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SUMMARY

The balancingdomain decompositiormethodfor mixed finite elementsby Cowsar Mandel, and Wheeleris
extendedto the caseof mortarmixed finite elementon non-matchingnultiblock grids. The algorithminvolves
an iterative solutionof a mortarinterfaceproblemwith onelocal Dirichlet solve and onelocal Neumannsolve
per subdomairon eachiteration.A coarsesolwe is usedto guaranteghatthe Neumannproblemsare consistent
andto provide global exchangeof informationacrosssubdomainsQuasi-optimalkconditionnumberboundsare
derived, which areindependenof thejump in coeficientsbetweersubdomainsNumericalexperimentsconfirm
thetheoreticaresults.
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1. INTRODUCTION

A growing numberof papersn recentyearsdeal with the numericalmodelingof partial differential
equationson non-matchinggrids. This generality often referredto asa multiblock approachallows
for modeling complex geometriesby representinghem as unions of simpler locally discretized
subdomaingblocks). The computationalgrids neednot match acrossinterfaces,which allows for
modelinginternalboundariesandfor efficient treatmentof spatiallyandtemporallyvarying physical
processesA typical exampleis modelinglarge scalegeologicalstructuressuchasfaultsandlayers,
andhigh gradientsnearwells in flow in porousmedia.

In a multiblock formulation the underlying equationshold locally on each subdomain.This
includesthe possibility of multiphysicsformulationswheredifferentphysicalprocesseanddifferent
mathematicamodelsmay be associatedvith differentblocks,e.g.,coupling single-phasdlow with
multiphasdlow in reserwir modeling[28, 24]. Appropriatediscretizatiormethodsareappliedlocally
on the subdomainsPhysically meaningfuland mathematicallyconsistentmatchingconditionsare
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imposedon the interfaces.Mortar finite elementshave beensuccessfullyemployed for discretely
imposingtheseinterfaceconditionswhen coupling discretizationdasedon Galerkinfinite elements
[8, 6, 33|, mixedfinite element434, 4, 7], andfinite volumeelementg19].

In this work we considermixed finite elementmethodsfor subdomaindiscretizations.Mixed
methodsowe their popularity to their local (element-wise)massconseration property and the
simultaneousand accurateapproximationof two variablesof physicalinterest,e.g., pressureand
velocityin fluid flow. Themortarmixedmethodcanbeviewedasanextensionto non-matchingyridsof
thepatrtially hybridizedform of the mixedmethodwhereLagrangemultiplier pressureareintroduced
ontheinter-block boundarieg5, 14, 20].

This paperdealswith the problemof solving efficiently the algebraicsystemarisingin mortar
mixed finite elementdiscretizationf elliptic equationsA non-overlappingdomaindecomposition
algorithmdevelopedfor matchinggridsby Glowinski andWheelef20, 17] andlaterextendedo non-
matchinggrids[34, 32 is emplojedasa solver. The methodreduceghe globalsystemto aninterface
problemwhich is symmetricand positive definitein the caseof elliptic equationsand canbe solved
iteratively via a preconditionecdtonjugategradientmethod.This approachs very suitablefor parallel
implementatiorsincethe dominantcostis solvingsubdomairproblems.

The feasibility of the domaindecompositiorsolver dependscritically on the rate of corvergence
of theinterfaceiterationandultimately on the conditioningof the interfaceoperator The goal of this
paperis to extendto the caseof non-matchingnultiblock gridsthe balancingpreconditionefor mixed
finite elementsievelopedby Cowsar Mandel,andWheelef{16]. Othersubstructuringpreconditioners
for mortarfinite elementsanbefoundin [21, 1, 2]. Thebalancingdomaindecompositioomethodwas
introducedby Mandel[25] for Galerkinfinite elementsandlateranalyzedy MandelandBrezina[26].
Thealgorithmis basedon the Neumann-Neumanpreconditionef9, 18, 22] andinvolvesaniterative
solutionof theinterfaceproblemwith onelocal Dirichlet solve (actionof the operator)andonelocal
Neumannsolwve (actionof the preconditionerper subdomairon eachiteration. A coarseproblemis
addedto guaranteg¢hatthe Neumanmproblemsareconsistentvhich alsoprovidesglobal exchangeof
informationacrossubdomainsTheconditionnumberanalysisn [16] pivotsaroundacharacterization
of theinterfacebilinearform asa H'/2-norm of aninterpolantof the Dirichlet interfacedata.A key
ingredientin our analysisis a similar characterizatiorfor the mortar bilinear form and the mortar
interfacedata(see(30) below). Ourtheoreticakesultsfor the mortarbalancingoreconditioneprovide,
asin the caseof matchinggrids, a quasi-optimalconditionnumberboundO((1 + log(£))?) which
is independenof thejumpin coeficientsbetweersubdomainsHereh is the discretizatiorparameter
and H is the characteristisize of the subdomainsThis boundalsoindicatesvery weakdependence
on the numberof subdomainsvhich is confirmedexperimentallyin Section5. Our analysisdepends
on assumptioron the grids (33) which is closelyrelatedto a solvability condition(15) for the mortar
spacesntroducedin [34] (seealso[4]). This assumptionis justified in the Appendix for Raviart-
Thomassubdomairdiscretization®f lowestorder[29] on fairly generalgrids andit is easyto satisfy
in practice(seeRemark4.1).

Therestof the paperis organizedasfollows. Mortar mixedfinite elementmethodgor second-order
elliptic equationsarepresentedn Section2. The non-overlappingdomaindecompositiormethodand
the balancingpreconditionerare describedn Section3. Section4 is devotedto the analysisof the
conditionnumberof the preconditionecbperator In Section5 the behavior of the preconditioneiis
illustratedby a seriesof numericalexperimentsA technicallemmaneededn theanalysiss provenin
the Appendix.
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2. MORTAR MIXED FINITE ELEMENT METHODS

We considerthe following second-ordeelliptic problem written as a systemof two first-order
equations:

u=—KVp inq, (1)
V-u=/finQ, 3]
p =g onoL, )

whereQ = U ,Q, C R4, d = 2 or 3, is amultiblock domainand K is a symmetric,uniformly

positive definite tensor This systemmodels,amongmary other applications,single-phasdlow in

porousmediawhereyp is the pressureand u is the velocity. The Dirichlet boundaryconditionsare
considerednerelyfor simplicity. The subdomaing?; areassumedo be non-overlappingandshape-
regularwith diameters)(H), i.e., thereexistsareferencalomain( with adiameterO(1) andbijective

mappingsF; suchthat

0 =F(Q), |DR|<CH, |DF) <CH ™.

Letl’; ; = 09, N0, I' = U2l g andl’; = 0Q; NT = 99;\ 02 denoteinterior block interfaces.

We assumehatthereexist positive constants, C, and«; suchthat
coitTe <ETK(x)¢ < CaieTe, VeEeRY, VoeQ,, i=1,...,n. (4)

We will make useof the following standardnotation.For a subdomainG C R¢, the L2(G) inner
product(or duality pairing) and norm are denotedby (-, -)¢ and|| - ||, respectiely, for scalarand
vectorvaluedfunctions.For a sectionof a subdomairboundaryS c U?_,09; we write (-,-)s and
|| - ||s for the L2(S) inner product(or duality pairing) and norm, respectiely. We omit G' (S) in the
subscriptif G = Q (S = I'). Let usalsodenote,for ary symmetricand positive definite operator
B onT, the B-inducedinner productandnorm by (u,v)s = (Bu,v) and||u|z = ((u,u)5)"?,

respectiely. We will alsomalke useof thescaledSobole norms

1 1
lwli¢ = lwl e+ ml\wllgw [wlli 2,5 = lwli /2,5 + EIIWH?%

where

. Jw(t) —w(s)]?
|w|icz/ [V (z)|? da, |w|%/2,s=/ / — g dtds.
a sJs it — s]

Throughoutthe paperthe constants: andC will denotegenericconstantsndependenof , H, and
[e7h
The velocity andpressurdunctionalspacedor the mixed weakformulationof (1)-(3) aredefined
asusual[14] to be
V = H(div;Q) = {ve (L*(Q))?:V-ve L}(Q)}, W =L*Q),
with norms
Vil = (VP + 1V - v fwliw = [lw]-

A weaksolutionof (1)—(3)isapairu € V, p € W suchthat

(K ta,v) = (p,V-v) = {g,v-v)aq, ve H(div;Q), (5)

(V'uaw) :(faw)a wELQ(Q), (6)
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wherev is the outward unit normalvectoron 09). It is well known (see e.g.,[14, 30]) that(5)—(6) has
auniquesolution.
We alsoconsideranalternatve domaindecompositiorvariationalformulation.Let

Vi = H(div; ), Wi = L2(€,).

If the solution (u,p) of (5)—(6) belongsto H*(Q2) x L3(f), it is easyto seethat it satisfies,for
1 <qi<n,

(KM, v)o, = (p, V- v)a, — (0, v - vi)r, — (9. V - Vi)aaar,s V € Vi, (7)
(V * uaw)Qi = (f7w)Qi7 w e Wi7 (8)
Z<U'Vz‘7/11>m =0, ,U'GLZ(F)a 9)

i=1
wherey; is theouterunit normalto 0%2;.

Let 7}, ; beaconforming,quasi-unifornfinite elementpartition of §2;, 1 < ¢ < n. Thesubdomain
partitions7;, ; and7; ; neednot matchonI; ;. Let 7, = U}, 7}, ; denotethe globalfinite element
partition.Let

Vi X Wy CVy x W

beary of theusualmixedfinite elementspacesiefinedon 7;, ; (see[14], Sectionlll.3), the RT spaces
[29, 27], the BDM spaceg13], the BDFM space$12], the BDDF spaceg11], or the CD spaceg15].
It is known for thesespaceg$14] that

V-V i=Wh;

andthatthereexistsa projectionll; of (H'(9;))¢ ontoV,, ;, satisfyingamongsbtherpropertieghat
forary q € (H'())?,
(V-(ILg—q),w)o, =0, we W, (10)
((a—1ILq) - v, V- vi)ag, =0, v EVy,. (11)

The most commonly used mixed spacesare the Raviart-Thomas spacesof lowest order RTg
[31, 29, 27]. In thiscase

Vi(E) ={v = (v1,v2) orv = (v1,v2,v3) :
U = Qg +ﬁl$l; alvﬂl € Ra l= 177d}
Wi(E) = {w = const}.

Note thatfor ary elementE € 7, the degreesof freedomfor avectorv € V(F) canbe specified
by thevaluesof its normalcomponents - vg atthe midpointsof all edgeqfaces)f F, wherevg is
the outward unit normalvectoron 9 E. The degreeof freedomfor a functionw € W, (E) is its value
atthecenterof E.

Thevelocity andpressuramixedfinite elementspace®n ) aredefinedasfollows:

Vi, = @Vh,ia Wy, = @ Wh.
i=1 i=1

Notethatthis choiceleadsto a non-conformingapproximatiorsinceVy, ¢ V.
Let 75, ;,; be a quasi-uniformfinite elementpartition of I'; ;. Let & be associatedvith the degree
of the polynomialsin V,, - v. Denoteby M, ; ; € L*(T; ;) the mortarfinite elementspaceon T ;
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containingat leasteitherthe continuousor discontinuousiecavise polynomialsof degreek + 1 on
Th,i,;. For example,in the caseof RTy, Mj, ;,; is the spaceof piecaviselinear (bilinear, if d = 3 and
thegridsarehexahedralpolynomialson 7, ; ;. Let

My= €P M,
1<i<j<n

bethemortarfinite elementspaceonT'.
In the mortar mixed finite elementapproximationof (5)—(6) we seeku, € Vy, p, € Wy, and
An € Mj, suchthat,for1 <i <n,

(K "up, v)a, = (0r: V- V)a, — Mnvevi)r, — (9, V- vidoaars: vV E Vi,  (12)
(V-up,w)o, = (f,w)a,, we Wy, (13)
n

Z<uh : Vi7u>l—‘i = 07 ne Mh' (14)

i=1

It is clearfrom (7) and (12) that \;, € M}, is an approximationto the pressurep on I'. Equation
(14) enforcesweak (with respectto the mortar space M) continuity of flux acrossthe block
interfaces Existenceanduniquenessf asolutionto (12)—(14)areshavn in [34, 4] alongwith optimal
convergenceand supercomergencefor both pressureand velocity underthe assumptiorthat for all
€ My ; thereexistsaconstantC' independentf & suchthat

||/.L i < C(”Qh,iﬂ i + ”Qh,ju| Fi,j)? (15)
whereQy, ; : L*(I';) — V,; - vi|r, is the L?-orthogonabrojectionsatisfyingfor ary ¢ € L*(T';)
(p— Onip,v-vir, =0, YvE V. (16)

Remark 2.1. Thecondition(15) imposesa limit on the numberof mortar degreesof freedomandis
easily satisfiedin practice[34]. In the caseof RTy spaces(15) holdsunderthe assumptioron the
gridsin Lemmal.1, asit canbe seenfromthe proof.

It will becorvenientto treatthelocal operatorQ,, ; asoperatorgrom M}, to 'V, ; - v;|r,, implicitly
assuminghat,for afunctiony € My, Qnipt = Qn,i Nipt, WhereN; : My, — My ; = My|r, isthethe
restrictionoperator Similarly Qf_i, the L2-orthogonalprojectorfrom Vi - vilr, onto My, ;, will be
understoodsanoperatofrom V, ;-v;|r, to My, implicitly assuminghatQ;‘f,iVi-w = N,TQiivi-z/i,
where N7 : My, ; — M)y, is the extension-by-zer@perator In addition,givena functionin M, ; we
assumdy defaultthatit is extendedby zeroto thewhole M },.

3. BALANCING DOMAIN DECOMPOSITION

We employ a non-overlappingdomaindecompositiormethodfor the efficient parallelsolutionof the
algebraicsystemthatarisesin the mortarmixedfinite elementdiscretization12)—(14) Thealgorithm
is basedon the methodoriginally developedby Glowinski andWheelerin [20] for mixed methodson
conforminggrids. It reduceghe global systemto a symmetricand positive definite interfacemortar
problemwhich can be solved by a preconditionedconjugategradientiteration. We formulate the
balancingnterfacepreconditioneextendingthework of Cowsar Mandel,andWheelef{16] to mortar
mixedfinite elementmethodson non-matchingyrids.
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3.1. Reductiorto aninterfaceproblem
Definebilinearformsay, ; : L*(T') x L*(T) — R, 1 <i < n,anday, : L*(T') x L*(I') — R by

ahﬂ'()‘) /J/) = 7<u>;7,,i()‘) Vi, ,u>riv QAp (>‘* /J/) = Z ah,i(A: /J/)v (17)
i=1
where,for X € L*(T'), (uj, ;(A), pj, ;(N) € Vi x Whi,1 < i < n, solve
(Kﬁlu;,i()‘): V)Qi = (p;kl,i()\)7 V- V)Qi - <)‘7 A\ Vi>ri7 vE Vh,’h (18)
(V-1 (N, w)a, =0, we Wh;. (19)

Definealinearfunctionalgy, : L?(I') — R by

n

an(p) = Z<ﬁh,i Vi, )T (20)

i=1

where(Qy,,i, Pri) € Vi X Whi,1 < i <n, solve

(K 'tn: V), = 0. V- V), — (9. V- Vi)aanr;, vV E Vi, (21)
(V- ap:,w)e, = (fiw)a,, we Wy,. (22)
It is straightforvardto show (see[20]) thatthesolution(uy,, pr, An) of (12)—(14)satisfies
an(An, 1) = gn(p), 1€ My, (23)
with
u, = uy(Ay) + up, Pr = Ph(An) + Ph, (24)

whereuj; (\) € Vy, is suchthatuj, (\)|q, = uj, ;(), with similar definitionsfor pj, (), u,, andpp,.
We introducelinear mapsAy ; : My — My, ¢ = 1,...,n, correspondingo the bilinear forms
ani(+, -) andsatisfying

<Ah,i>‘s /J/> = a’h,i()‘a /1')~ V)‘ ne My, (25)
Notethat(17) and(25) imply
Apid = —Q;‘f,iUZ,i(A) Vi, (26)
hencethe operatorsAy, ; are Dirichlet-to-Neumannmaps. It is clear from (18) that u;‘m()\) =
u;, ;(Qn,iA) which combinedwith (26) impliesthat

Api = Q}f’imQh,i, (27)

whereA,, ; arethelocal non-mortaDirichlet-to-Neumanmapsfrom V, ; - v;|r, t0 Vi, ; - vi|r,
Theinterfaceproblem(23) cannow bewritten as

AR = g, (28)

whereA, = > | Ay, : My — My andg, € M, is the Rieszrepresentationf g,. The operator
Ay, is amortarversionof the Poincaé-Steklow operatof3]. It canbeviewedalgebraiclyasthe Schur
complementvith respecto the mortarunknowns.

Thefollowing lemmahasbeenshawvn in [34, 4] (seealso[17, 16] for theconforminggridscase).

Lemma 3.1. Theinterfacebilinear form ay (-, -) is symmetricand positivesemi-definitén L2(T") x
L%(T). If (15)holds,thenay (-, -) is positivedefinitein Mj, x M,.



BALANCING DOMAIN DECOMPOSITIONFORMORTAR MIXED FEM 7

Theproofis basedntherepresentation

G'h,i(/\v :u) = (Kﬁluz O‘)v u;kz (/J’))Qi ) (29)

which follows easilyfrom (17) and(18).
Another useful characterizatiodfor a ;(-, -) hasbeenshown in [34] (seealso[16]). Thereexist
positive constants: andC' suchthat

coi| T%% Qppil? 13,00, < anilp 1) < Cou|Z%% Qpipl? )5 00, Vi € My, (30)

whereq; is theconstanfrom (4) andZ?¢% is a continuouspieceviselinearinterpolanton the traceof
the 7, ; on the boundaryintroducedin [16]. TheinterpolantZ?** is definedin the Appendixfor the
caseof RT. See[16] for ageneraldefinition.

Due to Lemma3.1, the interface problem (28) can be solved using a preconditionedconjugate
gradient(PCG) method.One evaluationof the operatorA, : A — Ap\ is requiredon eachPCG
iteration.It involvesthefollowing steps.

1. Project(L2-orthogonally)mortardataontothe subdomairgrids

Q 2
)\_h’th

2. Solve in parallel subdomainproblems(18)-(19) with Dirichlet data Q, ;A on the interior
interfacesto computethefluxesuy, ;(A) - v;.
3. Projectthefluxesbackto themortarspace

andcomputethejump acrosseachinterfacel’; ;
[up'li; = apt; +up'y

The projectionStepsl and3 arerelatively inexpensve. Thedominantcostis in Step?2.

3.2. Balancingpreconditioner

The balancing preconditioneris basedon the Neumann-Neumanmreconditionerdeveloped in
[9, 18, 22]. Thelattercanbeexpressedn operatorform as

Byy = Z Al (31)

whereAJr is the Moore-Penrosgseudo-inerseof A, ;. The evaluationof BNN requiressolving
subdomalrproblemsA,”)\ = r; with Neumannboundarydatar;: find u; € Vi i, pri € Wh,
i € My, ; suchthat

(Kﬁluhﬂ'vv)ﬂi = (ph,iv V. V)Qi - <>‘i7V : V’L)I"i; Vv E Vh,ia
(v : uh,iaw)Qi = Oa w e I/‘/}Lﬂh
<uh,1? . Vialu’>ri = <ri7,u'>l_‘w ne A{h,i'
The preconditioner(31) has two drawvbacks: the local problems may not be solvable and the

convergence deterioratesfor large number of subdomainsdue to lack of global exchange of
information. The balancingpreconditionef25, 26, 16] was developedto overcometheseproblems.
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Theideais to balanceresidualsso thatlocal problemsA, ;A\, = r; aresolvable(moduloNull Ay, ;)
andthe resultdoesnot dependon the specificchoiceof local solutions.We notethat Ay, ;\; = r; is

solvableif
{const if full Neumann

ri LNull4,; = { 0 otherwise.

Definea partitionof unity D; suchthat D; )\ is nonzeroonly onT'; and

> Didx=X VA€ My, (32)
=1
DefinespacesZ; suchthatNull 4;,; C Z,. Wetake Z; = {cons} fori = 1,...,n. Thecoarsespace
is definedasfollows:

Mg ={X€My: A=Y DiG, ¢ € Z}.
i=1
Clearlydim My < n. A residualr is saidto be balanced(local problemsaresolvable)if

(rypmu) =0, pm € Mp.

Balancingr meangeplacingit with

bl = — Apry,

wherery € My is foundby solvinga coarseproblem

an(ra,pm) = (r,pu), pg € Mpy.

ALGORITHM (BALANCING PRECONDITIONER)
Givenr € My, defineB,_;r asfollows:
1. Solve a coarseproblem:

an(ra,pa) = (r,pm), po € My,

andbalanceheresidual:

bl = — Apry.

2. Distribute r** to subdomains; = DI'rbal,
3. Solve local Neumanrproblemsfor \; € M, ;:

Ah,i)\i =T;.

4. Averagdocal solutions:A = >3- | D;\,.
5. Solve acoarseproblem:

an( Mg, pm) = (rpa) —an(\ pr), pr € Mp,

andbalancdocal solutions:
B;ﬁr = A+ Ag.

Note that the coarsesolvesin Step1l and Step5 provide global exchangeof information across
subdomainsin addition, Step1 guaranteeshat the local problemsin Step3 are solvable,and, due

to Stepb5, theresultof the preconditioneiis independenbf the specificchoiceof local solutions.The

dominantcostis in Step3 whichrequiressolvingsubdomairproblemsn parallel.The preconditioning
costis comparabléo the costof performingoneunpreconditionederation,thusonepreconditioned
iterationis twice asexpensve asoneunpreconditionederation.
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4. ANALYSISOF THE CONDITION NUMBER

We startwith severaltechnicallemmas.The first lemmaestablisheshat the balancingpreconditioner
operatolis symmetricand positive definiteandgivesan abstracboundon the conditionnumber The
prooffollows closelythe proof of Theoren3.2in [25] andis omittedhere.

Lemma4.l. By, is symmetricand positivedefiniteand
Do ang(30iy Dikiy 32071 Didi)
2?:1 th,i(Az‘, >\i)

The proof of the following lemma which gives a bound on the condition number of the
preconditioneaystemfollows from the proof of Theorem3.3in [26].

condBl;L}Ah) < sup { 1A € My and; L Null Ahﬂ} .

Lemma4.2. For subdomair);, definetheweightingmap D; asmultiplicationby edgewise(facewise

if d = 3) constants,
Q;

(DiXi)(z) =

Ai(z), xely;,
T y

andassumehat there existsa numberR sothat

1 1
a_jah,j()\i; Ai) < Q—Z_R an,i(Nis Ai)

foralli,j =1,...,nandall \; € M}, ; su thatfri AiGids = 0,V (; € Null A, ;. Thenthere exists
a constantC independentf h, H, and R sud that
cond B;,; Ap) < CR.

We male the following explicit assumptionaboutthe computationalgrids. There exist positive
constants: andC independenof h and H suchthat,for ary A € My,

CHIaQi thiA”l/z,Fi,j < ||Iaﬂj thj)‘”l/Q,Fi,j < OHIBQl thiAH1/27Fi,]‘7 1<i,j<n. (33)

Remark 4.1. It is shownin the Appendixl.emmal.1, that (33) holdsin the caseof RT, spacesunder
mild and easilysatisfiedn practiceassumptionsn the computationabrids. Theseassumptionsllow
for a great amountof independencén constructingthe subdomaingrids, including large grid-size
ratios (with constantgossiblydependingn thetheseratios).

Thefollowing lemmais anextensionof Lemma6.4in [16] to non-matchingyrids.
Lemma4.3. Assumehat(33)holds.Thenthere existsa constant” independentf H andh sud that
1Z7% QnjAilll 2,00, < C(L+10g(H/h)) T QniXill} /200, YA € M.
Proof: By Lemma4.30f [10], we have
1Z%% Qn jMill3 3,00, < C(1+10g(H/R))2Z% Qp jAill2 o, -

By (33),
IZ°% QnjAill1j2r, ; < CIT* Qnidillajar, -

ij —

Combiningthe above inequalitieswith the obviousinequality

129 Qpidill1/2,r,,; < 117 Qnidill1 2,00,
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completeghe proof. O
We assumehat 02; N 99 is eitherempty or of size O(H) so that the Poincaé inequality holds
uniformly for all §2; andthereexistsa constantC' independenof h and H suchthat

lwliéy, < CH?wlt g, llwl?e, < CHIw )2 0, (34)

for all w € H(€;) if 9Q; N 9N is non-emptyandfor all w € H(;), (w, 1)r, = 0, if 9Q; N 0N is
empty
We arenow readyto statethe mainresult.

Theorem 4.1. If (33) holdsandtheweightsD; satisfy

(D)) =

Q;

Az), el;,;, forall X e M,
i+ o (2), = i,J l

thenthere existsa constant” independentf h, H, andjumpsin K, sud that
cond B,,j An) < C(1 +log(H/R))2.
Proof: Let \; € M}, ; besuchthat); L Null Ay ;. With (30) we have
ani(Ai M) < CoglT? Qn i} 5 00, < Casll T Qnill} 2,00,
< Coy(1 +1og(H/h)) T Qnidill3 2,00,

usingLemma4.3 for the lastinequality Note thatit easilyfollows from the definitionsof 9, ; and
79%% that
(T?%Qp i Mi, Ur, = (Qn.idi, e, = (Niy D, =0

sothatthe Poincaginequality(34) implies
|79 QniillT /2,00, < C|z% Qn,iilT /2,00,
Thereforewe have
anj(Ni;\i) < Coy(1+log(H/h))?|Z%% Qpidil} /2 00,
< C%(l—i—log(H/h))Qahﬂ;()\,;,)\i),
i

using(30) for thelastinequality The proofis completedby applyingLemma4.2.0

Remark 4.2. Theabovetheoemimpliesin the caseof non-matting grids a boundfor the balancing
preconditionemwhich is similar to the boundsobtainedfor matcing grids[26, 16].

5. NUMERICAL RESULTS

We presentfour computationalexperimentsconfirming the theoreticalresults of Section4 about
the behavior of the balancingpreconditionerin Examplesl and 3 we study the dependencef the
convergencerateon h for a smoothanda highly heterogeneougroblem,respectiely. Example2 is
designedo investigateheeffectof jumpsin thecoeficients.In Example4 we considetheeffectof the
numberof subdomaindn all case®neprocessois assigneghersubdomainTherunsin Examplesdl, 2,
and3 areperformedon theunit squaredividedinto four subdomaing 4 = 1/2). Therunsin Example
4 areperformedon a sequencef domaindecompositionsangingfrom 2 x 2to 5 x 5 subdomains.
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A. Casel B. Case2

Figurel. Initial gridsfor Examplel

1/h BalCG CG 1/h BalCG CG
cond. | iter. cond. | iter. cond. | iter. cond. | iter.
4 || 4.54520| 11 || 9.04823| 14 4 || 2.30058 8 [| 10.7644| 12
8 || 5.90177| 11 || 17.0075| 18 8 || 2.83097 9 || 21.1122| 19
16 || 7.54221| 12 | 33.5087| 25 16 || 3.37244 9 || 41.7829| 29
32 || 9.44828| 12 || 66.7478| 36 32 || 4.11108 9 || 83.2505| 41
Casel Case?

Tablel. Conditionnumberandnumberof iterationsfor Examplel

In Examples1 and 3 the condition number and number of CG iterations with and without
preconditioningare reportedfor several levels of grid refinementsstartingwith the grids showvn in
Figure 1A. The largestratio of the subdomairgrid sizesin theseexamplesis 5/2. We also consider
a secondcasein Examplel wherethe ratio is 11/2 (seeFigure 1B). The mortarsare chosento be
discontinuougfor Examplesl, 3 and4) or continuougfor Example2) piecaviselinearsonaninterface
grid obtainedby coarsenindy two thetraceof the coarseiof the neighboringsubdomairgrids.

The problemin Examplel has analytical solution p(z,y) = 3y? + sin(xy) and a smooth
permeabilitytensor

[ 10+ 5cos(zy) O
o (047 0)

The condition numberand numberof iterationsfor both casesare givenin Table |, Figure 2 and
Figure 3. As expectedfrom the theory the conditionnumberin the caseof balancingpreconditioner
grows very slowly as h gets smallerand the numberof PCG iterationsstaysalmostthe same.A
comparisorof the resultsfrom Casel and Case? indicatesthat the condition numberand number
of iterationsarealmostindependentf the grid sizeratio.

In Example2 we studythe dependencef the behaior of the balancingpreconditioneon jumpsin
thecoeficient. A differentpermeabilityfunctionis assignedn eachsubdomairasshavn in Figure4
(left). A seriesof runsis performedchangingeachfunction so that the jumps betweensubdomains
getlarger. The behavior of the CG iterationis illustratedin Figure5. We notethatboththe condition
numberandthe numberof iterationsremainboundedvhenjumpsbecomeargerwhich is consistent
with theboundgivenin Theorem4.1.We alsocomparen Figure4 (right) theresidualreductionsn the
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Condition number CG convergence Condition number CG convergence
—————————— —————————— 90 T r T 5 T T T
—6— No preconditioner —6— No preconditioner -6~ No preconditioner —6- No preconditioner
—+— Balancing precond. —+— Balancing precond. —+ Balancing precond. —+ Balancing precond.
35 80
40

g

Number of iterations
b
Condition Number
=]
Number of iterations
R

Condition Number

) / . */*—*—*
é 1‘0 £5 Z‘U 2‘5 I;O - é 1‘0 £5 2‘0 2‘5 C;O 00 1‘0 2‘0 3‘0 50 1‘0 Z‘O 3‘0
1/h 1/h 1/h
A. Casel B. Case2

Figure2. Conditionnumberandnumberof iterationsfor Examplel

T T T T T T T T
—6- No preconditioner —6- No preconditioner
—+— Balancing precond. —+— Balancing precond.
80
60 b
70+
s0F b
. + 60f
s; 3
€
Saot b Seol
z Z50
c c
) <}
Tk b 1
c c
i §
30+
20+ b
20+
108 1
10F
. . . . . .
2 4 6 8 Io 12 14 16 2 4 6 8 1o 12 14 16
(1+log(H/M)) (1+log(H/h))
A. Casel B. Case2

Figure3. Dependencef the conditionnumberon (1 + log(H/h))? in Examplel

unpreconditione@dndthe preconditionedCG iterations.The preconditioningaccelerateghe residual
reductionandremovesthe oscillationsobsenedin the unpreconditionedase.

In Example3 we simulateflow through highly heterogeneouporous media. The permeability
field andthe computedsolutionon thefirst level of refinement(left-to-right flow is imposedthrough
boundaryconditions)are given in Figure 6. For eachlevel of refinementthe permeabilityfield is
projectedonto the correspondingcomputationalgrids. The condition numberand the number of
iterations(seeTablellA andFigure7) onceagaingrow very slovly ash getssmaller On Figure8A
we compareheresidualreductionsn the unpreconditione@ndthe preconditionedCG iterations.

In Exampled we studythedependencef thebehavior of thebalancingoreconditioneonthenumber
of subdomainsWe solve a problemwith analyticalsolution

p(z,y, 2) = 23y* + 22 + sin(xy) cos(y)
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Discontinuous Tensor K, K _ /K . =10240

maxmin

T
—&— No preconditioner
—+ Balancing precond.

K=1 K =22 + sin(xy)

Residual
B

K = 10240 + cos(xy) K =472

15 20
Iteration

Figure4. Permeabilityvalues(left) andresidualreduction(right) for theinitial level in Example2

105 Discontinuous Tensor K Discontinuous Tensor K
T T T 4 T T
—6~- No preconditioner —6- No preconditioner
— Balancing precond. —+ Balancing precond.
351
10'F
5 2
2 s
€ BT
2 g
. =
5
3 I
Ko}
é gzs r
z
10°}
201
10* L L : L 15 . . . .
10' 10° 10° 10 10° 10° 10! 10 10° 10 10° 10°
K K K K
max  min max  min

Figure5. Dependencef CG convergenceon jumpsin coeficientsin Example2

VD BalCG cG

cond. | iter. cond. | iter. Fl)\:ggn cor?(?lCGner CondCG iter
4| 63.4544| 17 || 222.195] 25 i 816508 13 (3825741 23
8 || 53.8312| 27 || 338.236| 47 9l 1227711 16 |l 111.967| 38
16 || 90.2661| 34 || 2313.30| 94 16 | 132133| 19 || 275.357| =5
32 || 192.754| 38 || 14049.8| 207 25 || 13.4436| 20 || 379.496| 72
64 || 336.072| 50 || 65824.2| 492 . .

A. Example3 B. Exampled

Tablell. Conditionnumberandnumberof iterationsfor Examples3 and4
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ermeability
5000
4736.89
4473.79
4210.68
3947.58
3684.47
3421.37
3158.26
2895.16
2632.05
2368.95
2105.84
1842.74
1579.63
1316.53
1053.42
790.316
527.211
264.105

Figure6. Permeabilityfield andcomputedoressurédshadeandvelocity (arravs) in Example3

x10'  Condition number CG convergence 7xm‘
7 T r T T T T
—6- No preconditioner —6- No preconditioner - No PVEFOnd\tloner
— Balancing precond. —+ Balancing precond. —+ Balancing precond.
6 6 -
400
5 5 R
350
N ) 5
o] -}
a 2 €
Es g Saf J
=] o z
z = c
5 5250 S
= oy T3+ 4
53 3 5
S £200 8
3
¢] 3 | |
2 150
1
A 00 s |
50
0 . X R X X . o L L L L L L L L ]
0 2 20 50 % 2 0 50 2 4 6 8 10 L, 16 18 20
1h 1h (1+log(H/h))

Figure7. Conditionnumberandnumberof iterationsfor Example3

andasmoothpermeabilitytensor

(x+1)% + 92 0 0
K= 0 (z+1)2 0
0 0 1

on a sequencef domaindecompositiondgrom 2 x 2 to 5 x 5 subdomainsThe ratio H/h is kept
constantwith subdomaingridschosenl4 x 18 or 12 x 20 in a checlerboardfashion.The condition
numberand numberof iterationsare given in Table Il (right) and Figure 8 (right). The resultsare
consistentvith thetheoryandindicatevery goodparallelscalabilityof the balancingporeconditioner
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Condition number CG convergence

10° 400 : ; - : -
—— No preconditioner i :;‘0‘ PTGGOHdI‘IONEV(j i go‘prepond\tloner(j
—+ Balancing precond. alancing precond. 0 alancing precond.

Condition Number
8
Number of iterations

3 20
N 1 /

10° 1 1 1 1 1 1 1 1 1 4 9 16 25 4 9 16 25
0 50 100 150 200 250 300 350 400 450 500 Number of processors Number of processors
Iteration

B. Conditionnumberandnumberof

A. Residuakeductionfor Example3 iterationsfor Exampled

Figure8. Performancef balancingoreconditionefor Examples3 and4

APPENDIX

Herewe justify theassumptior{33) onthe computationagrids.We shaw that(33) holdsin the caseof

RT, rectangulasubdomairdiscretizationgor afairly generalgrid configuration We startby defining
the piecaviselinearinterpolantz? for the RT, spacesMore generaldefinitionis givenin [16]. Let

Th,i be arefinemenif 7, ;|r, with verticesat the elementcentergprimary vertices)andthe element
vertices(secondaryertices)of 7y, ;|r,. Note that the primary verticescoincidewith the degreesof

freedomof V, ; - v;|r, and,correspondinglythe pressurdagrangemultipliersonT';. Let U}, ; bethe
spaceof continuouspieceavise linear functionssubordinatdo the partitionfh,i. For¢ € V- v;
defineZ?%% ¢ € U, ; asfollows:

Tis

o(x), if zisaprimaryvertex of 7, ;;

thearea-weightedverageof valuesof ¢ atall adjacenprimaryvertices
if 2 is asecondaryertex of Th,i;

thelinearinterpolationof vertex values if x is anotavertex of f,”

I p(x) =

To simplify the presentatiotelow, we call two non-neyativefunctionsf; (-) and f2(-) with thesame
domainD equialentandwrite

fi~fa
if thereexist positive constantg: andC independenodf » and H suchthat
cfi(¢) < fa(¢) < Cfi(¢), Vo€ D.
It is easyto seethatfor ary p € Uy, ; andfor ary 7 € j'h,i
[T o 2 1T YT (B(w) = Blow))?, (35)

vertices
vy, Vg € T
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T T, T,
S 1 S, Sa W5 Kl S
z ‘_(p riyj —i L o ij
: 2 (pzk»l (p2k (p2k+1 : (p2k+2
B P B P, P P
———e— Q A D N S Q
° g ! e, 2 t, e, ty e t €., by

Figure9. Gridson themortarandneighboringsubdomairalongtheinterfacel’; ;

Blo~ =17 D pw)*. (36)
vertices
1)1€Ti

Lemmal.l. Considerd = 2, RTy subdomairdiscretizationson rectangulargrids, anddiscontinuous
pieceviselinear mortar spacesAssumehat every elementf 7, ; ; containsat leastone elemeniof
T,i|r; ; andthatat leastoneelemenbf 7, ; ; containsat leasttwo elementof 7; ;|r, ;. Assumehat
thesamerelationholdsfor 7, ; ; and 7 ;|r, ; (seeFigure9). Then,for any\ € My,

|20 niMlijar,,; ~ | 79% OnjAll1j2,r, ;-

Proof: First, consideran elementr; of 7}, ; ; that containsat leasttwo elementse, 2, of Th,i|pw..
Denotethe verticesof 7; by vy, vy with coordinatessy, s1, respectiely, and the coordinatef the
endpointf ey, e by to, t1, to (SeeFigure9, left). Let, for agiven\ € My,

)\(Um) = ¢TYL7 m = 1727 b= Qh,i)\|e“ l = 1,2

By definition, the value of Z9% Qy, ;A at the midpointof e; (primary vertex) is p,. Denoteby p the
valueof 79 Qn,iA atthesecondaryertex betweere; ande,. We have

_ €2

(pl *p2)a p—p2= 7(171 *pz)a

lez|pr + |e1|p2 _ le1] _
lex| + |ea]

p= p-p=—
lea] +leo] lex] + lez]

henceit is enoughto considerin (35) and(36) only the valuesof 79% Q,, ;\ atthe primary vertices.

For p1, p2 we obtain
Py _ b1 _ (a1 a2
<p2> = 4o <¢2> » A= (ﬂl 52) ' 37)

where
281 —tg — t1 to+t1 — 2s¢ 281 —t1 — to t1 +ta — 259
4= 2(s1 —sg) a2 = 2(sy —so) b= 2(sy —sg) Pz = 2(s1 — s0)
Notethata; + as = 1, 81 + B2 = 1, andhence
detdg = oy — B = 271 S o,
2(s1 — 80)

which gives

()4 (2)
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wheretheelementsf A, ' donotdependon /.. We alsohave
p1—p2 = (a1 — B1)(d1 — ¢2). (40)

Proceedingnductively, assumehatwe have expresses, . .., p;—1 in termsof ¢, ..., ¢ar, aswell
as differencesof two consecutie p's in termsof differencesof ¢'s and vice versa.Considertwo
neighboringelements, 7y, 7.1, of 7, ; j, eachcontainingan elementof 7, ;|r, ; (e;-1 ande; 1,
respectiely) (seeFigure9, right). Denotetheverticesof 7, and7y11 by vor_1, var, andvagi1, Vogy2,
respectiely, with coordinates;, 1, sk, sx+1. Denotethe coordinate®f theendpointofe; 1, e, €141
by ti—o,ti—1,t, ti41- Let

AMUm) =m, m=2k—1,...,2k+2, p,=0niNe,,n=01-1,11+1.

Thenwe have
Di—1 = ap1Pak—1 + a; 292k,
2 = b, 1026—1 + biadar+ by adon+1 + bpadar+2, (41)
piy1 = Cl1P2k+1 + Cl2P2k 42,
where
(28 —ti—2 — t1—1) (ti—g +t1—1 — 28k_1)
a1 = s a2 = s
Q(Sk - Skfl) Q(Sk - Skfl)
b1 = (s —t1-1)> by — (s —ti—1)(ti—1 + Sk — 28k—1)
' 2(tr — ti—1)(sk — Sp—1)’ ' 2(t; — ti—1)(sk — Sk—1)
bLs = (tr — sk)(28k41 — Sk — 11) by = (t; — sk)?
’ 2(t1 — t1—1)(Sk+1 — sk) 20— t—1) Sk — sk)
~ (28p41 =t —t141) (At — 2sg)
c = Clo=-—F"+-—""".
2(sk+1 — 5k) 2(sk+1 — Sk)

Note thatthe coeficientsin (41) canbe boundedabore andbelow by constantsndependenof ~ and
dependentn thegrid-sizeratio. We canrewrite thelasttwo equationf (41) as

B b 102k—1 + b1 202k nys D2k+1 A= biz bia _ (42)
Pi+1 0 P2k+2 cL1 o Cl2

agn+aro=1, bi+ba+bs+ba=1 ci1+cg2=1 (43)

Notethat

Since
(t1 = sk)(ti1 — sk)

2(t —t1—1)(Sk+1 — Sk)

Gakr1\ _ 41| o\ _ (biad2k—1 + b2
(¢2k+2)_Al {(le) < 0 )} (44)

Thus, ¢ar1+1 and ¢or 12 arelinear combinationsof pq, ..., p;1 with coeficientsindependenbf h.
Using(43), it follows from (41) that

<;01—1 —;01> — (bop1 — don) (az,lbl—lbl,1> 4B ( P2k — P2p41 ) ’ (45)

Pl — Pl1 P2k41 — P2k42,

detd; = >C >0,

where

bis+bra b4
B = (T ).
! (bl,l +bi2 c2— bz,4> (46)
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Using(43), we get
detB; = by 3c1,2 — b ac1 = detdy,

G2k — G2k+1 1| (P11 — ai1 — b
=B — (Ppak—1 — bak ’ : . 47
<¢2k+1 — Q2k+2, ! Dl — Pi+1 ($2-1 = Pa) bi1 7
Therefore,(¢ar — ¢or+1) and (dar+1 — d2k+2) can be expressedas linear combinationsof the

differencesp, — ppt1),n=1,...,1L
Applying theinequality(a + b)? < 2(a? + b*) andcombining(36), (37), (41), and(44)implies

‘Iaﬂi Qh,i)‘|0,ri,j =~ |/\|0,Fi,j' (48)
Combining(35), (40),(45), and(47) gives

1Z9% Qp i A|1r,, =~ |Al1rs,- (49)
Similarargumentsmply

|Iaﬂj Qh,j)‘|0,Fi,J‘ = |/\|0,Fi,j' (50)
and

2% QpjAlr,, = A1, (51)

The interpolationtheory of Sobole spaceg23] and bounds(48), (49), (50), and (51) imply the
statemenof thelemma.C

Remark I.1. The proof of the above lemmais also valid in the caseof continuouspieceavise linear
mortars.

Remark 1.2. The above argumentcan be generlized to three-dimensionatectangulartype RT,
discretizationsn a relativelystraightforward way.
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