Superconvergence for control-volume mixed finite
element methods on rectangular grids

Thomas F. Russell * Mary F. Wheeler | Ivan Yotov ?

Abstract

We consider control-volume mixed finite element methods for the approxi-
mation of second-order elliptic problems on rectangular grids. These methods
associate control volumes (covolumes) with the vector variable as well as the
scalar, obtaining local algebraic representation of the vector equation (e.g.,
Darcy’s law) as well as the scalar equation (e.g., conservation of mass). We
establish O(h?) superconvergence for both the scalar variable in a discrete L2-
norm and the vector variable in a discrete H(div)-norm. The analysis exploits
a relationship between control-volume mixed finite element methods and the
lowest order Raviart-Thomas mixed finite element methods.

1 Introduction

We consider the second-order elliptic problem in a domain Q@ ¢ R%, d = 2 or 3,
written as a first-order system

u=—-KVpinQ, (1.1)
V-u= fin Q, (1.2)
u-n =0 on 0N (1.3)

The above equations model single-phase flow in porous media, where p is the fluid
pressure, the vector u is the Darcy velocity, K is a symmetric uniformly positive
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definite and bounded diagonal tensor with Lipschitz components, representing the
rock permeability divided by the fluid viscosity, n is the outward unit normal to 952,
and f is the source term satisfying the compatibility condition

Lfmza

The choice of homogeneous Neumann boundary condition corresponds to an imper-
meable boundary, which is the typical physical situation.

In this paper we consider discretizations for (1.1)—(1.3) based on control-volume
mixed finite element methods (CVMFEM) and establish O(h?) superconvergence for
the pressure and velocity in a discrete L2-norm and H (div)-norm, respectively. Most
of the arguments can be extended to Dirichlet boundary conditions. However, some
loss of superconvergence occurs on the boundary in that case. Global O(h) conver-
gence has been shown by Chou et al. [9, 10]; here we obtain the O(h?) rate suggested
by various numerical results (e.g., [8, 19, 24, 22]). Superconvergence is proved by
O(h?) estimates of the differences between the scalar and vector discrete solutions
and appropriate projections of the exact solutions.

CVMFEM, first introduced in [8], can be viewed as a type of mixed covolume
methods [9, 10, 11]. CVMFEM are closely related to the Raviart-Thomas mixed
finite element methods (MFEM) [26, 7, 27|, cell-centered finite difference (CCFEFD)
methods [28, 29, 4], mimetic finite difference (MFD) methods [5, 21, 6], and multi-
point flux approximation (MPFA) methods [1, 17]. Some of these relationships are
explored in detail in [22].

Like MFEM, CVMFEM are designed to provide simultaneous (accurate) approxi-
mation of pressure and velocity, and local mass conservation, |, 0 Veu, = [, Q f on each
finite element (), where uy, is the computed velocity. These properties can be difficult
to obtain when K is heterogeneous (in particular, discontinuous) and/or anisotropic,
especially when it incorporates irregular geological features. The methods listed above
seek to accomplish this for flow in porous media, among other applications.

Unlike MFEM, CVMFEM have vector control volumes (covolumes) that give rise
to a local discrete Darcy law analogous to (1.1). An engineer measuring the perme-
ability of a core sample will typically impose a pressure at each end and observe the
flux through the core. The discrete CVMFEM control volume that corresponds to
the discrete flux unknown through a face, consisting of the two adjacent halves of
the elements on either side of the face (see Figure 1), plays the role of this core, with
the element pressures representing the imposed pressures at the ends. The vector
test function associated with the control volume is essentially a piecewise-constant
vector field, similar to a unit vector in the control volume and a zero vector outside
it. The algebraic equation produced by this test function is the local discrete Darcy
law. Thus, CVMFEM represent both physical principles in (1.1)—(1.3) locally.

In MFEM, the test vector belongs to the vector trial space, and therefore has
continuous normal component. Because the test and trial spaces are the same, the



mass matrix is symmetric and positive definite (SPD). In CVMFEM, the normal
component of the test vector is discontinuous at the ends of the control volume,
and can also be discontinuous at the element face for general distorted grids. If
K is element-wise constant and the elements are affine (parallelograms in 2D), the
mass matrix is SPD, despite the distinct test and trial spaces; in general, it is not
symmetric, but symmetry can be restored by appropriate numerical integration [19].

On a uniform grid with homogeneous K, the lowest-order Raviart-Thomas MFEM,
denoted RT), yields a tridiagonal mass matrix with weights 1/6, 2/3, 1/6, and the
basic CCED results in a diagonal mass matrix. As will be seen below, CVMFEM
leads to weights 1/8, 3/4, 1/8. These are all of the form ¢, 1 — 2¢, ¢, where ¢ = 0
(CCFD), 1/6 (MFEM), or 1/8 (CVMFEM). In [19], some heuristic reasons to favor
¢ = 1/8 are presented: on a uniform grid, the second-order truncation error term is
half that of ¢ = 0 and ¢ = 1/6; on a nonuniform grid, only ¢ = 1/8 matches one-sided
compact finite differences, avoiding any first-order local truncation error; in terms
of Fourier modes, the ratio of the discrete eigenvalue to the continuous eigenvalue is
generally closer to 1 for ¢ = 1/8. Numerical results in [22] for homogeneous K show
second-order convergence for both MFEM and CVMFEM; on orthogonal grids, the
flux error for CVMFEM improves on that of MFEM by a factor of approximately 2.6;
on the distorted grids used, CVMFEM is worse by a factor of about 1.3.

The rest of the paper is organized as follows. In the next section we recall the
Raviart-Thomas MFEM for (1.1)—(1.3). Section 3 describes the CVMFEM and its re-
lation to the Raviart-Thomas MFEM. Superconvergence for the velocity is established
in Section 4. Section 5 is devoted to superconvergence for the pressure.

2 Mixed finite element methods

We will make use of the following standard notation. For a subdomain G C IR,
the L?(G) inner product (or duality pairing) for scalar and vector valued functions is
denoted by (-, -)¢. We denote the norm in the Sobolev space WF(G), k€ R, 1 < p <
o [2] by || - lkp.c- Let || ||r.c be the norm of the Hilbert space H*(G) = W§(G). We
omit G in the subscript if G = Q. For a section of a subdomain boundary S ¢ IR¢™!
we write (-,-)s and || - ||o,s for the L*(S) inner product (or duality pairing) and norm,
respectively.

The mixed variational formulation, which is the basis for the MFEM is: find
u €V and p € W such that

(K'u,v)=(p,V-v), veV, (2.1)
(V-uw)=(f,w), wewWw,

where

V ={v e H(div;Q) : vin = 0 on 09}, W:Lg(Q):{w€L2(Q):/wdx:0},
Q
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and
H(div; Q) ={v:ve (L2(Q))2, V-ve L2(Q)}

with a norm
Ivllv = (V] + IV - v||*)!/2.

We assume that €2 can be exactly covered by a rectangular-type finite element
partition 7. Let Vj, x W, € V x W be the lowest order Raviart-Thomas (RTy)
mixed finite element spaces on 7, [26]. More precisely, for all @ € 75,

Vi(Q) = {v = (a1 +b1z, ag+byy, az+b3z)” on Q}, W, (Q) = {w = constant on Q},

Vh:{VGVZV|Q€Vh(Q)VQEIEL}, Wh:{wEW:w|QEWh(Q)‘v’QETh},

where the third component of v should be removed if d = 2. The degrees of freedom
of V}, are the constant normal components on the sides. If these are continuous, then
v € H(div; Q). Key properties of the RTy spaces are

V-V, =W, (2.3)

and the existence of an interpolation operator II : (H'(2))? — V, (see [26, 7]) such
that for q € (H'(Q2))?

(V-(Ilq—q),w) =0, Ywe W, (2.4)
and which satisfies the continuity and approximation properties

Mallv < Cllalfs, (2.5)
la —Tqllo < Chlqls. (2.6)

The MFEM for approximating (2.1)—(2.2) is: find @, € Vy, pp € W), such that

(K_lflh,V) = (ﬁh, V- V), Vv € Vh,
(V~ﬁh,w):(f,w), weWh-

It has been shown in [26] that (2.7)—(2.8) has a unique solution and
1P = Dullw + [lu — tpllv = O(h).

A number of authors have studied superconvergence for the above method or the
closely related CCFD method [25, 14, 29, 15, 16, 18, 4] and have shown results of the
form

lp = Balllw + [I[u = Glllv = O(h?),

where ||| - ||lw and ||| - |||v are discrete norms defined in (4.7) and (4.8) below (or
some variants of them). The goal of this paper is to obtain similar superconvergence
results for the CVMFEM.
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Figure 1: Computational grid and control volumes

3 Control volume mixed finite element methods

Denote the elements of 7, by @, ; for d = 2 or by Q; ;1 for d = 3, see Figure 1 for
d = 2. For simplicity, in most of the paper we will use the notation and present the
arguments for d = 2. The case d = 3 is a trivial extension.

The center of @);; is denoted by c; ;. The midpoints of the left and right edges
are denoted by c;_1/2; and ci1/2 j, respectively, with similar notation for the bottom
and top edges. With each edge we associate a control volume, where the Darcy’s law
(1.1) is approximated. In particular, letting c;11/2; = (Tit1/2,Y;), ¢ij = (i, y;), etc.,
define

Qi+1/2,j = ($i7$i+1) X (yj—l/Zvyj-i-l/Q) ne, (3-1>
Qijt1/2 = (Tic1/2, Tiv1/2) X (Vi Yig1) N2 (3.2)

The control volumes Q;11/2; and Q); j11/2 are referred to as v,-volumes and vp-volumes,
respectively. The control volumes that have at least one edge on 0f) are called border
volumes.

Define the velocity test space

Y ={(vhvn) v

vy

_ 1 _
Qis1/2,; = constant V Qit1/2,5, vy, = 0 on border v;-volumes

Qi1 = constant VQijt1/2, v;‘; = 0 on border vy-volumes}.

Thus, for example, the basis function y;1/2; € Y associated with c;y1/9; is the
vector (Xit1/2,5,0), i.e., (1,0) on Qit1/2,5, (0,0) elsewhere. To see the form of the
associated algebraic equation, write (1.1) as K 'u+ Vp = 0, form the inner product
with yit1/2,5, and integrate:

Tit+1 Yjt+1/2 o1 1 Yjt+1/2
[ et ayde s [ ) o)y =0,

Yj—1/2 Yj—1/2

>



where u = (u',v?) and K = diag(K"', K?). Suppose that K is element-wise constant
on Qi,j and Qi—i—l,j' Taklng u = Vi—1/2,j7 Vi+1/2,javi+3/2,j c Vh, the usual RTO vector
basis functions, we obtain the tridiagonal mass-matrix coefficients

1/8 (K ;)7 "hih,  3/8 (K ;)"'hihi +3/8 (Kiyy ;) "hipghy,  1/8 (Kiyy ;)" i hf,

(AR

where h* and hY are the element dimensions. For homogeneous K and a uniform
grid, this reduces to 1/8, 3/4, 1/8, as noted above.

3.1 Variational formulation for CVMFEM

Following [9], define the bilinear forms a(-,-) : (L?(2))¢ x (L*(Q))¢ — R, b(-,) :
Y, x H(Q) —= R, and c(-,-) : H(div; Q) x L*(Q) — R as follows:

a(u,v) = (K u,v),

b(V,p) = Z<p7 (Ula O)T ' n>8Qz‘+1/2,j + Z<p7 (07 U2)T ' n>8Qi,j+1/27

,J 2
c(u,w) = (V- -u,w).
Lemma 3.1 If (u,p) € H(div; Q) x H*(Q) solves (1.1)~(1.3), then (u,p) satisfies the
variational formulation
a(u,v) +b(v,p) =0, v eEYy, (3.3)
c(u,w) = (fyw), weW,. (3.4)

Proof: Equation (1.1) implies, for v € Y,
(K_luv V) = (_Vp7 V) = Z(_VPJ (Ulv O>T)Qi+1/2,j + Z(—VP, (07 U2)T>Qi,j+1/2
i,j 2
= = Z<p= (Ulv O)T ’ n>aQi+1/2,j - Z<p7 0, 7)2>T ) n>aQi,j+1/2’
i3 (2]
giving (3.3). Equation (3.4) follows trivially from (1.2). O
The CVMFEM may be formulated as follows: find (un,pn) € Vi, X W), such that
a’(ufw V) + b(v7ph) = 07 v E Yha (35)
C(ufww) = (fv w)7 w e Wh' (36)
Note that (3.5) is a Petrov-Galerkin FEM, since the test functions differ from the

trial functions. We next recall the transfer operator v : V;, — Y}, introduced in [9)].
Define, for all v € V,,

ThV = <Z v (Civry2,g)Xit1 /2, Z Uz(ci,j+1/2)Xm+1/2)

i,j 2



It has been shown in [9] that for constants & > 0 and C' independent of A,

b(ypv,w) = —c(v,w) VveV,weW, (3.7)
a(v,yv) > allvl]l; Vv eEVy, :
[avllo < Cllvlfo. (3.9)

4 Velocity superconvergence analysis

In this section we establish superconvergence for the velocity in the CVMFEM. Sub-
tracting (3.5)—(3.6) from (3.3)—(3.4) gives the error equations

a(u - uhav) + b(V,p - ph) = 07 v E Yh> (41)
clu—up,w)=0, weW,. (4.2)

We first note that (4.2) implies
O=clu—up,w)=(V-(u—up),w) = (V- (MMu—u),w), YweW,
using (2.4). Therefore, using (2.3),
V- (Ilu—u,) =0. (4.3)
Let p be the L2-orthogonal projection of p onto W, defined by
(p—p,w) =0, YweW,.
Taking v = v, (Ilu — uy) and w = p — pp, in (4.1)—(4.2) implies

a(Hu — Up, %(Hu - uh))

= —a(u —u,y,(Ilu —uy)) — b(vp,(Ilu — wy),p —pn),  (4.4)
c(Ilu —uy,p —pp) = 0. (4.5)

The second term on the right in (4.4) can be manipulated as follows:

)+ b(yn(ITa — ), p — pr)
) — c(Ilu —up, p — pa)
13)7

b(yp(Mlu —up),p—pn) = b(y(llu—uy),p —
= b(y(llu—uy),p -
= b(y(llu—uy),p -

b
p

using (3.7) and (4.5) in the last equality. Therefore (4.4) gives
a(llu = up, (M — up)) = —a(u — Mu, y,(Ia — wp)) = b(ys(Hu —up),p — p) (4.6)
Lemma 4.1 below implies that

la(u — TTu, v, (TTu — uy)| < Ch2]|u||2]|Hu — uyllo-

7



Using (4.3), Lemma 4.2 below gives
[b(y(TTu = wp), p — p)| < CH?||p]|5[[ T — uo.

With the above two bounds and (3.8), (4.6) implies the following superconvergence
result.

Theorem 4.1 For the CVMFEM approzimation (uy, py), there exists a constant C
independent of h such that

[Ta = unllo < CR(ulls + [lplly). O

The above result immediately implies superconvergence in the velocity in an L2
sense along the Gaussian lines. Consider an element ) = [a, b1] X [az, bs]. Following
[18, 16], for a vector q = (¢1, ¢2) define

b1 2
as + b
mqm@:(br@)/ q( ) i,

a1 2
b2 2
ap + by
el = 0 =) [ o (25 )| o
az
2
lalll =3 3 lladlize

i=1 Q€T

Note that, for g € Vy, [[|al|| = [|allo-
Corollary 4.1 There exists a constant C' independent of h such that
[Ilu —wsll] < CR*(Jullz + [[plls)-
Proof: It was shown in [16] that
[[lu — TTu]| < Ch?Juls,
where | - |, denotes the H? seminorm. Also, using Theorem 4.1,
[[TTu — ||| = [|[TTu — usllo < CH*([[ullz + [Ip]ls)-
The assertion of the corollary follows from the above two bounds and the triangle
inequality. O

It is also easy to see that V - (u — uy,) is superconvergent at the midpoints of the
elements. Define, for a scalar function g,

gll* = 1Quslgleis)®. (4.7)
i
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Using (4.3) and (2.4),
V- (= w)[|| = [[|V - (u=Tw)[[| = [[|[V-u = V-ul]| < CR|V - ullpm,
where the last inequality follows from Lemma 4.3. Defining
llallR = lllalll* + 111V - allf?, (4.8)
the above results can be summarized as follows.
Corollary 4.2 There exists a constant C' independent of h such that
= willlv < CR(ulls + [V - ullome + [Ip]l5). C (4.9)
We next proceed with the three lemmas needed in the proof of Theorem 4.1.
Lemma 4.1 There exists a constant C' independent of h such that, for all v € Vy,
la(u — IIu, y,v)| < CR?|[ull2[v]|o.

Proof: We first show that, if q € (P1(Q))?, where Py is the space of polynomials
of degree < k, then

/(q —Hq)y,vderdy =0, Yv eV, Q€T (4.10)
Q

The argument follows the proof of Lemma 3.1 in [16]. Let Q = [a,b] X [c,d] and let
Ly(z) and Ly(y) be the linear Legendre polynomials on [a, b] and |[c, d], respectively.
It is easy to see that any q € (P'(Q))? can be decomposed into

a(z,y) = alz,y) + (aLi(y), BLi(x))",
where q € V;(Q). Since q — IIq = 0, it is enough to establish (4.10) for q(z,y) =
(aLy(y), BL1(z))". Tt is shown in [16] that in this case TIq = 0. Therefore
/ (a—Ha)yvdrdy = / qynv dz dy
Q Q
= [ @Li@) ) (o.) + BLa(x) (), ) didy =0
Q

using that for any fixed zo € [a,0], (v4v)'(z0,y) € Pole,d], that for any fixed yo €
[c,d], (vuv)*(x,90) € Pyla,b], and the orthogonality properties of Li(z) and L (y).
We now have

a(u—Tu,y,v) = (K '(u—TI),y,v)

= Z [Kél(u — Hu,’}/hV)Q + ((K_l - Kél)(u - Hu)/ﬂ“’)@]?
QeTy,



where Kél is the value of K1 at the center of ). Therefore, using that K !
Lipschitz,

ja(u — M, 3v)] < C Y |(u— w3 v)ol + Chlu = Hufollyavllo-  (4.11)
QET,
Using (4.10), an application of the Bramble-Hilbert lemma [12] implies
|(u = TTu, %v)ql < Ch*[ulzgllmvlloe,
which, combined with (4.11), (2.6), and (3.9) completes the proof. O
Lemma 4.2 There exists a constant C' independent of h such that, for all v € Vy,

b(ynv,p — D) < CR?[|pll3[|v|lv
PTOOf.' Let 62'_,_1/273' = 8Qi+1/27j N Qi,j and Cij+1/2 = 8@2'7]'_,_1/2 N Qi,j- Note that in

the sums in

b(’th, p— ﬁ)

= Z(p - D, ((’th)lj O)T ) n>8Qi+1/2,j + Z<p —Ds (07 (,th)2)T ’ n>8Qi,j+1/2’

— >

every edge e;11/2; and e; j11/2 appears twice (from the two neighboring covolumes).
Using that % and %—f are constants on each element @); ;, we have

b(ynv,p —P)
ov R
=> (hfa—I/ (p—p) dy+hy—/ (p— D) dcv)
— x J,
,] i+1/2,5 €i,j+1/2

—Z (82}1 ( x/ pdy—/ pdxdy) (4.12)
€it1/2,5 i,
01)2 hy/ pdx—/ p dxdy
ay €ij+1/2 2%}
2(05),. 05, 05),,., 5)
Qi My ' Oz Qi,j ’ay Qi,5,My 78?/ Qi,j ’

where (-, ~)Q7 M, is the quadrature rule on ) which uses the midpoint rule in z and
exact integration in y, and (-,-)g ., uses exact integration in x and the midpoint
rule in y. Since the midpoint rule is exact for linear polynomials, the Peano Kernel
Theorem [13, Theorem 3.7.1] implies

81)1 81)1 . 82]9 8U1

(p, %)Qi,j,Mz - (p, %)QM = /Q” SO(x)a (z,y) o7 dzdy (4.13)
B >p >p vy _
- / p(@) 55 (@, y)V - vdedy — / pla) 55 (@, y)g—y drdy =Ty + Ty

4,7 4,3
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where
(x—xi12)?/2, Timipp < <
(ZL’ xz-i—l/Q) / y i ST X Tit1/2

For the first term we have

1Ty < Ch?|pll2q.,

V- vlloqs, (4.14)

Integrating by parts in 75 gives

Pp
T, = 2y o (z, y)va(z, y) dxdy

_<Z;t /”) az@yﬁﬁz@dm—ﬂn+T@M1@

where e; j; and e; j; are the top and the bottom edge of Q); ;, respectively. For T5;
we have
| T2.1] < CH2[Iplls.q., IVllo.Q.,- (4.16)

For T, 5 we notice that vy is continuous across horizontal edges and the assumed

regularity of p(x,y) implies that the trace of % is well defined. When summing over
all elements, each edge integral will appear twice from the expressions for the two
neighboring elements, with opposite signs. Therefore

> Ty =0. (4.17)
i,

Combining (4.13)—(4.17) implies
ov ov
2 (( %) - ( %) ) < CRllplslvIlv.
i,j Qi,j, My Qi,j

The second error term in (4.12) can be bounded in a similar way. Note that for d = 3,
a similar argument goes through with two terms analogous to 7. O

Lemma 4.3 For all g € W2 there exists a constant C independent of h such that
llg = glll < Ch?|lgll2,00.

Proof: Let @ € Tj,. The Taylor expansion about the midpoint (z,yo) of @ gives
for any (z,y) € @

0 0
o) = gL, 0) + (& = 20) 37 (20, 0) + (v = v0) 5 (70, 0) + R, ),
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where |R(z,y)| < Ch?||gll2.00.¢- Integrating the above equation over @ and using that
Jo9=J, g sives
@130, 0) — ol po) = [ R(r.) dady,
Q
which implies
19(0,90) — 920, 40)] < Ch?[|gll200.0-

The statement of the lemma now follows from the definition (4.7) of ||| - |||]. O

5 Pressure superconvergence analysis

In this section we employ a duality argument to derive superconvergence for the
pressure at the cell centers. We will make use of the following continuity property of
IT [23, 3]: for any € > 0,

Mallo < C(llall- + 11V - allo)- (5.1)

Consider the auxiliary problem
-V -KVp=p—p, in{, (5.2)
—KVye-n=0 on 0,

which is well posed since [,p = [,pn = 0. Elliptic regularity [20] implies that there
exists € > 0 such that

[elli4e < Cllp — prllo- (5.3)
Note that (5.3) holds for L-shaped domains. Let ¢ = —KVp. We have

Ip—pulls = (B—pnV-¢) = (D—pn V- 1¢) = c(llp, p — pp)
= —b(wlle, p—pr) = —b(yIle, p — p) — b(alle, p — pn)
= _b(’)’hﬂﬁbaﬁ - p) + a(u — Up, %HQS% (54)
using (4.1) with v = ~,Il¢. By Lemma 4.2,

61116, p — p)| < Ch?|Iplls||TTo]lv < CR|Iplls(16]l- + IV - @llo) < CR*|Iplls]lD — pllo,

using (5.1), (5.3), and that |V - TIg||o < ||V - ¢||o, which follows from V - TI¢p = V - ¢.
Note that the constant C' above depends on || K||. . For the last term in (5.4) we
write

la(u — wp, @) = |a(u —u,7,11¢) + a(Ilu — uy, y,116)]
< C(h?|[ulla| gl + [[TTa — wplof|vaTTolo)
< CR*(|[ullz + lIplls) |11
< CR*([[ullz + lIplls)[l7 = pallo,
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using Lemma 4.1, Theorem 4.1, (3.9), (5.1), (5.3), and (5.2). A combination of (5.4)
and the above two bounds gives the following pressure superconvergence result.

Theorem 5.1 For the CVMFEM approximation (uy, py), there exists a constant C
dependent on || K ||z 00, but independent of h such that

15 = pullo < CR*([ull2 + [[p]ls). O

It is now easy to obtain superconvergence for the pressure at the midpoints of
the elements. Let |||w|||lw = |||w]||, where |||w]||| is defined in (4.7) and note that
I|[|w|||w = [Jw]|o for all w € W,

Corollary 5.1 There exists a constant C' dependent on || K||1 o0, but independent of
h such that

1P = palllw < CR*([ullz + [[pll2oo + lIplls).

Proof: The result follows immediately from the triangle inequality

[l = plllw < lllp = Blllw + 1P = palllw,

Lemma 4.3, and Theorem 5.1. O
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