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Abstract

This report considers the question of computing accurate approximations to the
motion of large structures in turbulent flows. We consider a fundamental closure model
used in Large Eddy Simulation, given by tu —uu ~ uu — uu. We study convergence
of approximations to the model that results from this closure and give a bound on the
numerical error. Stability and accuracy of the discretization depend on how filtering is
performed.

1 Introduction

Large Eddy Simulation (LES) has emerged as one of the most promising approaches in
simulation of turbulent flows. Its goal is to compute the large structures of a flow by
modeling the effects of small scale structures on the large structures. It uses a space filter-
ing/averaging operation applied to the Navier-Stokes equations, which sifts out the small
scales, i.e. those which are of size smaller than the filter width, denoted by § > 0.

One of the most basic models in turbulence is the Zeroth Order Model. It has been
studied analytically and has good properties, such as uniqueness of strong solutions [17, 18].
Our motivation was to use the finite element method to derive a good discretization for this
model.

Interestingly, this seemingly straightforward idea is far more intricate than it appears.
It demands the study of a correct interpretation of averaging on bounded domains. This
is the first step in devising stable discretizations for the model, and has proven to be
specially influenced by how filtering is ultimately defined in the computational framework.
We find that solving the filter equation in a mesh finer than the one used to solve the model
itself does not offer any clear advantages, may even be unstable and of course, increases
the computational effort. We also present convergence studies for the discretizations we
suggest.

Filtering on bounded domains has long been a matter of discussion in LES. On one
hand is the question of commutativity of averaging and differentiation. In general, they
only commute in special situations, such as infinite or periodic domains. Therefore, in the
presence of boundaries, an extra term is introduced in the equations. On the other hand,
when appropriate boundary conditions must be specified, it is not entirely clear how to do
that. Put simply, the problem is that the unknowns in the model are all averaged quantities;
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so the averaged velocity, for instance, must be specified at the boundary. However, most of
the time, only the velocity itself is known, not its average. See [5] and [8] for a thorough
discussion on boundary conditions and LES models.

In our derivation of the model, with the filter chosen, the commutation error is within
the modeling error of O(42), so it can be safely ignored. The imposition of correct boundary
conditions also has a lot to do with the filter selection. We have chosen to use a differential
filter, because that seems to provide a reasonable extension of filtering by convolution to
bounded domains. It also gives us somewhat more freedom: loosely speaking, since in the
finite element method all equations are treated weakly, we can impose boundary conditions
only on the component of the averaged value that lies in the space we are working with.

We investigate stability and convergence of a semidiscretization of the Zeroth Order
Model. In order to assess its accuracy, the numerical error, w — w”, is considered, where w"
is an approximation to w. We analyze two types of schemes, depending on the discretization
of the differential filter equation (which can be done in the same mesh as the solution of the
problem or in a finer one). When the filtering operation is performed on the same mesh, wh
is stable and we can prove that an optimal error estimate holds, whereas if it is performed
in a finer mesh, we can show only that w” is stable for a small finite interval of time. In
addition, the convergence results assume strong regularity properties on the true solution w
and require strong conditions on the body forces and the mesh size h. Computationally, this
means that solving the filtering equation in the same mesh used to compute the solution is
the best approach, since it is both more economical and stable.

The Zeroth Order Model is the lowest order model in a family of Approximate Decon-
volution Models pioneered by Stolz and Adams [1]. The strategies adopted in [17, 18] were
successfully extended to analyze the whole family of models [6]. Therefore, despite being
the simplest example of the family, it is the key to understanding the higher order members.
This supports our belief that understanding how the finite element method must be applied
to the Zeroth Order Model is the key in determining the right discretization for the entire
class of models and possibly many other LES models as well.

This paper is organized as follows. Section 2 introduces notations and mathematical
preliminaries. In Section 3, we give a brief derivation of the model. Properties of the
differential filter are presented in Section 4. The stability and error analysis of the model
with respect to both discretizations of the filtering equations are studied in Section 5. We
also include some numerical experiments regarding the kinetic energy computed with each
scheme in Section 6. Section 7 presents some conclusion remarks.

2 Notation and Mathematical Preliminaries

Throughout this paper, we use standard notation for Lebesgue and Sobolev spaces (Adams [2]).
The L?(f2) norm and inner product are denoted by || - || and (-,-), respectively. For the
Hilbert space H*(Q), the norm is denoted by || - |[x. For Y a function space and time-
dependent functions v : [0,00) — Y we use the notation

T
LP(0,T,Y) = {V :v(t) : (0,T) — Y, measurable and / || v(t) |} dt < oo} ,
0



with 1 < p < 0o, and the usual modification if p = co. It is natural to define the following
velocity and pressure spaces (for d = 2, 3), respectively:

X: = HQ={vel)()?:Vv e L2 and v=0 on 90},
Q: = L%(Q):{q: q ELQ(Q),/qu:O}.
Q
For any ¢ in the dual space of X, its norm is defined by

l6l_1 = sup &Vl
veX ||V||1

and the space of divergence free functions is defined as follows:
V={veX:(V-v,q) =0forall ¢gcQ}.

We often use the following inequalities:
Young’s Inequality:

€ e~a/p 1 1
ab < —a? + b1, 1<qgp<oo, —+-=1, a,beR
p q q P

Poincaré-Friedrichs’ Inequality:
vl < CprlIVv]| VveX,

where Cpp is a constant depending on (2.
We consider the following trilinear form on X x X x X for the convective term, defined
by

1 1
b(u,v,w)zz/u-Vv‘wdx—2/u-Vw-vdx.
Q Q

Note that the skew symmetrized trilinear form b(-, -, -) has the following properties:
b(u,v,w) = —b(u,w, v) and b(u,v,v) =0, VYuv,we X.

Lemma 2.0.1. Let Q C R% d = 2 or 3. Then there exists a constant M = M(Q) < oo
such that
b(u,v,w) < M||Vul||| Vv ||| VW], Vuv,weX. (2.0.1)

When d = 3, this can be improved to

b(u,v,w) < M+/||ul|||Vul||| Vv ||| VW], Vuv,weX. (2.0.2)

or, equivalently, to

b(u,v,w) < M||Vul||| Vv || V]|w]l|| VW], Vu,v,weX. (2.0.3)



Proof. We refer to [11] for the proof of inequality (2.0.1). To prove (2.0.2), we first use
Lemma 2.1 p.12 of Temam [20]:

b(u,v, w) < C(Q)[ully 2 viliwl
Then, using Poincaré-Friedrichs and Korn’s inequality,

vl < CrelIVvll, Wl < Cl[Vwl|.
Lastly, an interpolation inequality between L?(Q) and H'(Q) (see [2]) gives

1/2
12 < CE)[a]Y2[ufy* < C©)[uf/2] V2.

Similarly, (2.0.3) follows from

b(u, v, w) < C(Q)[ull1[[viifwll 2.

O

We construct conforming finite element approximations of velocity-pressure spaces X",
Q" with X" ¢ X and Q" c Q. We assume that these spaces satisfy the discrete inf-sup
condition, i.e. there exists a constant 5" > 0, bounded away from zero, uniformly in h such
that

hoo . oh
inf  sup (¢, V- V")

— /> ph s, 2.0.4
At S T (204)

Examples of such spaces are given in Gunzburger [13], Brezzi and Fortin [4] and Girault
and Raviart [11]. The space of discretely divergence free functions can be defined as

Vi={vteX": (", V-v)=0,V¢" € Q")

We assume that the following approximation assumptions, typical of piecewise polynomial
velocity-pressure finite element spaces of degree (k,k — 1), hold: there is £ > 1 such that
for any u € (H*1(Q))?NX and p € (H*(Q) N Q) :
inf L= v b =) < Rl (2.0.5)
vheXh
inf |lp—q"| < Ch*|p];. (2.0.6)
q EQh

We also introduce the discrete Laplace operator. For ¢" e X" Al . XM — XI s
typically defined as

(A" v) = —(V¢h V), wweX,
and assume that X" and Q" are such that an inverse inequality holds:
IV¢H T <onti¢hll,  v¢heXn

Throughout this paper, C' is a generic constant that does not depend on the mesh size
h or the filter width J.

We next prove a Continuation Lemma, useful in the proof of Theorem 5.2.1. It allows us
to conclude that the solution to a certain nonlinear ordinary differential equation is bounded
for a finite interval of time in terms of the problem data. We will elaborate on this later,
but this type of argument, somewhat foreign to this kind of analysis, will be valuable when
the usual Gronwall’s lemma cannot be used.



Lemma 2.0.2 (Continuation Lemma). Let y(t) € C1[0,1] be a non negative function
satisfying
Yy +ay < By’ +v

0 < y(0) < 7, (2.0.7)

where a € LY(0,1), B> 0 and v > 0 are constants.
Then, there exists 79 > 0 and a constant M > 1 such that for v < 79, y satisfies
y < M~, for0<t <1

Proof. Let I = {t € [0,1] : y < M~}. We show that I = [0,1] by showing that I is both
closed and open in [0, 1] for some 7y small enough and M large enough.

First, observe that I is nonempty, since M > 1 implies that 0 € I. Also, I is closed
because it is the pre-image of a closed set under a continuous mapping. Next, we still need
to show that I is open.

Let [0,t*] C I. We show that for e small enough, t* +¢€ € I, i.e. y(t*) < M.

Using an integrating factor and integrating (2.0.7) from 0 to t* gives

t*
y(t*) < / e tt* a(t') dt’ (ﬂy3 + ’y)dt.
0

Let K = ell®lleion | Since [0,t] C I and t* < 1,
y(t*) < K (v + BM35?).

Let M > 2K so that Ky < M3 and let KpBM?*y? < % Under these conditions, y(t*) < M~y
and, by continuity, y(t) < M~ for t* <t < t* + ¢, showing that I is open. O

Remark 2.0.1. Lemma 2.0.2 can be extended for the interval 0 < t < T, for fized T and
the result is valid for exponents other than 3 on the right-hand side of (2.0.7).

3 Derivation of the model

The Zeroth Order Model is potentially the simplest LES model for the incompressible
Navier-Stokes equations, presented below:

u+V-(uu) —vAu+Vp = f in (0,7] x Q,
Viu = 0 in [0,7] x Q,
u =0 in [0,7] x 09, (3.0.8)
u(0,x) = up(x) inQ
Jopdx = 0,

where Q C R?, d = 2,3 is a bounded, regular domain, u is the fluid velocity, p is the fluid
pressure, f is the body force driving the flow and v is the kinematic viscosity. The Reynolds
number, Re, is inversely proportional to v. For the finite element error analysis, we need
some assumptions on the regularity of the data. We assume that £ € L%(0,T; L?(f2)) and
ug € X.

Spacial filtering (usually denoted by overbar) is achieved by an averaging process (here,
the solution of a Poisson problem) that requires that u be defined in terms of T (closure
problem), i.e. the action of the small scales on the large scales must be modeled. We shall
work with a filter that (minimally) satisfies

u =1+ 0(%),



for smooth u. There are various models of u which are used in the literature; see e.g.
Aldama [3], Sagaut [19], John [15] for an overview. This is the first, simplest member of
a family models introduced by Stolz and Adams [1], called Approximate Deconvolution
Models (ADM). Other examples are u &~ 2u — u (first order extrapolation) and u ~ 3u —
3u + U (second order extrapolation).

Applying this spacial averaging operator to (3.0.8) gives the space filtered Navier-Stokes
equations (imposition of zero boundary condition is explained in Section 4)

w+V-(uu+0(82) —vAu+Vp = f in (0,7] x Q,
V-a+0(?%) = 0 in [0, 7] x Q,
u =20 on [0,7] x 09, (3.09)

u(0,x) = up(x) in Q.

Letting w denote the approximation to u induced by this closure model, and dropping
the O(6?%) terms, system (3.0.9) gives that (w, p) satisfies

wi+ V- (ww)—vAw+Vp = f in (0,7] x Q,
Vw = 0 in [0,7] x Q,
w = 0 on [0,T] x 99, (3.0.10)
w(0,x) = up(x) in Q.

Once again, we remark that, for this model, all operators we consider commute up to the
modeling error of O(52). We commute operators or not, according to which yields a stable
model. For example, we can impose V-w = 0 as in (3.0.10) (to preserve incompressibility),
or Vp instead of Vp, (see Section 5 for details).

4 Properties of Differential Filters

The selection of an appropriate filter is fundamental. A good survey of the spatial filters
commonly used in LES is given in [3, 19], but perhaps the most unanimous choice is the
Gaussian filter. Its application to the Stokes and the steady state Navier-Stokes equations
has been reviewed in [9, 16]. Another example, which is precisely the one we adopted in
this manuscript, is Germano’s idea [10] of a differential filter. This seems to be a natural
extension of filtering on the whole space to a bounded domain, since the differential equation
can be supplemented with appropriate boundary conditions.

We work with the following Poisson problem: given ¢, its differential filter ¢ is the
solution of

~*Ap+d=0
subject to zero boundary condition.

Remark 4.0.1. From here on, as an alternative to the usual notation of overbar to indicate
averaging, we introduce a new variable. For clarity, instead of denoting the differential filter

of ¢ by @, we will denote it by 1.
Given ¢ € L*(Q)%, ¢ € X satisfies

S2(Vap,Vv) + (¢, v) = (¢,v) VveX, (4.0.11)



with solution operator T : L?(2)? — X such that T'¢ = 4. It is well known that given ¢ €
L?(Q)?, (4.0.11) has a unique solution and that if Q is a convex polygon, then ¥ € H?(Q).
In general, if ¢ € H*(Q)?, then ¥ € H*2(Q)? [12].
Similarly, the discrete filter ¥" € X" is given by
(VY V) + (" v) = (¢, v) VveX", (4.0.12)

with solution operator T" : L2(Q) — X" satisfying T"¢ = .

Next we describe some of the properties of differential filters to be used in the error
estimation in Section 5.1. Similar properties are given in [7] and are included here for
completeness.

Lemma 4.0.3. If ¢ € L*(Q)?, the following stability estimate for problem (4.0.11) holds:

1 1
PNV + 5l < sl g2

Proof. In (4.0.11), choose v = ), then apply the Cauchy-Schwarz and Young’s inequality
on the right-hand side. O

Lemma 4.0.4. The operator T : L?>(Q)% — X is self-adjoint.

Proof. Let v € X. Then T'v € X and from (4.0.11) and symmetry of inner products, we
have

(¢,Tv) = *(V(T'), V(TV)) + (T$,Tv) = (Th,v).

0
Lemma 4.0.5. If V¢ € L2(Q)? and v satisfies (4.0.11), then
62 2 2 0 2
SV =) IF+llo -9 < IVl (4.0.13)
If, additionally, A¢ € L*(Q)?, then
2 o 1 2 0! 2
NV —) I+ Slle—v[" = FlAe] (4.0.14)

Proof. Add and subtract §%(Ve¢, Vv) to (4.0.11), then choose v = 1 — ¢. Applying the
Cauchy-Schwarz and Young’s inequalities proves the first assertion.
Note that for A¢ € L?(02)?, integration by parts implies that

2(Vep, V) + (¢, v) = (—0°A¢ + ¢,v) Vv eX. (4.0.15)

Subtracting (4.0.11) for v € X from (4.0.15),

P (V(p— 1), Vv) + (¢ — 9, v) = —0°(Ad, V). (4.0.16)
Letting v = ¢ — ¢ and using Cauchy Schwarz, followed by Young’s inequality, gives the
second claim. ]

Lemma 4.0.6. The operator T" : L*(Q) — X" is self-adjoint and positive semi-definite on
L?(Q) and positive definite on X".



Proof. Symmetry follows as in the continuous case. T" is positive semi-definite on L?(£2),
since

(¢, T"¢) = 8| V(T") [P + (| T"¢|I* = 0.
Now, for ¢" € X" with T"¢" = 0, we have
(6", ¢") = 3*(V(T"¢"), V") + (T"9", ¢") =0,
which proves the last claim. O

This guarantees that 7" : L2(2) — X" is invertible on X". Let A" : X* — X" be the
inverse of 7" on X". Then, it is easy to show that A" := —62AP + 1.
Next, we prove an error estimate for problems (4.0.11) and (4.0.12).

Theorem 4.0.1. Let ¢ and " be solutions of problems (4.0.11) and (4.0.12), respectively
and assume that approximation property (2.0.5) holds. Then,

SV — ") ||+ 1| — " || < ChH(S +h)[| ¢ ||k (4.0.17)

Proof. From the usual finite element techniques, we get
511 b — ") |+ [l — " | < int (5| V(b —b) || + |~ )
PpeXh

where {b is an approximation to ¢ € X". ]

Examining the right hand side, the optimal parameter selection is 6 = O(h). In this
case, we have the following.

Corollary 4.0.1. If, in addition to the assumptions of Theorem 4.0.1, we choose 6 = O(h),
the following is true:

S|V (p — ™) ||+ || — " || < CHFH| 4 [|pps. (4.0.18)

Before going on to the numerical analysis, let us first say a few words on how we define
averaging.

Remark 4.0.2. Recall formulations (4.0.11) and (4.0.12). These may seem like odd choices
for many terms in the filtered equations of Section 5. For example, even if ¢ # 0 on 082, we
would still have T"¢ = 0 and Tep = 0 on OQ. The reasons are that in a weak formulation,
these terms occur as (Te,v), v € X and (T"¢,v"), vl € X". Thus, the component of ¢
(for example) outside of X or X", respectively, will not influence the weak formulation. In
other words, if —A" : X" — X" denotes the discrete laplacian and II", the L? projection
into X", (4.0.12), for example, implies that T"¢ = T"(I1"¢). Moreover, for stability, it is
important that all averaging operators have common domains, and then the same boundary
conditions.

Remark 4.0.3. We have also considered filtering as the solution of a Stokes problem, rather
than a Poisson problem. The motivation for that was to preserve incompressibility exactly,
not up to O(62). Although it is not clear yet, this type of averaging seems to be unstable
and deserves to be further investigated.



5 Stability and Error Analysis of the Model

In this section, we suggest two semi discretizations of (3.0.10) and discuss their stability and
convergence properties. The basic difference between the two formulations is the manner
in which the filtering operation is performed.

Consider the problem: Find (w,p) € (X, Q) such that w(0,x) is an approximation of
up(x) and

(Wi, v) + (V- (ww),v) + v(Vw, Vv) + (Vp,v) = (f,v), VveX
(V-w,q) =0, VqgeQ (5.0.19)

The discretization of (5.0.19) calls for a decision on whether the computation of V - (w w),
for example, should be performed in the same mesh used to calculate w. In other words,
should the filtering operation be carried out in the same mesh used to approximate the
solution of the problem, or in a finer mesh? We investigate the two possibilities. Ultimately,
since we are performing a numerical analysis, all filters must be discrete. Nevertheless, we
regard the case in which filtering/averaging is performed by solving the filtering problem
on a finer mesh as “exact filter”. When filtering and computation of w are performed in
the same mesh, we call it “discrete filter”. In order to keep the notation clear, we use the
operators T and T" (as defined in Section 4) instead of overbar. If ¢ is the quantity to be
filtered, then T'(¢) means that ¢ is computed in a finer mesh and T"(¢) means that ¢ is
computed on the same mesh. Based on Remark 4.0.2, we will omit the use of projections
into X and X" from now on. For instance, we will write T"(¢) instead of T"(II"*¢), since
these are equivalent.

Different filters will lead to different schemes. Note that Cases I and II (discrete and
exact filter, respectively, discussed below) require (for stability) a different formulation of
the pressure term in the momentum equation, (Viph, vP) versus (\*,V - v"). In the two
formulations, p” is an approximation to p (Navier-Stokes pressure), while A\ is an approxi-
mation to p. This means that, in Case II, we are introducing a commutation error (within
O(6?) of the modeling error, due to the non commutativity of filtering and differentiation
in bounded domains).

We need to introduce two new skew symmetric forms on X x X x X. For u-Vv € L?(Q)?
and (V- u)v € L%(Q)4, the bilinear forms are:

B(u,v,w) = (T(u-Vv),w) + %(T((V ‘u)v),w) (5.0.20)
and
B'(u,v,w) = (T"(u-Vv),w) + %(Th((v SU) V), W). (5.0.21)

These bilinear forms have some key properties:

Lemma 5.0.7. For allu,v,w € X,
B(u,v,w) =b(u,v,T(w)).

Proof. Let w = T'(w) and since w € X, w € X. From (5.0.20) and the self-adjointness of
the operator T, we can write

B(u,v,w) = (u- Vv, %) + %((v )V, W),



and integration by parts gives that

(V- u)v,w) =—(u-Vv,w) — (u-Vw,v).

O
Lemma 5.0.8. For allu,v € X and w" € X",
Bh(u,v, A"w") = b(u, v, w").
Proof. From (5.0.21) and the self-adjointness of 7" : L2(Q2) — X", we have
1
B'(u,v, Ahw") = (u-Vv,ThAMW") + 5((V ~u)v, T Awh).
Since TP A"w" = w" on X", integration by parts gives
1
(u- Vv, ThAMw") + 5((V cu)v, T"AMwh) = b(u, v, wh).
O
Corollary 5.0.2. For all u*,v" € X",
B (u", vh, Ahvh) = 0.
Proof. Follows directly from Lemma 5.0.8 and the property that b(u”, v, v*) = 0. O

Using (5.0.20), the Zeroth Order Model (3.0.10) can be rewritten as: Find (w,p) €
(X, Q) such that w(0,x) = Tp(x)
(we,v) + B(w,w,v) + v(Vw,Vv) + (T'(Vp),v) = (T'(f),v), VveX
(V-w,q) =0, VqgeQ (5.0.22)
In the next pages, we show that the solution computed with the discrete filter is stable
and convergent. However, in the exact filter case, it appears that the solution is stable only

for a finite time, which raises some issues on how well the computed solution approximates
the exact solution.

5.1 Case I: Discrete Differential Filter

Consider a semi-discretization of the Zeroth Order Model (5.0.19): Find w" : [0,T] — X",
p" 1 (0,T] — Q" satisfying

(Wh,vh) B (whwh, v
+ v(Vwh, Vv (T (Vph), v = (T (F), v"), vvh e Xt
(V-wh ¢ =0, v¢"eqQ” (5.1.1)

where w"(0,x) is an approximation of Ty (x).

10



Lemma 5.1.1 (Stability of the semi-discrete solution). Let w" be the solution of
(5.1.1). Then,

1 5
5” w' H%OO(O,T,LQ(Q)) + 5“ vw' HQLOO(O,T,LQ(Q))

14 h h. h
+ §HVW ||%2(0,T,L2(Q))+V52HA w H%Q(O,T,LQ(Q))
1
2

IN

1
(1w () I + 62| Fw" () ") + 1 1220 o1

Proof. Consider the variational formulation (5.1.1) and take v = A"w" and ¢" = p".
Adding the two equations, using the self-adjointness of T", the definitions of A" and II"
and Corollary 5.0.2, this is the same as

1d
S oI |2+ 82 W |[2) + o(Vw, V(AP wh) = (£, w")

From this, the Cauchy-Schwarz and Young’s inequalities give

1d v 1
5 g (W P+ 02w [2) 4 S VW |+ wa?]| At (]2 < | 1125,
The result follows by integrating in time. O

In what follows we give an estimate for the difference between the exact solution, w,

and the semi-discrete, w'.

Theorem 5.1.1 (Accuracy of Discretization). Let w be the solution of (5.0.22) and

wh, the solution of (5.1.1). Assume that w-V'w and Vp € L*(Q)? for every t € (0,T) and

that Vw € L*(0,T, L?(Q)). Then, the numerical error satisfies:

|| w— wh "%00(0711,[/2(9)) + 52” V(w — Wh) H%C’O(O,T,LQ(Q)) + V|| V(w - Wh) "%2(07T7L2(Q))
<C* inf (|[(w—w)(0)[]*+ 6% V(w - %)(0) |]*)

weXh
vot it 4048 (1w = el
+ |[p— ph ||%2(0,T;L2(Q)) + (T - Th)(W -Vw) H%Q(O,T;LQ(Q))
+ (T =T E) 72007220y + 1T = T*)(Vp) H%?(O,T;LQ(Q)))
+(146°h72)||V(w — W) H%‘l(O,T;LQ(Q))
HIVW (12100 7200 VW = W) 124071200

+[| w" || oo (0,722 () |l vw' 20,7520 IV (W — W) ”%4(0,T;L2(Q))}

—3 4
where C* = ecy HVWHL4(0,T:L2(Q)),

Proof. Subtracting (5.1.1) from (5.0.22), we have
(W —wh, v + v(V(w — w"), Vv") + B(w, w, v")
—BMw" wh, v 4+ (T (Vp) — T"(Vp"),v") = (T(f) — T"(f),v"), vvh e X

11



Adding and subtracting (T"(w - Vw), v") to the nonlinear terms, we get

B(W,W,Vh) - Bh(wh7whavh) = ((T - Th)(w ’ VW),Vh)
£ Bh(w,w,vh) - Bh(wh, wh,vh),

since V- w = 0. Similarly, adding and subtracting 7"(Vp) to the pressure term, we get
(T(Vp) = TM(Vp"),v*) = (T = T")(Vp),v") + (T"(Vp — Vp"),v")
Then, the error equation becomes
(w—w"p,vh) + v(V(w—wh),vvh)
+ (T =T")(w-Vw),v") + Bh(w,w,v") — B"(w", w" v")
+ (T =T")(Vp),v") + (T"(Vp = Vp"),v") = (T = T")(£),v").

h _ N h_ G h

Choose an interpolant w € V/* and set e = w — w (w—w)— (W' —w)=n—x".

Then,

(xivh) + :
+ B'(w,w,v") = B"w" W v") + (T — T")(Vp),v") + (T"(Vp — Vp"),v")
(T —T™)(£),v"). (5.1.2)

Since w € X", we can set v/ = A"x". From Lemma 5.0.8, we write

v(Vx", V) 4+ (T — T (w - Vw), v!)
(

= (nthh) + V(VT%VV )

Bh(wa W, AhXh) - Bh(wha Wh: AhXh) = b(W, w, Xh) - b(Wh’ Wh7 Xh)'
and we also have
(T"(Vp — Vp), APx") = (Vp — Vp", T"APx") = —(p — p", V - x7).

For the other terms, we have to use the fact that A" = —§2A" + 1.
Thus, equation (5.1.2) becomes

1d

5 (X IE 4+ SVt I2) + vl VX" |2+ vd? A" |12
= (4, x") = 6%(ny, A"X")
+u(Vn, Vx") — v (Vn, V(A"x"))
+p—p" V- X"
—b(W, w, Xh) + b(wh Wha Xh)

~((T = T")(w - Vw),x") + 6*((T = T")(w - Vw), Atx")
—((T = T")(Vp),xX") + 8*(T = T")(Vp), A"X")
(T = T)(£), x") — (T — T")(£), Alxh). (5.1.3)

Next, each of the terms in (5.1.3) is bounded. First, we examine the linear terms (we
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use an inverse inequality of the form || V(A"x") || < Ch=L|| AMx"|)):

14
(e, X") < 711V (7 + Hml!2

v6? 05?2
§%(my,, Ahx") < ﬁ” Al |2 + T\Im |2
14
v(Vn, Vx") < jHVX P+ Cv||Vn|P

C 5

v6*(Vn, V(AMX")) < H AP+

_10

v C
01"V xX") < LRt 2+ S o
v C
(T —T")(Vp),x") < zHVX I1”+ ||(T—Th)(VP)H2

Cs?

(T —T")(Vp), A"x") < HAh P =T =T (V) |

_10
(T = T")(8),x") < fﬂvXHQ e ST

C§?

(T = T")(£), A"x") < HN’ =T =T |

— 10

For the nonlinear terms, we have:
v C
(T = T")(w-Vw),x") < *4HVX 1+ H(T—Th)(W'VW)II2

Cs?

vo2
(T = T)(w - Vw), Alx") < ﬁ” Al 2 + 7” (T = T")(w - Vw) |

Lastly, we look at the term b(w,w,x") — b(w",w", x"). Adding and subtracting
b(w", w,x"), it can be rewritten as
b(w,w, x") = b(w", w", x") = b(n, w,x") = b(x", w,x") + b(w", 1, x"),
where each of the terms is bounded as follows:
b(n,w,x") <Ml!n\ll/zHVnHl/QHVWHHVXhH

2 2 2
< LIV P+ Sl VP Tw |

b(x", w,x") <Ml!xh\|1/2!|Vxh|!1/2IIVWHI\Vxhll

2 4 h (|2
< ZNVX I+ Sl oW R |

b(w", m,x") <MHWh\!1/2\|VWhH1/2|\Vn|!HVX”H

h h
< 14HVX 17+ HW Hvw" [ [[Vn ]

13



Thus,

3v C
b(w, w,x") — b(w", wh x") < QHVX}LH”;IIVWHQHVWII2
C C
+ ﬁHVWHLLHXhHQ‘F;HWhHHVWhHHV’UHz

Putting all the estimates together, equation (5.1.3) gives

1d
53 (X1 4+ @IV 2) + vl VX |2+ w02 A" |12

< Cv (14 %)y |2+ Cv [ p = " |2

+OVT w02 4 || Tw |2+ (| W] T ] ||V |2

+CvT 1+ BT = T (w - Tw) |+ Cv™ (1 + 83) || (T = T (V) |1

+Or 1+ (T = TM)(E) |2+ Cv=2 | Vw |11 x" |7

Using Gronwall’s inequality, this becomes

1 h2 §° h(2 v [T h(2 2 h.oh 2
I P+ SO+ 5 A9 I+ o2 A )

< %(Hxh(O) 17+ 82l VX" (0) 1)

T
o [ B lind P+ oo |
(402 ]| T [+ ][] 9w )]V |2
(14 P = T (w - V)|
(2T = TP + (14 )T = T |}

—3 ¢rT
where C* = ¢Cv " Jo [1Vwldt, Drop the term that contains the operator A" and the triangle
inequality gives the result. O

Corollary 5.1.1. Let § = O(h). If w, f and p are reqular enough and satisfy the assump-
tions of Theorem 5.1.1, then

< C(w,f,p,v) h2k.

Proof. Follows from the estimate in Theorem 5.1.1, Corollary 4.0.1 (with ¢» = T'(w-Vw) and
" = T"(w - Vw), for instance) and the approximation properties (2.0.5) and (2.0.6). [

5.2 Case II: Exact Differential Filter

In this case, we show that the semi-discrete scheme is stable only under some conditions.
Due to the fact that the nonlinear term does not vanish, this extra term will impose re-
strictions on the stability of the scheme. Briefly, it is a cubic term, which can only be
dominated by quadratic terms for a finite time interval; eventually the higher order term
will dominate. This also means that the kinetic energy of the model is not likely to be
monotonic decreasing. In this context, it is natural to raise questions on the convergence
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properties of the scheme. According to the subsequent analysis, the scheme does converge
over small time intervals at least, provided some regularity properties are considered.

The semi-discrete formulation of (5.0.19) now reads as follows: Find w” : [0, T] — X",
A2 (0,T] — Q" satisfying w”(0,x) ~ To(x) and

(Wi, v + B(wh, wh vh) + v(Vwh Vvl — (A Vv = (T(f),v?), VvheXh
(V-wh.q") =0, V" e Q.
(5.2.1)

We now present a basic a priori estimate for the solution of (5.2.1). The following
stability theorem is proven by using an idea similar to the one in [20] (see Lemma 3.2, p.
21).

Lemma 5.2.1. (Stability of w") The solution of (5.2.1) satisfies
W™ (O < 2(1 + [[w"(0)[1%)

with
52h?

t<T" :C(f,u,T)W.

Proof. Restrict v/ € V" in (5.2.1). Choose v = w" and use Cauchy-Schwarz and Young’s
inequalities

1d v 1

5 I+ SITWH 2 < TR~ B(w" wh, wh). (522)

We first consider the nonlinear term. The first step is to use Lemma 5.0.7, followed by

equation (2.0.3) in Lemma 2.0.1. Then, use Lemma 4.0.3 and an inverse inequality of the
form || Vw" || < Ch~!||w"||. The last step is to apply Young’s inequality with conjugate
exponents 4 and 4/3.

B(w", w", wh) b(w", wh, T(w"))
M{|Vw" ([ VW ([ || T(w") |2 ||V (Tw") |]1/2
Co 22 w2 w2

SVt |2+ Co2h 203 wh |

IAINA

IN

Using this last inequality, rewrite (5.2.2), multiply it by 2 and drop the term v||Vw"||2.

In the resulting differential inequality, set z(¢) = 1 + ||w"||? to get the following:

% < 0*572}172237
dt
where
C* =max(v~! sup [|T(F)|%,,Cv3).
te[0,T]

If we solve the differential inequality and integrate from 0 to ¢, we derive

z(0)
() < V1 —2C*h=25-222(0)t

(5.2.3)
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with t < 1/(2C*h=25722%(0)). We can verify that L < 2 and then equation

V/1-2C*h=25-222(0)t
(5.2.3) becomes

3 §2h2
1 h2 < 9(1 h(0)]12 ith 0<t< :
+WH? < 201+ [[w(0)]]),  wi =780 (1 4 [[wh(0)]2)2

This concludes the proof of the lemma. O

Lemma 5.2.1 confirms what was expected, according to our discussion in the beginning
of this section: the approximate solution w” is bounded in terms the problem data, w’(0)
and T'(f), for a bounded time interval.

The next natural step is to analyze convergence properties of the scheme. The following
theorem gives an estimate of the error between w and its finite element approximation, w”.
We assume that the true solution w is very regular, in a way that would probably not be
representative of a turbulent flow. In addition, we also have a condition relating the mesh
size h and the filter width ¢ to the viscosity of the fluid, which can be restrictive for high
Reynolds number flows. This may not be the ideal situation, but in view of the fact that

the solution is stable only for small time intervals, it is probably the best we can get.

Theorem 5.2.1. Let w and w" be solutions to (5.0.22) and (5.2.1), respectively and assume
that w € L>(0,T, H'(Q)). Then the error satisfies

h . _ - -
W —w" [} or,2) < Cwev}tn,\fhth [V Hwe = Wi [T 1) + VI VW = W) [T 0,712

A= A" H%oo(o,T;m) +C(v) 0% V(w — W) H%,OO(O,T;L‘l)

+ CWIV W =) [Baorriney (P IR0 iz + 1 I R o ey )] -

Proof. In order to get an error equation, we subtract (5.2.1) from (5.0.22) for v/ € V/* and
set e = w — w’. Then, the equation for e becomes

(e, v + v(Ve, VvP) + B(w,w,v") — B(w", w" v/) — (\, V- v) =0 v'e V"

By picking W to be the best approximation of w in V", we can decompose error in two
parts as: e = n — x" where n = w — W and x” = w"* — w. Thus, using the fact that
(AN, V - vP) = 0 for all ¢" € Q" and the decomposition of e, the error equation can be
reformulated as

O vh + (VX Vv = (g, V) = v(Vn, Vv + (A = A V- vh)
—B(w,w,v") + B(w", w" v").
Setting v? = x" gives

Ld

2 dtH Xh H2 + VH VXh ”2 = (77t7Xh) - V(vna VXh) + ()\ - Aha V- Xh)

—B(w, w,x") + B(w", wh, x"). (5.2.4)

We now analyze the nonlinear terms on the right hand side of (5.2.4). Using the self ad-
jointness property of differential filter, Lemma 5.0.7 and the skew-symmetry of the trilinear
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form yields

B(w,w,x") — B(w", w',x") = b(w,w,T(x") - b(w",w", T(x"))

I
—~ /?‘\ —~
=
o
=
=
=

)
=b(m,m, T(X")) + b(X", 0, T(x")) + b(m, X", T(x"))
—b(x", w, T(x")) + b(n, w, T(x"))-
With the aid of this result, equation (5.2.4) becomes
SN P4 AITX P = () — AT I+ (A= X T X
—b(w,m, T(X")) + b(w, x", T(x")) + b(x", x", T(x"))
+b(m,m, (X)) = b(xX",m, T(x")) = b(m, x", T(x"))
(X", w, T(x")) = b(n, w, T(xX")). (5.2.5)
We wish to bound the terms on the right hand side of (5.2.5). Therefore, we use the
Cauchy-Schwarz inequality followed by Young’s inequality:
S I+ TN < Dl 2y +Cull TalP + Sia— X P+ 2 vt 2
+Ho(w,m, T(x")) +b(w, X", T(x")) + b(x", x", T(x"))
+b(n. 7, T(x")) = b(xX",n. T(X")) = b(n, X", T(x"))
+b(x", W, T(x")) — b(m, w, T(x"))|- (5.2.6)
Next, we use standard bounds on each of the trilinear forms (as per Lemma 2.0.1) on
the right hand side of (5.2.6). We also make frequent use of Lemma 4.0.3, Lemma 4.0.5
and Young’s inequality (with conjugate exponents 2 and 2, or 4/3 and 4); in some cases,
we apply an inverse inequality.

b(w,n, T(x") = blw,n,T(x") —x")+b(w,n,x")
< M|Vw]|[||ValllIV(T&") —x") ||+ M| Vw ][ Vol | VX" ||
< C||vwll||Vallll VX"

IN

v th 2 2
ZAIX I+ 1 Vw2V |

v C
b(n,w,T(x")) < ﬂl\vxh|\2+; | Vw [ Vn|[?

bx", X", T(x") < M| X"V VX" |22 VT (x") ||
v hiy2, C h (2 hy (4
< = il
< DOt P+ Sl 1T |
v h2 C h (6
< -
b(n,n, T(x") = bm,n,T(x") —x") +bn,n,x"
< MIVa|PIITO!M) = X" 1M V(T (™) = x") |2+ M|V |2 Vx|
< O 2V VX I+ Cl V| VX",
v 2, C 4
< = =
< Zyoxtie+ o) ml
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b(n.x", T(x") < MI[ValllIVX" I TOM V21 VT M (12
< ChT'sT V2 IVm X" |17

b, T(x") < Ch7's |V |l|Ix"|1”

M| Vw [V (TN 112 VT (M) (]2
Ch=ts V2 ww [ x" |17

b(w,x", T(x") <
<

(X" W T(xX") < MIIVw([[|VX" [ TOM V2V (M |2

Putting everything together and using Poincare’s inequality on the left hand side we get

Ld, npe 2V e C 2
el Z < =
Sl P+ ORI P < Sl 12,
C C C
+ V[V [P+ A=A P+ @+ D)Vt + = ([ Vw [P V|
12, - C

+ C5h VYW DI P+ g I [ (5.2.7)

Setting y(t) = || X" ||* and combining terms, this equation can be rewritten as

Zu(®) +a)y(t) < By +7,
where a(t) is the coefficient of || x"||2, 3 is the coefficient of || x” ||® and 7 is the maximum
over [0,7] of all the remaining terms on the right hand side of (5.2.7). With a suitable
choice of W, we also have 0 < || x"(0) || < .

The Continuation Lemma (Lemma 2.0.2) implies that there exists a constant M > 1
and g > 0 such that for v < ~g,

y(t) < M, (5.2.8)

for 0 <t <T. In other words,
x| < C max, v P+ VP v A= NP+ 6+ v Vet
+r | Vw [V []?].

Applying the triangle inequality and taking the infimum over w € VP and A* € Q", gives
the required result. O

6 Numerical Experiments

In this section, we investigate the kinetic energy of the exact filter versus discrete filter
discretization, given respectively by:
1

—||w"|?, forte[0,T].

EE(wh) =3
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and
h _1 h (2 5j h (|2
Ep(w )_2\|w 12 + 2|\Vw |2, fort e [0,T].

The kinetic energy is one of the indicators of whether a model is useful for turbulent flow
computations [15]. Notice that Ep has an extra term, justified by the energy inequality in
Lemma 5.1.1. In order to be able to compare these two cases, we normalize the results and
present graphs of Eg/E®itial and Ep/Ewitial in Figures 1 and 2.

We used the software FreeFem++ [14] to run the numerical tests. The time stepping
scheme is Backward Euler; in space, we use the well known Taylor-Hood element (continuous
piecewise quadratic polynomials for the velocity and linear for the pressure).

Our test problem is determined by the following choices:

Q=(0,1)x(0,1) wh'sa=0 f=o0.

A nonzero divergence free initial condition is obtained by construction. Let ¥ (x,y) =
10sin(100zy?)z?(1 — z)?y?(1 — y)? and set

[ ]
Wy |:_¢$ .
Then, V - wg = 0.

We have proven that the kinetic energy for the exact filter scheme is bounded for a finite
time interval. Here, we show numerically that it actually blows up after a certain time by
computing the total kinetic energy of the approximated velocity.

Let nyz be the number of mesh points used in the discretization of the Zeroth Order
Model equation and np, the corresponding number for the filtering problem. We obtained
the following results:

— dt=0.001
dt=0.0005

200
100 J

0 05 1 15 2 25 3 35 4
time

Figure 1: Time vs. Eg/E®ital np = 16,n; = 8,Re = 100000

Considering that the boundary conditions and the forcing term, f, are zero, one would
expect that after some transient, where the effects of the nonzero initial condition are still
important, the solution would tend to zero. Figure 1 shows that the kinetic energy computed
with the exact filter does not correspond to the expected true kinetic energy. It not only
does not go to zero, but actually blows up. This can be verified by dividing the time step
by 2, which gives the same qualitative result.

On the other hand, the kinetic energy of the discrete filter scheme is consistent with
what we expect and tends to zero asymptotically and monotonically, as shown in Figure 2:
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time

Figure 2: Time vs. ED/Egmml, ng = 8,nz = 8, Re = 100000, dt = 0.001

7 Remarks and Conclusions

The scheme analyzed in this work can be easily incorporated into widely known and reliable
finite element codes for solving the time dependent Navier-Stokes equations.

We have shown that the precise implementation of the filtering operation plays a major
role in the stability and convergence properties of the scheme. When the discretization of the
LES model and the filtering are performed in the same mesh, the resulting scheme is stable
and convergent. However, when a finer mesh is used for filtering, stability of the resulting
scheme becomes much less clear. It might even be weakly unstable over long time intervals.
Further, convergence over small time intervals requires extra regularity assumptions on the
solution. In terms of computations, this means that solving the filter problem in a finer
mesh does not improve the overall performance of the scheme and may even produce an
unstable solution.
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