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SUMMARY

The balancingdomaindecompositionmethodfor mixed finite elementsby Cowsar, Mandel, and Wheeleris
extendedto thecaseof mortarmixed finite elementson non-matchingmultiblock grids.Thealgorithminvolves
an iterative solutionof a mortar interfaceproblemwith onelocal Dirichlet solve andonelocal Neumannsolve
persubdomainon eachiteration.A coarsesolve is usedto guaranteethat theNeumannproblemsareconsistent
andto provide global exchangeof informationacrosssubdomains.Quasi-optimalconditionnumberboundsare
derived,which areindependentof thejump in coefficientsbetweensubdomains.Numericalexperimentsconfirm
thetheoreticalresults.
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1. INTRODUCTION

A growing numberof papersin recentyearsdealwith the numericalmodelingof partial differential
equationson non-matchinggrids.This generality, often referredto asa multiblock approach,allows
for modeling complex geometriesby representingthem as unions of simpler locally discretized
subdomains(blocks). The computationalgrids neednot matchacrossinterfaces,which allows for
modelinginternalboundariesandfor efficient treatmentof spatiallyandtemporallyvaryingphysical
processes.A typical exampleis modelinglarge scalegeologicalstructuressuchasfaultsandlayers,
andhighgradientsnearwells in flow in porousmedia.

In a multiblock formulation the underlying equationshold locally on each subdomain.This
includesthepossibilityof multiphysicsformulationswheredifferentphysicalprocessesanddifferent
mathematicalmodelsmay be associatedwith differentblocks,e.g.,couplingsingle-phaseflow with
multiphaseflow in reservoir modeling[28, 24]. Appropriatediscretizationmethodsareappliedlocally
on the subdomains.Physicallymeaningfuland mathematicallyconsistentmatchingconditionsare
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imposedon the interfaces.Mortar finite elementshave beensuccessfullyemployed for discretely
imposingtheseinterfaceconditionswhencouplingdiscretizationsbasedon Galerkinfinite elements
[8, 6, 33], mixedfinite elements[34, 4, 7], andfinite volumeelements[19].

In this work we considermixed finite elementmethodsfor subdomaindiscretizations.Mixed
methodsowe their popularity to their local (element-wise)massconservation property and the
simultaneousand accurateapproximationof two variablesof physical interest,e.g., pressureand
velocityin fluid flow. Themortarmixedmethodcanbeviewedasanextensionto non-matchinggridsof
thepartiallyhybridizedform of themixedmethodwhereLagrangemultiplier pressuresareintroduced
on theinter-blockboundaries[5, 14, 20].

This paperdealswith the problemof solving efficiently the algebraicsystemarising in mortar
mixed finite elementdiscretizationsof elliptic equations.A non-overlappingdomaindecomposition
algorithmdevelopedfor matchinggridsby Glowinski andWheeler[20, 17] andlaterextendedto non-
matchinggrids[34, 32] is employedasa solver. Themethodreducestheglobalsystemto aninterface
problemwhich is symmetricandpositive definite in the caseof elliptic equationsandcanbe solved
iteratively via a preconditionedconjugategradientmethod.This approachis very suitablefor parallel
implementationsincethedominantcostis solvingsubdomainproblems.

The feasibility of the domaindecompositionsolver dependscritically on the rateof convergence
of theinterfaceiterationandultimatelyon theconditioningof the interfaceoperator. Thegoalof this
paperis to extendto thecaseof non-matchingmultiblockgridsthebalancingpreconditionerfor mixed
finite elementsdevelopedby Cowsar, Mandel,andWheeler[16]. Othersubstructuringpreconditioners
for mortarfinite elementscanbefoundin [21, 1, 2]. Thebalancingdomaindecompositionmethodwas
introducedby Mandel[25] for Galerkinfinite elementsandlateranalyzedby MandelandBrezina[26].
Thealgorithmis basedon theNeumann-Neumannpreconditioner[9, 18, 22] andinvolvesaniterative
solutionof the interfaceproblemwith onelocal Dirichlet solve (actionof theoperator)andonelocal
Neumannsolve (actionof the preconditioner)per subdomainon eachiteration.A coarseproblemis
addedto guaranteethattheNeumannproblemsareconsistentwhich alsoprovidesglobalexchangeof
informationacrosssubdomains.Theconditionnumberanalysisin [16] pivotsaroundacharacterization
of the interfacebilinear form asa 
���
�� -normof an interpolantof theDirichlet interfacedata.A key
ingredientin our analysisis a similar characterizationfor the mortar bilinear form and the mortar
interfacedata(see(30)below). Our theoreticalresultsfor themortarbalancingpreconditionerprovide,
asin the caseof matchinggrids,a quasi-optimalconditionnumberbound ����������������� � !#"�" � " which
is independentof thejump in coefficientsbetweensubdomains.Here $ is thediscretizationparameter
and 
 is thecharacteristicsizeof thesubdomains.This boundalsoindicatesvery weakdependence
on thenumberof subdomainswhich is confirmedexperimentallyin Section5. Our analysisdepends
on assumptionon thegrids(33) which is closelyrelatedto a solvability condition(15) for themortar
spacesintroducedin [34] (seealso [4]). This assumptionis justified in the Appendix for Raviart-
Thomassubdomaindiscretizationsof lowestorder[29] on fairly generalgridsandit is easyto satisfy
in practice(seeRemark4.1).

Therestof thepaperis organizedasfollows.Mortarmixedfinite elementmethodsfor second-order
elliptic equationsarepresentedin Section2. Thenon-overlappingdomaindecompositionmethodand
the balancingpreconditioneraredescribedin Section3. Section4 is devoted to the analysisof the
conditionnumberof the preconditionedoperator. In Section5 the behavior of the preconditioneris
illustratedby aseriesof numericalexperiments.A technicallemmaneededin theanalysisis provenin
theAppendix.
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2. MORTAR MIXED FINITE ELEMENT METHODS

We consider the following second-orderelliptic problem written as a systemof two first-order
equations:

%�&('#)+*-, in .�/ (1)*10�%2&43 in .�/ (2),5&26 on 78.�/ (3)

where . &:9<;=?> � . =A@CBAD
, E &GF or H , is a multiblock domainand ) is a symmetric,uniformly

positive definite tensor. This systemmodels,amongmany other applications,single-phaseflow in
porousmediawhere , is the pressureand % is the velocity. The Dirichlet boundaryconditionsare
consideredmerelyfor simplicity. Thesubdomains. =

areassumedto benon-overlappingandshape-
regularwith diameters���I
+" , i.e.,thereexistsareferencedomain J. with adiameter�����K" andbijective
mappingsL = suchthat

. = & L = �MJ.�"I/ NPOQL = NSRUT�
V/ NWOQL�X �= NSR(T�
 X �WY
Let Z =\[ ] & 78. =8^ 78. ]

, Z &19<;=_[ ]`> � Z
=_[ ]

, andZ = & 78. =8^ Z & 78. =�a 78. denoteinteriorblock interfaces.
We assumethatthereexist positiveconstantsb , T , and c = suchthat

bdc =fehgie R ehg ) ��jk" e RUT�c =lehg�e /nm eVopB D /Smqj o . = /Sr & ��/ Y YsY /_t Y (4)

We will make useof the following standardnotation.For a subdomainu @vBAD
, the w � �_u�" inner

product(or duality pairing) andnorm aredenotedby � 0 / 0 "�x and N 0 NIx , respectively, for scalarand
vectorvaluedfunctions.For a sectionof a subdomainboundaryy @ 9 ;=z> � 78. = we write { 0 / 0�|�} and
N 0 N } for the w � �Iy~" innerproduct(or duality pairing)andnorm,respectively. We omit u ( y ) in the
subscriptif u & . ( y & Z ). Let us alsodenote,for any symmetricandpositive definiteoperator�

on Z , the
�

-inducedinner productandnorm by {l��/I� |`�v& { � ��/I� | and N���N ��& �I{l��/I� |`� " ��
�� ,
respectively. We will alsomakeuseof thescaledSobolev norms

N`��N � � [ x &1� � � � � [ x � �

 � N`��N � x / N`��N � �`
�� [ } &1� � � � �`
�� [ } � �


 N���N � } /
where � � � � � [ x &

x
��* ���fj�" � � Edj�/ � � � � �`
�� [ } & } }

� ���f��" ' �A�_�M" � �� � ' � � D E �<EK� Y
Throughoutthe paperthe constantsb and T will denotegenericconstantsindependentof $ , 
 , and
c = .

Thevelocity andpressurefunctionalspacesfor themixedweakformulationof (1)–(3) aredefined
asusual[14] to be

� & 
+� div �_.�" &1��� o �_w � �l.�"�" D�� *10�� o w � �l.�"��M/�� & w � �l.�"I/
with norms

N � N�� & ��N � N � ��N *(0�� N � " �`
�� / N��pNI� & N`��N Y
A weaksolutionof (1)–(3)is apair % o �

, , o � suchthat

� ) X � % / � " & � , / *(0�� " ' { 6 / ��0M��|`�s� / � o 
+� div �_.�"I/ (5)

� *�0�% /_��" & � 3 /I��"_/ � o w � �l.�"I/ (6)
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where � is theoutwardunit normalvectoron 78. . It is well known (see,e.g.,[14, 30]) that(5)–(6) has
a uniquesolution.

We alsoconsideranalternativedomaindecompositionvariationalformulation.Let
� = & 
+� div �_. = "_/ � = & w � �l. = " Y

If the solution � % / , " of (5)–(6) belongsto 
 � �¡.�"£¢4w � �l.�" , it is easyto seethat it satisfies,for
�#R�r¤R2t ,

� ) X � % / � " �¦¥ & � , / *�0�� " �§¥ ' { , / ��0�� = |¡¨ ¥ ' { 6 / ��0�� = | � � ¥z© ¨ ¥ / � o � = / (7)

� *�0�% /_��" �¦¥ & � 3 /_�A" �¦¥ /~� o � = / (8);
=z> �

{ %�0�� = /_ª |¡¨ ¥ &¬« /~ª o w � �¡ZS"_/ (9)

where � = is theouterunit normalto 78. = .
Let ­ ! [ = bea conforming,quasi-uniformfinite elementpartitionof . = , �®R4r¯RUt . Thesubdomain

partitions ­ ! [ = and ­ ! [ ] neednot matchon Z =_[ ] . Let ­ ! &°9<;=z> � ­ !
[ =

denotethe global finite element
partition.Let � ! [ = ¢p� ! [ =�@ � = ¢p� =
beany of theusualmixedfinite elementspacesdefinedon ­ ! [ = (see[14], SectionIII.3), theRT spaces
[29, 27], theBDM spaces[13], theBDFM spaces[12], theBDDF spaces[11], or theCD spaces[15].
It is known for thesespaces[14] that *10 � ! [ = & � ! [ =
andthatthereexistsa projection± = of �_
 � �l. = "�" D onto

� ! [ = , satisfyingamongstotherpropertiesthat
for any ² o �_
 � �l. = "�" D ,

� *10 �l± = ² ' ²³"_/_�A" � ¥ &´« /µ� o � ! [ = (10)

{¶�`² ' ± = ²³" 0�� = / ��0M� = | �s�¦¥ &¬« / � o � ! [ = Y (11)

The most commonly used mixed spacesare the Raviart-Thomasspacesof lowest order RT·
[31, 29, 27]. In thiscase

� ! �_¸¹" &U����& ��� � /_� � " or ��& ��� � /_� � /_��º8" �
�h» & ci»��½¼<»�ji»I�¾ci»\/I¼i» opB /i¿ & �M/ Y�Y�Y / E8�

� ! �I¸®" &1� � &�À ��ÁÃÂ¶Äs� Y
Note that for any elemenţ

o ­ ! , thedegreesof freedomfor a vector � o � ! �_¸¹" canbespecified
by thevaluesof its normalcomponents�½0��sÅ at themidpointsof all edges(faces)of ¸ , where �sÅ is
theoutwardunit normalvectoron 7�¸ . Thedegreeof freedomfor a function � o � ! �_¸®" is its value
at thecenterof ¸ .

Thevelocityandpressuremixedfinite elementspaceson . aredefinedasfollows:

� ! & ;
=z> �

� ! [ = / � ! & ;
=?> �

� ! [ = Y
Notethatthis choiceleadsto a non-conformingapproximationsince

� !ÇÆ@ �
.

Let ­ ! [ =_[ ] be a quasi-uniformfinite elementpartition of Z =\[ ] . Let È be associatedwith the degree
of the polynomialsin

� ! 0Ã� . Denoteby É ! [ =\[ ] @ w � �¡Z =_[ ] " the mortarfinite elementspaceon Z =_[ ]
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containingat leasteitherthe continuousor discontinuouspiecewisepolynomialsof degree È��1� on
­ ! [ =_[ ] . For example,in thecaseof RT· , É ! [ =_[ ] is thespaceof piecewiselinear(bilinear, if E & H and
thegridsarehexahedral)polynomialson ­ ! [ =\[ ] . Let

É ! &
��Ê =\ËÃ] Ê ;

É ! [ =_[ ]

bethemortarfinite elementspaceon Z .
In the mortarmixed finite elementapproximationof (5)–(6) we seek % ! o � ! , , ! o � ! , andÌ ! o É ! suchthat,for �¯R�r R2t ,

� ) X � % ! / � " �§¥ & � , ! / *10�� " �§¥ ' { Ì ! / ��0�� = |¡¨ ¥ ' { 6 / ��0�� = | �s� ¥z© ¨ ¥ / � o � ! [ = / (12)

� *10�% ! /_��" �¦¥ & � 3 /I��" �§¥ /~� o � ! [ = / (13);
=?> �

{ % ! 0M� = /_ª | ¨ ¥ &´« /~ª o É ! Y (14)

It is clear from (7) and (12) that
Ì ! o É ! is an approximationto the pressure, on Z . Equation

(14) enforcesweak (with respectto the mortar space É ! ) continuity of flux acrossthe block
interfaces.Existenceanduniquenessof asolutionto (12)–(14)areshown in [34, 4] alongwith optimal
convergenceandsuperconvergencefor both pressureandvelocity underthe assumptionthat for all
ª o É ! [ =_[ ] thereexistsaconstantT independentof $ suchthat

N�ª#N ¨ ¥lÍ Î R1T��sNdÏ ! [ = ª#N ¨ ¥¡Í Î ��NWÏ ! [ ] ª#N ¨ ¥lÍ Î "_/ (15)

where Ï ! [ = � w¦�K�¡Z = "�Ð � ! [ = 0M� = � ¨ ¥ is the w¦� -orthogonalprojectionsatisfyingfor any Ñ o w§�h�lZ = "
{IÑ ' Ï ! [ = Ñ�/ ��0M� = | ¨ ¥ &´« /Òm � o � ! [ = Y (16)

Remark 2.1. Thecondition(15) imposesa limit on the numberof mortar degreesof freedomand is
easilysatisfiedin practice[34]. In the caseof RT· spaces,(15) holdsunder the assumptionon the
grids in LemmaI.1, asit canbeseenfromtheproof.

It will beconvenientto treatthelocaloperatorsÏ ! [ = asoperatorsfrom É ! to
� ! [ = 0W� = � ¨ ¥ , implicitly

assumingthat,for a function ª o É ! , Ï ! [ = ª & Ï ! [ =_Ó#= ª , where
Ó¯= � É ! ÐÔÉ ! [ =³Õ É ! � ¨ ¥ is thethe

restrictionoperator. Similarly Ï g! [ = , the w � -orthogonalprojectorfrom
� ! [ = 0K� = � ¨ ¥ onto É ! [ = , will be

understoodasanoperatorfrom
� ! [ = 0¡� = � ¨ ¥ to É ! , implicitly assumingthat Ï g! [ = � = 0Ö� = & Ó g= Ï g! [ = � = 0Ö� = ,

where
Ó g= � É ! [ = Ð×É ! is theextension-by-zerooperator. In addition,givena function in É ! [ = we

assumeby default thatit is extendedby zeroto thewhole É ! .

3. BALANCING DOMAIN DECOMPOSITION

We employ a non-overlappingdomaindecompositionmethodfor theefficient parallelsolutionof the
algebraicsystemthatarisesin themortarmixedfinite elementdiscretization(12)–(14). Thealgorithm
is basedon themethodoriginally developedby Glowinski andWheelerin [20] for mixedmethodson
conforminggrids. It reducesthe global systemto a symmetricandpositive definite interfacemortar
problem which can be solved by a preconditionedconjugategradientiteration. We formulate the
balancinginterfacepreconditionerextendingthework of Cowsar, Mandel,andWheeler[16] to mortar
mixedfinite elementmethodson non-matchinggrids.
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3.1. Reductionto an interfaceproblem

Definebilinearforms Ø ! [ = � w§�h�lZ¤"Q¢pw¦�h�¡ZS"�Ð B
, �#R¬rSR�t , and Ø ! � w¦�8�lZ¤"Q¢�w§�K�lZ¤"�Ð B

by

Ø ! [ = � Ì /_ªS" &1' { %QÙ! [ = � Ì " 0�� = /Iª | ¨ ¥ /�Ø ! � Ì /_ªS" & ;
=z> �

Ø ! [ = � Ì /_ªS"_/ (17)

where,for
Ì o w � �¡ZS" , � % Ù! [ = � Ì "I/ , Ù! [ = � Ì "�" o � ! [ = ¢�� ! [ = /��#R�r¤R¬tQ/ solve

� ) X � %QÙ! [ = � Ì "I/ � " � ¥ & � ,<Ù! [ = � Ì "_/ *�0�� " � ¥ ' { Ì / �50M� = | ¨ ¥ / � o � ! [ = / (18)

� *�0�% Ù! [ = � Ì "_/I��" � ¥ &�« /~� o � ! [ = Y (19)

Definea linearfunctional6 ! � w¦�h�lZS"kÐ B
by

6 ! �fªS" & ;
=?> �

{�Ú% ! [ = 0M� = /Iª |¡¨ ¥ / (20)

where ��Ú% ! [ = / Ú, ! [ = " o � ! [ = ¢p� ! [ = /��#R�r¤R¬t , solve

� ) X � Ú% ! [ = / � " �¦¥ & � Ú, ! [ = / *10�� " �¦¥ ' { 6 / ��0�� = | �s� ¥z© ¨ ¥ / � o � ! [ = / (21)

� *10 Ú% ! [ = /I��" � ¥ & � 3 /_��" � ¥ /Q� o � ! [ = Y (22)

It is straightforwardto show (see[20]) thatthesolution � % ! / , ! / Ì ! " of (12)–(14)satisfies

Ø ! � Ì ! /IªS" &�6 ! ��ªS"I/Òª o É ! / (23)

with % ! &4% Ù! � Ì ! "i��Ú% ! / , ! &2, Ù! � Ì ! "<� Ú, ! / (24)

where% Ù! � Ì " o � ! is suchthat % Ù! � Ì " � �§¥ &Û% Ù! [ = � Ì " , with similar definitionsfor , Ù! � Ì " , Ú% ! , and Ú, ! .
We introducelinear maps Ü ! [ = � É ! Ð�É ! , r & ��/ Y Y Y /_t , correspondingto the bilinear forms

Ø ! [ = � 0 / 0 " andsatisfying
{IÜ ! [ = Ì /_ª |Q& Ø ! [ = � Ì /_ªS"I/nm Ì /_ª o É ! Y (25)

Notethat(17)and(25) imply Ü ! [ = Ì &U' Ï g! [ = % Ù! [ = � Ì " 0�� = / (26)

hencethe operators Ü ! [ = are Dirichlet-to-Neumannmaps. It is clear from (18) that % Ù! [ = � Ì " &
% Ù! [ = �IÏ ! [ = Ì " which combinedwith (26) impliesthat

Ü ! [ = & Ï g! [ = Ü ! [ = Ï ! [ = / (27)

where Ü ! [ = arethelocalnon-mortarDirichlet-to-Neumannmapsfrom
� ! [ = 0M� = � ¨ ¥ to

� ! [ = 0�� = � ¨ ¥ .
Theinterfaceproblem(23)cannow bewrittenas

Ü ! Ì & Ú6 ! / (28)

where Ü ! & ;=?> � Ü ! [ = � É ! ÐÒÉ ! and Ú6 ! o É ! is the Rieszrepresentationof 6 ! . The operator
Ü ! is a mortarversionof thePoincaŕe-Steklov operator[3]. It canbeviewedalgebraiclyastheSchur
complementwith respectto themortarunknowns.

Thefollowing lemmahasbeenshown in [34, 4] (seealso[17, 16] for theconforminggridscase).

Lemma 3.1. Theinterfacebilinear form Ø ! � 0 / 0 " is symmetricand positivesemi-definitein w � �lZ¤"Ý¢w � �lZ¤" . If (15)holds,then Ø ! � 0 / 0 " is positivedefinitein É ! ¢�É ! .
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Theproof is basedon therepresentation

Ø ! [ = � Ì /IªS" & � ) X � %kÙ! � Ì "_/ %kÙ! �fªS"�" � ¥ / (29)

which followseasilyfrom (17)and(18).
Another useful characterizationfor Ø ! [ = � 0 / 0 " hasbeenshown in [34] (seealso [16]). Thereexist

positiveconstantsb and T suchthat

bdc = � Þ �s� ¥ Ï ! [ = ª � � ��
�� [ �s�¦¥ R(Ø ! [ = �fªQ/_ªS"�R(T�c = � Þ �s� ¥ Ï ! [ = ª � � ��
�� [ �s�¦¥ /Òmqª o É ! / (30)

where c = is theconstantfrom (4) and Þ �s�¦¥ is a continuouspiecewiselinearinterpolanton thetraceof
the ­ ! [ = on theboundaryintroducedin [16]. The interpolantÞ � � ¥ is definedin the Appendixfor the
caseof RT· . See[16] for ageneraldefinition.

Due to Lemma3.1, the interfaceproblem(28) can be solved using a preconditionedconjugate
gradient(PCG) method.One evaluationof the operator Ü ! � Ì ÐßÜ ! Ì is requiredon eachPCG
iteration.It involvesthefollowing steps.

1. Project( w � -orthogonally)mortardataontothesubdomaingrids

Ì�à�á Í ¥' ÐâÏ ! [ = Ì Y
2. Solve in parallel subdomainproblems(18)–(19) with Dirichlet data Ï ! [ = Ì on the interior

interfacesto computethefluxes % Ù! [ = � Ì " 0�� = .
3. Projectthefluxesbackto themortarspace

% Ù! [ = � Ì " 0M� =<ã�äá Í ¥' Ð %¦å! [ =
andcomputethejump acrosseachinterfaceZ =_[ ]æ % å!-ç =�] &4% å! [ = � % å! [ ] Y

TheprojectionSteps1 and3 arerelatively inexpensive.Thedominantcostis in Step2.

3.2. Balancingpreconditioner

The balancing preconditioneris basedon the Neumann-Neumannpreconditionerdeveloped in
[9, 18, 22]. Thelattercanbeexpressedin operatorform as

� X �è¤è & ;
=z> �

ÜQé! [ = / (31)

where Ü é ! [ = is the Moore-Penrosepseudo-inverseof Ü ! [ = . The evaluationof
� X �è¤è requiressolving

subdomainproblemsÜ ! [ = Ì = &ëê = with Neumannboundarydata ê = : find % ! [ = oíì ! [ = , , ! [ = o � ! [ = ,Ì = o É ! [ = suchthat

� ) X � % ! [ = / � " � ¥ & � , ! [ = / *�0�� " � ¥ ' { Ì = / ��0�� = | ¨ ¥ / � o � ! [ = /
� *�0�% ! [ = /_��" � ¥ &¬« /~� o � ! [ = /
{ % ! [ = 0M� = /_ª |¡¨ ¥ & { ê = /Iª |¡¨ ¥ /Sª o É ! [ = Y

The preconditioner(31) has two drawbacks: the local problems may not be solvable and the
convergence deterioratesfor large number of subdomainsdue to lack of global exchangeof
information.The balancingpreconditioner[25, 26, 16] wasdevelopedto overcometheseproblems.
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The ideais to balanceresidualsso that local problemsÜ ! [ = Ì = &1ê = aresolvable(moduloNull Ü ! [ = )
andthe resultdoesnot dependon the specificchoiceof local solutions.We notethat Ü ! [ = Ì = &�ê = is
solvableif ê =�î Null Ü ! [ = & � const� if full Neumann/ï

otherwise.

Definea partitionof unity O =
suchthat O = Ì

is nonzeroonly on Z = and
;
=z> �

O = Ì & Ì /nm Ì o É ! Y (32)

Definespacesð = suchthatNull Ü ! [ =~ñ ð = . We take ð = &�� const� for r & ��/ Y YsY /_t . Thecoarsespace
is definedasfollows:

É � &1� Ì o É ! � Ì & ;
=?> �

O =_ò¶= / ò�=ko ð = � Y
Clearly óÃô�õ�É � R¬t . A residualê is saidto bebalanced(local problemsaresolvable)if

{ ê /_ª � |k&´« /µª � o É � Y
Balancingê meansreplacingit with êKö`÷ » &�ê£' Ü ! ê � /
whereê � o É � is foundby solvinga coarseproblem

Ø ! � ê � /_ª � " & { ê /_ª � | /Òª � o É � Y
ALGORITHM (BALANCING PRECONDITIONER)
Given ê o É ! , define

� X �ö\÷ » ê asfollows:
1. Solveacoarseproblem:

Ø ! � ê � /_ª � " & { ê /_ª � | /Òª � o É � /
andbalancetheresidual: êKö`÷ » &�ê£' Ü ! ê � Y
2. Distribute ê ö\÷ » to subdomains:ê = & O g= ê ö`÷ » .
3. Solve localNeumannproblemsfor

Ì = o É ! [ = :
Ü ! [ = Ì = &2ê = Y

4. Averagelocal solutions:
Ì & ;=?> � O

= Ì = .
5. Solveacoarseproblem:

Ø ! � Ì � /_ª � " & { ê /Iª � |i' Ø ! � Ì /_ª � "_/Òª � o É � /
andbalancelocal solutions: � X �ö\÷ » êø& Ì � Ì

� Y
Note that the coarsesolves in Step 1 and Step 5 provide global exchangeof information across
subdomains.In addition,Step1 guaranteesthat the local problemsin Step3 aresolvable,and,due
to Step5, theresultof thepreconditioneris independentof thespecificchoiceof local solutions.The
dominantcostis in Step3 whichrequiressolvingsubdomainproblemsin parallel.Thepreconditioning
costis comparableto thecostof performingoneunpreconditionediteration,thusonepreconditioned
iterationis twiceasexpensiveasoneunpreconditionediteration.
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4. ANALYSISOF THE CONDITION NUMBER

We startwith several technicallemmas.Thefirst lemmaestablishesthat thebalancingpreconditioner
operatoris symmetricandpositive definiteandgivesanabstractboundon theconditionnumber. The
proof followscloselytheproof of Theorem3.2 in [25] andis omittedhere.

Lemma 4.1.
� ö`÷ » is symmetricandpositivedefiniteand

cond� � X �ö`÷ » Ü ! "�R´Â�ù�ú
;]`> � Ø !

[ ] � ;=?> � O
= Ì = / ;=z> � O

= Ì = ";=z> � Ø !
[ = � Ì = / Ì = "

� Ì = o É ! [ = and
Ì =�î

Null Ü ! [ = Y
The proof of the following lemma which gives a bound on the condition number of the

preconditionedsystemfollows from theproof of Theorem3.3 in [26].

Lemma 4.2. For subdomain. =
, definetheweightingmap O =

asmultiplicationbyedgewise(facewise
if E & H ) constants,

�_O = Ì = "��fj�" & c =
c = �¬c ]

Ì = �fj�"_/ûj o Z =\[ ] /
andassumethat there existsa numberü sothat

�
c ] Ø !

[ ] � Ì = / Ì = "�R �
c = üýØ ! [ = � Ì = / Ì = "

for all rd/_þ & �M/ YsY Y /It andall
Ì =Qo É ! [ = such that ¨ ¥ Ì =�ò�= Eh� &´« /Im ò�=Qo

Null Ü ! [ = . Thenthere exists
a constantT independentof $ , 
 , and ü such that

cond� � X �ö\÷ » Ü ! "�R1T�ü Y
We make the following explicit assumptionabout the computationalgrids. Thereexist positive

constantsb and T independentof $ and 
 suchthat,for any
Ì o É ! ,

b8N Þ �s� ¥ Ï ! [ = Ì N �`
�� [ ¨ ¥¡Í Î RÿN Þ �s� Î Ï ! [ ] Ì N �`
�� [ ¨ ¥¡Í Î R1T�N Þ �s� ¥ Ï ! [ = Ì N �`
�� [ ¨ ¥lÍ Î / �#R2rd/_þAR2t Y (33)

Remark 4.1. It is shownin theAppendix,LemmaI.1, that (33) holdsin thecaseof RT· spacesunder
mild andeasilysatisfiedin practiceassumptionson thecomputationalgrids.Theseassumptionsallow
for a great amountof independencein constructingthe subdomaingrids, including large grid-size
ratios(with constantspossiblydependingon thetheseratios).

Thefollowing lemmais anextensionof Lemma6.4 in [16] to non-matchinggrids.

Lemma 4.3. Assumethat (33)holds.Thenthereexistsa constantT independentof 
 and $ such that

N Þ �s� Î Ï ! [ ] Ì = N � �`
�� [ �s� Î R1T���� �Ç���K���I
 � $i"�" � N Þ �s� ¥ Ï ! [ = Ì = N � ��
�� [ � � ¥ m Ì =Qo É ! [ = Y
Proof: By Lemma4.3of [10], we have

N Þ �s�<Î Ï ! [ ] Ì = N � ��
�� [ � � Î R(T����Ý�Ç�����¾�I
 � $i"�" � N Þ �s�iÎ Ï ! [ ] Ì = N � �`
�� [ ¨ ¥¡Í Î Y
By (33),

N Þ � � Î Ï ! [ ] Ì = N ��
�� [ ¨ ¥lÍ Î R(T�N Þ �s� ¥ Ï ! [ = Ì = N ��
�� [ ¨ ¥lÍ Î Y
Combiningtheaboveinequalitieswith theobviousinequality

N Þ �s�¦¥ Ï ! [ = Ì = N ��
�� [ ¨ ¥lÍ Î RëN Þ � �§¥ Ï ! [ = Ì = N �`
�� [ �s� ¥
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completestheproof. �
We assumethat 78. =�^ 78. is eitheremptyor of size ���I
+" so that the Poincaŕe inequalityholds

uniformly for all . = andthereexistsa constantT independentof $ and 
 suchthat

N`��N ��§¥ R1T�
 � � � � � � [ �§¥ / N`��N � �s�¦¥ R1T�
 � � � � �`
�� [ �s� ¥ (34)

for all � o 
 � �¡. = " if 78. =<^ 78. is non-emptyandfor all � o 
 � �l. = " , {l�®/�� | ¨ ¥ & « , if 78. =<^ 78. is
empty.

We arenow readyto statethemainresult.

Theorem 4.1. If (33)holdsandtheweightsO =
satisfy

�IO = Ì "��fj�" & c =
c = �¬c ]

Ì ��j�"I/nj o Z =_[ ] / for all
Ì o É ! /

thenthereexistsa constantT independentof $ , 
 , andjumpsin ) , such that

cond� � X �ö\÷ » Ü ! "�R(T����Ý�p�������_
 � $�"�" � Y
Proof: Let

Ì =�o É ! [ = besuchthat
Ì = î Null Ü ! [ = . With (30)wehave

Ø ! [ ] � Ì = / Ì = " R T�c ] � Þ � � Î Ï ! [ ] Ì = � � �`
�� [ �s�iÎ RUT�c ] N Þ �s� Î Ï ! [ ] Ì = N � �`
�� [ �s�iÎR T�c ] ��� �Ç���K�¾�I
 � $i"�" � N Þ �s�¦¥ Ï ! [ = Ì = N � ��
�� [ � � ¥ /
usingLemma4.3 for the last inequality. Note that it easily follows from the definitionsof Ï ! [ = andÞ �s�§¥ that

{ Þ �s�§¥ Ï ! [ = Ì = /�� | ¨ ¥ & {�Ï ! [ = Ì = /�� | ¨ ¥ & { Ì = /�� | ¨ ¥ &´«
sothatthePoincaŕe inequality(34) implies

N Þ � � ¥ Ï ! [ = Ì = N � �`
�� [ �s�§¥ R(T � Þ � � ¥ Ï ! [ = Ì = � � ��
�� [ �s�¦¥ Y
Thereforewe have

Ø ! [ ] � Ì = / Ì = "nR T�c ] ��� �Ç���K�¾�_
 � $i"�" � � Þ �s� ¥ Ï ! [ = Ì = � � ��
�� [ �s� ¥
R T c ]

c = ��� �Ç���K�¾�_
 � $i"�" � Ø ! [ = � Ì = / Ì = "I/
using(30) for thelast inequality. Theproof is completedby applyingLemma4.2. �
Remark 4.2. Theabovetheoremimpliesin thecaseof non-matchinggrids a boundfor thebalancing
preconditionerwhich is similar to theboundsobtainedfor matchinggrids [26, 16].

5. NUMERICAL RESULTS

We presentfour computationalexperimentsconfirming the theoreticalresultsof Section4 about
the behavior of the balancingpreconditioner. In Examples1 and3 we study the dependenceof the
convergencerateon $ for a smoothanda highly heterogeneousproblem,respectively. Example2 is
designedto investigatetheeffectof jumpsin thecoefficients.In Example4 weconsidertheeffectof the
numberof subdomains.In all casesoneprocessoris assignedpersubdomain.Therunsin Examples1,2,
and3 areperformedon theunit squaredividedinto four subdomains( 
 & � � F ). Therunsin Example
4 areperformedon asequenceof domaindecompositionsrangingfrom F ¢ F to ��¢�� subdomains.
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A. Case1 B. Case2

Figure1. Initial gridsfor Example1

�����
BalCG CG

cond. iter. cond. iter.
4 4.54520 11 9.04823 14
8 5.90177 11 17.0075 18

16 7.54221 12 33.5087 25
32 9.44828 12 66.7478 36

Case1

�	�
�
BalCG CG

cond. iter. cond. iter.
4 2.30058 8 10.7644 12
8 2.83097 9 21.1122 19

16 3.37244 9 41.7829 29
32 4.11108 9 83.2505 41

Case2

TableI. Conditionnumberandnumberof iterationsfor Example1

In Examples1 and 3 the condition number and number of CG iterations with and without
preconditioningare reportedfor several levels of grid refinementsstartingwith the grids shown in
Figure1A. The largestratio of the subdomaingrid sizesin theseexamplesis 5/2. We alsoconsider
a secondcasein Example1 wherethe ratio is 11/2 (seeFigure 1B). The mortarsarechosento be
discontinuous(for Examples1,3 and4)or continuous(for Example2)piecewiselinearsonaninterface
grid obtainedby coarseningby two thetraceof thecoarserof theneighboringsubdomaingrids.

The problem in Example1 has analytical solution , �fj³/��¦" & j º � � � Â¶ô�Á§��j
�¦" and a smooth
permeabilitytensor

)v& � « ��� À �KÂs��j
�§" «« � Y
The condition numberand numberof iterationsfor both casesare given in Table I, Figure 2 and
Figure3. As expectedfrom the theory, theconditionnumberin the caseof balancingpreconditioner
grows very slowly as $ getssmallerand the numberof PCG iterationsstaysalmost the same.A
comparisonof the resultsfrom Case1 andCase2 indicatesthat the conditionnumberandnumber
of iterationsarealmostindependentof thegrid sizeratio.

In Example2 we studythedependenceof thebehavior of thebalancingpreconditioneron jumpsin
thecoefficient.A differentpermeabilityfunctionis assignedon eachsubdomainasshown in Figure4
(left). A seriesof runs is performedchangingeachfunction so that the jumpsbetweensubdomains
get larger. Thebehavior of theCG iterationis illustratedin Figure5. We notethatboth thecondition
numberandthenumberof iterationsremainboundedwhenjumpsbecomelargerwhich is consistent
with theboundgivenin Theorem4.1.Wealsocomparein Figure4 (right) theresidualreductionsin the
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Figure2. Conditionnumberandnumberof iterationsfor Example1
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Figure3. Dependenceof theconditionnumberon � ��������� ��� ��������� in Example1

unpreconditionedandthe preconditionedCG iterations.The preconditioningacceleratesthe residual
reductionandremovestheoscillationsobservedin theunpreconditionedcase.

In Example3 we simulateflow throughhighly heterogeneousporousmedia.The permeability
field andthecomputedsolutionon thefirst level of refinement(left-to-right flow is imposedthrough
boundaryconditions)are given in Figure 6. For eachlevel of refinementthe permeabilityfield is
projectedonto the correspondingcomputationalgrids. The condition numberand the numberof
iterations(seeTableIIA andFigure7) onceagaingrow very slowly as $ getssmaller. On Figure8A
we comparetheresidualreductionsin theunpreconditionedandthepreconditionedCGiterations.

In Example4westudythedependenceof thebehavior of thebalancingpreconditioneronthenumber
of subdomains.We solvea problemwith analyticalsolution

, �fj³/��i/
�8" & j º �����½j � �ÇÂ�ô�Á§��j
�§" À �KÂ����¦"
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Figure4. Permeabilityvalues(left) andresidualreduction(right) for theinitial level in Example2
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Figure5. Dependenceof CGconvergenceon jumpsin coefficientsin Example2

�����
BalCG CG

cond. iter. cond. iter.
4 63.4544 17 222.195 25
8 53.8312 27 338.236 47

16 90.2661 34 2313.30 94
32 192.754 38 14049.8 207
64 336.072 50 65824.2 492

A. Example3

Num BalCG CG
Proc. cond. iter. cond. iter.

4 8.16598 13 38.2574 23
9 12.2771 16 111.967 38

16 13.2133 19 225.357 55
25 13.4436 20 379.496 72

B. Example4

TableII. Conditionnumberandnumberof iterationsfor Examples3 and4
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264.105
1

Figure6. Permeabilityfield andcomputedpressure(shade)andvelocity (arrows) in Example3
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Figure7. Conditionnumberandnumberof iterationsfor Example3

andasmoothpermeabilitytensor

)C& �fj½�ý�K" � � � � « «
« ��j½� ��" � «
« « �

on a sequenceof domaindecompositionsfrom F ¢ F to ��¢!� subdomains.The ratio 
 � $ is kept
constantwith subdomaingridschosen�#"p¢��#$ or � F ¢ F�« in a checkerboardfashion.The condition
numberandnumberof iterationsare given in Table II (right) and Figure 8 (right). The resultsare
consistentwith thetheoryandindicatevery goodparallelscalabilityof thebalancingpreconditioner.
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A. Residualreductionfor Example3
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Figure8. Performanceof balancingpreconditionerfor Examples3 and4

APPENDIX

Herewejustify theassumption(33)onthecomputationalgrids.Weshow that(33)holdsin thecaseof
RT· rectangularsubdomaindiscretizationsfor a fairly generalgrid configuration.We startby defining
thepiecewiselinear interpolantÞ �s� ¥ for theRT· spaces.More generaldefinitionis givenin [16]. Let
J­ ! [ = bea refinementof ­ ! [ = � ¨ ¥ with verticesat theelementcenters(primaryvertices)andtheelement
vertices(secondaryvertices)of ­ ! [ = � ¨ ¥ . Note that the primary verticescoincidewith the degreesof
freedomof

� ! [ = 0�� = � ¨ ¥ and,correspondingly, thepressureLagrangemultiplierson Z = . Let % ! [ = bethe
spaceof continuouspiecewiselinear functionssubordinateto thepartition J­ ! [ = . For Ñ o � ! [ = 0K� = � ¨ ¥ ,
defineÞ �s�¦¥ Ñ o % ! [ = asfollows:

Þ �s� ¥ Ñ<��jk" &
Ñ<��j�"I/ if j is a primaryvertex of J­ ! [ = �
thearea-weightedaverageof valuesof Ñ at all adjacentprimaryvertices/

if j is asecondaryvertex of J­ ! [ = �
thelinearinterpolationof vertex values/ if j is a not a vertex of J­ ! [ = Y

To simplify thepresentationbelow, wecall two non-negativefunctions3 � � 0 " and 3 � � 0 " with thesame
domain O equivalentandwrite 3 �'& 3 �
if thereexist positiveconstantsb and T independentof $ and 
 suchthat

b 3 � �_Ñ<"�R 3 � �IÑi"kR(T 3 � �_Ñ<"_/ m¦Ñ o O Y
It is easyto seethatfor any J, o % ! [ = andfor any (

= o J­ ! [ =
� J,i� � � [ )

¥
& � ( = � � X �P
 D

vertices
� » /_��* o ( =

� J, ��� » " ' J, �f��*Ã"�" � / (35)
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Figure9. Gridson themortarandneighboringsubdomainalongtheinterface+-,/. 0

� J,�� �· [ ) ¥ & � ( = �
vertices
�h» o ( =

J, ���h»I" � Y (36)

Lemma I.1. ConsiderE &´F , RT· subdomaindiscretizationsonrectangulargrids,anddiscontinuous
piecewiselinear mortar spaces.Assumethat everyelementof ­ ! [ =_[ ] containsat leastoneelementof
­ ! [ = � ¨ ¥¡Í Î andthat at leastoneelementof ­ ! [ =_[ ] containsat leasttwo elementsof ­ ! [ = � ¨ ¥¡Í Î . Assumethat
thesamerelationholdsfor ­ ! [ =_[ ] and ­ ! [ ] � ¨ ¥lÍ Î (seeFigure9). Then,for any

Ì o É ! ,

N Þ �s� ¥ Ï ! [ = Ì N ��
�� [ ¨ ¥lÍ Î & N Þ �s� Î Ï ! [ ] Ì N ��
�� [ ¨ ¥lÍ Î Y
Proof: First, consideran element( � of ­ ! [ =_[ ] that containsat leasttwo elements,1 � /
1 � , of ­ ! [ = � ¨ ¥¡Í Î .
Denotethe verticesof ( � by � � /_� � with coordinates�¶·K/ � � , respectively, and the coordinatesof the
endpointsof 1 � /21 � by � · /_� � /_� � (seeFigure9, left). Let, for a given

Ì o É ! ,
Ì ��� å " & Ñ å /43 & ��/ F / , » & Ï ! [ = Ì � 5#6 /�¿ & �M/ F Y

By definition, the valueof Þ �s� ¥ Ï ! [ = Ì at the midpoint of 1 » (primary vertex) is , » . Denoteby Ú, the
valueof 7 �s� ¥ Ï ! [ = Ì at thesecondaryvertex between1 � and 1 � . We have

Ú,5& � 1 � � , � � � 1 � � , �� 1 � � � � 1 � �
/ , � ' Ú,5& � 1 � �� 1 � � � � 1 � �

� , � 'p, � "_/ Ú,®'p, � & � 1 � �� 1 � � � � 1 � �
� , � '�, � "I/

henceit is enoughto considerin (35) and(36) only thevaluesof Þ �s� ¥ Ï ! [ = Ì at theprimaryvertices.
For , � / , � we obtain , �, �

& Ü · Ñ �Ñ � /�Ü · & c � c �¼ � ¼ � / (37)

where

c � & F � � ' ��· ' � �F �I� � ' � · " /¦c � & ��·���� � 'ÇF �P·F �_� � ' � · " /Ò¼ � & F � � ' � � ' � �F �_� � ' � · " /8¼ � & � � ��� � 'ÇF �P·F �_� � ' � · " Y
Notethat c � �´c � & �M/8¼ � ��¼ � & � , andhence

detÜ · & c � ' ¼ � & � � ' ��·F �_� � ' �P·h"
8 T:9 « /

which gives Ñ �Ñ �
& Ü X �· , �, � / (39)
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wheretheelementsof Ü X �· donot dependon $ . We alsohave

, � 'p, � & �_c � ' ¼ � "��_Ñ � ' Ñ � " Y (40)

Proceedinginductively, assumethatwe have expressed, � / Y YsY / , » X � in termsof Ñ � / Y YsY /sÑ � * , aswell
as differencesof two consecutive , ’s in termsof differencesof Ñ ’s and vice versa.Considertwo
neighboringelements,( * /�( * é � , of ­ ! [ =_[ ] , eachcontainingan elementof ­ ! [ = � ¨ ¥¡Í Î ( 1d» X � and 1d» é � ,
respectively) (seeFigure9, right). Denotetheverticesof ( * and( * é � by � � * X � /I� � * and� � * é � /I� � * é � ,
respectively, with coordinates� * X � / � * /s� * é � . Denotethecoordinatesof theendpointsof 1W» X � /
1d»`/21d» é �
by � » X � /_� » X � /_� » /_� » é � . Let

Ì �f� å " & Ñ å /;3 &´F È ' �M/ Y YsY / F È£� F / , ; & Ï ! [ = Ì � 5=< /qt & ¿ ' �M/ ¿Ö/s¿Ã�ý� Y
Thenwe have , » X � & Ø�» [ � Ñ � * X � �´ØM» [ � Ñ � * /, » &?> » [ � Ñ � * X � � > » [ � Ñ � * � > » [ º Ñ � * é � � > » [ � Ñ � * é � /, » é � & b » [ � Ñ � * é � �´b » [ � Ñ � * é � /

(41)

where

Ø�» [ � & � F � * ' �¶» X � ' �¶» X � "F �I�@* ' �@* X � "
/ ØM» [ � & ���¶» X � �½�¶» X � '+F � * X � "F �I�#* ' �@* X � "

/
> » [ � & �I� * ' �¶» X � " �F ��� » ' � » X � "��_�@* ' �#* X � "

/ > » [ � & �_� * ' �¶» X � "����¶» X � �´� * '+F � * X � "F ��� » ' � » X � "��_�@* ' �#* X � "
/

> » [ º & �f� » ' �@*Ã"�� F �@* é � ' �@* ' � » "F �f�¶» ' �¶» X � "��I� * é � ' � * " / > » [ � & ��� » ' �@*Ã" �F ���¶» ' �¶» X � "��I� * é � ' � * " /
b�» [ � & � F �@* é � ' � » ' � » é � "F �I� * é � ' � * " / b�» [ � & ��� » �½� » é � '+F �@*q"F �I� * é � ' � * " Y

Notethat thecoefficientsin (41) canbeboundedaboveandbelow by constantsindependentof $ and
dependenton thegrid-sizeratio.We canrewrite thelasttwo equationsof (41)as

, », » é �
& > » [ � Ñ � * X � � > » [ � Ñ � *« �¬Ü¤» Ñ � * é �Ñ � * é � /�Ü¤» & > » [ º > » [ �b¶» [ � b�» [ � Y (42)

Notethat
ØM» [ � �¬ØM» [ � & ��/ > » [ � � > » [ � � > » [ º-� > » [ � & �M/ b¶» [ � �´b�» [ � & � Y (43)

Since

detÜS» & �f�¶» ' � * "��f�¶» é � ' � * "F ��� » ' � » X � "��I�#* é � ' �#*�"
8 TA9 « /

Ñ � * é �Ñ � * é �
& Ü#X �»

, », » é �
' > » [ � Ñ � * X � � > » [ � Ñ � *« Y (44)

Thus, Ñ � * é � and Ñ � * é � are linear combinationsof , � / Y YsY / , » é � with coefficients independentof $ .
Using(43), it follows from (41) that

, » X � 'p, », » 'p, » é �
& �IÑ � * X � ' Ñ � *Ã" ØM» [ � 'B> » [ �> » [ � � � » Ñ � * ' Ñ � * é �Ñ � * é � ' Ñ � * é � / / (45)

where � » & > » [ º-� > » [ � > » [ �> » [ � � > » [ � b¶» [ � 'B> » [ � Y (46)
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Using(43), weget
det

� » &?> » [ º�b�» [ � 'B> » [ � b�» [ � & detÜS»\/
so Ñ � * ' Ñ � * é �Ñ � * é � ' Ñ � * é � /

& � X �»
, » X � 'p, », » 'p, » é �

' �_Ñ � * X � ' Ñ � * " ØM» [ � 'B> » [ �> » [ � Y (47)

Therefore, �_Ñ � * ' Ñ � * é � " and �_Ñ � * é � ' Ñ � * é � " can be expressedas linear combinationsof the
differences� , ; 'G, ; é � "I/_t & �M/ Y YsY / ¿ .

Applying theinequality �_Ø�� > " � R F �_Ø � � > � " andcombining(36), (37), (41), and(44) implies

� Þ �s� ¥ Ï ! [ = Ì � · [ ¨ ¥¡Í Î & � Ì � · [ ¨ ¥lÍ Î Y (48)

Combining(35), (40),(45), and(47)gives

� Þ �s� ¥ Ï ! [ = Ì � � [ ¨ ¥¡Í Î & � Ì � � [ ¨ ¥lÍ Î Y (49)

Similarargumentsimply � Þ �s� Î Ï ! [ ] Ì � · [ ¨ ¥lÍ Î & � Ì � · [ ¨ ¥lÍ Î Y (50)

and � Þ �s� Î Ï ! [ ] Ì � � [ ¨ ¥lÍ Î & � Ì � � [ ¨ ¥lÍ Î Y (51)

The interpolationtheory of Sobolev spaces[23] and bounds(48), (49), (50), and (51) imply the
statementof thelemma. �
Remark I.1. Theproof of the above lemmais also valid in the caseof continuouspiecewiselinear
mortars.

Remark I.2. The above argumentcan be generalized to three-dimensionalrectangular-type RT·
discretizationsin a relativelystraightforward way.
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