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Abstract. There has been a surge of work on models for coupling surface-water with groundwater flows which
is at its core the Stokes-Darcy problem. The resulting (Stokes-Darcy) fluid velocity is important because the flow
transports contaminants. The analysis of models including the transport of contaminants has, however, focused on a
quasi-static Stokes-Darcy model. Herein we consider the fully evolutionary system including contaminant transport
and analyze its quasi-static limits.
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1. Introduction. The Stokes-Darcy problem describes the (slow) flow of a fluid across
an interface / separating a saturated porous medium £, C R (d =2 or 3) and a free flowing
fluid region Q; C R9. Such flow is important because it transports contaminants between
surface and groundwater [2, 3], nutrients and oxygen between capillaries and tissue [6, 21],
and material in industrial filtration systems [11, 12]. It also arises (at higher transport veloci-
ties) in modern fuel cells, porous combustors, advanced heat exchangers, the flow of air in the
lungs and in the atmospheric boundary layer over vegetation. Adding transport involves solv-
ing one additional convection-diffusion problem with the Stokes-Darcy velocity passed from
a Stokes-Darcy model and thus it seems to be a simple elaboration of the model. However,
adding transport introduces new difficulties and apparently is little studied, Section 1.1.

We therefore consider the equation for the concentration ¢(x,t) of a contaminant being
transported, having a source s(x,#). While each application has its own specific features, a
reasonable first description of this process is the forced convection equation

Be+V-(=DVe+uc) =s(x,t) inQ:=Q,UQ,Ul. (1.1)

The free flowing fluid region’s velocity, uy, and pressure, p, and the porous media’s pressure
head, ¢, and velocity, u,, satisfy

up; —VAuy+Vp = fr(x,t)and V-uy = 0in Qy, (1.2)
So¢r — V- (KV$) = f,(x,t) and u, = —B 'KV in Q. (1.3)

The quasi-static limit (as So — 0) of the predicted concentration of the full model is studied
herein. The transport velocity u in the concentration equation (1.1) is

u:{ up inQp (1.4)
u, in Q,

For the fluid flow problem various combinations of boundary conditions on the exterior
boundary dQ are possible and generally complicate the notation without complicating the
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analysis. We impose homogeneous Dirichlet boundary conditions (for clarity of exposition)
and the usual initial condition

ur=00ndQs\Iand ¢ =0onQ,\I
us(x,0) = u}(x) in Q and ¢ (x,0) = ¢°(x) in Q.

For the concentration we assume that

c=0onT; CdQand —DVc-A=0o0ndQ\l},
and ¢(x,0) = °(x) in Q.

There are a variety of possible interface conditions studied for / that describe different
types of interfaces, e.g., [22, 5, 10]. Let 7 be the outward pointing unit normal vector on Q
and {f','}ltll denote an orthonormal basis of tangent vectors on /. For slow flows across 1,
conservation of mass, balance of normal forces and the Beavers-Joseph-Saffman condition,
[4, 13, 24], are increasingly accepted:

up-A—up-n=0
gp=p-van (VuerVu,I) A onl. (1.5)
>y (Vuf+vu}) A= g =1, d

Interface conditions on the concentration are not needed as a single domain formulation of
(1.1) imposes continuity of concentration and fluxes as natural interface conditions

[c]=0and [(—DVc+uc)-n]=0, onl. (Jump Conditions)

The parameters in the above are as follows

So = specific storage v = kinematic viscosity
K = hydraulic conductivity tensor (SPD) D = dispersion tensor
B = volumetric porosity g = gravitational acceleration

a = experimentally determined coefficient  f;,,,s = body forces and sources

Given that Sy is often very small, most of the algorithmic advances have been for the case
So = 0 and the concentration the primary variable of interest. The question of convergence of
the concentration of the full model to that predicted by the quasi-static model as Sop — 0 is of
significant interest and studied herein. In Theorem 3.2 we show that ¢ — ¢25 as Sy — 0. This
extends the analysis in [18] from the Stokes-Darcy problem to the concentration predicted by
the Stokes-Darcy-Transport coupling.

The full model presents several computational and analytical difficulties (addressed here-
in) that are explained next. The first is an active nonlinearity in the transport problem. Taking
the L? inner product of the transport equation with ¢(x,) and performing the standard esti-
mates for c(x,t) gives

1d 1
f—/ﬁczdx—&—/DWc\zdx—i— f/(V-u)czdx:/scdx.
2dt Jo Q 2 )a Q

The key term involves V -u which, in the quasi-static (Sy = 0) case, is a known function
(B! fp) and, in the fully evolutionary case, is

0in Q.f,
Vou= (1.6)

B (=So%t+1,) in Q.
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Thus, when Sy = 0 the (nonlinear) transport term acts in the a priori estimates, stability and
convergence analysis in a simpler manner than when Sy # 0.

The second issue is the multitude of small parameters in the full problem. For example,
when So = 0 the small parameter Kpi, > 0 (the minimum eigenvalue of the hydraulic conduc-
tivity tensor, K) in (1.3) can be eliminated by re-scaling f,. When Sy # 0 the small parameters
in the porous media equation are active. The transport equation (1.1) is also complicated by
small parameters in many applications. In the simplest case where this issue occurs, it reduces
to a singularly perturbed convection diffusion equation with no control on V - u, a problem
for which methods are comparatively less well developed.

1.1. Related work. Porous media transport and transport in a freely flowing fluid de-
scribe different physical processes with different variables, time scales, flow rates and uncer-
tainties. There has been an intense effort at developing algorithms that use the subdomain
/ sub-physics codes to maximum effect to solve the coupled problem, e.g., domain decom-
position methods for the equilibrium problem [7, 9, 8, 14, 17] and partitioned methods for
the evolutionary problem [19, 5, 16, 25, 6]. The analytical needs to support reliability of
the resulting predictions have also spurred analytical study of the coupled model. Presented
in [1, 25, 27, 23] are analyses for the coupled Stokes-Darcy-Transport problem where the
velocity u in (1.1) is modeled as either that from a fully steady Stokes-Darcy flow, or from
a quasi-static coupled Stokes-Darcy flow (i.e., (1.2),(1.3) with Sp = 0). In these the quasi-
static Stokes-Darcy problem is typically solved by a domain decomposition procedure and a
single domain transport problem is solved. To our knowledge, while there is for example a
journal dedicated to ”Transport in Porous Media”, there has been little progress on the numer-
ical analysis of methods for full uncoupling of (u,,ur,c) of the fully evolutionary (So # 0)
problem.

2. Preliminaries. Let the L? norms and inner products over Qs and I be denoted
respectively by || - ||,/7/1;(,+)p/s/1- Recall that Q = Q, UQyUI; the L? norm and inner
product over Q will be denoted by || - ||, (+,-) (without subscripts). We denote the L?(I) norm
by || - ||;- Let 2 C Q be aregular bounded open set. We recall that by the Gagliardo-Nirenberg
inequality [20] we have

1/2 1/2

ol 2ol in 2d,
(2) H'(2)
lollao <C a 3 . Vo c H'(2). 2.1)
||(p||L2(@)||(p||H1(@) m 3d7
We also recall that by Remark 1.1 in [26] we have
19ll2(2) S C(D) (YW) + IVQl12(0), Vo €H'(D), (2.2)

where ¥(u) is a seminorm, continuous on L?(%), which is a norm on constants. Let I" be
a portion of 02 with meas(I') > 0, and assume that ¢ has zero trace on I' C 2. Then
choosing y(u) = ||ul|,2(r we obtain from (2.2) that the following Poincaré-Friedrichs type

inequality holds on ker(I') = {w € H(2); y|r = 0}:

Ill2) < C(DIVOll2(0), Vo eH'(2),9],=0. 23)

From (2.1) and (2.3) we derive
1/2 12
9155, 1V 9ll 45, in2d,

@15 IVOll 5y in3d,
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If @ =0 on 02, then (2.4) are just the inequalities proved by Ladyzhenskaya [15, Chapter
1]. Denote the (assumed positive) minimum of D by

Dpin = inf D(x) > 0.
xeQ

Regularity of the concentration depends on regularity of the Stokes-Darcy variables. In [18]
Moraiti proved that for 0 < T < o and data satisfying

frs € LX0,T;H ' (Qy)), frr € L*(0,T:H 1 (Q)))
urs(0) € L*(Qy), ¢,(0) € L*(Q,),

where
up(0) :=ups(x,0) = lim wuys,(x,¢) = lim (ff(xJ) + VAus(x,t) — Vp(x,t))
t—0t t—0t
91(0) 1= ¢, (x,0) = lim ¢y (x,1) = Sy lim (f,(x,1) + V- (KV(x,1))),
t—0+ t—0+
the following hold uniformly in Sy and will be assumed herein:
up, € L°(0,T;L3(Q)), v/So¢r € L7(0,T;L%(Q,)) and V¢, € L*(0,T;L*(Q,)).  (2.5)

Additionally we assume

L e?(Q), V¥ € L*(Q), s € L*(0,T;L*(Q)), Ve, (0) € L*(Q,), and (2.6)
fr€L7(0,T;L2(Q))), f, € L7(0,T;H'(Q))), fpr € L*(0,T;L7(R,)). (2.7

Using energy estimate arguments similar to [18] for the Darcy equation, we have
t
SIK" Y02+ [ 19+ (V00 B < 1ol 70200, + SoIK YOO 2,

which under assumptions (2.6), (2.7) gives /SoV@, € L=(0,T;L*(Q,)).
Note also that from the Stokes equation (1.2) we have

HAuf||L°°(0,T;L2(Qf)) < C(||uf,t||im(077*;L2(Qf)) =+ Hff||ioo(()7T;L2(Qf)))a

hence under the regularity assumptions in (2.5) and (2.7) we obtain that u € L(0,T; H 2(Q 1)
To summarize, in the remainder we assume that uniformly in Sy

up € WH((0, T L (Q)) NL7(0, T HA(Qy)),  /So9 € WH=([0.T;H' (Q,))  (2.8)
and we shall prove in Propositions 2.1 and 3.1 that
ce{g:geL™(0,T:H' (Q)NW"([0,T];L*(Q)), glr,, =0},

and give estimates of ||c —c25|| as Sy — 0. Throughout we use C to denote a generic positive
constant, whose actual value may vary from line to line in the analysis. We begin with the
following a priori estimate.

PROPOSITION 2.1 (The first estimate). Suppose 0 < T < oo, the problem data for (1.2)-
(1.3) is such that (2.5) holds, and that s € L*(0,T;L*(Q)). Then

c e L”(0,T;L*(Q)) and Ve € L*(0,T; L*(Q)). (2.9
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Proof. For the transport equation (1.1), multiply by ¢(x,) and integrate over Q. This
gives

SB el +IVDVelP+3 [ (V- = s,0).

Since V-u = 0 in the fluid region and V-u = —B~! (So¢; — f,) in the porous media region
the third term is

%/Q(V : “)Czdx = *ﬁ (So(l), —fp) Adx.

Thus we have

1
BB I IVDVel = (s.c) g [ frctdxr g [ g
2 2B Q,
sinsn%fucnt— / fpczdx+@ [ o
2 2 2B Jo, 2B Ja,

The critical term is [ ¢;c?dx and estimates for this term depend on estimates for ¢,. Thus, by
Holder’s inequality

S0 2 So )
‘213/9 0s| < 510 lclig,

Inequalities (2.4) for |c||7, imply

llellpl|Vell, in 2d,

2
] < Cs 2.10
¢tc x 0||¢r||p{ ||cH1/2||V ||3/2 in 3d. ( )

213

An analogous bound to (2.10) holds for pr fpc?dx.
We consider the 2d and 3d cases separately.
The 2d case. Since ||Vc|, < D_V/2||/DVe

min

p» in 2d we have
—B— DV
2Bl +VDVe]
1, 1 , C
< 5 lsI™+ S el +B(||fp||P+SOH¢tHP)”c”PHVCHP

1 1 1 _
S*IIS||2+*IICII2+*II\5VCII,,+Dmm 5 (1115 + S5 119015 llell-
2 2 2 B

Thus we have

d _
S llel?+ Ell\FVCHz_ i1+ B <1+Dmmﬁz (1£p15 +S3l9:117 )) lef*. @11
Proceeding as in the proof of Gronwall’s inequality, with p(f) = fé 1 +D 1 < 52 (&) ||% +
S5l (8)112)]d&, multiplying (2.11) by exp(—u(t)) and rearranging we have

1

4 Ep(—uO) ) + gexp(-p)IVDVel < gexp(-u@)s.  212)
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Integrating (2.12) from O to ¢, and then multiplying through by exp(tL(¢)) yields
P + 5 | explu(r) - (@) [VDVe(e) P @13
< exp(u) I + 5 [ exp(ule) ~ m(EDIS(E) Pt

With the assumed regularity (2.5) and (2.6), and the boundedness of exp((7T)), (2.9) now
follows.
The 3d case. In 3d we have

2 / 2
B + DV
27 dt ”C” ” CH

1 C 1/2 3/2
< *HS||2+*||C||2+*(||fp||p+50H¢t|| ) lelly > 1 velly/

B

1 _3/4C
< slsl?+ HNMWWVH”(mTBWﬁm+MMHWﬂW)

For the last term we use ab < %a4/ 34 %b“. This gives, after rearranging,

d 1
Lol + VDV < Lol + Q+D3 (5W+%@nﬁcw.

2B B B min g4

Now, proceeding as in the 2d case we obtain (2.9).0

3. Validity of the quasi-static model. Let ¢©5(x,¢) be the solution of (1.1) with Sy = 0,
i.e., u = u?, the solution of the quasi-static Stokes-Darcy problem, where

0 in Qf
L 0S _ ) f
Vou { L ingy G.1)
Define

e (x,1) := c(x,1) — 5 (x,1) and e"(x,1) := u(x,1) — u25(x,1)

and note that e(x,0) = 0, and ¢“(x,0) = 0. In Theorem 3.2 we show that ¢ — ¢S as Sy — 0.
To prove convergence in 3d, we first obtain a second a priori bound for the concentration c,
given next.

PROPOSITION 3.1 (The second estimate). Assuming (2.5) and (2.6), we have that uni-
Sformly in Sy

Ve e L2(0,T;L*(Q)) and ¢, € L*(0,T;L*(Q)). (3.2)

Proof. Take the inner product of (1.1) with ¢, integrate over Q, and apply the divergence
theorem. This yields:

B (ctyer)— (V- (DVe),¢)+ (V- (uc),c;) = (s,c;) and thus
Blletl? + 3 GIVDVe|> = (s,¢0) = (V- (ue) cr) -

Using Cauchy-Schwarz and Young inequalities and absorbing terms on the left-hand side, we
have

Blledl?+ 34 1VDVe? = B~ (IsIP + IV - (ue) )
6



=p! (HSH2+ HcV~u+u-VcH2)
< B (lIsI?+20eV - ul* +2(ju- Vel ?).

We treat only the 3d case, because the 2d case follows in a similar way. Integrating over
(0,1),0 <t < T, using the Young inequality and inequality (2.4) we get

VDY) +B [ ller)IP dr

<IVDVEO)R +28°" [ (I5(7) P+ 2V () P+ 20ur) - Ve(r) )

< VDY) +28" [ (15O + 2e(r) sy IV -

+20u(r) e g [ Velr) )

< IVDVeO)|P+28 [ Is()lPar-+48™! [ (19> +Cle)P IV )]s )
#4871 [ a0 B V)] ar

= [|VDVe(0)* +28~" HSHI%Z(O,T;LZ(Q)) +4p~! ||VC||%‘2(()7T;L2(Q))
0B [ IIPIT 1) gy dr-+48 ™ Tl om0 IV 020y B

The second to last term in (3.3) is treated as follows. From (1.6) and again using (2.4) we
have

t t
LI IV ) s g dr < el o iz |, 187 (=S08:(7)+ £ g

1
< B_827 ”C”i""(O,T;LZ(Q))/O (Sg||¢l(r)H§4(Qp) + ||fp(”)H§4(gp)) dr
ot

< Cllelfmorazay |, (SIQOIZIVAOINS + 15319515 dr
'
SC”d‘iw(gJ;ﬁ(g)) (S(§||¢t||iw(0,T;L2(Qp))/0 ”V@(’”)Hg dr

t
+||fPHi°°(o.,T;L2(QP))/O Hpr(r)II?,dr).

For estimating the norm HMHIZJ’“(O.T'LZ(Q)) in the last term in (3.3) we use (1.4), (1.3), Sobolev
embeddings, (2.8) and (2.7) /

lullZe 0,720y = Metr 0,120+ 10 0,722, ))

= s o072, + B IKVO 0,100, )

< C(””f”i""(O,T;HZ(Q/)) + ﬁ72||KV¢H%""(O,T;HZ(QP)))

= C(||”f||ioo<0,T;H2(9f)) BNV (KVO)IZ- 0 1.200,))

< C(””f”im(o,r;m(gf)) +572||V<50¢t _fp) ”i‘”(O,T;Lz(Qp)))

< C(”’f‘f”im(oj;yz(gj)) +S%||V¢;||im(07T;Lz(Qp)) + HVfPHiw(O,T;LZ(QI,)))'

Finally, using (2.6), (2.7), (2.8), (2.9), and taking the supremum over [0, ], we obtain (3.2).
0



We can now prove convergence of the concentration to the quasi-static approximation.
THEOREM 3.2 (Quasi-static limit). Assume (2.5) and (2.6) hold. Then for T < oo

||€C||Lw OT.LZ( ) = < C(T,data)So
|vVDVee l20,722(0)) < C(T,data)Sy

Proof. Subtract the concentration equation and its quasi-static form. Next add and sub-
tract u%c in the transport term (V - (uc — u@5¢95)):

Be — V- (DVe“) + V- (uc —u?c?) = 0 and thus
Bef —V-(DVe )+ V- (ec)+ V- (uQSeC) =0.
Take the inner product with €€, integrate over Q, and apply integration by parts to obtain
7%HeCH2 +||[VDVel||> — (c,e" - Vet) + (V- (uPe) ,e) =0.
Expanding and using integration by parts, we write
Vo (u€5e) ,e¢) = 1 (V. (u@ef) ,e) + 1 (V- (u€5e) e
2 2

0
= %(VMQS,(eC)Z)Jrl us ec) +%<uQs-ﬁ, TN 00 — L (us, ec)

Hence,

B alle]? + VDV | = (c,e" - Vet) = 5= (£, (e)?) - (3.4

1
2B
Applying (2.4), Poincaré-Friedrichs and Young’s inequalities we bound

(c,e" - Veo) Ve [lle (| Ve ||/ ]|/ V|2, in 2d
’ =L Iveltlle 1AV P4 el Vel P4, in3d

—12 .
cc m,l,fznf Ve[| Ve ||[[Vell, in2d
PIVDVe|||[Ve|[[Vell, in3d

mln

1 i
< Z||\FDW||2 + C||Ve“||?||Ve|?. (3.5)

Next,

1 B le€]|[|Ve]l, in2d
(e = c C :
2B (fp ( ) ) 2[3 ”fp”p{ ||e ||1/2||Ve ||3/2’ in 3d

iIVDVe|? + S5 le]?,  in2d
2IVDVe|* + 4§4D3||fp\|2||e“||2, in 3d.

min

(3.6)

We focus on the 3d case. The 2d case follows similarly. Combining (3.4)-(3.6), and rearrang-
ing we have

d, .
el + *H\fV P < s Dunllfollple® + ClIve|?)1Vel?,
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ie., for u(t) =CD,3/(B%) fo |1£p(&)]}d&, and [le€(0)[> = O,
eI + é/ot exp((t) — 1 (E)|VDVe (€| dé 37)
SC/otex”(#(t)fu(é))HVe“(é)IIZIIVc(é)Ilzdé-

In [18] it is proven that, under the stated assumptions, the following hold for e;‘c =up— u?s

7N 0
€pi=Up—Up :

>

€pll=(0,1:220,)) = 0 (V/So)
Hve;HLZ(O,T;LZ(Qf)) =0(%) » HVEZHLZ(O,T;LZ(QP)) = 0(So),

||€lf4'||L°°(().T;L2(Qf)) = ﬁ(so) ,

and the analysis revealed that the convergence is sensitive in K,;,, in that the constants in the
convergence analysis are proportional to 1/+/Ky,. Thus,

Ve ll 20,22 (0)) = €(So0)- (3.8)

With the a priori bound in (2.9), our assumptions (2.6), the boundedness of exp(u (7)), taking
the supremum over [0, T] in (3.8), in view of (3.9), we obtain the first-order convergence of ¢
to ¢25 as Sy — 0, completing the proof. 0

Conclusions. We conclude that the quasi-static transport model for the concentration of
contaminants is justified when the specific storage parameter, Sy, is small when compared to
the minimum eigenvalues K,;, and D,,;, of the hydraulic conductivity tensor, K, and disper-
sion tensor, D, respectively.
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