\pc(sn) =(1—s,)7 5.
The right-hand sides for pressure and saturation equations are taken such that

the exact solution is, for ¢ > 0:

4

p(z,y,t) = 100(2z — 1)%e>>*+=*, V(z,y) € (0,0.5) x (0, 1),
p(x,y,t) = 100(z — 0.5)%2e%5* =t VY(z,y) € (0.5,1) x (0, 1),

sp(z,y,t) = 0.3(2z — 1)2e~ 152yt V(x,y) € (0,0.5) x (0,1),

sp(z,y,t) = 0.3(x — 0.5)2e~152+v=t - V(x,y) € (0.5,1) x (0,1).

We first present the convergence with respect to a uniform mesh refinement.
The initial mesh contains four elements and it is successively refined. The
parameters in (18), (19) are chosen as € = 1 and 0, = 0, = 10. Table 6 gives
the numerical errors in the H; norm for the non-wetting phase saturation and
the global pressure at a given time for polynomial approximations of degree
rs = rp = 1. Table 6 gives the numerical errors for polynomial approximations

of degree r; = r, = 2. We note that optimal convergence rates are obtained.

Second, we investigate the hp convergence of the scheme for all choices of € €
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Table 1

Numerical errors in the H} norm for (p, s,) using piecewise linear approximations.

h H} error for s, saturation rate H} error for p pressure rate
0.5 | 1.374814648 x 10~ 1.266150758 x 10702
0.25 | 7.025355749 x 107%2 0.968 1.266150758 x 10102 0.910
0.125 | 3.532346005 x 10792 0.992 3.415982958 x 10101 0.980
0.0625 | 1.768656302 x 1022 0.998 1.707837409 x 10701 1.000
0.0312 | 8.846393467 x 10~ 0.999 8.528880124 1.002
Table 2

Numerical errors in the H} norm for (p, s,,) using piecewise quadratic approxima-

tions.
h H& error for s, saturation rate H& error for p pressure rate
0.5 | 2.069429403 x 1092 2.741576805 x 10101
0.25 | 5.332099909 x 1093 1.956 7.253306154 1.918
0.125 | 1.343341569 x 10793 1.989 1.829505401 1.987
0.0625 | 3.364868585 x 1094 1.997 4.536003736 x 10701 2.012
0.0312 | 8.416253683 x 1079 1.999 1.125823947 x 10791 2.010

{-1,0,+1} and for the choice o, = 0, = 10. In Fig. 1, we plot the number of

degrees of freedom versus the logarithm of the numerical error in the Hj norm

for both p (left figure) and s,, (right figure). We consider four different meshes

that are obtained by uniformly refining a coarse mesh: they correspond to the

curves with diamonds (h = 0.5), triangles (h = 0.25), squares (h = 0.125) and
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Fig. 1. hp convergence rates for the global pressure (left) and non-wetting phase
saturation (right). Each curve corresponds to a fixed mesh and variable polynomial

degree from 1 to 6.

circles (h = 0.0625). For a fixed mesh, we vary the polynomial degrees from
1 to 6 for both global pressure and non-wetting phase saturation. We observe
exponential convergence. There is no noticeable difference between the cases
e € {—1,0,+1} as the resulting plots coincide. However, our numerical tests
show that the SIPG method (¢ = —1) is very sensitive to the choice of the
penalty parameter, which is not the case for the NIPG and IIPG methods. For
instance, convergence is obtained for o, = o, = 0.5 for NIPG and IIPG, but
not for SIPG. This can be explained by our theoretical error estimates which
give a larger lower bound for the penalty parameters in the case of SIPG. As
in [15], one can derive an exact computable lower bound that would yield a

stable SIPG method.

7 Conclusions

We have proved convergence of a fully coupled discontinuous Galerkin method

for two-phase flow using the global pressure variable. Our estimates are explicit
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in the mesh size and the polynomial degree. We show that the non-symmetric
version of the scheme converges for any positive penalty parameter whereas the
symmetric and incomplete versions require the penalty parameter to be suffi-
ciently large. Numerical computations confirm the convergence of the scheme.
In a future work, we plan to compare this scheme for benchmark problems to
existing discontinuous finite element methods for two-phase flow and to other

schemes, such as finite volume methods.
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