A SECOND-ORDER PARTITIONED METHOD FOR BIOCONVECTIVE FLOWS WITH
CONCENTRATION DEPENDENT VISCOSITY
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Abstract. This work is focused on the mathematical and computational modeling of bioconvection, which describes the mixing of fluid and
micro-organisms exhibiting negative geotaxis movement under the force of gravity. The collective population moves towards the surface of the fluid,
generating a Rayleigh—-Taylor instability, where initial fingers of organisms plummet to the bottom. The inherent drive to swim vertically generates
large collective flow patterns that persist in time. We model the flow using the Navier-Stokes equations for an incompressible, viscous fluid, coupled
with the transport equation describing the concentration of the micro-organisms. We use a nonlinear semigroup approach to prove the existence of
solutions. We propose a partitioned, second-order, time adaptive numerical method based on the Cauchy’s one-legged ‘0-like’ scheme. We prove
that the method is energy-stable, and for small time steps, the iterative procedure in the partitioned algorithm is linearly convergent. The numerical
results confirm the expected second-order of accuracy. We also present a computational study of a chaotic system describing bioconvection of
motile flagellates.
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1. Introduction. The following work presents a mathematical and computational modeling of bioconvection,
which describes the mixing of fluid and micro-organisms exhibiting negative geotaxis movement under the force
of gravity. The collective population moves towards the surface of the fluid, generating instability at the top layer
causing initial fingers of organisms to plummet to the bottom of the container. The inherent drive to swim vertically
generates large collective flow patterns that persist in time. The physical system is mathematically modeled by the
incompressible, viscous, Navier-Stokes equations, coupled with a transport equation for the concentration of the micro-
organisms.

1.1. The mathematical model. Let Q C RY, d = 2,3, be a bounded domain with smooth boundary 9Q.

Let ¢(x,?) denote the concentration of microorganisms at point = (x1,---,x4) € Q, at time ¢ > 0, and let u =
{uj(zx, t)};?: , and p(x,1) denote the velocity and the pressure of the culture fluid.

The collective dynamics of negative geotactic micro-organisms immersed in a viscous fluid can be modelled by
the system of partial differential equations, coupling the Navier—Stokes equations with a convective transport equation:

%(-’DJ) = V- (v(e(@,0))D(u(z,1)) + (w(x,1)-V)u(x,t) + Vp(a,r) = —g(1 +ye(@,0)ia + f (=), (1D
(V-u)(z,1) =0, (1.2)
%(m,t} —OAc(x,t) + (u(x,t) - V)c(x,t) +U§—;(m,t) =0, (1.3)

for all x € Q,t > 0. Here D(u) = %(Vu + VuT) denotes the symmetric part of the stress tensor, f is a body force, g
represents the acceleration due to gravity, and ® and U are the diffusion rate and mean velocity of upward swimming
of the micro-organism, respectively. The parameter y > O represents the relative difference of the density py of the
micro-organism from that of the density p,, of the culture fluid, that is, y = g—z — 1. The vector 35 = (0,---,1)T denotes

the vertical unit vector in RY, so that the term —g(1 + yc)i, captures the effect of gravity on organisms at the upper
surface. The equations (1.1) and (1.2) are the Navier—Stokes type equations for the incompressible viscous culture
fluid, and represent the conservation of momentum and conservation of mass for Newtonian fluids. The equation (1.3)
describes the transport of micro-organisms, where U > 0, and the U ‘9761 term represents the effect of mean upward
swimming of micro-organisms. The equation (1.3) can be written as a conservation equation:

d
Ec+V«J:O, xeQt>0,

where % = % + (u- V) is the derivative along the fluid particle, and J = —®Vc+ Uciy is the flux of micro-organisms.
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The boundary conditions are of Dirichlet type for the fluid, and no-flux for the concentration, such that at each
pointx € dQ, >0

dc
u=0, O— —cUny =0, (1.4)
an
where 1 = (ny,...,ny) denotes the exterior unit normal vector on dQ. We also prescribe initial conditions on u, p,

and ¢, that is, u(x,0) = uo(x), p(x,0) = po(x), and ¢(x,0) = co(x), for all x € Q.

In an ideal Newtonian fluid, the viscosity v is assumed to be constant. However, this assumption has been shown
not to hold generally. In real-life suspensions it was observed that the viscosity v = v(c) depends on the concentration
of the micro-organisms, see e.g., [17] for a list of references with proven explicit expressions of v(c). The nonlinear
viscosity yields better approximations, especially for the bottom heavy micro-organisms, since the viscous drag force
is the major reason for their upward swimming. Hence, we consider the 3D generalized bioconvection model whose
viscosity depends on the concentration v = v(c).

First we point out that the concentration is positive, c¢(x,f) > 0 for all € Q,7 > 0. This is an immediate con-
sequence of the maximum principle in [45, pp. 174], [5] (for its proof in the constant diffusion case, see Lemma 4.2
in [36, pp. 141]). We also note that the no-flux boundary condition for the concentration (1.4) ensures the conservation
of the total mass of micro-organisms: @ = [, c(x,t)dx = [ co(x)dx, for any r > 0. Integrating (1.3) over Q, we
obtain:

0= %/Qc(:c,t)d:c—/g(@Ac(x,t)—Uaa—);(w,t))dm—i—/gu(%t)-Vc(:mt)d:c,

hence the total mass of micro-organisms is constant in time:
d
= [ c(x,t)dx =0, vt > 0. (1.5)
ot Q

Indeed, the second term in the right-hand side above (1.5) vanishes, by using the divergence theorem and the no-
flux condition in (1.4). The third terms also vanishes, by applying the incompressibility condition (1.2) and the
homogeneous Dirichlet boundary condition for the velocity.

Let us define the kinetic energy of the fluid flow, and respectively the potential energy of the system by

KE() = 5 [ [u(e,0Pde,  PEO) = ag [ cli) (u—x™)da.

where xgli“ is the ‘bottom’ of Q in the vertical direction. Testing the Navier-Stokes equation (1.1) with u(x,t), and
using the incompressibility condition (1.2) and the homogeneous boundary conditions on the flow, we obtain

%%/g'z|u(m,z)|2dx+/gv(c)\w|2dx:/Q—g(l+yc(:c,t))idudas+/Qf(m,t)udas.

min

Similarly, testing the transport equation (1.3) with yg(x; —xJ"") gives

d - ) 3 & - 3
0= —ch/ c(a:,t)(xd—xg"“)d:l:—i—yg/ @—de—yg/ cu-iddac—ygU/ cdzx,
dt Q Jao dxy Q Jo

and therefore we have the total energy balance equation:

%(KE—&-PE) + /Q v(c)|Vul|?dx = /Qf(w,t)udw—i—g/Q (Y(Uc— OVe-ig) — u~id) dx. (1.6)

1.2. Previous work. Within the works of [27,37], the problem of bioconvection is extended to two-dimensions
with a rigid bottom, lateral boundaries, and a stress-free top. In the context of wide chambers under these conditions,
multiple plumes form and are periodic in the axial direction. The stability of a single plume is considered and studied.
The Rayleigh number is modified to be independent of the height of the chamber. The system is discretized using a
conservative finite-difference scheme on a staggered mesh. The stability of the system and single plume is analyzed
across changes in aspect ratio (grid size), swimming speed of the micro-organisms, and gryotaxis number. The results
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are consistent with the findings of [19,20,31,42] where instability of the top layer forms as micro-organisms collect
in the top layer of the fluid. These instabilities are observed as potential energy converts into kinetic energy [31].

The study of bioconvection and stability is extended to periodic conditions [28,29,37] and periodic solutions [21].
The existence and uniqueness of a 3D time-periodic solution is proven for weak solutions [21]. The three-dimensional
chamber allows for the formation of bioconvective plumes which become unstable as depth increases. This instability
causes ‘blobs’ to appear periodically around the plume [28,29]. The wavelength of the periodic plumes is analyzed
across changes of concentration, diffusion coefficient, and depth of chamber impacting the resulting bioconvective
patterns [29]. The wavelength is found to be most sensitive to the ratio of swimming speed and diffusivity but less
sensitive to changes in depth of the chamber.

In the case of viscosity depending on the concentration of particles, Einstein derived the theoretical expression for
viscosity of small particles at relatively low concentrations in a suspension. This expression holds under the assump-
tion that particles do not interact due to low levels of concentration. However, in the work by Mooney [44], this model
is extended to higher concentrations of rigid spherical particles, which provide good agreement with experimental
data. In particular, Mooney investigates the crowding effect of two-component rigid spheres in a finite volume, where
the size and concentration of partial volume occupied by component one crowds component two. Experimental data
for increases in concentration of uniform sphere sizes relative to viscosity are in good agreement with the analytical
findings of this work, but the experimental comparisons of concentration due to varying particle sizes or particle inter-
action is limited. The author concludes that the crowding effect of particle interaction with changes in concentration
can be analytically described as basic geometric crowding of spheres.

Following the motivation to extend Einstein’s equation of a dilute suspension of rigid particles to higher concen-
trations, the work of [25] finds that Einstein’s formula can only be extended to the situation when the confinement,
which is defined as the ratio of particle size width with respect to the width of the square channel, is less than 0.02.
By using a two-way coupling method of second-order accuracy, the authors find that the differences of the relative
viscosity compared to viscosity calculated from Einstein’s formula increases as confinement increases. This finding
indicates the discrepancy and inability for Einstein’s equation to accurately capture measurements at high concentra-
tion levels. For non-Newtonian fluids, increasing Reynold’s numbers changes the fluid’s properties from thixotropy
to dilatancy (shear-thinning to shear thickening) resulting from the outward particle mitigation. This property change
occurs when the power-law index of the Reynold’s number increases from less than one to greater than one.

The authors of [10] prove the existence and uniqueness of weak solutions for the generalized stationary system
of bioconvection where viscosity changes with concentration. The system is constructed in three dimensions and
assumes the upward flow of organisms to be small. The challenge of the generalized system results from nonlinear
terms, which the authors are able to approximate using a Helmholtz decomposition.

In [17], the authors study the existence of weak solutions for bioconvective flow in two dimensions, using the
Galerkin method to construct a sequence of approximating solutions within finite-dimensional subspaces. The unique-
ness is proved assuming the uniform boundedness of the stress tensor ||D(u)||;=(q) < C. The numerical experiments
are performed using a backward-Euler time integration and finite element approximations.

The existence of a 3D solution for the system (1.1)-(1.3) with constant v(c) = v, was proven in [36], using a
Galerkin approximation. The corresponding numerical approximations were performed in [32], using an implicit-
explicit type method for time integration, combining the backward-forward Euler and the leapfrog scheme. Inverse
problems of optimal control type for stationary and time dependent bioconvection were treated in [1,23], with possible
applications in forecasting the ecological state of atmosphere and ocean.

1.3. The focus of this work. This work focuses on the development of a partitioned, variable time-stepping
method for the bioconvection problem. We consider a bioconvection model as in [17], consisting of a fluid equation
and a transport equation, where the fluid viscosity depends on the concentration. We use a nonlinear semigroup ap-
proach to prove the existence of weak solutions for the continuous problem. In contrast with previous work by Cao
et al. [10], we do not have a restriction on the up-swimming speed U. For the numerical solution of the problem, a
novel partitioned scheme is presented, where the fluid and the transport problems are decoupled and sub-iteratively
solved using the backward-Euler method with a fractional step until convergence. After that, the solutions are extrapo-
lated and the time step is adapted. The backward-Euler discretization combined with extrapolation corresponds to the
refactorized Cauchy’s ‘0-like’ method, which is symplectic and second-order accurate in time when 6 = %, in which
case the midpoint method is obtained [16]. Application of this method to bioconvection, in combination with parti-
tioning, raises new challenges in proving stability and convergence. Here we show that, under certain assumptions,
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the sub-iterative process in the algorithm is linearly convergent, and that the proposed numerical method is stable.
The time adaptivity is based on Milne’s device and a modified Adams-Bashforth, second-order accurate method for
the estimation of the local truncation error [13—16,41]. The expected convergence results are verified in numerical
examples on a benchmark problem based on the method of manufactured solutions. We also numerically investigate
bioconvection patterns in a culture of motile flagellates, where the system gives rise to chaotic solutions.

The rest of this paper is structured as follows. The mathematical model is analyzed in Chapter 2. The numerical
method is presented in Chapter 3, together with the stability and convergence analysis. Numerical examples are
presented in Chapter 4. Finally, conclusions are drawn in Chapter 5.

2. A nonlinear semigroup approach to the bioconvection system. Throughout the article, we assume that the
kinematic viscosity v(-) : R — R is Lipschitz continuous and that there exist positive constants Vv,, v*, L such that:

V*SV(Cl)SV*, |V(Cl)—\/(02)‘ §L|Cl—62|, Ver,cp € R. 2.1

The assumption (2.1) is relatively weak [21], and is justified by applications [8, 11,24,38,44], with the lower bound
Vv, representing the viscosity of the fluid with no micro-organisms. The upper bound v* is guaranteed to exist since
the volume fraction of the micro-organisms in the container has a maximum value, due to the geometric structure of
the spherical particles [27]. We recall the Poincaré inequality for the velocity (for Q a subset bounded at least in one
direction):

|ull < CallVull,  Vu e H (), 2.2)

and the Poincaré—Wirtinger inequality for the concentration (for  a Lipschitz domain, i.e., a bounded connected open
subset with a Lipschitz boundary):

le—af <Ca||Ve|,  VeeH'(Q) (2.3)

- 1
where & = 1 Jac.

Let W™?(Q), for an integer m > 1 and 1 < p < o, denote the Sobolev space of real valued functions (and their
vector-valued counterparts) which are in LP(Q) together with their weak derivatives of order less than or equal to m.
Let H"(Q) = W™2(Q), and denote by || - ||, both the norm in H™(Q) and (H™())¢, and by || - || the L*(Q) and
(L?(2))? norms.

By a classical device due to J. Leray, the boundary value problem (1.1)-(1.3) can be written as an infinite-
dimensional Cauchy problem in an appropriate function space on Q. To this end, we introduce the following spaces:

H={uec (L*(Q) V-u=0}xL*(Q), V={uec(H(Q) V-u=0}xH(Q).
We define the operator &7 € Z(V,V') by setting

(o (ur, 1), (uz,2)) = [ (v.Vur - Vu +0¥er - Ves ) 2.4)
Q

for all (u;,¢;) € V. The operator 7 is a self-adjoint, unbounded operator on H, with the domain D(&) = {(u,c) €
VN (H*(Q))4*!, @% —Ucny =0 o0n dQ}. We define also a continuous trilinear form %, on V x V x V by setting

95’0((u1701) (u2,¢2), (u3,¢3)) 2.5)
dcy
—/ —Vvi)Vuy - Vuz + (ug - Viupusz + (ug - V)eaes + g(1+ yey)igus +U8 )da:,
X4

and a continuous bilinear operator & : V — V' with

<‘@(ulacl)a (’u,z,Cz)> = (@0((1141,61), (’LL],Cl), (’UQ,Cz)), (2.6)
for all (u;,c;) € V. We recall (see e.g. [6,22,26,43,46])

[ (- Vyuzus + (- V)eaes ) d < Col (ur.en) o (w2, €2) 113 €3) v @7
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for all (uy,c1) € H™(Q), (uz,c2) € H™TH(Q), (u3,c3) € H™(Q), where
d . d .
m1+m2+m3257 1fml-7é§f0rallz:1,...,d
and

d d
mler2+m3>E7 ifm,-:Eforanyofizl,...,d.

In particular, it follows by (2.7) that the operator 4 is continuous from V to V'. Indeed, we have

<=@(’u,1,61) 7:@(11,2,62), (’u,3,C3)>
= %o ((w1,c1), (ur,c1) = (u2,¢2), (u3,¢3)) = Bo((ur,¢1) — (u2,¢2), (u2,¢2), (u3,c3))

< Ca(ll(wr, el (wi,er) = (uz,e2) 1l (ws,e3) 1 + | (w1, e1) = (w2, e2) 1] (w2, e2) 1 (uz,¢3) ),

hence
B (w1, 1) = B(uz,e2) v < Call(ur,er) = (ua,e2) 1 (I(wr,en) [l + | (w2, e2)[1),

for all (uy,cy), (uz,c2) € V.
The trilinear form %, ((u 1,¢1), (U2, ¢2), (ua, cz)) is well defined and the following property holds:

' 2
Bo((wr,c1), (uz,2), (uz,e2)) = [ ((V(e2) = Vo)V -Vuo b g1+ ve)igua + U2 ). 28)
JQ Xd

DEFINITION 2.1. Let (£,0) € L?(0,T; V") and (ug,co) € H. Then (u,c) : [0,T] — H is said to be a weak solution
to equation (1.1)-(1.3) if

(u,c) € L*(0,T;V)NCw([0,T]; H) nW"([0,T); V'), (2.9)
%(0"‘»‘%(%0)0)4‘%(%0)(1‘)=(Pf(t),0), ae.,tc(0,T), (2.10)

and (u,c)(0) = (up,co) € H.
Here C,,([0,T];H) denotes the space of weakly continuous function (u,c) : [0,T] — H, while d(g{,c) is the strong
derivative of (u,c) : [0,T] — V', and P : (L*(Q))? — {u € (L*(Q))%;V -u = 0} is the Hodge projection.

Also (u,c) is said to be a strong solution to equation (1.1)-(1.3) if (u,c) € WH([0,T]; H)NL*(0,T;D(</)) and
(2.10) holds with % € LY(0,T;H) being the strong derivative of (u,c): [0,T] — H.

We would like to treat (2.10) as a nonlinear Cauchy problem in the space H. The proof for the existence of weak
solutions is based on the semigroup approach proposed in [4, 7, 39] for the Navier—Stokes equations. Because the
operator &7 + 48 is not quasi-m-accretive in H, we first consider a quasi-m-accretive approximation of the operator 2.
For each M > 0, we define the following modified nonlinearity %, : V — V by setting

B, ) = 93(%;)7 ) ?f [[(w, )1 (@) <M, o
() Ao it (@)l > M.
and consider the operator 9y : D(%y) C H — H:
Gy = A + Bu, D(%y) = D(). (2.12)

The operator ¥ is well-defined:

190 (u,0)]| < 7 (,0)]| + Call (,0) [l (2, )1y + (V) = va) [ (,0) 12 + 122 + g¥lel| + U Ve, (2.13)
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for all (u,c) € D(/) (see Lemma A.1 in Appendix A), and moreover %), is quasi-m-accretive [3] (see Lemma A.3 in
Appendix A). Now, for each M > 0, we consider the equation
d(u,c)
dt

(1) + o (u,c) (1) + By (w,c) (1) = (PF(1),0),  ae.te(0,T), (2.14)

and (u,c)(0) = (uo, o).

PROPOSITION 2.2. Let (ug,co) € D(o/) and (£,0) € W' ([0, T]; H) be given. Then there exists a unique solution
(upr,epr) €WH([0,T;H))NL=(0,T;D(7))NC([0,T); V) to (2.14). Moreover, %(UM,CM)(I) exists forallt € [0,T)
and

d+

o (uan,en)(0) + (g, en)(0) + B (war,en) (1) = (PF(1),0), Vi€ [0,7), 2.15)

Proof. The conclusion follows from a classical result on existence and uniqueness of strong solutions for Cauchy
problems in reflexive Banach, or uniformly convex spaces, with quasi-m-accretive operators see [3, Theorem 1.16].
Since Gy (up,cpm) € L7(0,T; H), we derive that M € L*(0,T;H), and therefore (uy,cp) € C([0,T];V). O

We state now the main existence result for the strong solutions to (1.1)-(1.3). The result follows from the fact that
for M sufficiently large, the solution (wuys,cpr)(t), defined by Proposition 2.2, is independent of M on each interval
[0,T]if d =2, or on [0, T(y, ] if d = 3.

THEOREM 2.3. Assume (2.1) and (£,0) € WH([0,T];H), (wo,co) € D(<7). Then there exists a unique solution
(u,c) € W=([0,T*];H)NL=(0,T*;D(<7)) NC([0,T*];V) such that

d(u,c)
dt

(1) + A (u,c)(t) + B(u,c)(t) = (Pf(¢),0), a.e,t€(0,T"), (2.16)

and (u,¢)(0) = (uo,co), for some T* =T

(uO‘,CO)
Moreover, (u,c)(t) is right differentiable and

<T.Inthed =2case, T* =T.

d*(u,c)

7 (1) + A (u,c)(t) + B(u,c)(t) = (Pf(1),0), Vi €[0,T7).

Proof. Let M > 0 be fixed, but arbitrary. We first test equation (2.15) with (0,cy), and then with (uyy,0), to
obtain:

t t
o (0) -+ llew )P+ [ [v(em)*Vuur(5) s+ [ @ Ve (9)]ds eaL)
<42C—Q 42C—72 2© v 2 2exp(L 2 [l 0)|?.d
£Ch - Q+48°Ch Pl 23 (xp(g =) + o P+ ol Pexp(g-r) - [ 1(PF(5).0) s,
*

where we used (2.4), (2.8), the Poincaré inequality (2.2), and the Gronwall inequality.
Recall that by Proposition 2.2, (ua,cp) € L*(0,T;D(7)). We now test (2.15) with (—Auys, —Acys) to obtain:

[V (0) 2+ [V (0) 2+ [ (IVCean) /2 5) 2+ ©] i (5) ) s @18)

t 1 !
§2// (uM-V)uMAuM+(uM-V)CMACM)dwds—i-Zgz—/ 11+ yeu(s)||*ds

829 Pk ol 5ol + 2 [ 125600

In order to prove that the L=(0,T;H'(Q)) norm of (u,cy) is independent of M, we treat separately the spatial
dimensions d =2 and d = 3.



(1) For d = 3, by (2.7) and the interpolation inequality, we have
/Q ((uM VupyAup + (upy - V)CMACM) dx
< e+ 2 el +-Col[Vuaa -+ [ Ve ) +C e+ el + llewal + lew ),
which by (2.18) gives
Vs 0)1 + [ Ven I+ 3 [ (eanAusn(s) P +@acar(s) ) s < ),
where
o) =Co | (I ()1 + [ Vew ()] ds

T 1 T
+C/ I\uzt4(5)||2+IICM(S)||2+IICM(S)H3+HCzw(S)Ilé)a’Hzgz‘7/0 11+ yen (s)|1ds

aCM
O 29 Py vl 9ol + 2 [ 15,00

We note that ¢ (¢) satisfies the integral inequality
¢/(I) < 2C0¢3(t)7 Vi e (OaT)v

and

T 1 (T
9(0) ::Co/ (HuM(S)||2+||CM(S)||2+IICM(S)II3+IICM(S)II"’)der2@52vjﬁ/O 11+ yeu(s)|ds

aCM 2 2 T
0L 12 Pag wal 9ol + 2 [ 560,00 s

Moreover, by (2.17), we have that ¢ (0) is uniformly bounded above:

$(0) <Cj < oo, VM > 0.

Therefore,
1 t
Vs (0) P+ Vel +5 [ (viean) () 2+ @] dc(5)2) s 219
2 1/2 2 1/2
= (1—fco(;)<;2(0)) "< (1—4Ccloclzz) Loweon),
where
1 1

*

= < )
4COC% o 4C0¢2(0)
(i1) For d =2, we similarly have
v v Vs 2, @ 2 2Vl
A (unr - V)uyr Ay + (wa - Vemdey Jde < —[|Aup||* + = [l Acy |7 + Cllun |7 Vean |

2 4 2 2 4 2 2 2 4
C(IIUMII IVem™ + w7 Vaal|” + llem [ + lleml [ Verrl|” + lwmlllen | )
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which by (2.18) gives
2 2 L 2 2
[V (1) 2+ [ Ve (0) 2+ 5 [ (vean) | (9] + @ Acwr ()] s
t
<€ [ (lanr(s) PV (5)1* + fane(5) P Ve ()] s
0

+C/T IIUM(S)Hz\IVUM(S)H2+HCM(S)||4+IICM(S)IIZHVCM(S)HZJrHUM(S)IIZIICM(S)H“)dS

w2l [ penoPass & [ 280 P vl + veol?
2 [N 17 6).0) s
By (2.17) and the Gronwall inequality this yields
[Van )]+ [Ver @)1+ 5 [ (view)[Ausn(s) P +Olacy )] ds 220

<c(IvuolP + Vel + [ 1(PF6.0Rds), Ve @)

In conclusion, from (2.19) and (2.20) we infer that for M large enough, ||(up,cm)|li <M on (0,T*) if d =3, or
on (0,7) if d = 2. Hence, by definition (2.11), we have that By (up,cp) = B(up,cm) on (0,T*) (respectively
on (0,T)), and consequently (uy,cy) = (u,c) is a solution to (2.16). This completes the proof of existence. The
uniqueness is immediate. 0

‘We state now the existence of a weak solution for (1.1)-(1.3).

THEOREM 2.4. Assume (2.1). For any initial condition (ug,co) € H and (f,0) € L*(0,T; V') there is at least one
weak solution uw € L*(0,T;L*(Q))NL*(0,T; H} (Q)), ¢ € L=(0,T;L*(Q)) NL*(0,T; H' (Q)) to (1.1)-(1.3), given by

(w,c) =w— lim (uy,,,cpr,) in L*(0,T;V), weak-star in L*(0,T;H),

m—oo
d d . 4 !
dt(u L)_W_nl,l_lgoa(uMm’CMm) inL3(0,T;V"),

for some m — oo,
Proof. By (2.5) and (2.7) we have

B0 (war, em) |l

< C(IIUMIII/ZIIVUM\I3/2+ a2 Vaeaa |2 Vens |+ 1V el| + | Verl| + g1 +YCM||),

and therefore by (2.17) we obtain

T\d %d
- h < .
Jy e, <c

This allows passing to the limit, on subsequences, in (2.15). O

3. Numerical method. For the semi-discretization in time, let {f, }o<,<ny denote the mesh points based on a
non-uniform time step 7,, such that#,. | =1, + 1,. We also denote #,,+g, =, + 6,,T,, for any 6, € [0, 1]. The main steps
of the proposed method are described as follows. First, on the interval [t,,,1,¢], we approximate the solution using the
implicit backward-Euler method:

u, 6, — u, .
% -V (v(cn+9n)D(un+9”)) + (u”+9n : V)U’H“en + Ver»Qn - _g(l + ,}/C”H’en)zd + fn+9n’
n'n
V-un+e,, —0, (3.1)
Cnt6, — dCntg,

— @Acn+gn + Up+o, " VC,H,QH +U——"=0.

9xy
8

0,7,



Then, on [t,,1g,,tx+1], we use the explicit forward Euler method:

Up+1 — Upto, .
oy (v(cnro,)D(tnye,)) + (Wpto, - V)Unio, + VPure, = —8(1 +Ycnie,)ia + fuve,

(1 - 6n)"’:n
d (3.2)
Cntl ~ Oniby Cn+6,
or, equivalently, the linear extrapolations (see e.g., [16]):
1 1 1 1
Upt+1 = 67un+e,, - (67 — 1)un, Cntl = 67Cﬂ+0n - (67,, - l)cn. 3.3)

Finally, for time-adaptivity, we compute the local truncation error ZA",,H using Milne’s device [13-16,41], and given a
tolerance €y, and positive parameters 7y, 'max and s, adapt the time step:

1
§ \3
Thew = Tpy MIN S Frpax, MAX S Frin, S <A> . (3.4)
(Tt |l

Numbers ry;, and ry,,, are added so that the ratio of 7., and 7, stays between these values. The coefficient s is a
‘safety’ parameter, routinely used to reduce the number of rejected time steps in the adaptive algorithm. If ||7A"n+1 I <
€A, WE Set Tpr1 = Tpew, chose 6,41, and evolve the time interval #,,1 = t,,+-1 + 0,41 Ty+1. Otherwise, we set T, = Tyew
and go back to the backward-Euler problem (3.1).

We note that the equations (3.1) and (3.2) can be equivalently written as the following one-legged 6-method ( [18]
originally used by Cauchy to prove the existence of a solution to ordinary differential equations):

Up+1 — U .
7’”1 2~V (V(cnre,)D(tnra,)) + (i, V)Unie, + Vuro, = —8(1+Vcnie,)ia + Fare,
n
Veou, 1 =0, (3.5)

Cntl —Cn
—_— = ®Acn+6,, +Uptg, - Vcn+0n +U
Tn Xd

where, by (3.3),

acn-H-),, -0
- K

Up+0, = enun+l + (1 - en)un» Cn+6, = 911Cn+1(1 - Gn)cw

When 6, = %, (3.5) gives the midpoint rule. Moreover, under the assumptions in Theorems 2.4 and 2.3, the steady
state equations in (3.5) have weak and respectively strong solutions, see e.g. [10].

We also note that the one-leg method (3.5) for the finite-difference time-discretization and the finite elements
methods for the spatial-discretization, gives rise to suitable weak solutions in the sense of Scheffer and Caffarelli-
Kohn-Nirenberg, see e.g. [9, 16].

REMARK 1. Assume that the initial datum and the forcing term satisfy the assumptions of Theorem 2.3, namely
(ug,co) € D(7) and (£,0) € WHL([0,T]; H). Then, for small time steps T,, depending inverse proportionally with v
and v2®, the operator TinlJr o + R is a contraction on D( ). Therefore, for all n > 0, the Cauchy method (3.5) has
a unique strong solution (uy,c,) € D().

The solution to the backward-Euler step (3.1) can be computed in a partitioned way, i.e., by solving the Navier-

Stokes equations and transport equations separately. Let us denote by u,(;fr)en and c,(;_?en the x-iterates of the velocity
and concentration, respectively, where the initial iterates are taken to be
0 0
uiﬁen =(1+6,)u, — 6,u,1, C;(1+)9n =(146,)cn — Oucn_1.
Then, the iterates are defined by
U<H<;1)_u" (x) (k+1) (k+1) (k+1) (k+1) (x)
n+06, K K+ K+ K+ K+ K .
on Ve(V(cy g )P, g )+ (g - VIu, o ' +Vp, o) = —g(+ve,\ g Viat Faro,,
(k+1)
Vo' =0, (3.6)
(k+1) (k+1)
Cpig, —Cn (k1) 00 g ciD) ,  9Cnte,
nGT —OAc, g, tUyie, Vg, T Uanixd =0,
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for all ¥ > 0. In Section 3.2, we show that, as k " o, the sequences of iterates converge

(%) (x)

un+6,, un+9n ’ Cn+6,l

— Cnt-6,>
and in the limit, the system (3.6) solves (3.1).

3.1. Stability Bounds. First we note that, analogously to the continuous case (1.5), the total mass is conserved
at the semi-discrete in time level, giving an L' (Q) stability bound for c,,. Indeed, integrating (3.5) over Q, we have

0:/ de_/ (@Aanan(x)_UM)dw_’_/‘ un+9ﬂ<w).Vcn+6n(x)dw,
Q Ty Jo dxg Jo

which yields that the total mass of micro-organisms is constant in time:

/ Cnt1(x)dx :/ cn(x)de, Vn > 0. (3.7
Q Q

Secondly, similarly to (1.6), we have

1 26, — 1
— (KEuy1 4 PE,y1 — KE, — PE,) + =
n

Z/an+en($)un+9n($)d$+g/g (Y(Ucn+9n(w)_®vcn+9n(w)'id)_un+9n(w)'id) dx

et 1 () — un () | + /Q V(cnre, (@) Ve, (x)Pdz

- /Q Suto,(@)upso, (x)dz + gyU /Q co(x)dx — g/Q (‘J/G)VcH@n +un+9n) “igdx.

Hence, for a insulated system (f = 0) and the midpoint method (6, = 1/2), the total energy balance at the semi-
discrete level writes:

1
?(KEnJr] +PE,+1 —KE, _PEn) +/QV(cn+1/2(m))|Vun+1/2(m)‘2dw

n

:gyU/Qco(:c)d:c—g/Q(y@Van/z—&—unH/z)~idd:n.

Next, we prove that the semi-discrete system (3.5) is well posed, namely its solution satisfies energy estimates similar
to the continuous case, which are often referred to as a stability result. Let us denoted by K the following constant
depending only on the parameters of the problem:

C2 2 1 1
K= 79g2 (19 +277a?)T + v—gzyzcgéexp(TUZCQ/(B)||co||2 +5-

THEOREM 3.1. Under assumptions (2.1) we have that the solution to the semi-discrete problem (3.5) is bounded
in L=(0,T,L*(Q))NL*(0,T,H' (Q)), and the following estimate holds

1 2 26,1 ) )
3 (w4 llewl) + X =5 (lutnsr =l + llewsr = cal) (338)
n=0
N—1 ) @Nfl )
+ X% [ (Vierea) =) ID(na) P+ ¥ 0l Vo,
n=0 n=0
&

IN
N =

(Ilasol  + lleol?) + K +

N—-1 )
T, .
7o X wllfueal

10



Proof. Testing the momentum equation in (3.5) with T,u,¢,, the transport equations with 7,c,g,, using the
incompressibility condition and the boundary conditions (1.4), and by summing from n = 0 to N — 1, we obtain:

NZl2g, —

1 2
el + L

ZjWW—Z%LW+%%MWM+Z%AhmwM,
= n=0

enl N- '29

X

First, using the boundary conditions (1.4), the trace inequality [30], and the discrete Gronwall’s inequality [34], we
get:

sl T 5 [ Viena)IDluna) (9)

N—1 N—1

1 dCuig,

|c,,+1 —eal?+0 Y Tl Vensa, I = 5 lleol* + ) rn/ U, g de. (3.10)
n=0 2 n=0 Q axd

N]26

1
dlenl’+ L

Next, using the Cauchy-Schwarz, the Poincaré (2.2) and Poincaré-Wirtinger (2.3) inequalities, and the (2.1) lower
bound on the fluid viscosity, from (3.9) we get the following energy estimate for the flow velocity:

exp(2TU*Cq/0)||co . (3.11)

| —

RS
|Cn+1 _CnH2+ E Z Tn||vcn+9,,||2 <

N129

1
sl + &

2 ngz 2 2 2 5 R », G 2
||U()H + Tg (|'Q'| +2Y206 )T"" ‘Tg VZC?I Z TnHVCnJrOn” + v Z Tn||fn+6n|| .
* * n=0 * n=0

N-1
s — P+ Y % [ (Venia) = Vi) ID(unsa, )P
n=0

Using the mass balance relation (3.11) we obtain (3.8), i.e., the time-discretization is nonlinearly energy stable for all
6, € [%, 1]. From the energy equality (3.9)-(3.11) we note that the method has nonzero numerical dissipation unless
6, = 1/2, which corresponds to the midpoint rule. O

3.2. Convergence of the sub-iterations. PROPOSITION 3.2. For small enough time steps

T, < 7k (3.12)

(k+1)
n+6, n+0

H'(Q), and strongly in L*(Q) to the solution {u, g, ,cn g, } of the coupled system (3.1).

under assumption (2.1), the iterations {u } satisfying the partitioned method (3.6) converge weakly in

Proof. We test (3.6) with u( 16, D and cft ++91), respectively, to obtain

(k+1) 12 2 (k+1 2 (k+1)y 2
e (1o 1= P 5! = walP) + [ vicly,) D)
. +1 +1
= —g/ﬂ(l ‘*‘7051?9,,)’2“&9,,)"’/anwn“i’ie,,)’
K+1

+1) 12 2 +1) 2 +1)2 +6, +1
(L5~ el + 15 ) + @Vl P = [ 0%l

291

From the second relation, with an argument similar to the one used for (3.11), we have that hence, for small enough
time steps, i.e., satisfying (3.12),

1 (k+1) 2
GnTn || n+9n ||

the sequence {cfl'j_)en }« is bounded in H' (), and therefore

(k+1) 2 (k+1) 2 ~
|| —call *||V I <

2
Cnt6, Cn+6, —leall”,

*Gr,,

cg'i)en — Cpto, weakly in H'(Q), strongly in L*(Q).

11



Using the uniform (lower) bound of the viscosity v(-), from the NSE energy equality we obtain similarly that

'“’5:30,1 — Upto, weakly in H'(Q), strongly in L*(Q).

By the Lipschitz continuity of the viscosity function (2.1) we have that also

V(Cigg ) = V(cute,) strongly in LZ(Q),

and therefore, letting Kk o0 in (3.6), we see that the limits w,,g,,cytg, satisfy (3.1). O
3.2.1. Linear convergence. Denote

Oy = Upig, — 'U/E,'i)gna 81’;( = Pn+6, —Pgi)gn, 8 =cCnio, — Cifgen-
Assume now that the initial data is smooth and the time step is small enough, such that by Remark 1, we have that (3.5)
admits a unique strong solution (u,,c,) € D(%7). Then we have the following stronger result, regarding the order of
convergence of the iterative process (3.6).
PROPOSITION 3.3. For small time steps, the sequence {u

{'u'n+6,1 s Cn+9,,}
Proof. Subtracting (3.6) from (3.1) we obtain

Q)

116, Cn +0n} converges linearly to the solution of (3.1)

5K+1

— V- (Vieara,) = V(g )D(unra,)) = V- (v(c\g )D(SF))

+ (5&(4’] .V)u”+e’l + (U}S’i—;l )6K+l +V5K+l g,y6 12;
V. 6K'+1 =0

5K+1

0,7,

86£K+1)

X2

—OASK T 4 85 Ve, g +ul® VS 4 U

n+6, =0.

0,7,

Proceeding similarly as in the proof of Theorem 3.1, using the Cauchy-Schwarz inequality and the bounds (2.1) on the
flow viscosity, we have

1
(W—fgy)HSM"*‘H2+V*HD(5J‘+')IIZ

< SeMOEIP+L [ 13511 w0 IDE )]+ [ (8549 a0, 85,

1
o EP e Ve < [
n'tn Q

K K+1
6” Ve, 60 ‘

Using the Ladyzhenskaya (Gagliardo-Nirenberg) inequalities [40], in the d = 2 case, for example, we obtain

1 1 1 1 1 v 0
L ey 2\ IsKt2 ( 77) SKLI2 7* D(SEII12 + 2 (vekt!)2
(Gnrn 587 v*)II v T+ gz ~ 200 17+ 1P DIF+ S IIVe
c 2 cit
< v (Va4 Ve Y1871 + (Ga7+ 1o Ve P, ) 62

\ ®
+ Z||V5f|\2+ G

So for small time steps 7, such that

ct 11 1
(Hvu”‘f’&l” +||Vcn+9,,H ) ( —=8Y— —)

16v, 0,7, 2 Vi
v Vi, Pt P < (5 — o)
L O G g 1

zgy |V*|2® n+6y, n+6; = enTn 20 )
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ie.,

/1 1 ¢t s 2\ !
6,5 < min{ (Sg7+ =+ 7 (| Vatusg, I+ [Veuso, I)?)
1 1 ars ) N\
(387 36 * Ty | Vs IAwnia )}

we have linear convergence. [

4. Numerical examples. This section is focused on the numerical simulations of bioconvection. The problem is
discretized in space using the finite element method with uniform, conforming meshes, where mesh size is denoted
as Ax. The numerical method is implemented in the finite element solver, FreeFem++ [33]. We first investigate the
rates of convergence of the proposed partitioned numerical method using both the constant and variable viscosity
in Example 4.1. In Example 4.2, we simulate the bioconvection of motile flagellates, following the work in [32]. As
in [32], we use a constant viscosity, however, we extend the simulation time and study the effects of small perturbations
of the initial concentration. Similar problem is simulated in Example 4.3, but now using concentration-dependent
viscosity.

4.1. Example 1. In this example, we present the rates of convergence for our method. We consider two test cases
for viscosity: (i) viscosity is constant and independent of concentration, and (i) viscosity is defined as a function
of concentration. In both examples, a fixed time step is used. Furthermore, we use P, elements for the velocity and
concentration, and P; elements for pressure. The tolerance for the sub-iterative backward-Euler problem is set to
€ = 10~* and the final simulation time is 7 = 1 s.

Rates of Convergence - Constant Viscosity. We consider a benchmark problem, similar to [17], where the
domain and parameters are defined as follows:

Q=[-1,1]x[-1,1], g=10, y=0.1, U=0.1, ©=0.1, vy=0.1.
We define viscosity as v = vy. The exact solution is given by:
Upep(2,1) = 12 sin(mx) sin(my), p = crep(@,1) = 124%y7. 4.1)
We compute the relative errors between the approximated and exact solutions, which are defined as:

o sl ey e sl

“ [wrerllizig) lcrerll2()

To compute the rates of convergence, the time step and the mesh size are refined four times, and their values are given
as follows:

0.05 0.08)*
{Tan}_{ 2,' ’ 2i }

The rates of convergence in the constant viscosity case are presented in Table 4.1. We expect first order when
0, = 1 and second order when 6, = 1/2. The computed rates are in good agreement with the expected values.

Rates of Convergence - Viscosity as Function of Concentration. We extend and modify the previous example
to a more complex problem where the viscosity depends on the concentration, v = v(c¢). Changing viscosity to be
a function of concentration is motivated by the practical application of the problem, where the collective flow of
micro-organisms results in areas of high and low concentration with respect to the organisms. As organisms pool
together and become density populated in an area, this increase in concentration increases the viscosity of the flow.
For this problem, we assume that the exact solution is the same as in the previous example (see 4.1), and the following
parameters are used:

Q=100,02]x[0,02], g=10, y=10, U=10, ©=10, vy=1.0.

i=0

We define the viscosity as a function of concentration,

Vo c<10°8
V(C) = _8
Vo(140.01 ¢(x,t)) ¢ >107°.
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6,=1 T Ax eiff Rate,, egef Rate,
T 0.08 4.11679-1072 - 1.09574-1072 -
7/2  0.04 2.15777-1072  0.931979 5.63213-107°  0.960153
/4 0.02 1.10509-10°2  1.89736 2.85981-1073 1.93791
7/8 0.01 5.59194-1073 0.982743 1.43772-1073  0.992137

0,=1/2 =t Ax et Rate,, et Rate,
T 0.08 3.88742-1073 - 5.49568 - 103 -
7/2  0.04 6.61822-107> 2.5543 1.46636-10~*  1.90606

/4 0.02 1.49089-107°  2.15027 3.79530-107°  1.94995
7/8 0.01 3.92655-10°° 1.92484 9.64102-10°°%  1.97696

TABLE 4.1
Rates of convergence for 8 =1,1/2 for v =vy.

The time steps and mesh sizes are defined as:

0.05 0.04)*
Ax} = . . .
{rAx { 207 2 }iO
The rates of convergence are presented in Table 4.2.
6,=1 T Ax et Rate,, et Rate,.
T 0.04 5.80196-107° — 1.29159-1073 —
/2 0.02 1.42646-107>  2.0241 1.61036-10~*  3.00369
/4 0.0l 6.63115-107° 1.10511 2.21916-107°  2.8593
/8 0.005 3.22078-10°° 1.04185 5.65963-107° 1.97123
6,=1/2 ©  Ax sl Rate,, et Rate,
T 0.04 1.6856-10~* — 1.36356-1073 —
/2 0.02 4.8812-1073 1.78795 2.01521-107% 2.75838
/4 0.0l 1.30425-107°  1.90402 3.96018-107°  2.34729
/8 0.005 3.49384-107° 1.90033 9.2243-107°%  2.10205

TABLE 4.2
Rates of convergence for 6 = 1,1/2 for v =v(c).

We observe that the backward-Euler method (6, = 1) has a higher rate of convergence for the first refinement
step, but with continued refinements of the spatial and temporal meshes, the rates of convergence approach order one
for the velocity and order two for concentration. The relative errors for 6, = 1 saturate quickly with refinements, but
we note that the relative error is small at all rates. The rates of convergence for the midpoint method (6, = 1/2) are
approximately second order. More precisely, a slightly smaller value is obtained for the velocity, and a slightly larger
value is obtained for the concentration.

4.2. Example 2.

In this example, we consider the evolution of bioconvection patterns in a culture of motile flagellates, as described
in [32, run 16]. The computation domain is defined as Q = (0,L) x (0,H), with L = 16 and H = 2. At the bottom and
side boundaries we prescribe u = 0, while at the top boundary we have zero normal flux and zero shear traction:

u-n=0, T-on=0.

For the concentration, we prescribe a no-flux boundary condition on the entire boundary as defined in (1.4). The
parameter values used in this example are obtained from [32] and summarized in Table 4.3.

14



Parameters | v (cm?/s) g (cm/s?) 7y (cm?/cells) O (cm?/s) U (cm/s)

Values 0.01 980.665 5.10710 0.01 0.1
TABLE 4.3
Parameters used in Example 2.

It is worth noting that the model we are using is similar to the one in [32], with the only difference being the lack
of —gyc term in the momentum equation in [32]. However, since ¥ = 5-107!0, this term should not affect much
the model/computations. The parameter values used in this example yield the sublayer Rayleigh number R = 9.80,
Schmidt number ¢ = v /® = 1, sublayer thickness = v /U = 0.1 cm, vertical swimming time Ty, = H /U = 20 s, and
vertical diffusion time Ty = H?/® = 400 s.

The simulations are performed until 7 = 1200 s is reached. We let 6, = 0.5, for all n, and € = 1074 P, — Py
elements are used for the fluid velocity and pressure, respectively, and P, elements are used for concentration on a
structured mesh containing 14,400 elements.

Initially, we set ug = 0, and consider a set of different initial conditions for the concentration, defined as ¢y =
103 4 § cells/cm?, where § € {#4-1071°,£3-10719 +2.1071°, +107%,0}. In these simulations, we use a constant
time step, T = 1072. For cases § = 0,8 = £107'°, we also perform simulations using adaptive time stepping with
parameters €y, = 1074, Fipin = 0.5, Fuax = 1.2 and s = 0.95. The maximal allowed time step is set to be 0.1. The local
truncation error, 7, , is computed using an explicit, second order Adams-Bashforth two-step method as described
in [12].

In all simulations, the concentration at the beginning forms layers, with largest values at the top of the domain
(see Figure 4.1, panel (a)). Around ¢ = 40 s, the patterns start to emerge. However, the system is chaotic, and different
parameters give different results. The number of falling fingers ranges between four and seven until the stable solution
is reached. The concentration and velocity at time ¢ = 100 s are shown in Figure 4.1, panel (b). Around ¢ = 300 s, the
solution starts to stabilize, and a stable, steady solution is eventually obtained. Interestingly, when the patterns begin
to stabilize after the chaotic regime, the same stable solution is reached in all considered cases. The concentration and
velocity at the final time are shown in panel (c) of Figure 4.1.

Similarly as in [32], we calculate the total kinetic (K.E.) and potential energy (P.E.), defined as

1 n
KE. = f/ u?, P.E.:yg/ cy.
2Jo Q

Figure 4.2 shows the spaghetti plot [35] of the total kinetic energy versus the total potential energy obtained using
different initial conditions, and both fixed and variable time-stepping. In all the cases considered here, the chaotic
regime begins around # = 68 s, and lasts until roughly # = 150 s. At that time, all the solutions start behaving in a
similar fashion, and seem to converge to the same stable solution.

We denote some points of interest relative to the energy in Figure 4.3. We denote by O the initial energy, and by
A the time of onset of Rayleigh-Taylor instability, which occurs at 39 s. It is computed as the time when the kinetic
energy becomes greater than 107>, Point B occurs at 43.3 and 48 s. During that time two fingers in the center of the
domain join into one (as shown in the top right panel). Point C occurs at 74 and 81.25 s, which is when a similar even
happens at the ends of the domain, as shown in the bottom right panel. Finally, we also denote by D the point when
the stable state is reached, which occurs at 190 s.

The final number of falling fingers being N = 3 (the fingers attached to the side wall are counted as 0.5), as seen in
Figure 4.1, implies that the aspect ratio of the convection cells is 4 = L/(NH) ~ 2.6667. In [32, pp. 768], the authors
remark that among the quotients L/(NH), 2.6667 is the closest to 2.34, which is the aspect ratio of the optimum
convection cell, predicted by the linear theory of the thermally driven Bénard-Rayleigh convection. Nonetheless, they
also argue that this may be just a coincidence for the wavenumber selection, as the ‘final’ state of the numerical results
is in a nonlinear range (7" = 400 s in their case, or 7 = 1200 s in our case).

In the Bénard-Rayleigh problem, the buoyancy is exerted by the difference between the boundary conditions,
while for bioconvection problem, the buoyancy flux by = agn,;U is specified by the upward swimming of the mi-
croorganisms. The authors argue in [32, pp. 772] that the flux-type Rayleigh number R, s = bH*® 'v=! ~7.84-10°
is the relevant nondimensional parameter which characterizes the bioconvection at the final stage. Therefore, the au-
thors clarify the transient selection mode and claim that their numerical results qualitatively have good ‘coincidence’
with the patterns of Heterosigma akashiwo. They also explain the transient selection mode proposing and testing the
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5=10"

§=2-10""

5=10"° |

6=210" |

§=10"°

§=210"

concentration velocity

FIG. 4.1. Concentration (left) and velocity magnitude (right) at times (a) t =20 s, (b) t = 100 s, and (c) t = 1200 s obtained using 6 = 0,
§=10""and § =2-1071°,

following hypothesis: “the convection system evolves such that the total potential energy of the system is minimized”,
also arguing that the system would be more stable against certain perturbations in the state of lower potential energy
than in higher potential energy. This seems to not agree with our plots in Figure 4.2.

For the cases obtained using the fixed time-stepping, we plot the relative L?>—variations for each simulation with
respect to the instance when 6 = 0. Figure 4.4 shows the variations for concentration (top panel) and velocity (bottom
panel). Since the initial conditions are very close together, the variations are initially nearly zero. As the system
becomes chaotic at around ¢ = 68 s, the variations start to grow, leading to the maximum values of 83.5% and 100%
for concentration and velocity, respectively, obtained at around ¢ = 150 s. After that, the variations decrease and
the concentration variation stays at 7%, while the velocity variation stays at 4.6%. Even though the concentration
and velocity profiles at the end of the simulations shown in Figure 4.1, panel (c), are nearly identical, the small
L?—variations we observe are concentrated at the top of the domain, as shown in Figure 4.5 for the case when § =
—10719,

Finally, we plot the time steps used in the adaptive time-stepping algorithm in Figure 4.6 for § =0, § = —10~1°
and 8 = 107!9, We observe that in all three cases, the time steps exhibit similar behavior. Initially, the time steps
oscillate between small and large values, and reach the maximum allowed time step for a short while. As the patterns
start to emerge, the time steps decrease, and then finally increase again to the maximum size as the simulations reach
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0=0

=100
5=-2-10"°
& -10
> —6§=-3-10
o 25 10
Q o R
o §=-4-10
© =100
= -10
§ ol §=2-10
- -10
2 §=3-10
—6=4.1070
15 ‘ ‘ ‘ ‘ s s s s ‘ ‘ ‘ ‘ =0, adapt
0 02 04 06 08 1 12 14 16 0.8 1 12 1.4 =107, adapt
kinetic energy —5=10""°, adapt

FIG. 4.2. The total kinetic energy (horizontal axis) versus the total potential energy (vertical axis) obtained using different variation of initial
conditions, and fixed and adaptive time stepping.

B
30A
>
>
© 25+
c
)
= (o]
8
S 2r ¢
<
D
o
15t \ \ \ \ \ \ \ |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

kinetic energy
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FIG. 4.5. The surface plot of the variation between the solutions obtained with § = —10710 and § = 0 at time t = 1200 s.

a stable, steady solution. We had a total of 4770 rejected trials with § = 0, 4620 rejected trials when § = —107'°, and
4494 rejected trials when 8 = 10710, Despite the large number of rejected trials, the adaptive time stepping is more
efficient than the fixed time stepping, since it allows the use of large time steps during the majority of the simulation,
while maintaining accuracy by using smaller time steps when needed.
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FIG. 4.6. The time steps, T,, used in the adaptive time-stepping algorithm obtained with § = 0 (green line), § = —107'° (red line) and
8 = 10719 (blue line).

4.3. Example 3. In this example, we consider similar settings as in Example 4.2, but with viscosity which
depends on the concentration. In particular, we consider the following two models for the viscosity:

Vo, ¢ <0,
vife)=1¢" ) 4.2)
vo(142.5¢,+5.3¢;), ¢ >0,

and
VO, C}’ S 07
Vo(142.5¢,4+5.3¢%), 0<c, <10%,
% = 2.5¢, 4.3
2= ypexp (<25 10<e, < 60%, (43)
1—1.4c,
voexp (9.375), cr > 60%,

where ¢, = ¢/Cpay s the relative concentration. We define ¢,y to be ¢ = 6.3 - 107 in (4.2), and ¢y = 7- 100 in (4.3).
In that way, (4.2) describes the constitutive relation for the viscosity in low concentration regime, based on work by
Batchelor [8], and (4.3) combines the low concentration regime with the constitutive relation for high concentrations,
proposed by Mooney [44]. This relation was also used in [17] to capture both low and high concentration regimes.

We use fixed time-stepping with 7, = 1072, for all n, and a structured, Union Jack mesh, where we consider 3
mesh sizes: mesh 1 consisting of 15 x 120 elements, mesh 2 consisting of 22 x 176 elements, and mesh 3 consisting
of 30 x 240 elements. Other parameter settings are the same as in Table 4.3.
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FIG. 4.7. Concentration obtained using the viscosity model given by (4.2) on three different meshes at time t = 1200 s.

Figure 4.7 shows the concentration obtained using the viscosity model described in (4.2) on three different meshes.
We observe that as we refine the mesh, the results appear to converge, with concentration pattern showing 3 falling
fingers (two in the middle and one half on each side). This agrees very well with the results obtained in Example 4.2,
indicating that the constant viscosity model predicts the same solution as the low concentration viscosity model.
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FIG. 4.8. Concentration obtained using the viscosity model given by (4.3) on three different meshes at time t = 1200 s.

The results obtained using both low and high concentration model (4.3) are shown in Figure 4.8. When the
coarsest mesh (mesh 1) is used, the concentration forms three falling fingers. When the intermediate mesh is used,
we obtain three fingers again. However, one of the inner fingers does not appear to be fully developed. That finger
first starts to form around ¢ = 200 s, but then it moves to the right and merges with the next finger. This is repeated
around ¢ = 300 s. At =450 s, the finger starts forming again, but this time it stays in its position until the end of the
simulation at 7 = 1200 s. When the finest mesh (mesh 3) is used, we obtain only two fingers (one in the middle and
one half on each side). In this example, the aspect ratio is 4 = ¢/H = L/(NH) = 4, and is closer to 2v/3 = 3.4641,
which is the value the authors in [32] argue that u should grow to.

5. Conclusions. In this work, we investigate the dynamics of cultive fluid with negative geotaxis orientation and
movement. To solve this system, we propose an adaptive, partitioned numerical method based on Cauchy’s one-legged
‘0-like’ scheme. We prove that the subiterative step in the numerical method is convergent, and that the scheme is
stable. Our numerical study reveals that the first order of convergence is obtained when 6,, = 1, and the second order
of convergence is obtained when 6, = 1/2, as expected. We also computationally investigate a more realistic example
of bioconvection in a culture of motile flagellates.

Previous works [2,31] involving pattern formation arising from bioconvection found that patterns were sensitive
to changes in domain aspect ratios, initial concentration or density changes. Motivated by the study in [31] where a
constant viscosity is used, we perform a similar example to the one considered in [31], but with a longer computational
time. We also perturb the initial concentration by the addition of a scalar value of order 10~'°. The resulting solutions
of the perturbed concentration yield interesting results. All solutions are identical in all cases of initial concentration
until # = 68 s when the energy trajectories (Fig. 4.2) evolve along similar paths but deviate slightly from each other.
At approximately r = 250 s, the energy plots come together overlapping trajectories. This overlap demonstrates that
in all cases of perturbations to initial concentration, the approximations converge to the same stable solution. Some
of our observations seem to contradict the hypothesis presented in [31] that the potential energy is minimized as the

19



system develops in time. Our findings demonstrate that the stable solution begins at approximately ¢ = 250 s and
continues until our final 7 = 1200 s, but both the kinetic and potential energy continue to increase slowly in time. In
the Discussion section in [32, pp 774], the authors acknowledge differences between experimental results and their
theoretical results and numerical conclusions, and say that the exceptions may be attributed to intermittent generation
of fingers and hysteresis.

In several of the perturbed concentration tests, we investigate the time adaptivity properties of the proposed
method. The adaptive scheme requires small time steps until time # = 200 s. After that, in all cases considered
here, the time step increases to the largest allowed value. This agrees with the observed dynamics of the system,
where the flow patterns across all simulations rapidly change until # = 200 s. This is the most complex portion of the
simulated time and therefore it is understandable that a smaller time step is needed for the flow to be appropriately
resolved.

We expand our long time simulations of bioconvection to also consider the case where the fluid viscosity is a
function of concentration. Two different viscosity models are used: a low concentration model and a model which
includes both low and high concentrations of micro-organisms. In the low concentration regime, concentration appears
to converge to the same stable solution as we refine the computational mesh. In contrast, the model that includes both
low and high concentration is used, larger differences are observed. Namely, final solutions obtained on different
meshes do not have the same number of falling fingers. More work is necessary to fully understand these results,
especially related to the chaotic properties of the system. This is out of scope of this paper, and will be considered in
our future work.
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Appendix A.
LEMMA A.1. The operator %y (2.12) is well-defined and

3/2 1/2
|G (w,0)| < [l (a,0) | + Call(w, )1} [ (s ) 152 + (v(€) = Vo)l (a,0) |2 + gl Q|2 + gvle]| + U | Ve

forall (u,c) € D(<).
Proof of Lemma A.1 By the definition (2.12) we have that

G (w, )| < [ (w, )| + [ Bm(w, )|, V(u,c) € D().

First we consider the case ||(u1,c1)||1 < M. Then, using (2.7) with m; = 1,mp = %,mg = 0, and the interpolation
inequality, we have

(B (w1, c1), (u2,¢2))| = |Bo((ur,¢1), (w1, ¢1), (uz,¢2))|
< Coll(ur,en) [} (arsen) 15[ (w2, e2) |

+ (len) = v lisen)la + 8112 + grled |+ U Ve ) [ (a,e2)]l
and therefore
1B (i 1) < Call(ur,en) [} () 15 + (Vier) = vi) | (urse) 2 + g1Q1 7 + g¥llerl| + U [ Ve |,

for all ('U,],C]) GD(JZ%),H(U],C])”l <M.
In the other case, when ||(u1,¢1)||1 > M, we have similarly that
1B (wr;e1)|
M2
= (w1

3/2 1/2
< Call(wr e[l ey + (v(er) = va) [ (wr,en) 2+ 8lQ1 2+ gvller ||+ Ul Ve |,

3/2 1/2
P (CallCw,en 2w enlly + (vien) = vll(wr,en)lla +gl@l' + gyilen ||+ U Ve |
1

and therefore (2.13) follows for all (u,c) € D(«7). 0
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In order to prove that the operator %, is quasi-m-accretive, we need the following preliminary result on mono-
tonicity of the quantised operator Zy,.

LEMMA A.2. There exists a positive constant Cyy such that

<<@M(U1,Cl)—%M(uZ,C2),(U1—’u,27€1—C2)> (A.l)
> [ (Vi) = vV (ur —w) Pda
Q

\ (€]
— 5 IV(w —wy)|* - V(e —2)|I* = Cu(ller — ol + [Jur —ua|?),

Sorall (uy,c1),(uz,c2) €V.

Proof. We split the argument in three cases. First we note that, for d = 3, by (2.1), (2.7) and Holder’s inequality
we have

/Q (V(Cl)—V(62)>Vu1 -V(ul - ug)da:—i— /Q(((’Uq — ’u,z) . V)ul(ul — ’u,z) + ((’LL] — ’u,2> -V)Cl (C] — Cz))da:

Vi )
> = IV —u)|* = ZIV(er=e2)l? = C(ller—cal® + flwr —wal ) (Ve [*+[[Ver ). (A2)
(a) For the case |[(u1,¢1) g1 (q), [ (u2,¢2)|| 51 (@) <M we have that

(Bu(ur,c1) — Bu(uz,c2), (U1 —uz,c1 —2)) = (B(u,c1) — Bluz,c2), (u —uz,c1 —c2))
—/ (c2) — vi)|V(u; —uy)| d:c+/ (c1)—Vv(c2))Vuy - V(u; —uy)de
—|—/ (w1 —u2) - V)ui(u —uz) + ((ug —uz) - V)er (a1 —cz))da:

(9(01 — Cz)

+gY/ (Cl—Cz)id(ul—uz)d$+/U 3
Q Q Xd

(Cl — Cz)d.’c,
and therefore by (A.2) and the Cauchy-Schwarz inequality

(Bu(ui,c1) — Bu(uz,c2), (U1 —uz,c1 —c2))

\ €]
> /Q(V(Cz) —va)|V(uy —up)|*dew — S IV (w1 = uy)|* - EHV(Cl —2)|I” = Cur (J|lug — w2 ||* + Jler — 2| ?).

(b) For the case of ||(u,c1)|1 > M, ||(uz,c2)||1 <M (similar estimates are obtained when || (w;,c1) s (w2, e2)1h >
M) we have
(Bu(ur,c1) — Bu(uz,c2), (w1 —uz,c1 —c2)) (A.3)
M2
= mﬂo((ul,cl)iul,ﬂ)a (u) —uz,c1 —2)) — ZBo((u2,2), (uz,¢2), (w —uz,c1 — 2))
1,¢1)11
M (e e )~ Bo(us.e2). (un.ca). ))
= o\(u1,¢1),(ug,€1), (U] —U2,C1 —C2 - o\(u2,C2),(u2,C2), (U] —uUz,C1 —C2
[(wi,e)lf
M2
+H——— —1)%Bo((uz,c2), (uz,c2), () —uz,c1 — ¢2)).
(II(UuCl)H% ) ( )
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In a manner similar to the derivation of (A.2), the first term in (A.3) gives

2
||(ujwcl)|2 (e%’o((uhcl), (u1,c1), (w1 —uz,c1 —2)) — Bo((u2,¢2), (u2,c2), (i —uz,c1 — Cz)))
el

M2

- m [/Q(V(CZ) VeIVl 7u2)|2dm+/g(v(cl) —V(c2))Vuy - V(u) —uy)dz

—i—/Q (((ul —uy) - V)uy(u; —uz) + ((ug —ua) - V)er (¢ —cz))dm

a R
Jrg’}// (Cl 762)1'(1(11/1 7’u,2>dl‘+/ U%
Q Q Xd

2
B |<uM>||% Jvten) = VoIV (s ) P

(c1 Cz)dm]

Vi 0
= V(i —uy)|* - 2 IVia —c2)|> = Cu(ller — ol + [ —uz|)?).

Using the fact that ||(u2,c2)||? < M?, the triangular inequality, the Poincaré and Holder inequalities, we derive
similarly that the last term in (A.3) can be bounded below as follows

2

(”('szucl)ﬁ B 1)%0((“'276'2)3 (’Uz2,6‘2), ('u,1 —uy, *62))
c)I? = M?

= _W/Q ((V(Cz) =V )Vuy - V(u; —up) + (uz - Viug (u) —uyp)

0
+(uz2-V)ea(er —c2) +g(1+ yea)ia(ur — up) +/ Ufacz (c1 —02)0'90)0190
Q Jdxg

(1 (ur, )]l = ([ (w2, c2) [[1) ([ (w1, e1) |1+ [[ (w2, c2) 1) ‘
Z : | H(ulvcl)”% /Q ’(V(CZ) - V*)V’U,z ‘V(U1 *’U;z)

0
+ (w2 - V)ua(ug —u2) + (uz - V)ea(c1 — c2) +g(1+ye2)ig(ur —uz) + UTZ(Q —c)|dx

\ (]
> =7V —wy)|]* - 7V — )| = Cu (Jlug — wa|* + [|e1 — e2?),
therefore

(Bu(ur,c1) — Bu(uz,c2), (w1 —uz,c1 —c2))

M? 2
2 m/ﬁ("(é‘z)—vmv(ul —wp)|["dx
el
Vi » © 2 2 2
=S IV —w)|]" = Z[[V(er — o) —Cu(ller = col* + [Jur —ua?).

(c) Finally, when [|(u1,c1)| g1 (), [[(u2,¢2) | g1 () = M we have that

(Bu(ui,c1) — Bu(uz,c2), (U1 —uz,c1 —c2))

M2
= e Aol e —e2) (wnen) (w1 —u.c1 —e2)
’ 1
]W2 M2
(||(u1 a)l)? B || (usa cz)”%)‘%o((l%cz)’(uz,cz),(ul —uy,ci —2)),

and the argument follows in a manner similar to the previous cases.
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0

LEMMA A.3. The operator %y is quasi-m-accretive, i.e., there exists Oy such that Gy + oyl is m-accretive

(maximal monotone) in H X H.

Proof. Using (A.1) in Lemma A.2, and (2.4), we have that

((“Gm + o) (w1, c1) — (Gu + aml) (w2, c2), (w1, 1) — (u2,¢2))
= V,||V(u1 — ) > 4+ OV (c1 — 2) I + (Bu (w1, ¢1) — Bu(ua,¢2), (ur,c1) — (u2,¢2))

+ o (J|ur — w2 >+ [ler — 2|?)

> Yy 2, 9y 2 M v 24
> —[|V(ur —w2)[|* + S [[V(er —e2)[|* + —5 [ (V(e2) = V)|V (u1 —w2)["de.
2 2 (w1, c)ll} /o
for all (U1 ,C[), (UQ,CQ) S D(gM), and any oy > Cyy. O
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