MATH 0230 - Analytic Geometry and Calculus II
Solutions to SAMPLE FINAL EXAM 1

w/2 /2
1. (10 points) [ = /sin2 xcos? x sinx dr = /(1 — cos? ) cos® x sinx dx +3 pts
0 0
Substitution: u = cosz, du = —sinxdz, u(0) =1, u(r/2)=0. +3 pts
0 1
Then I = /(1 —uP)u? (—du) = /(u2 —u*) du +2 pts
1 0
W oowt 112 1ot
= |— — — = - — — = — S
3 5|, 3 5 1p p




2.

(a) (10 points)  There is a discontinuity of the integrand at x = 7.

1
dx
-

v

t—T7—

t
Hence, [ = lim /
3

Substitution: u =7 — 2z, du= —dz, u(3) =4, u(t)=7—1.

T—t
Then I = lim [ u /% (—du)

t—T7—
4

— —2 lim [ulﬂrt: ~2lim (VT—f-2)=-2(0-2) =4
4

t—7— t—7—

(b) (10 points) [ = tlg& 1+ 22 dx

1

Substitution: u =4+ 2?, du = 2xdz, u(l) =5, u(t) =4+

442 p
1
Then ]:hm/—-—u
t—o0 2 u
5
11' 1 e 11' In(4 +¢*) —1

=gl | =g fim (a4~
= 00.

So, the integral diverges.
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3.

(10 points) ~ The curves intersect at the points (0,0) and (2,4), so that 0 < z < 2. +2 pts

We use vertical rectangles to obtain cylindrical shells.
Then r = o, Ar = Ax, h = 4x — 2.

AV = 2rx (4o — 2?) Ax = 21(42* — 23) Az

423 x4]2
3 1),

2
V:27r/(4x2—x3)dx:27r{———
0
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4. (10 points)

sphere

r? 42?2 =2% r2=4-—2°

AV = mr?Az = (4 — 2*)Ax

AF = pgAV = 98007 (4 — 2?)Ax
d=2+1-2=3—-2

AW = AF -d = 98007 (4 — 2?)(3 — x)Ax

—2<z <2

2
W = / 98007 (4 — 2*)(3 — x) dx
2o
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D.

(a) (5 points) a=PQ=(1,1,-2), b=PR=(-3,0,3)

a-b=-9
cosf = a-b = — 9
|a[ |b] V618
Possible answers: cosf = —L = —ﬁ
108 2

() (oo (2)

(b) (5 points)

i j k
axb=| 1 1 —-2|=(33,3)
-3 0 3
1, - 32
Areais A= -]axb|= 53 :3\/5.
2 2 2

(¢) (5 points)  The vectors a = PQ = (1,1, —3) and b = PR = (—5,0, 3)
are on the plane.
Their cross product is orthogonal to the plane. The normal vector is
n=saxb={(1,1,1)

With the point P and normal vector n, an equation of the plane is

t—1+y+3+2z—1=0or 24+y+2z+1=0.
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6. (10 points) x(0) =0, y(0) =1

dy _dy/dt _ 2(t+1)
dr  dx/dt  cost

d
—y:2 when t = 0.
dx

The equation of the tangent line is y = 2x + 1.

7. (a) (10 points) 2sin50=0, 0 =0, 0= g Hence 0 < 6 < g

Jus

A= %/ 4sin® 56 df =

0

2sin® 50 df

S —
ol

(1 — cos 100) db

ST,

_lo_ sin 10073
10 |,

d
(b) (5 points) d_g = 10 cos 56.

z
L= / V4 sin? 50 + 100 cos? 56 df
0
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[e.o]

noo 2 /2\"!
8. (a) (5 points) — = _ <_>
; ) ; ) )

2 2
It is a geometric series with a = = and r = 5
It is convergent because |r| <1
2/5 2
Its sum is ¢ _ / = —.
l—r 1-2/5 3
| o
(b) (5 points) a, = ")
: e P 2n? B
Ratio st fiwy |0 =l Gy o = gy 2

The series is divergent because the limit is greater than 1.

1
(c) (5 points) It is an alternating series with b, = ) > 0.
n
(1) b Lo b decreas
nt1 = = b, decreas
T n4+3 T n+2 reasing

1
(2) lim b, = lim =0

So, the conditions (1) and (2) of the alternating series test hold and, hence,

the series is convergent.
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9.

10.

1 1
(a) (10 points)

1

n

1 —~ [ 1
Sn: 5 o A .
Zzz+3z+2 AO(Z+1

=0 =

(="

(10 points) ¢, =

n4n
. 1) 4!
R lim || = i PEDAT
n—00 | Cpy1 n—00 n 4n

So, the series converges in the interval (—4,4).

End points.

o0

= (=) (—4)" 1
r=—4 Z % = Z o It is the harmonic series and hence, diverges.
n=1

n n=1
T o o VA o G Vi
r=4: ; T —; p—

n2+3n+2 (n+l)(n+2)

1+ 2

)

n—l—l_

()

It is the alternating harmonic series and hence, converges.
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The interval of convergence is (—4,4]. +2 pts
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11.

@) Gpoi) g = <1l+§>
RN
FNE)
55 (5
:g(;)l"xn

(b) (5points) In(b+z) = /

T
54 x

(D" Np N et Ol |
/nz:% P T AT ;(n+1)5"+1x +C

Put x =0. Then In5 = C.

Hence,

ln(5+x):ln5+§:&

Alternative way: In(5b+x) =In (5 (1 + %)) =In5+In (1 + g)

(c) (5 points)

-5

n=0

(_1)n+1 4

— Y X

(2n)!

—ZL'2 COST = —XT

2n+2
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+2 pts

+1 pts
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. fn)
12. (10 points) sinx = Z f () (x —m)" +2 pts
n=0

n!
f(mr)=0, ¢=0 +1 pts
1
f’(ﬂf) = Cos T, f,<7T) = _17 C1 = _ﬂ +1 ptS
f'(x) = —sinz, f'(r)=0, c2=0 +1 pts
1
f"(x) =—cosz, f"(m)=1, c3= ~3 +1 pts
fW(x) =sinz = f(z), fO(r)=0, c2=0 +1 pts
and etc.
Hence, sinz = i =D (x —m)?! +3 pts
’ —~ (2n—1)!
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13.

(a)

(c)

(10 points) It is a separable equation

d d d
_y = 3x2y’ _y = 3;52 dgj’ /—y = /31‘2 dx
dx Yy Y

ln|y]::v3+C’1, ’y|:€C’1€x3, y:C€w37 C:iecl-

3

y(0)=C =5, y=>he".

(10 points) It is a linear differential equation.

y ——y=a
x

—2In|z| _ ,.—2

The integrating factor is I(z) =e/ 247 =¢ x

Then

ey — 2073y =1, @”w?ﬂ,x”yz/dx:x+c,y:ﬁ+cﬁ.

y(1)=1+C=4, C=3, vy(z)=2>+322.

(10 points) It is a second-order linear homogeneous differential equation.

Its characteristic equation 724 6r +9 = 0 has one root r = —3.

3 (¢ + o)

The general solution is y(z) = e~
Initial conditions:

y(0) =c1 =2, o(z) = =3¢ (2 + c2z) + ¢,y (0) = =6+ 2 = =5,
pts

y(a) = e (24 2).
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14. (15 points)  The characteristic equation of the complementary equation
r2+2r+5=0 has tworoots r; = —1+2i and 7o = —1 — 2i.
The solution of the complementary equation is y.(z) = e~ (¢; cos 2z + ¢o sin 2x).
For a particular solution we try y,(z) = (Az + B) €”.
Then y," = Ae® + (Az + B)e®, y, = 24e® + (Az + B) e
Substituting into the differential equation, we get:
4Ae” + 8 (Az + B) e* = —16xe”
8A=-16, 4A+8B =0, A=-2, B=1.
Yp = (—2x+1)€”
The general solution y(z) = y.(x) + y,(x) is

y(r) = e " (c1cos2x + cosin2x) + (—2x + 1) €”
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