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Abstract

We develop a local flux mimetic finite difference method for second order elliptic
equations with full tensor coefficients on polyhedral grids. To approximate the flux
(vector variable), the method uses two degrees of freedom per element edge in two
dimensions and n degrees of freedom per (n-gon) element face in three dimensions.
To approximate the pressure (scalar variable), the method uses one degree of freedom
per element. A specially chosen inner product in the space of discrete fluxes allows for
local flux elimination and reduction of the method to a symmetric cell-centered finite
difference scheme for the pressure. In the case of simplicial grids, optimal first-order
convergence is proved for both variables, as well as second-order convergence for the
scalar variable. Numerical results confirm the theory.
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1 Introduction

The mimetic finite difference (MFD) method has been successfully employed for solving
problems of continuum mechanics [19], electromagnetics [13], gas dynamics [7], and linear
diffusion on polygonal and polyhedral meshes in both the Cartesian and polar coordinates
[14, 20, 18]. The MFD method mimics essential properties of the continuum equations,
such as conservation laws, solution symmetries, and the fundamental identities and theo-
rems of vector and tensor calculus. For second-order elliptic problems, the MFD method
mimics the Gauss divergence theorem, preserves the null space of the gradient operator,
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and keeps the adjoint relationship between the gradient and the divergence operators. This
leads to a symmetric and locally conservative finite difference scheme. However, the result-
ing algebraic system is of saddle-point type and couples the flux (vector variable) and the
pressure (scalar variable) unknowns. The elimination of the flux results in a cell-centered
discretization scheme with a non-local stencil.

In this paper, we develop a new MFD method which results in a symmetric cell-centered
discretization scheme with a local stencil. To approximate the flux, the method uses two
degrees of freedom per element edge in two dimensions and n degrees of freedom per
element face (which is n-gon) in three dimensions, thus associating one flux unknown with
each vertex (corner). To approximate the pressure, the method uses one degree of freedom
per element. These choices are similar to the degrees of freedom in the multipoint flux
approximation (MPFA) method [2, 1, 9]. A specially chosen flux inner product couples
only the flux degrees of freedom associated with each mesh vertex and allows for local flux
elimination, reducing the method to a symmetric cell-centered finite difference scheme for
the pressure.

In the case of simplicial meshes, we prove optimal first-order convergence for both
the flux and the pressure variables, as well as superconvergence of the pressure in discrete
L, norms. Our analysis can be extended to smooth quadrilateral meshes. Recent results
[15, 16, 22] provide analysis for the MPFA method and some related mixed finite element
methods by employing finite element techniques. Our approach is based on estimating
the errors directly in the norms of the discrete mimetic spaces and does not utilize finite
element polynomial extensions, except in the pressure superconvergence proof.

The paper outline is as follows. The new MFD method is developed in Section 2.
In Section 3, we prove optimal convergence estimates for the pressure and the velocity
and superconvergence for the pressure. Results of numerical experiments confirming the
theoretical estimates are presented in Section 4.

2 Mimetic finite difference method

Let X; and X, be Hilbert spaces and let £; and £, be two linear operators, £;: X; — Y,
1 = 1, 2, which satisfy some fundamental identity:

I(Ly, Lo fr1,f2) =0 Vi€ X1, fo € Xo.

Suppose that discrete approximation spaces X;;, Yin, ¢ = 1,2, and the discrete operator
Ly, are given. The idea of the mimetic discretization is to find a discrete operator Lo, such
that a discrete analog of the fundamental identity holds, i.e

Tn(Laips Lops fins fon) =0 Vi € X, fin € Xop. 2.1)

This implies that operators £, and £, cannot be discretized independently from each other.
In the MFD method, formula (2.1) is the implicit definition of the operator L 5.



We consider the second order elliptic problem written as a system of two first order
equations
= —Kgradp in €,
divu = f in €,

£

(2.2)

subject to appropriate boundary conditions. For simplicity, we consider the homogeneous
Dirichlet boundary conditions (see [12] for more general boundary conditions):

p=0 on OS2 (2.3)

We consider a polygonal domain Q C R d = 2 or 3, with boundary 02 and outward
unit normal 7. The coefficient K is a symmetric and uniformly positive definite tensor
satisfying

koT€ < ETK(2)€ < ki&T¢ Va e, VE€RY, (2.4)

for some positive constants kg and k;. Following the terminology established in porous
media applications, we refer to p as the pressure, to « as the velocity, and to K as the
permeability tensor.

In the problem of interest (2.2), the operators are £, = div and £, = —K grad, the
spaces are X; = H(div;Q), V) = Ly(Q), Xo = HY(Q) and Yy = (L5(2))%, and Z is the
Green formula,

I(El,ﬁg;ﬁ,p):/pdiv ﬁdx—i—/ﬁ-K‘l(Kgradp)dx. (2.5)
Q Q

2.1 The local flux MFD method

The MFD method has four steps. First, we define degrees of freedom for the pressure and
the velocity. Second, we discretize the easiest of the two operators; depending on the cho-
sen degrees of freedom, it could be either of them. Third, we discretize the Green formula
using quadrature rules for each of the integrals in (2.5). Some minimal approximation prop-
erties for these quadratures are required to prove the optimal convergence rates. Fourth, we
derive a discrete formula for the other operator.

Let €2, be a conforming shape-regular partition (see [8]) of the computational domain
into polygonal elements. Let

h = max hg,
EeQy,

where hpg is the diameter of element £. We assume that each vertex of E is shared by
exactly d edges (faces in 3D) of that element. In two dimensions, we split each edge into
two sub-edges using the mid-point. In three dimensions, we split each face into several
quadrilateral facets by connecting the face center of mass with the edge midpoints. To
simplify the presentation, we shall refer to the sub-edges as facets. We denote the area
(volume in 3D) of an element £ by |E|. Similarly, for each facet e, we denote by |e] its
length (area in 3D).



For each element E, we denote by n the number of its vertices and by ky the number
of its facets. The boundaries of facets are marked by thin lines in Fig. 1. In the following
OF denotes either the union of all edges (faces in 3D) or the union of all facets of F,
depending on the context.

The discrete pressure space () consists of one degree of freedom per element corre-
sponding to the pressure value at the center of mass. The dimension of (); equals the
number of elements. For q € @, we shall denote by ¢z (or (q)g) its (constant) value on
element .

The discrete velocity space X consists of one degree of freedom per facet, which
corresponds to the average normal flux. The location of velocity degrees of freedom is
shown in Fig. 1. For v € X}, we shall denote by v the restriction of v to element F,
and by v, (or (v)%) its (constant) value on facet e. The total number, Ny, of the velocity
degrees of freedom equals the number of boundary facets plus twice the number of interior
facets. We define X, as the subspace of R* which satisfies the continuity property

UZH = —U%Q (2.6)

for each facet e shared by elements £, and E5. Note that the dimension of X, equals the
number of facets.

Figure 1: Velocity degrees of freedom marked by solid circles for a triangle (ng = 3, kg = 6) and
a tetrahedron (ng = 4, kg = 12). The boundaries of the facets are marked by thin lines.

The normal velocity components result in a simple discretization of the divergence
operator. Integrating div « over element F, applying the divergence theorem, and using the
definition of discrete velocity unknowns, we get

1
(DIVu)g = i > lefug. 2.7)

ecOFE

Let us discretize each term in (2.5). For any ¢ € L(f2), we define ¢/ € @}, such that

(e = ﬁ/ g(z)de  VE € Q. (2.8)
E
4



The first integral in (2.5) is approximated by

/Qp(x) q(z)de ~ Z |E|pEqr = [P, d)o (2.9)

EeQy,

where p = p! and q = ¢!. Note that (2.9) is an inner product in Q,.

The discretization of the second integral in (2.5) requires some additional notation.
Given v € X}, let U5(r;) € RY be a vector associated with vertex r, of E such that its
normal component on any facet e that shares r; is equal to v},. Since each vertex is shared
by exactly d facets, then the vector U/z(r;) is uniquely determined. We refer to Uz(rs) as
the recovered vector. The expression for U'z(r;) can be found in [18].

We approximate K by a symmetric and positive definite piecewise constant tensor K
that equals the mean value Ky of K on E. The Taylor theorem implies that

max |Kij(x) — Kpij| < C||Kijll1,00,E hE, 1<4,5 <d, (2.10)
XE
where || - ||1,o is the norm in the Sobolev space W1 . We will also use the notation

1Kl = max || Kl

for tensor valued functions. In (2.10) and throughout the paper C' denotes a generic positive
constant, which is independent of h. Now, the second integral in (2.5) is approximated
element-by-element by

/ K Yi(x) - v(x) do ~ Z [u, v]x.g = [u, v]x, (2.11)
Q EeQy,
where
ng 1 nE
[, vlxe =78 Y wiKg ip(r:) - Up(r:), e = 5] > wi, (2.12)
i=1 i=1

w; are some positive weights, and @z (r;) and Uz(r;) are the recovered vectors. For simpli-
cial elements, the weights are equal to |E|/(d + 1) and yg = 1. Later, we will show (see
Lemma 2.2) that (2.11) is an inner product in X,.

The discrete gradient operator is derived from the discrete Green formula

[a, DIV v]g+ [v, GRADq|x =0, VqeQy Vv e Xy, (2.13)

This formula gives a unique definition for operator GR.AD . The local flux MFD method
reads: find u, € X}, and p;, € (), such that

u, = —QRAD Pr,

DIVu, = f. 2.14)

where f = f7.



2.2 Well-posedness of the method
The following interpolant will be used in the analysis. For any 7 € (L*(Q))9, s > 2, we
define ¢! € X, such that

1
(o), = B /17- ii%ds  VE€Q,, VeCOE. (2.15)

Note that o7 satisfies the continuity property (2.6).
The definitions (2.8) and (2.15) of the interpolation operators and the divergence theo-
rem imply the following simple result.

Lemma 2.1 For sufficiently smooth vector functions v, we have
(DIV ) = (div 0)% (2.16)
for every element E/ € €2y,
The next lemma shows that |-, -] y is a norm in X,.

Lemma 2.2 There exist two positive constants oy and o independent of h such that
VE €, alEl Y [ogl* < [v, Vixe < ai|E| D ol (2.17)
ecOFE ecOF
for any v € X,
Proof. For any element I and its vertex r;, lete; ;, 7 = 1,...,d, be the facets that share r;
and let ¥(r;) be the recovered vector. Furthermore, let 77; ; be the outward normal to e; ;.
It is easy to see that (r;) = N; T (v’ ..., v*)T where Nj is the d x d matrix whose

columns are the normals 7i; ; (see [18] for more detail).
The definition (2.12) implies that

ap=ko min A (NN,

1<i<ng

A similar estimate holds for a;;. The spectral properties of the matrix /N; depend only on
the mesh regularity constants. This proves the assertion of the lemma. O

We are now ready to prove the solvability of (2.14).
Lemma 2.3 The discrete problem (2.14) has a unique solution.

Proof. It is convenient to rewrite (2.14) in the equivalent variational form

[up, vlx — [pn, DIV V]g = 0, Vv e Xy,

(2.18)
[DIVUh,q]Q = [f>q]Q7 quQh,



where we have used the discrete Green formula (2.13). Since (2.18) is a square system,
it suffices to show uniqueness for the homogeneous problem. Letting f = 0, v = uy,
and q = py, we conclude that [uy,, uy]x = 0. Hence, due to (2.17), u, = 0. Let p, be a
piecewise constant function such that p, | = (pn)&-

Let us consider again (2.18) and take v = (grad ¢)!, where ¢ is the solution to

A¢ = Dhn in Q7
p=0 on 0f2.

Using (2.16), we have that
DIVv = DIV (grad¢)’ = (div grad ¢)’ = (pn)’ = pu,

which implies that [py, pr]g = 0, therefore p;, = 0. O

2.3 Reduction to a cell-centered scheme

In order to derive the explicit formula for GR.AD , we consider an auxiliary inner product
< -, - > and relate it to inner products (2.9) and (2.11). Let < -, - > be the usual vector
dot product. Then

P, dlo =<Dp,q> and [u, vlx =< Mu, v >, (2.19)

where D is a diagonal matrix, D = diag{|E1|,...,|En,|}, and M is a block-diagonal
matrix. Since [, -] x is an inner product, M is symmetric and positive definite.

To incorporate the continuity conditions, we write u = C'tt where C' is the rectangular
matrix with one non-zero element in each row (which equals to 1) and the entries of vector
u are independent degrees of freedom. Thus, the size of vector i equals to the number of
mesh faces. Similarly, we write v = Cv. The matrix C7 M C is also block diagonal with
as many blocks as there are mesh nodes. Thus, the discrete Green formula yields

GRAD = —(CTMC) Y (DTV C)'D.

In two dimensions, each block of C* M C'is a tridiagonal cyclic matrix whose non-zero
entries describe interaction of neighboring velocity unknowns on edges sharing a mesh
node. The block corresponding to the interior node shown in Fig. 2 is a 5 X 5 matrix.
Therefore, the inverse of this block can be easily computed which gives us an explicit local
formula for each component of u;, and thus reduces (2.14) to a cell-centered discretization

—~DIV CGRADp, = f. (2.20)

Examples of the stencils for the operators GRAD and DZV C GRAD are shown in Fig-
ure 2(a) and Figure 2(b), respectively.
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a. GRAD stencil b. DIV GRAD stencil

Figure 2: Stencils for operators GRAD and DZV GRAD on a triangular mesh. On the left,
the equation for the velocity unknown at the position marked by a solid circle involves pressure
unknowns at the positions marked by squares. On the right, the pressure marked by a solid square

is coupled with the pressures marked by squares.

The coefficient matrix of problem (2.20) is symmetric with respect to inner product
(2.9):

[-DIV CGRADDP,q)q =< DDIVCO(CTMC) ™ (DIVC)' Dp,q > .

Moreover, since DIV Tq = 0 implies q = 0, as shown in the proof of Lemma 2.3, the
resulting algebraic system has a symmetric and positive definite matrix.

3 Convergence analysis

In this section, we prove convergence estimates for the velocity and pressure in the case of
simplicial meshes (ng = d + 1).

We begin with the proof of a discrete Green formula for linear functions. In two dimen-
sions, for each edge with end points a; and a,, we define two new points

g = (2&1 + ag)/?) and Azl — (a1 + 23.2)/3

which are interior points of the two facets, see Figure 3(a). In three dimensions, for each
face (with is a triangle) with vertices a1, as and a3, we define three new points

a3 = (231 +aQ+a3)/4, a3 — (a1 +2&2+33)/4, and azie — (a1 +a2—|—2a3)/4

which are interior points of the three facets, see Figure 3(b). Note that d new points are
the projections of the center of mass, cg, onto the edge (the face in 3D) along directions
parallel to the other d edges. We use notation c,. for the new point inside facet e.



a. New edge points
b. New face points

Figure 3: Auxiliary edge and face points.

Lemma 3.1 For every E in §y, the inner product (2.12) satisfies

v, (Kpgradq')]xp =Y lelq'(c.) vy — [DIVV, (¢")]gp.  YVEXn (D)

ecOFE

for any linear function q'.

Proof. Let My be the symmetric positive definite kr X kg matrix defined by the inner
product [-, -] x g, see (2.19). Since the vectors recovered at different vertices use separate
degrees of freedom, the matrix My is block-diagonal with d + 1 blocks and each block is a
d x d matrix. The result of this special structure of M is that the proof of (3.1) is reduced
to proving d + 1 independent identities associated with the vertices of £.

Let r be a vertex of F and let e;, i = 1,...,d, be the facets that share r. Furthermore,
let 77;, be the outward normal to e; and let ¥ be the vector recovered at vertex r. Since the
constant vector is recovered exactly, (3.1) reduces to

E
(500 (g rad ) Z el (@'(e) — '), ()
where cp is the center of mass of E. Since ¥ = N~ T (v}, ..., v;$)T, where N is the d X d

matrix with columns 77;, (3.2) is equivalent to

E|
ﬁg ad¢' —Z|ez|nz Ce; — Cp) 3.3)

To prove (3.3), it is sufficient to check that

d
£] gradg' - @ =Y lei| (- 7;) ¢*(ce, —cp), Vi€ R™ (3.4)

=1

d+1



C1
Cp

Figure 4: The congruent triangles £ and E (shaded).
Let us consider the triangular element £~ shown in Fig. 4. The shaded triangle Eis congru-

ent to £ and |E| = d/(d+ 1)|E|. The points ¢, ¢, and ¢ are the mid-points of the edges
of E. Since the midpoint rule is exact for linear functions, the right hand side of (3.4) is

d
— — 1 — —
S el (- ) g1 (e, — ex) = 3/@ Fip) g\ (s — cx) ds (3.5)
i=1 OF
Using the Green formula, we get
l/ (W-7ig) q' (s — cp)ds = 1/ W - grad ¢t do = ﬂu? grad ¢* (3.6)
d )z E g d /s d+1 ' ’
Combining (3.5) and (3.6), we obtain (3.4). The same argument proves (3.4) in the case of
tetrahedral elements. O

We will also use repeatedly the following approximation result [4, Lemma 4.3.8]. For
every element F, if ¢ € W};”“, p > 1, there exists ¢, a polynomial of degree at most m,
such that

|6 — " lwi(e) < Chm+1—’f|¢|wgl+1(m, k=0,...,m+1. (3.7)

In particular, there exists a linear function pk, such that
lp = ppllizm < Chgliplmem), P =ppllme < Chellplme. (68

For the error on the edges (faces in 3D), we have [3]

Ix[l726) < C (h;EIHX“%Q(E) + hg |X|§{1(E)> ,  VxeH(E), (3.9)

where ¢ is any edge (face) of £. The constant C' in (3.8) and (3.9) depends only on the
shape-regularity constants of £. Applying (3.9) to the difference p — p}, and using (3.8),
we have

lp = pElZ2@ + HEIV (P — pE)Z2@ < C b DIl (3.10)
It is obvious that a similar estimate holds for any facet e of F.
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3.1 Optimal velocity estimate

We are now ready to prove optimal error estimates for both the scalar and vector variables.
These estimates are derived for the mesh dependent norms induced by the inner products:

1/2 1/2
lalle = la. alg”  and  [Ivlx = [v, vI¥™

Theorem 3.1 For the solutions (p, @) and (py, ) of problems (2.2) and (2.14), respec-
tively, there exists a constant C' independent of h such that

i@’ —apllx < Ch 1Pl 22 -

Proof. Let v € X}, be such that DZV v = 0. Then, using the discrete Green formula (2.13),
we get

[ﬁl — Up, V]X = [(Kgradp)lu V]X + [gRADph7 V]X = [(K gradp)lu V]X'

Let p' be a discontinuous piecewise linear function satisfying (3.8) on every element L.
Adding and subtracting terms (K gradp')! and (K grad p')!, where K is the piecewise
constant approximation to KX defined in Section 2 and satisfying (2.10), we have

[@] —uy, v]x = [(Kgradp)! — (K gradp)!, v]x + [(K grad p')! — (K grad p')!, v]x
+ [(Fgradpl)l, Vix =T +1, + 1.

Terms similar to Z; and Z, appear in [6]. Using the Cauchy-Schwarz inequality, we bound
7, as

72| < (K gradp — K gradp')'[lx[Ivllx

1/2
< (al > (<<Kgradp—Kgradp1>f>%)2|E|> Ivlix

E€Qy e€OF
1/2 G.11)

_ (m > 3 (i [ Ko -ﬁ%ds)2|E|> Ivix

EecQy ecOFE

< Chllplaz@lvix,

where we have used (2.17) in the second inequality and (3.10) in the last inequality. For
term Z,, using (2.10), we have

[ Zo] < Chll(gradp’) llxIvllx- (3.12)
Since the inner product (2.12) is exact for constant vectors, we get
I(gradp") |lx.z = || gradpp|| 2y < || gradp||r2my+|| grad (p—pi) || 22m) < Cllplm2(m),

11



using (3.8). The above inequality and (3.12) imply that
|Z2| < Chllpll a2 IVIlx- (3.13)

To estimate the remaining term, we apply Lemma 3.1 and use DZV v = 0 to obtain

T= 37 3 lelphle.) v

EcQy, ecOFE

Recall that c, is the mid-point of one of the edges (faces in 3D) of the shadow element E
(see Figure 4). Denoting the corresponding edge (face) by é(e), we get

1
1 1
= ds.
pr(ce) (0] ” pp(s)ds

Using the continuity of p and the approximation result (3.10), we have

e lel
‘IS‘ = Z Z Vg |é(€)| . (plE'_p) ds
EEQ), c€dE é(e)

<C Y el 1P — Pl (3.14)

E€Q)y, ecOF

1/2

<O b (rE\ ) m%\?) Il < Chlplle IV

EecQy, ecOFE

We next note that Lemma 2.1 implies that

DIV (@' —u,) = f1 — f1 =0;

hence we can take v = @ — u,, in the above estimates. Combining estimates for Z;, Z,,

and Z3, we prove the assertion of the theorem. O

3.2 Optimal pressure estimate

To prove optimal convergence for the pressure variable, we first show that an inf-sup con-
dition holds. Let us define the mesh dependent H 4;,, norm:

V1%, = IvIx + P2V v][3.
Lemma 3.2 There exist a positive constant (3 independent of h such that for any q € Qy,

[DIVv, q]g
sup —0——————
veXp v20  |1Vllaiv

> Sllalle- (3.15)

12



Proof. Let q € @)}, and let ¢ be the piecewise-constant function which is equal to (q) z on
E. We will construct 7 € (H*(2))? such that div © = ¢ and

10 ye < Cillgll 2@, (3.16)

where (] is a positive constant independent of h. Let gy be the integral average of ¢,

7
Q= — | qdz.
9l

We define v = v + ¥ where v is a solution to

divt, = q—qo in €,
v = 0 on €,
and v, is a solution to
div 172 = qo in Q,

Uy = ¢ on 09},

where § € (H'/?(09))? and satisfies the compatibility condition

[ s =ai)
o0

The above problems are known to have solutions [10] satisfying

10l mrne < Cllallzy  and (|l eye < C (llgoll2) + 191l arzaae) -

We choose § = |Q|qo¢ri, where ¢ is a smooth function with support contained within
one side of Q such that [, ¢ds = 1. It is easy to see that ||7]| /200y < Cllqoll L2
therefore v satisfies (3.16).

Let v = o7, Using Lemma 2.2, inequality (3.9), and the assumption of mesh regularity,
we get

v.Vixe < alBl ) gl
ecOFE

B () 1y ]
C 3 e (& 1Moy + bl ey))

ecOF

< O (10 + b 15121 )

ecOF
< Gy||v

Therefore, using (3.16),

IA

e oy

IVI% < Colltlls oyye < CCallally-

13



Further, Lemma 2.1 implies
DIVv = (divd)! = ¢’ =q.

The last two estimates imply that

IVllaiw < /14 CFC2 llalle,

thus the assertion of the lemma follows with § = 1/1/1 + C?Cs. O

Theorem 3.2 For the solutions (p, @) and (py, uy,) of problems (2.2) and (2.14), respec-
tively, there exists a constant C' independent of h such that

Ip" = prlle < Chlpllm).
Proof. Using Lemma 3.2, we have

1 [DIVv, pl — Prlo
Ip" —pullg < = sup
B vex, v#0 v | i

(3.17)

To estimate the denominator, we first add and subtract (p*)! where p' is the discontinuous
piecewise linear approximation to p satisfying (3.8), and then apply Lemma 3.1:

DIV v, p' —prlg = [DIVv, (p—p") g+ [DIVv, (p") g + [un, v]x
= DPIVv. (=)o + Y D lelpiledvi
EcQ)y, ecOF
— Y [(Kegradpp)', vlxp + [us, vx
EeQy,

= I4+1s — I+ 15
The term Z, is estimated using (3.8):
[ Za| < CR? IV llaio 1] 520 - (3.18)
The second term is estimated as the similar term in the proof of Theorem 3.1:
| Zs| < Chlvllx llpll a2« (3.19)
The last two terms are treated by adding and subtracting (K grad p')! and (K grad p)’:
Is —I; = [(Kgradp')! — (K gradp)!, v]x

+[(K gradp')’ — (K gradp)’, v]x + [@’ — uy, v]x
T + T4, + I

14



The first two terms appeared in the proof of Theorem 3.1; therefore
1Z8| + 28| < Ch|[v]x Iplla2o)- (3.20)
The term Zg, is estimated using Theorem 3.1:
175 < @ = willx Ivllx < Chllpllm@ Ivilx. (3.21)

The proof is completed by combining (3.17)—(3.21). O

3.3 Superconvergence of the pressure

In this section we prove a second-order convergence estimate for the pressure. We denote
the original edges (faces in 3D) by € to distinguish them from facets e.

Let us introduce two additional interpolation operators. Let V, be the lowest order
Brezzi-Douglas-Marini BDM; mixed finite element space on (2, consisting of piecewise
linear vector functions with continuous normal components [5]. For any ¢ € (L*(€))<,
s > 2, let IIv € V, be its finite element interpolant satisfying for every element edge (face
in3D) e € OF

/(HU — 1) -ngpi1ds =0 forevery linear function p;. (3.22)

e

This implies that
/ div (IIv' — ¥) dz = 0. (3.23)
E

It has been shown in [5] that for any smooth enough vector v,

10— 1| p2gayya < CRM|T| reaye, 1< k< 2. (3.24)
It is also easy to see that for all elements F

111 1.y < CllVN (m (yya- (3.25)
For any 7 € V), define an interpolant 7/ € X}, such that, for every facet ¢ € OF,
()5 = (x.) - ik,

where r. is the vertex of E shared by e. Note that o1 satisfies the continuity condition (2.6).
Lemma 3.3 For every v € V,

DIV = (div ).

15



Proof. For any FE in €);,, we have

M&

(DIV &) Z le| (&) %

eGdE

m

=1

where r’, i = 1,...,d, are the vertices of e. The last sum is the quadrature rule for exact
integration of linear functions. Therefore,

(DIV v _’I = |Z/ g ds = (div o)k,

ecOFE

We are now ready to prove second-order convergence for the pressure.

Theorem 3.3 Assume that problem (2.2) is H?-elliptic regular. Then, for the solutions
(p, @) and (pn, up) of problems (2.2) and (2.14), respectively, there exists a constant C
independent of h such that

" = pullo < C1* (Il a2y + plla2e)-
Proof. The proof is based on a duality argument. Let ¢ be the solution to

—div K grad o = R(p’ —ps) inQ,
=0 ond,

where R(p! — py,) is the piecewise constant function equal to (p’ — py)x on each element
E'. The regularity assumption implies

el 20y < CIIR(P" — pu)ll 20 (3.26)

see [11, 17] for sufficient conditions. Let J = —K grad . Let (-,-) denote the L? inner
product over (). Using Lemma 3.3 and (2.18), we get

(R(p" — pn), divIIy))
(p, div I19)) — [py, DIV (I19)) ]
= (K~ 'a@,11)) — [uy,, (1Y) ]x
(K

<u — 10@), 1Y) + o (K1, 1) + [(1a)T — wy, (119)7]x
(3.27)

IR(" —pu)l2q) =

where
o(K'a,7) = (K'a,0) - [a, ]«

represents the error in integrating the dot product of two vector-valued functions. The first
term on the right in (3.27) can be bounded using (3.24) and (3.25):

(K~Y(@ — 11a@), 1) < CR2||| 2 al 2l m20)- (3.28)
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The second term on the right in (3.27) can be bounded using Lemma 3.4 (which we shall
prove below) and (3.25):

o (K11, T1)| < CR2 ||| s sapye |2 | 12 - (3.29)

Letv = (Hﬁ)l~ — uy,. Then, for the last term on the right in (3.27), we have

-

(@) — w,, () ]x = [v, (~IIK grad ¢) ] x
— [v,(~IIK grad o + 1K grad ¢')7] x
+[v, (-II1K grad ' + IIK grad gol)i]x — [v, (K grad gol)i]x

= Is+ 71y — Tho,
(3.30)
where (¢, is the piecewise linear approximation to ¢ satisfying (3.8) on every element E,
and K is the piecewise constant approximation to K defined in Section 2. For Zg, we have

[ Zs| < (K grad (v — ")) Ix Ivllx

1/2
< (@1 > > (MK grad (p = o')(xc) -ﬁEVrE\) Ivix
EEQ}E ecOF
B 1/2 (3.31)
<C (Z > e (o) ﬁE)st> Ivix
EeQ, écOE €

< Chllellz2@Ivilx.

where we have used (2.17) in the second inequality, (3.22) in the third inequality, and (3.10)
in the last inequality. Using the above argument, the term Zg can be bounded as follows:

[ Zo] < I(OI(K — K) grad ') [Ix [Ivllx

1/2
<cC (Z 3 % [(H(K _R) grad ! -ﬁE)st) Ivix

Ee€Qy, ecOFE

1/2 (3.32)
2 2 1112
<C (Z W3 K3 oo ]l grad o ||L2(E)> Iv]lx

EeQy

< Chllell w2 Ivilx,

where we have used (2.10) and (3.9) in the third inequality and (3.8) in the fourth inequality.
To estimate 7y, we note that (K grad p!)! = (K grad ¢')! and DZV v = 0. Applying
Lemma 3.1 and the argument from (3.14), we get

D D lelet e

EE€Qy, ecOFE

10| = < Chllell 2@ Ivilx- (3.33)
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Next, the triangle inequality gives

Ivilx < 1(T1@)" —a'llx + la" — unllx. (3.34)

The second term on the right is bounded in Theorem 3.1. To bound the first term, we choose
1 as the piecewise constant approximation to « that satisfies (3.7). The triangle inequality
gives

(@) —a@|x < |(Ta@)" — (Tdo) lx + [I(Tto)" — gllx + 1 — @' llx- (3.35)

The second term on the right above is zero. The first term is bounded using the argument
from (3.31):

1/2
4 E .
1) — (1)1 < € (Z > 5 o E>2ds> < Chll oy

E€Qy, écOF
(3.36)

using (3.7) and (3.9) in the last inequality. The last term in (3.35) is bounded in a similar
way,
g — @'l x < Chlla]| a qy)e- (3.37)

The proof is completed by combining (3.27)—(3.37), Theorem 3.1, and (3.26). O

It remains to establish the bound (3.29).

Lemma 3.4 Let K—' € W2 (FE) for all elements E. Then, for all iiy,, v}, € Vy, there exists
a constant C independent of h such that

o (B it )] < €Y B2l (|8l iy

EeQy,
Proof. We first note that for all «;, € V, and for all piecewise constant vectors vy,
o (tp, ) = 0, (3.38)

which follows from
d+1

P E Lo
[uéavé X,E — d|+|1 Zuh rz UO rz - (uhav[))Ea

using that the middle term is the quadrature rule for exact integration of linear functions.
Next, using (3.38), we write

UE(Kill_L‘h,ﬁh) = O'E(<K71 — Kgl)(’ljh — ’Jh,g),ﬁh) + O'E((Kil — Kgl)ﬁhyo, Up, — Uhp)
+ op(K g, Oho) + op(Kg' (i@ — iino), T — Tno),
(3.39)
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where 1}, o and vy, ¢ are the constant approximations on £ to i, and vy, respectively, satis-
fying (3.7). The first, second, and fourth terms above are bounded by

CR2 K M1 00,8188 | (1 () |08 (111 () (3.40)

Since the third term on the right in (3.39) is zero for linear tensors, letting (K ~!)%, be the
linear approximation to K ! on E satisfying (3.7), we have

lo5(K ™ ho, Uho)| = lop((K™" — (K™Y E)@ho, Tho)]

_ . _, (3.41)
< CR?| Ko o0,8 @0l (22 ()2 100 (122

A combination of (3.39)—(3.41) completes the proof of the lemma. O

4 Numerical experiments

In this section, we present results of numerical experiments. As we mention in Sec. 2, the
velocity unknown can be eliminated from the discrete system resulting in a cell-centered
discretization with a symmetric positive definite matrix. This problem is solved with the
preconditioned conjugate gradient (PCG) method. In the numerical experiments, we used
one V-cycle of the algebraic multigrid method [21] as a preconditioner. The stopping crite-
rion for the PCG method is the relative decrease in the residual norm by a factor of 1012,

Let us consider the 2D problem (2.2) in the unit square with the known analytical solu-
tion

p(z, y) = 23y* + zsin(2rry) sin(27y)

KZ((:B—|—1)2—I—y2 —xy >
—xy (z+1)

In the first set of experiments, we consider the sequence of smooth triangular meshes
generated from uniform square meshes by splitting each square cell into four equal trian-
gles. The convergence rates are shown in Table 1 for the discrete L, norms defined earlier,
as well as in discrete L., norms equal the maximum component absolute values of the al-
gebraic vectors. We use the linear regression algorithm to estimate the convergence rates.
We observe second-order convergence rate (superconvergence) of the pressure variable and
first-order convergence rate of the flux variable in the discrete L, norms. The slightly faster
convergence rate in the discrete L., norm for the flux (see the last column) is due to faster
convergence on coarse meshes.

In the second set of experiments, we take the meshes generated above and perturb
randomly positions of the mesh nodes. More precisely, we move each of the mesh nodes
into a random position inside a square of size h/2 centered at the node. The convergence
rates are shown in Table 2. As in the first example, we observe second-order convergence
of the pressure and first-order convergence of the flux.

Both experiments confirm the theoretical results proved in the previous sections.

and the tensor coefficient
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Figure 5: Examples of meshes used in experiments 1 and 2.

Table 1: Convergence rates in the first set of experiments.

1/h | Ip" = palle lIp" = prlle | N7 —willx fl7" — upll
8 1.08e-2 4.06e-2 2.55e-1 2.60e-0
16 | 2753 1.18e-2 9.14e-2 1.04e-0
32 | 6.92e-4 3.18e-3 4.03e-2 3.94e-1
64 | 1.73e-4 8.17e-4 1.95¢-2 1.58e-1

128 | 4.34e-5 2.07e-4 9.56e-3 7.94e-2

Rate | 1.9 1.91 1.17 1.28

5 Conclusion

We develop a local flux mimetic finite difference method, which reduces to cell-centered
finite differences for the pressure. Borrowing an idea from the MPFA method, we intro-
duce facet fluxes, which are eliminated from the algebraic system by solving small local
systems for each mesh vertex. The method is defined on general polyhedral elements. We
present analysis for simplicial elements, showing optimal convergence for both variables
and superconvergence for the pressure at the element centers. Our analysis is based on dis-
crete space arguments and does not rely on finite element polynomial extensions, with the
exception of the pressure superconvergence proof. The analysis can be extended to smooth
quadrilateral meshes.
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Table 2: Convergence rates in the second set of experiments.

1h | Ip" = prlle lIp" = palloo | 13" — wallx Jl@" — anflo
8 1. 14e2 4.06¢-2 2.94e-1 2.67¢-0
16 | 2.93¢-3 1.18e-2 1.24e-1 1.14¢-0
32 | 7.13¢-4 3.23¢-3 5.97e-2 5.12e-1
64 | 1.77c-4 9.49¢-4 3.01e-2 3.56e-1
128 | 4.48¢e-5 2.58¢-4 1.52¢-2 1.98e-1
Rate | 2.00 1.82 1.06 0.92
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