EXISTENCE AND ERGODICITY FOR THE TWO-DIMENSIONAL STOCHASTIC
BOUSSINESQ EQUATION

YONG LI* AND CATALIN TRENCHEAT

Abstract. The existence of solutions to the Boussinesq system driven by random exterior forcing terms both in the
velocity field and the temperature is proven using a semigroup approach. We also obtain the existence and uniqueness of an
invariant measure via coupling methods.

1. Introduction. We study the existence and ergodicity of the stochastic Boussinesq equation

du = (vAu — (u-V)u+ 0 — Vp)dt + /Q1dW, (t),

df = (XA — (u-V)0)dt + /QadWs(t),

V-u=0 in (0,400) x O, (1.1)
u=0, =0 on (0,+00) x 90,

w(0,2) = ug(x), 6(0,z) =0y(x) in O,

which models the interactions between an incompressible fluid flow coupled with thermal dynamics in
two dimensions, in the presence of random perturbations. Here @ C R? is a bounded, open and simply
connected domain with smooth boundary 00, and u = (u1,us) denotes the fluid velocity field, 6 is the
temperature of the fluid, p stands for the pressure, v is the kinematic viscosity and x is the thermal
diffusivity, o is a constant two component-vector. Also Wi and W represent two independent cylindrical
Wiener processes [10, 12] defined, respectively, on a filtered space (€, F;,P) taking values in

H:{UE(LQ(O))Q:Vm:OinO, v~n200n60}, H, = L*(0).

Finally, Q1 and Q5 are linear continuous, positive and symmetric operators on H and H;, respectively,
of trace class (see Definition 5.1 in the Appendix 5), i.e., TrQ; < oo, i = 1,2, satisfying the following
condition:

Ql - A*’Y’ QQ == Al_ﬂya (12)

where 1/2 <y < 1, A and A; are as defined in (2.1).

Herein we prove the existence and uniqueness of a solution (u(t, ug,6o), 0(t, ug,6p)) of the stochastic
Boussinesq system (1.1), and of the corresponding invariant measure in the space H x H;. The deterministic
version of the Boussinesq system (1.1) was comprehensively studied in the literature (see, e.g. [1, 9, 13]
and the references therein). In the case of two-dimensional Navier-Stokes equations, the existence and
uniqueness of a solution, the uniqueness of the invariant measure and properties of the corresponding
Kolmogorov operators were studied in [3, 5, 4, 8, 7]. For the two-dimensional magnetohydrodynamics
system, see [2].

The paper is organized as follows. In Section 2 we formulate problem (1.1) in an appropriate functional
setting (see [13, 6, 12, 10]) and in Section 3 we give the main existence and uniqueness result for (1.1) which
is proved via an approximating regularizing scheme. In Section 4 we prove the existence of an invariant
measure y corresponding to the stochastic flow ¢ — (u(t), 8(t)), and its uniqueness via coupling methods,
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following [11, 2]. In particular, the uniqueness of the invariant measure implies that the flow is ergodic,
ie.,

lim —/ o(u / odu Vo € L*(H x H; i)
HxH

T—oo T

which agrees with some physical hypothesis on the Boussinesq flow.

2. Functional setting and formulation of the problem. We introduce the functional spaces to
represent the coupled Navier-Stokes and heat equations (1.1) as infinite dimensional differential equation

V= {ve (HY(0))*:V-v=0in o}, Vi = HY(O).

The norms of V' and V; are denoted by the same symbol || - |:

2
2 =% / Vuiltde, v=(01,0) €V,
i=1 70O

Inll? = /o VnlPde, ne Vi

Let denote by V’ and V/ = H~1(O) the duals of V and V; respectively, endowed with the dual norms.
Denote again (-, -) the scalar product on H and the pairing between V and V', V4 and V;. The norm on
H and L?(2) will both be denoted by | - |. Identifying H with its own dual we have V.C H C V'. Let
Ae L(V, V"), Ay € L(V1,V{),b: V xV x V — R be defined by

(Av,w):/Vv-dex, v,w €V,
16)

(A1, B) = / Va-VBdx, «o,8€V, (2.1)

b(u,v,w) = Z/uZ Diyvjwidx, u,v,w €V,

1,j=1

and B :V — V' given by
(Bv,w) = b(v,v,w), v,weW.
Then system (1.1) can be written as

du+ (vAu + B(u) — o8)dt = \/Q dW1
df + (xA10 + (u - V)0)dt = /Q2dWs(t (2.2)
U(O) = Ug, 0(0) = 90.

The cylindrical Wiener process W = (W, Ws) on H x H is defined [10] by

= Bitel, =12,
j=1

where {e}}, {¢}} are two complete orthonormal bases of eigenfunctions of A, respectively A, and {f}},i =
1,2 are two independent sequences of mutually independent Brownian motions on the filtered space
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(Q, F, F;,P). We denote by Cyy (0, T;H x Hy) the space of all continuous functions Z:[0, T € L?(§), F;, P;Hx
H;) which are adapted to the filtration F;. The spaces L, (0,T;V x V) and L%, (0,T; V' x V{) are similarly
defined.

Consider the stochastic convolution that is the mild solution of the problem

AW A(t) + AW 4 (t)dt = \/QdAW (t), (2.3)
Wa(0) =0,
given by
Wa(t) = [ e A /QaW(s) = (WAO.WH ).
where

o vA 0 o Ql 0
=03 ) o= (8 a)

Under our assumptions it follows that [4]
W4 € Cw (0,75 H x H) N (L ([0,T] x 0))?,
and by Theorem 2.13 of [4] we have that

E < sup |W2|4> < +o0.
(t,2)€[0,T1xO

3. Existence and uniqueness result. Our main theorem is as follows.

THEOREM 3.1. For all (ug,6p) € H x Hy and T > 0 problem (2.2) has a unique solution (u,0) €
L(0,T;V x Vq).

To prove Theorem 3.1 we reduce (2.2) to a deterministic equation with random coefficients, via the
substitution

u(t) = v(t) + Wi(t), 0(t) =n(t) + Wi).
Then (2.2) reduces to
v +vAv+ B(v) +v- VWi + W} - Vv — 06 — cW3 = ~B(W}),
n+xAn+ov-Vyp+o- VW3 +Wj-Vnp=-Wj- VW3, (3.1)
v(0) = uo, n(0) = by.
We recall the following standard estimates, which will be used in the sequel:
[(B(v), w)| < Clofjoflflw] = [[B)v: < Clolllv]l,
(v Vi, @) < CloV 2ol 20l 2l 2lled] = o~ Vallyy < Clol™|lo] 202 nl*/2,
1WA - Volly: + lo- VWhllv: < CIWA* o] /2ol /2,
lo- VW2l < CIWA[ ol 2 |lo]|*/2,
W3 - Vnllvy < CIWA[*n["2 ]2,

PROPOSITION 3.2. Let (ug,0y) € H x Hy. Then there is a unique solution (v,n) € L%, (0,T;V x V;)
to (3.1) such that P-a.s. (v,n):[0,T] — V' x V{ is absolutely continuous on [0,T] and
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(i) v' € L*(0,T; V'), n' € L*(0,T;V/), P-a.s.
(i) v e C([0,T],H) and n € C([0,T], Hy), P-a.s.
Proof. We consider the approximating equation

vl + vAv. + 5 (ve) +v. - VW4 + Wi - Vo, — 06, — cW3 = —B(W}),
77; + XA1ne + @5(ve, M) + e - VWE& + W}X Ve = *W}l : VWEH
v(0) =uop, 1(0) = bo,

where

B(v) if ]l <
®i(ve) =14 B .
o {s2|(5|)2 if flof} >

o [= o=

and

vV i {Jvll 4 [ll
m if [Jvll + [Im]

<1
(PS('Uaaea) = ; z
It is easy to see that u. = v. + W} and 6. = n. + W3 satisfy

due + (VAu, + @] — 00, )dt = \/Q1dW1(t),

dl. + (xA10. + ®5)dt = \/Q2dW> (1),
U(O) = ug, 0(0) = 00.

Multiplying the first and second equations of (3.2) by v. and 6. respectively, we have

d
CT (|1)5|2 + |775|2) + V||UE||2 + XHT}EH2 =+ b(”s: W}b Us) + b(’UE, Wiﬂ?e)

N —

t
= (Gnsavs) + (O'foavs) - b(Wi7Wi7/U5) - b(WA7W§an€)

Recall Young’s inequality: ab < %p + % for p and ¢ conjugate. Then we have

b(ves Whyve) < Cloc[ 2 Jucl/2Whla < < loc]? + Clo (WAL,
b(ves W3, me) < Cloc /2 o2l [W5

< Clocllle WA + 5 |1

< gllvelP” + Cloc PIWA[E+ 5l
bWk Wh,ve) < CIWA[Ellec| < Zlee|? + CIWALA,
bW} W3ne) < CIWALIWE lallncl| < Slinell? + CIWARIW
(012, ve) < O(nel® + [ve[?).

So we have

d
= (vel? + ) + vllve|l® + xllmel® < C(Wals + [WA[L + C)(Inel* + |oe|* + 1).
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Integrating (3.4) with respect to t € [0, 7] and using Gronwall’s inequality, we have
T
o= (&) + [ne (2)|? +/O (o= ($)II? + llne(s)1I*)ds

T
< C(luol* + [00]*) exp (C/ (IWals+ WAL + C)d8> +C, te0,T),
0

where C' is independent of € and w.
Now we fix w € Q and select a sub-sequence € = ¢(w) such that
ve(t) = v(t) weakly in L?(0,T;V), weak star in L°°(0,T; H),
n-(t) — n(t) weakly in L*(0,T;V}), weak star in L>(0,T; L*(Q2)),
Av (t) — Av(t) weakly in L*(0,T;V"),
An.(t) — An(t) weakly in L2(0,T; V),

and similarly

S (ve(t)) — @1(t)  weakly in L*(0,T; V")

@5 (ve(1), (1)) = @2(t) weakly in L*(0,T; V)
ve(t) - VW — v(t) - W) weakly in L*(0,T;V")
W} - Vo (t) — W} - Vo(t) weakly in L?(0,T;V")
one(t) — on(t) weakly in L*(0,T;Vy)

ve(t) - VW3 — v(t) - W3 weakly in L*(0,T;V7)
Wh - Vn.(t) — Wi -Vn(t) weakly in L?(0,T;V}).

Thus, we have

v+ vAY oy v VWL + WL Vo= —-BW))+ 00+ cW3, ae. tec|0,T],
0+ xAn+ s +v- VW3 +W)-Vnp=-Wj, VW3, ae. t€[0,7],
v(0) = ug, n(0) =6

(3.5)

(3.6)

On the other hand, since v, and 7. are bounded in L?(0,7T; V") and L?(0,T; VY) respectively, we also have

that for e — 0

ve — v strongly in L?(0,T; H),

n. — 1 strongly in L?(0,T; L*(O)).
Moreover,

T T
/0 (1 (), () dt — / b(o, v, )dt, Vi € C((0,T], D(A)),

and the reason is as follows.

/0 (1 (), (1)) dt

b
:/ M%%wm+/ boe,ves¥)
t€[0,T]:[|lve[|<1/e tef0, 1) ve>1/e 2NV

=1l +12



We have shown that
b(ve,ve, ) — b(v,v,v), a.e. te]0,T].
Since
[b(ve, ve, )| < Cloell|ve I,

we infer by the dominated convergence theorem that
T
Il - / b(v,v,9)dt ase — 0.
0

On the other hand, we have shown that

sup {[lo=(t)]| > 1/e} < Ce.
te[0,7]

Therefore,

1
12| gcﬁ‘”awvf”“j’” <C——<Ce—0 ase—0.
|ve | [[oc |

Thus, it follows that ¢1(t) = B(v(t)), a.e. ¢t € [0,T]. Similarly, we have @o(t) = v- Vn.

This means that the pair (v,7) is a solution to (3.1) for every fixed w € Q. On the other hand, it is
readily seen that for each w € Q, (3.6) with ¢3 = B(v) and ¢2 = v - Vn has at most one solution (v, n)
with the above properties. This implies that, for ¢ — 0,

ve(t) = u(t),  7me(t) = n(t),

weakly in L2(0,T;V) and L2(0,T;V7), respectively, P-a.s. This indicates that v and 7 (and v" and 7’) are
adapted to the filtration F; and therefore (v,n) € L,(0,T;V x V;) and (v',n') € L%, (0,T;V’ x V/). O
Now we are ready to prove Theorem 3.1.

Proof. [Proof of Theorem 3.1] For the first equation of (3.3), we have by Ito’s formula

1 ¢ 1 1 ¢
SEh (1) + VE/ Jue(5) s = Juol? + 5t Tr Q1 + ]E/ (002, u2)ds. (3.8)
0 0
Proceeding similarly as in the second equation in (3.3), we obtain
1 K ) 1, ., 1
SE-(0)] +xE [ 10:)|Pds = L6 + 1T Q. (39
0
Combining (3.8) and (3.9) we get, for ¢ € [0, T
t
E(luel* + [0[*) + QJE/ (Wllus ()1 + X110 (5)1I*)ds (3.10)
0
¢
= |uo|®> + 6o +tTr (Q1 + Q2) + 2]E/ (00, us)ds.
0
By Gronwall’s inequality, we deduce from (3.10) that

E(luel* + [0c]*) +E/0 (llus(s)I* + 110=(s)[*)ds < C. (3.11)
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This implies that, for ¢ — 0,

u. — u=v+Wj, weakly in L, (0,T;V),
0. —0=n+W3 weakly in L?,(0,T; V1),

where (u,6) is a solution to (1.1)

As for uniqueness, if (4(t),0(t)) is a solution with initial data (ug,61) we have by (2.2) that

Sau(t) — (o) + 16(6) — B0 + vlu(e) — (o) + x10) — I
< |b(u —a,@,u—a)| + [((u—1a)-V0,0 —0)|+ |(c(8 — 0),u — a)
< Clu—allju— al|[all + Clu— al*/2|lu - a|/*|6]"/>|6]/* |6 — 8] + C16 - ]lu @l
< Clu—al[[al]? + 7 lu = @l + Clu— af8218]12 + 7w = @l + 2116 = 6] + C (10 = 6] + Ju - al?)
< C(10 =0 + fu—al) (L + @l + 8P 18]) + 5 1w — a2 + 16 — 6]
Using Gronwall’s inequality there holds

[u(t) = a()* + 16(t) — 6(t)[?

< CO(|lug — u]® + 0o — 61]%) x exp (C’/
0

t

A+l + |é|2||é||2>ds) .

This completes the uniqueness of (u, #) as well as the continuity of (ug, ) — (u(t),0(t)). O
4. Ergodicity.

4.1. Existence of invariant measure. Let (u(t,uo,00),0(t,uo,00)) € L?,(0,T;V x Vi) be the
solution of (1.1) with initial data (ug, o). Set

Ptd)(uO,eo) = ]E[qb(u(t,uo,ﬂo),ﬁ(t,uo,ﬁo))], V(UO,eo) € H x Hy, (]5 S Ob(H X Hl).

Recall that a Borel probability measure p in H x H; is invariant (Definition 5.3) for the transition semigroup
P, if

/ Py — / édp, Vo € Cy(H x Hy).
HXxHq HxH;

THEOREM 4.1. There exists at least one invariant measure p for Py.
Proof. From (3.10) we have that

E(Ju(t)[* +16(£)[%) +E/O (lu(s)1* + [16(s)[*)ds
< C (Juol® +[00* + tTr(Q1 + Q2)), t>0. (4.1)

Let m¢(ug, 6o, ) be the law of process (u(t),d(t)). Then

t
Ptfé(uo,@o):/ é(u1, 01)m(uo, 0o, dui, doy).
0

In order to prove the existence of an invariant measure, it is enough to show that the set

1 T
HT = */ ’/Tt(u()vo()a )dta Tr>1,
T 0
7



is tight in P(H x Hy) (see the definition 5.4 in the Appendix 5). With fixed (ug,0p) € H x Hy, we have
that

1 t
;E/O ([l + 1161%)ds < C(luol* + |60]* + Tr(Q)).
Let Bgr denote the ball of radius R in V' x V;. Then VR > 0, we have

1 T
,LLT(BIC%) = T/ ﬂ't(UO,eo,B%)dt
0

< oz [ EOI? + 101
=TR2 J,

1
ﬁCUUoF +160]* + Tr(Q)),

which yields that {pp}r>1 is tight. O

4.2. Uniqueness of invariant measure. In this section we prove the uniqueness of the invariant
measure g using coupling method (see, e.g., [2, 11, 7, 8]). We follow the approach presented in [2, 11], and
Lemmas 4.2-4.4 are the main steps in the proof. With these a priori estimates, the main result, Theorem
4.5, follows exactly the same framework as in [2]. Therefore, we only prove Lemmas 4.2-4.4 in this section.
For a detailed proof of Theorem 4.5, please refer to [2].

LEMMA 4.2. The following estimate holds:

t
t
V*E/ (lull® +1161%)ds < Juo|* + 160]* + 5T7(Q), (4.2)
0

where v* = min{v, x}.

Proof. This is a direct consequence of (4.1). O

LEMMA 4.3. Let pg,p1 > 0. Then there exist « = a(pg, p1) and T = T(po, p1) > 0 such that for any
t € [T,2T], |uo| < po, 00| < po, we have

B(Ju] < p1,16] < p1) > o (4.3)

Proof. Let v=u— W}, n=60— W3, where W} and W3 are mild solutions to (2.3). Multiplying the
second equation (3.1) with n yields

Ld, o 2 2 1 172

3 g+ Xl < oo, Wi, m)| + [6(Wa, Wi, )

X
< C(llollWils + [WalsWila) + 5 lInll*

Thus,
d, o 2 2 1
g+ xlnll” < CIWila(llvl] + [Wala),
equivalently,
d
7 ("l*) < CIWELa(lo] + [Wala)e™. (4.4)

Note that W} and W2 are independent Gaussian processes in L*(O), and following the argument in [4]
we have

P (Wil +|W3l3) <e Vte[o,27T] > 0.
8



Integrating and rearranging (4.4) yields

t
In(t)* < e n(0)]* + Ce*‘stﬁ/o e” (|||l + €)ds
< ef‘;t|77(0)|2 + Ce %% (

t 1/2 t 1/2 t
</ 6268d8) </ |v||2ds) + 6/ €% ds
0 0 0
< e n(0)]* + Ce, (4.5)

where we used the a priori result from (3.5). Now multiply equation (3.1) with v and 7 respectively, then
we have

51+ )+ vl + xlinl?
<C (WAL + WA DI + WAL + WAL + |om 0)] + T ol + 5 ]
<CWALL+ WA (v + 1) + Zllol + Culnl? + Z 0] + Sl
Applying the estimate of (4.5) to the above equation yields
L0714 ) + ool + %) < Clln(O)Pe + o) (4.6)
Multiply e®* to both sides of (4.6) and integrate from 0 to ¢, then we have
()2 + @ < e ([(0)[2 + [O)]) + Cln(0) e~ ™Dt + Cet. (4.7)

The right-hand side will be small by choosing T large enough first, and then letting € small enough. O
LEMMA 4.4. Let g € Cy(H x Hy) be such that ||g|lo < 1. For notational simplicity, denote (x,y) €
H x Hy by the initial values of u and 6. Then for any t > 0 and § > 0 such that

| —

|Prg(z,y) — Prg(z1,31)| <

NV V]

for all (x,y), (x1,y1) € H x Hy, z,y,21,y1 € Bs(0), where Bs(0)
radius 6.

Proof. Let Z = (u,0) be the solution of (1.1) with initial value (z,y) € H X H; and by DZ the
Gateaux derivative of Z. Denote

enotes a disk centered at the origin with

£1 = Dmua 52 = Dzaa 53 = Dyuv 54 = Dy07
where D, and D, are Gateaux derivatives with respect to  and y. Then
& +vAG + B'(u) — 06 =0,

&+ xA1& + F(u,0)u61 + F(u,0)p€2 =0, (4.8)
§(0) =1, £2(0) =0

and

£3 + VAL + B'(u)és — &4 = 0,
&+ XArés + F(u,0)u&3 + F(u,0)sés = 0, (4.9)
£3(0) =0, §a(1) =1
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where (F(u,0),w) = b(u,,w) for any w € V. By multiplying (4.8) by &; and &, respectively, we have

1d
57 (167 +1&l) + vli&l® + xliél”

2 dt
= - b(£17ua§1) + (U§2a51) - b(£17 9752)
<Clei|lellllull + C(l&l + |€1]2) + Cliél|Z 16211 €12 €22 6]

<elléu* + CléaPllul’® + (gl + &1+
SUE IR + el + Clal + e lo)

For properly chosen ¢, there exists v > 0 such that

d
(&P +1&P) +y(lal® + l1&l?)
<C(l&l? + &) (lull® + [16]* + ©),

and by Gronwall’s inequality, we obtain

t t
G2+ 6l 4y / (&% + [€lP)ds < Cexp (o / <||u2+|e||2+o>ds). (4.10)
Similarly,
t t
& 4 &l? + / (€ + IEa]?)ds < Cexp (o / <||u2+|9||2+c>ds). (4.11)
0 0

The next step is to estimate

E [g (u(tx,y), O(t,@y)) -9 (u(t7 mlayl)ve(tvxlvyl))]

by following the argument as in [11]. To do that, we introduce a cut-off function

1 if r € [0, K]
Qr(r)=<0 if r € 2K, 0]
€0,1] ifr € [K,2K].

Then
E [g (u(tvxa y)v o(taxay)) -9 (u(taxhyl)a a(ta zlayl))]

—E g (u(t, 2,9). 00t 2.9)) x B ( [ Guts.i? + |e<s,x,y>||2>ds)}
B [g (ult, 21,0, 0(t, 21, 30)) x D ( [ ats. v + 9<s,x1,y1>||2>ds)}

+ 8 [g(ultsz).000,0.00) x (1 ([ (luts, 2, I + Io(s. )]s )|

B |gu(t, 21, 2), 00t 21, 31)) % (1 . ( [ szl + |o<s,x1,y1>||2>ds))]
=H(t) + Hy(t) + Hs(t).
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As a result of Lemma 4.2, we have

t
Ha(t)] < P ( [ Gtz P+ 1666,z s = K) lgllo (1.12)
z2+ [y Tr(Qi+ Q2)t
< lglo (HLEE + TR,

Similarly,

o1 + [y l* | Tr(@Qu+ Q2)t) _ (4.13)

Hsi(t)| <
)] < gl (252 o

In order to estimate H;(t), we write it as follows.
td
Hi(0) = [ 2B g ult 1), 00, 3)
0

X &g (/0 ([u(s, zx, ) |1* + ||9(8,a:)\,yk)”2)d8> 105/\,

where
IA:/\Iﬁ’(l*)\)Il, yX:Ay+(17>‘)y17 )‘6[071}

Set h = (x — 1,y — y1), then the Bismut-Elworthy formula yields

o= [ 1z

g (Z(txnyn)) x B ( [ s on ol + ||9(8,33A7yx)||2)d8>
« / (Q_l/QDZ(s,x,\,y,\)h,dW(s))] d
0

9 (Z(t,rn)) x B ( [t n il + ||9(8’$A79A)2)d8>

1
+2 E
0

t
s
></ (1—g)(AZ(s,xA,yA),DZ(s,xA,yA)h) d,
0

where A: V x Vi — V/ x V/ is the canonical isomorphism of V' x V; onto V' x V/. Let

t
Ty = inf {t >0: / (Jlu(s, zx, ya) 1% + 10(s, zx, ya) ||*)ds > QK} .
0

Then we have

1 1 tATA 1/2
)< Clalo [ a3z | [ 102Dz, 00mnPas
0 0

tAT 1/2 t 1/2
( / |§h(5793x,yx)||%/xv1d5> ( / ||Z(5717A,y/\)||2> H
0 0

11
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where ¢" = DZ - h. By estimates (4.10) and (4.11), as well as the condition (1.2), we have that
t
| 1@ 2D (s 0 s < i
0

Finally, by estimates (4.2) and (4.10)-(4.13), we obtain
[Elg(Z(t,z,y)) — 9(Z(t, z1,91))] | (4.14)

0 5K 12y L
< — +2 1 < =
_Cg|05(K+ e’ (1+t )_2 ,

for all ,y,x1,y1 € Bs(0) when K is appropriately chosen and § is small enough. O

With the a priori estimates of Lemmas 4.2-4.4, the next theorem can be obtained by following exactly
the same approach (namely, coupling method) as presented in [2].

THEOREM 4.5. There is a unique invariant measure p for semigroup P;.

5. Appendix. DEFINITION 5.1. Suppose H is a real separable Hilbert space with inner product (-,-)
and norm | - |. A linear continuous operator Q is of trace class if it satisfies,
e positivity: (Qz,x) >0, x € H,
o symmetry: (Qu,y) — (v,Qy), v,y € H,
e bounded trace: Tr Q := Y ;- (Qex,ex) < 400 for one (and consequently for all) complete or-
thonormal system (ey,) in H.
DEFINITION 5.2. A Markov semigroup P; on By(H) is a mapping

[0,+00) = L(By(H)), t— P,

such that
(i) Poy=1, Piys = PP for allt,s > 0.
(ii) For anyt >0 and x € H there exists a probability measure w¢(z,-) € P(H) such that

Pip(z) = /H o(y)m(x,dy)  for all p € By(H).

(iii) For any ¢ € Cy(H) (resp. By(H)) and x € H, the mapping t — Pip(x) is continuous (resp.
Borel).

DEFINITION 5.3. Assume P; represents a Markov semigroup 5.2 on a Hilbert space H. A probability
measure u € P(H) is said to be invariant for Py if

/ Pypdy = / wdp,  for all ¢ € By(H) and t > 0,
H H
where By(H) is the Banach space of all real-valued Borel bounded mappings defined on H with the norm
Ilello = sup [(z)]-
zeH

DEFINITION 5.4. A subset A C P(H) is said to be tight if there exists an increasing sequence (K) of
compact sets of H such that

lim u(K,)=1 uniformly on A,

n—oo

or, equivalently, if for any € > 0 there exists a compact set K. such that

wWKe)>1—¢, peA
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