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A rational zeta series is a series consisting of rational numbers and
either the Hurwitz zeta function or the Riemann zeta function.

That is, they are of the form " g,((n, m) where g, € Q and
¢(n, m) is the Hurwitz zeta function, defined by

Cnm) =3 —

c— (m+ k)"

It can be shown that any real number can be written as a rational
zeta series. Examples:
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n
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Rational Zeta Se

t Zeta and Beta function
xtensio Clausen function
Definition

(2k):Z%:(_

In 1734, Leonhard Euler showed ¢(2) = 72/6. More generally,
¢

)k"’lng(Qﬂ')
k
2(2k)! » k&R,
where
z >, B,
= :ZFZ |z| < 2.
n=0
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Rational Zeta Series

Zeta and Beta function
Clausen function

One of many appearances:

- (—1)n22n52n 2n—1 - ¢(2n) 5pq
COt(X) = (2”)' ! =2 Z 2n "
n=0 n=0
Definition.
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99)=3 oy 0>

Note that 5(2) = G is known as Catalan’s constant.
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Clausen's integral is defined as

) =3 TD — [Miog (26n (3)) a0 (0

k=1

«O0>» «F>» «E» «E)» E 9aQ

Generalized Rational Zeta Series with Two Parameters

Derek Orr, University of Pittsburgh



Background Rational Zeta Series
1 es Zeta and Beta function

Clausen function

The Clausen function (see [3], [4], [7]. [9]. [11], [12], [14]) or
Clausen's integral is defined as

) =3 TD — [Miog (26n (3)) a0 (0

k=1

Its Taylor series is given by

Cle(e)—l—log|c9|+z (2n+1)<9)2", 0] <2r.  (5)
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Higher order Clausen-type functions:

Clam(0) := i sin(k0)

k2m
k=1

o0

cos(k@
» Cbmya(0) := Z k2£+1)'
k=1
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Background Rational Zeta Series
lain res Zeta and Beta function

Clausen function

Higher order Clausen-type functions:

> sin( k6 > cos(kb
Clzm(a) = k(2m ), C|2m+1(0) = k21€7+1)' (6)
k=1 k=1

Using (1) and (3), we have

Clom(1) = 0, Clymya () = — = 1)e(2m+1)

4m ’
and
Clan(/2) = B(2m), Clamia(m/2) = - =@M L) - q)
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We can also see

d

@ C|2m(9) - C|2m71(0)7

do

Clam+1(0) = — Clam(6),
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We can also see

d

@ C|2m(9) - C|2m71(9)7

g Slem+1(0) = — Clam(0),

(9)
6 6
/ Clam(x) dx = ¢(2m+1)—Clams1(8), / Clam_1(x) dx = Clm(6)
0] 0

(10)
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Background Rational Zeta Series
lain result Zeta and Beta function
Extensio Clausen function

We can also see

% Clam(6) = Clam_1(6), % Cloms1(0) = — Clom(6),  (9)
6 6
/ Clam(x) dx = ¢(2m+1)—Clams1(8), / Clom_1(x) dx = Clom(6).
0 0 .

Note

Cli(0) = —log (2 sin (g)), 6] < 27. (11)

«O0>» «F>» «E» «E)» E 9aQ

Generalized Rational Zeta Series with Two Parameters

Derek Orr, University of Pittsburgh



ional Zeta Serie
Zeta and B
Claus

Using these integrals,

a function
en function

Derek Orr, University of Pittsburgh

«O» «F»
Generalized R

4 >
onal Zeta Series

acv
Two Parameters



Background
Aain results

Rational Zeta Series
Zeta and

a function
Clausen function

Using these integrals,

z

Cly(t) dt,
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Background Rational Zeta Series
lain res Zeta and Beta function

Clausen function

Using these integrals,

Cly(z / Cly(t

Cly(z) = / Cly(x) dx = 2¢(3) — /(z—t) Cho(t) dt,

0

By induction, for m > 3,

C|m(z)=(—1)tmzw< S i

k=1

(m—2k—1)!

/ (Z_t)m 3CI2(t) dt). (12)

C(2k+1)
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Zeta series using cot(.
=

X

Theorem 1.

P k+3

2 p!(-1t=!
xP cot(x) dx = (wz)P

| cott) e = Y e

)2

I(—
+5L§J,gp'( 1

NI

)k C|k+1(27TZ)

2 ((p+1), peN, Jz]<1, (13)
where §;  is the Kronecker delta function.
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) Zeta series using cot(x
Main results General zeta

General zeta seri

Theorem 1.

Tz , . ? I( ]_) J
/0 xP cot(x) dx = (r2)? E)Wokﬂ(zm)
)

LD (4 1), ped, 2l <1, (13

NI

aF 5L§J»

where §;  is the Kronecker delta function.

Proof. Denoting the left hand side as f(z) and the right hand side
as g(z), one can show 7(0) = g(0) and f'(z) = g’(z), so thus
f(z) = &(2).
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/07T xP cot(x) dx = — /
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3ackgro Zeta series using cot(x)
Main results General zeta
Extensio General zeta

Using (2) we can also say

Tz Tz X 2[7
/ xP cot(x) dx = / C x2n=1EP gy
0

71'2"

and with (13),
c@mz?  &opi(-1)ls
Z 2n+p Z_% (p— K)!(2nz)k Cley1(272)
it PP'(—ZIC(er 1). (14)
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3ackgro Zeta series using cot(x)
Main results General zeta
Extensi

General zeta se

For z=1/2 and z = 1/4,

- 2]
¢(2n) 2. pl(—1)k(4% — 1)¢(2k + 1)
_22(2 oy —Iog2+k:1 (o 20)1(20)7"
+6L§J,§p!(_1)ii(p+1), (15)
00 L J
¢@2n) 1 p!(=1)*(4* —1)¢(2k +1)
_220 (2n+ p)16" §|°g2+§k:1 (p — 2k)!(27 )2k
e kB(2k I(—1)52P 1
2 Z (P%El—)fk()'ﬂ)zk 5L§J’§p( ) pr(er . (19)
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—Zlog?2
;(2n+1)4" 2 08 %
and
= ((2n) 1 2G
> g2 22
< (2n +1)16" 2
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Zeta series using cot(x)
- | zet: :
Other sums

nz: 2n-|-3

§|O

9¢(3)
42

i(nfg)zw ——log2-+ 2

93¢(5)
T ont
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S 2+ 52
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Zeta series using cot(x)

Main results General zeta
Extensio General zeta

Other sums
I C B P 4C))
e (2n+ 3)4" 2 472
— ((2n) 9¢(3)  93¢(5)
-2 — _|og2 - —
E:o (n+2)4n %8t 0 2mt 7
2 ((2n) 1 35¢(3) 4G
P ) S YWS S\ ) L
(n+1)16" 2 472 o
n=0
= 1 9¢(3) 3G 2453(4)
= ——log2+ —"~ — — + ——=,
nZ:O 2n+3)16" 1°8° T g2 T T
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Theorem 2.
27z
/ xP Cly(x) dx =
)
m+p+1

(2nz)Prm 1k pl(—1)LF) (1) L2
W (p+m+1—k)!

+ 86t pem(—1)131pl(=1) " ((p+ m + 1), pENo, meN.

Cle(22)

(17)
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Main results
Exte:

Zet
Theorem 2.

General zeta s
General zeta seri
21z
/ xP Clm(x) dx
0

m+p+1
k=m+1

(2nz)Prm 1k pl(—1)LF) (1) L2
(p+m+1—k)!

Cle(22)

+ 86t pem(—1)131pl(=1) " ((p+ m + 1), pENo, meN.
Proof. Same as the proof for Theorem 1.
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Theorem 2.

General zeta s
General zeta seri
21z
/ xP Clm(x) dx
0

R @ra ) )
k=m+1

(p+m+1—k)
+ 86t pem(—1)131pl(=1) " ((p+ m + 1), pENo, meN.

Cle(22)

Proof. Same as the proof for Theorem 1.
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grou Zeta
Mam results

Using (5) and (12)

ot(x)
General zeta s
General zet

“?i"g CIT‘(X)
21z 27wz

/ XP Clm(x) dx = (=1)L"2" /

0
(Lm IJ 1 k m—2k—1

X(X_
Y (m—2k=1) <(2k+1)+/0 C

t)m—3
3y Cla(t) dt) dx

Derek Orr, University of Pittsburgh

«O» «F»r « [ > a
Generalized Rational Zeta Series with Two Parameters



Main results
Extensic

Using (5) and (12),

21z 27wz
/ XP Clm(x) dx = (=1)L"2" /
0

Lm IJ k m—2k—1 X — m—3
( m1 TR TG /0 %Cb(t) dt) dx
k=1 !

_ de ( )Lm J+k(27rz)m+P—2k
= (m—1—2K)(m+p—2k) 2T+

(-1)L"]

- (m—3)! i

2z X , (2” t.2n+1
/0 /Ox( t)m= ( tlogt+zn(2n+1) )2 >dtdx
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3a o ZC‘((
Main results General zeta
Extensic

General zeta series using cot(x)

Evaluating the first integral,

mT_IJ (_1) LmT_IJ+k(27TZ)m+p—2k

/0 XP Clun(x) dx = ; = T30l + 7 — 2k S2k )
(—1)LmT_1J 2ze P x™Y(Hp_1 — log x)
(m —3)! /0 < (m—=1)(m - 2)

—+

[e.9]

2<(2n)r(m _ 2)Xm+2n—1
+ Zl 2n(2n+1)(2n+2)...(2n+ m — 1)(27T)2,,) dx,

H,, is the n-th harmonic number, Hy = 0.
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General zeta series using cot(x)

And the second integral...

22 X_(27rz)p+m(—1)LmT_1J Hm—1 — log(272)
f) it o= (m— 1), ( o

= o)k +1)
(m—1-=2k)l(p+ m—2k)(2rz)?k

1
+—+
(p+ m)?

k=1

+§: (m—1)I¢(2n)z*" ) (18)

n(2n+1)...2n4+m—1)(2n+ p+ m)

n=1
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Main results
Extensic

Using (17) and rearranging, we find

= ¢(2n)z%n
; n(2n+1)...2n+ m—1)(2n+ m+ p)

=(—1)"p!x

ptm

<§f«ﬂ“ﬂcmu%a_ (-1)%"

(p+ m_K)r2)k 1212 o )prm P Em 1))

k=m
log(27z) — 'z —1)%¢(2k +1)
(m—l)'(p+m Z (m—1—2k)'(m+p—2k)(27rz)2k

_ 1
(m—Di(p+ my?”

)

«O0>» «F>» «E» «E)» E 9aQ

Generalized Rational Zeta Series with Two Parameters

Derek Orr, University of Pittsburgh



3a o Zl:".<
Main results General zeta
Extensio

General zeta series using cot(x)

For z=1/2,

3 C(2n) m—+1
Zl n(2n—|—1)...(2n+m—1)(2n+m+p)4n - (_1) * p'*

1257 ] ptm
2 —1)k(4k —1)¢(2k + 1 -1)z
( >y (=1)%( )C(2k +1) (-1)

(p 1 m—20)\(2n)2% TOLegm) e WC(pJFmH))

k=22

g — Hmg Lo (—1)%¢(2k + 1)
(m—1)l(p+m) ; (m—1—2k)!(p+ m—2k)m?k
1
NCENITa

(20)
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Main results
Extensic

and for z = 1/4,

5~ (2n) _ ()7l
pt n2n+1)...2n+ m—1)(2n+ m+ p)16” 2
|5 ] 1257

m(—4)"B(2k) N (C1)K(4F - 1)¢(2k + 1)
(p+m+1—2k)lx2k 2 (p+ m — 2k)!(27)2k

(

k=l 752 k=l 72
- (—1) "5 2Pt log(/2) —
Oosm) pn— e ——C((p+ m+1) ) + RIS
B LZJ _a)k¢(2k+1) 1
(m—1—2k N(p+m—2k)m2k — (m—1)(p+ m)?

(21)
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General zeta series using Cly,(x)

General zeta series usin t(x)

Remark 1.
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Background Zeta series using cot(x)

Main results General zeta series using Clp,(x)
£ Sione
Extensions General zeta

serie

using t(x)

Remark 1. Some nice sums (m=1,p=0)
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Background Zeta series using c
Mam results
Extensions

(x)
General zeta series using Clp,(x)
General zeta serie

using

cot(x)

o0

Remark 1. Some nice sums (m=1,p=0)

2n
3 ’ ¢(2n)
n=1

2n 1)an 08T 1
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Main results
Extens

General zeta s
General zet

o0

Remark 1. Some nice sums (m=1,p=0)

2n
3 ’ ¢(2n)
n=1
and

=1 -1
2n+1)4n B
o

¢(2n) 26
; n(2n + 1)16” a

— —1+log
™
both of which are famous series ([13], [11])

(2)
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) series usin, (

General zeta series using Cly,(x)

General zeta series usin t(x)

Remark 2.
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) t(x
Main results General zeta senes usmg Clm(x)

General zeta series using cot(x)

Remark 2. The series

¢(2n)
Z n(2n+1)(2n+ 3)(n+ 2)16"

n=1

converges very closely to 0.0023 (0.002299999499895073...). Using
(21) a few times for different m and p, one can show that

<) = 1581 (19 log <g) + 79725(4)

> ¢(2n)
6 2 n(2n +1)(2n +3)(n + 2)16">’
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Main results General zeta series using Cly,(x)
Extensions

And so
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X)
ing Clm(x)

Main results

And so

ar* (19 T 96
((5) ~ o (E—log <§>+Fﬂ(4)+6*0.0023) — 1.03692775588...

which has a small error of 7.395 % 1010,
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) series usin, (

General zeta series using Cly,(x)

General zeta series usin t(x)

Other sums
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Can we get a similar family of generalized zeta series, but using
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Can we get a similar family of generalized zeta series, but using
cot(x) instead of Cl,,(x)? Answer: yes! We will investigate

v 4 X

/ / xP(x — t)"tcot(t) dt dx, m € Ng, p € Np.
0 0

Using the binomial theorem,

/ / xP(x — t)"tcot(t) dt dx =
0 0

m
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Clm(x)

Can we get a similar family of generalized zeta series, but using
cot(x) instead of Cl,,(x)? Answer: yes! We will investigate

Tz X
/ / xP(x — t)"tcot(t) dt dx, m € Ng, p € Np.
0 0

Using the binomial theorem,

/ / xP(x — t)"tcot(t) dt dx =
0 0

m

D

(—1)1'('7,7>/ xP+m‘f/ 11 cot(t) dt dx
=0 J 0 0

and now we can use theorem 1.
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Evaluating the sums on j and k,

(-2 m!
/ /xpx—t Mtcot(t) dt dx = —~—F——— Sprmiz ¥
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Evaluating the sums on j and k,

(-1 1)Lz m!
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27z 1)I(— LmTHJ 2rz
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22k(m+1 —2k)!(p+ m+ 2 — 2k)

Now we can integrate the first integral by parts and use theorem 2...
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Rearranging and simplifying, we will arrive at
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General zeta series using cot(x)

Another way to evaluate this double integral is to use the power
series for cot(x). Doing so, we see
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For z =1/2,
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Remark. For m = 0 and p = 0, we have

= ¢(2n) )
—~ (2n+1)(n+1)4" 272

and

— (2n+1)(n+1)16" « 472 7

> 2n 2G  35((3
3 ¢(2n) _ ¢(3)

the first of which was rediscovered by Ewell [8].
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Using the digamma function and negapolygammas, we can have
¢(2n+ 1) on the numerator of these zeta series instead of {(2n).

9O(2) = () = = logT(2), ¥ V(z) = logT(2),

$)(z) = G 12), /z(z — )" 2logl(t) dt, nEN, n>2.
—1 /,
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EXtenSions _

Using the digamma function and negapolygammas, we can have
¢(2n+ 1) on the numerator of these zeta series instead of {(2n).

9O(2) = () = = logT(2), ¥ V(z) = logT(2),

P=(z) = ﬁ/ (z—t)"2logl(t) dt, n€N, n>2.
—2) Jy
The Taylor series for log I'(z) is
= (—1)%¢(k
loglMN'(z) = —logz — vz + Z (1)) )kC( )zk, |z| < 1.
k=2

We can split the above series into odd k and even k and use the
formulas for {(2n) to establish rational zeta series for ((2n + 1).
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