Answer
MATH 0290 - Differential Equations

SAMPLE FINAL EXAM K g'y

1. Solve the initial-value problem. Show all the work. Mention a type of the given differential
equation.

(a) (5 points) o =20, y(0) = 1.

Separadle. XY - 2y eX o
Ax

feldy= {axeXdx | e’=eX'+c

Yio)=1, e'=e’+(, e=1+C, C=e-!
o= eX+ e B
y=en (@ '+ e—) y/\fjr;/;lex;eﬂ, .

not correct auswer
(b) (5 points) 2y —ty + 2 =0, y(1) = 0.

Y —tly=-2t”° First order, €iviean, (nhowo-

y@w:;ceg
—{¢ -t + -
_ o Attt

u(t)
7y -ty =2t
(t7y)'=-2t7, tTy= t7+ ¢

yi=o = 0=1+(, C=-I

ly=tr-t, Jy=t7 =t




2. Find the general solution of the given differential equation.

(a) (5 points) " + 4y = 10sin 3¢

C&a/r' QC} 7\ +(.{:‘“O ) )‘:7\!‘/ A _—:wzla

FsS: vy,= (0szt Y, —gin2t

77/1-€ ng,(/({ hed stole s wof ccnutatr {0 V/ o yz
Tl )lp—asnmsf-ﬁg(ossf} Yf’ =-9Yp

_cacinste — S beos 31
Yo Uy, = - Qptilyp = ~S e = 7 Saswte TSR

a= -2 / 'yp:’z S’\V\7>+
Gen.shm: Y[t)= ¢ 052t + Gsinzt - ~25n3t

(b) (5 points) y” + 4y = 4sec2t

From H/w Qe v oS /01/‘(90201/1 FSS Y:"(OSZ{
Y, = §in2f

Vp = VY, + VYo w here
vig cosaf szf /
b= S0 dr, v f U W
{ . W

= —-stw\zfge(;zf 7”— - JS{V‘Z‘}&H = /&AICOSZ{/
T ””‘”\ Lse (/L_,GOSA’/ ({

;ZJCOSZ"“SQLZ‘{CH ,ij(f 2t N\ du= —2wnate
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3. (5 points) A 0.3 kg mass is attached to a spring that has a spring constant 30 kg/s®. The
system is displaced 2 m from its equilibrium position and released from rest. If there is no
damping, find the amplitude, frequency, and phase of the resulting motion.

Effutwﬁowi 0.3 x"+30x=0 , ICs: X(0]=2
X'(0) =0

X"+ 100X =0 = A+lo0=0 , Q=100
(H =¢ oS0t + G sintot  x(0)=¢ =2 7’
' ' 1O os 10
X(#)= 2 cosl0t+ G sonl0F | X/ () = -205n101 #1046
(0)= 106 =0 2 =0 => X (#)=2005101
A=2, w =10, =0

4. (5 points) Use the Laplace transform to solve the initial-value problem

3y’ 4 By = 27", y(0) = -2
L[3y+5yl=Ll-ze![  3sY-zy6)esY == =
) S+l

g — ~_2.... ::,-’2 ,d.é
(33+5)Y’ s+ 6, T (St1)3s+S)  35+5

Y:*’*—Lf— 3 “—n’é’, :..,‘,__‘.{——-..__.. g
S+ 35+5 3545 St 35+S

y= LYl - U -7 0[5 |
S _ o ar
Ui ]=et, UEs ] Ul

—
—

o ) _ 4 ’"‘Si age :
yit|=-eF-e’ e
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Create the piecewise definition of your solution that does not use the Heaviside function.

L[ g%%f-j(f): L[ 2 [0 = M) L [55 -
[~ [“9-35:3—; K(#): (0$ 31
Hence, |~ SJ 2 ]{f}“-‘ /L//% 1) cos 3/% //)

5. (5 points) Find the inverse Laplace transform of the function F(s) =

6. (5 points) Find the unit impulse response to the initial-value problem

y' =6y + 9y =8(1),  y(0) =4(0)=0

C@\wr Poudmowq[ 52—~6“Sf7:(5-2)
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7. (5 points) For the initial-value problem ¢ = ty, y(0) =5 calculate the first two iterations

v and y, of Euler’s method if the step size is h = 0.1.
to=0, #2010, Yo=2>
FM' You =Yath -tuy. = (14 h ta) v
V,=(I1+01%0)xS = [.5=5
yz,:{'z+(o.:}(0.:)/x5 - j0ix$ =505

[l SV

_ v 1 .
8. (10 points) Let y(1) = Ciet ( ) b Coe ( 1 ) be a general solution of the system
y = Ay
for some matrix A.

Scketch a phase plane portrait of the system near the origin. Use arrows to indicate the
direction of motion on all solution curves. Name the type of the equilibrinm point (a saddle,
a nodal sink, a nodal source, a center, a spiral sink, or a spiral source).

’)':-2’ = I The EP {O,O) (S & 56(6{6{67(7\




10. For the system of differential equations

=gy

(t/wi’)(?/wl ‘)
(2) (3 points) find z-nullelineg and y-nullclines.
X-nullcline : X*-yt=0, (X')/)(W-)/}: o, x
X-ulldel (s o s on avf»@«‘més y = -Y aund >/.:X
v-nddel . (y-2)(y-x2)=0 is @ wmion of Huw
Lure ¥=2 cund H yoawaBota Y = X2

(b) (3 points) calculate the coordinates of the equilibrium points.

E‘PS . (0)0),('2)2 (’? ’2) ( / [/:’)

{¢) (3 points) Plot z-nullclines and y-nullelines. Use solid lines for z-nullclines and dashed
lines
for y-nullclines. Plot the equilibrium points and label them with their coordinates.

{continued on the next page)




{(d) (8 points) Use Jacobian to classify the equilibrium point (-2,2) (a saddle, a nodal
source, etc.)

2 X -2y
| ’
-2X(y-2)  y-xi+y-2

| —_ -4 T=--6<0
2= L] 515N

T2_yp = 36-32=4>0C
m EP (S MOG((LQ ST K

(c) (3 points) Use Jacobian to determine if the equilibrium point (-2,2) is stable or
unstable.

2

A-Tx+D =0

X+6A +8 =0

= 2[6timaz ] 3

A=Y, A =-2 Roth e-vabuws cure
ne fjc’f(,v‘f Ve
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11. (10 points) Expand the function f(x) = 2 in a Fourier sine series valid on the interval
0<a<2r.

X = Z é.,\ STIN X) Wu'ms’“"("‘“

n=1

where i = 2 fmxsm( x)dx
XTI

(v

27
- = J X S‘\‘V\(g x A x
O | .
By parts .  u=x  dv=smlE X)X
—— Cos(ﬂ X)
(7(/(/(:6()( V = n 2

— : 2% ,
— _2 n 2 hu
5 | Y
[ cston) o 2l ]
\\

27

(o]

2
v,

7Z&re.fbre, X = q§ ()" sm[—-*X)
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12. (10 points) Find the temperature u(t, z) in a rod modeled by the initial/boundary value
problem

Uy = Ugz, Tfor 1>0, 0<z<2n,
uw(0,t) =0, u(2m,t)=0, for t>0,

uw(x,0) = :Iti for 0 <a <27,

You may usc results obtained in the previous problem.

ket L=270  T.=T, =0 = W(X)=0

Then (i t=vixt/== é. e tsn(4x)

~ ) 2T -
w here g\/\:i‘% L .5_ g\‘y\(-g—g— X)é'(,X

(AT \
b= g [ (20
Froin Hee Jorevious /glméé’e/z/w

_ L ¢ yn+l (“’/)MH
g\/\ ’L[{_y—l;\*(’) — T
Therefore

po e -y \
o) = =L T Gy

n=)
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