PANSU DIFFERENTIABILITY

SOHEIL MALEKZADEH

1. CARNOT GROUPS

1.1. Carnot-Carathéodory Metrics. Let 2 C R” be an open set and let X = (X,..., X,;,)
be a family of vector fields with locally Lipschitz continuous coefficients on €2. Vector fields

will be written
Xj(z) = (a15(x), . .., anj(z))

for j =1,...,m, where a;; are locally Lipschitz on (2. We will write the coefficients a;; in
the n x m matrix A = col[ X, ..., X,,].

Definition 1.1. A Lipschitz curve 7 : [0,7] — Q2 is X -admissible if there exists a measur-
able function A : [0, 7] — R™ such that

(i) ¥(t) = A(v()h(t) = 3207, hy(8) X;(y(t)) for ace. t € (0,77,
(i) h e L=([0,T]).

The curve v is X -subunit if it is X-admissible and ||h|o < 1.

Remark 1.2. X-admissible is horizontal

Define d : 2 x Q — [0, o] by
d(xz,y) =inf{T" >0 | ~:[0,T] — Q is X-subunit such that v(0) = = and v(T") = y}.
If the above set is empty we define d(z,y) = oc.

Proposition 1.3. If d(z,y) < oo for all x,y € Q then (,d) is a metric space.

The metric space (£, d) is called the Carnot-Carathéodory metric space.
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2. PANSU DIFFERENTIABILITY

Let G = (R™,-,0y,d) and G = (R",~,6y,d) be two Carnot groups. A map ¢ : G — G is
a homogeneous homomorphism if ¢ is a group homomorphism and ¢(8x(z)) = dx(¢(x)) for

allz € Gand A > 0. A map f: G — G is Lipschitz if there exists a constant M > 0 such

that d(f(z), f(y)) < Md(z,y) for all z,y € G. In G = R™ we fix the Lebesgue measure

and denote by |E| the measure of a measurable set £ C G.

Definition 2.1. A map f : G — G is Pansu-differentiable (or differentiable) at x € G if
for all y € G there exists

Dfo(y) = lim o1e(f ()" f(20:(y))),

and the convergence is uniform with respect to y. The map Df, : G — G is the differential
of f at z.

The main theorem in this section is the Pansu differentiability of Lipschitz mappings
between Carnot groups. This theorem has interesting consequences which we will state

and prove after the proof of this theorem.

Theorem 2.2. Let f : G — G be a Lipschitz map. Then Df, exists for a.e. x € G and

18 a homogeneous homomorphism.

Proposition 2.3. If Df,(y) exists then there also exists D f.(5\(y)) for all A > 0 and
Df.(0x(y)) = D fu(y).

Proof. Indeed, for a fixed A > 0 and ¢t > 0,

O1e(f ()71 f(20:(0x()))) = arduyme(f ()7 f (20xe(y))),

by the dilation properties. Thus,

D0xy) = lmdi(f(2) " F(60:(9))
= Blimby (/@) F @8 () = DL ().

If f:G— G,z,y €G and t > 0 define

R(z,y;t) = 61(f ()" f (@b (y)))-
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Proposition 2.4. Let f : G — G be a Lipschitz map. If for some yy,ys € G the derivatives
Df.(y1) and Df,(ys) exist for a.e. x € G, then there also exists D f.(y1y2) for a.e. x € G

and

D fo(y1y2) = D fo(y1) D fo(y2)-

Proof. By Proposition 2.3, we can assume that d(y;,0) = d(y2,0) = 1. Let Q be an arbitrary
open subset of G with finite Lebesgue measure and fix n > 0. By our assumptions, the
mappings x — D f.(y1) and x — D f,(y2) are defined almost everywhere on G and therefore
they define two measurable functions from G to G. Also, R(z,ya;t) — Df.(y2) ast — 0
for a.e. x € G. By Lusin and Egorov Theorems, there exists a compact set K C €2 such
that

(i) [\ K[ <,
(ii) For any x € K, Df,(y1) and Df,(y2) exist and they are continuous at z,
(i) R(z,y9;t) — Dfi(y2) as t — 0 uniformly on K.

If we prove the claim for all x € K we are done. Fix z € K. We have to show that
lim;_o R(, y1y2;t) exists and D fo(y1y2) = D fo(y1)Df.(y2). Using the fact that &, and dy
are group automorphisms and by “adding and subtracting” the term f(zd;(y;)) we find
R(z,py2t) = o1(f(x) " (@6 (1192))) = d10(f ()7 F(20:(11)0:(12)))

= 01y (f(2) 7 (@0 (y)) (@0 (1)) 7 f (200 (y1)0(y2)))
(2.1) = Oue(f (@) F(@80(y1))) 010 (f (0, (1)) ™ f (260 (1) (2)))

= Rz, y1;t)R(x6:(y1), y2; 1)
We know that R(x,y1;t) — D f.(y1). So we have to show that R(zd;(y1),y2;t) = D ful(ya).

Let € > 0 be chosen arbitrarily. Then by (iii) there exists § > 0 such that

d(R(z,y2;1), Df2(y2)) < €
for all z € K as long as 0 <t < 0.

If 20,(y1) € K for all 0 <t < ¢’ and some 0 < §' < § then by (ii) there exists 0 < §"” < ¢’
such that d(D fus,,)(y2), D f:(y2)) < € when 0 < t < §” and

d(R(z0:(y1), Y23 1), Dfaly2)) < d(R(x6:(41), 523 ), D fus, () (y2))
(22) + J<Df505t(y1)(y2)7 Df$(y2)) < 2e.
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This shows that
Dfm(y1y2) = lg% R(l’, Y1Yy2; t) = Dfx(yl)wa(yZ)'

However, in general xd;(y;) ¢ K. Let B(x,r) a C-C ball centered at x with radius r. By
the Lebesgue differentiation theorem in doubling metric measure spaces, for a.e. v € K

we have
B\ K| _
=0 [B(z,7)|

Let A(t) = dist(z6,(11), K) = d(x6,(y1), Z(t)) for some Z(t) € K and define g3 = 8y (™' Z(t))

so that Z(t) = xd;(y1(t)). By Proposition (1.7.3)

0.

d(w0y(y1), x) = d(6:(y1),0) = td(y;,0) = ¢,

and consequently, B(zd;(y1), A(t)) € B(xz,t + A(t)) \ K. Let @ > n be the homogeneous
dimension of G. By Proposition (1.7.7)

|B(z6:(y1), A(t))] (A(®)°IB(0,1)] :( At) )Q
)] ’

Bz, t + M) t+ 0)R[BO,1)]  \t+D)

and consequently

( A \© _ [Bdiy) M) _ Bl t + A1) \ K|
t+ A1) |B(z,t + A1) — |B(x,t+ At))]
Notice that \(¢) = dist(zd;(y1), K) < d(x0;(y1), ) = t. Hence

0 < lim ( () )Q <l Bla.t+ NO\K|

m
t—0

0 |B(z,t+ At))]

which implies

(2.3) tim 20 .

t—0 ¢

We have

A(t) = d(di(y1), (1)) = d(@di(y1), 20, (02(2))) = d(0:(y1), 0e(51())) = td(y1, 1 (1)),
and from (2.3) it follows that
(2.4) lim d(y1, 1(t)) = 0.
We already showed in (2.1) that

R(x,y1y2;t) = R(x, y1;t) R(x6:(v1), Y23 ).
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Our goal is to show that R(zd;(y1),ye;t) converges to D f.(y). Notice that the point

xd;(y1) does not belong to K. So it has to be projected onto the set K in order to apply

the argument in (2.2). Write

R(x6: (1), y25t) = Oup(f (@6 (1)) " fae(1n(2))))

010 (f(20e(51(1))) ™" f (200 (2(£))e(y2)))
01/0(f (@0t (92(£))0e (y2)) " f (0 (y1)8e(y2))) = Ra(t)Ra(t) Rs(1).

We claim that lim; o Ry (t) = lim;_,o R3(t) = 0. Let M > 0 be the Lipschitz constant of f

and notice that

d(Rl (t)v 0)

and analogously

d(Rs(t),0)

O1/¢(f (@6 (y1)) " (@6 (2 (1)))), 0)
01 (f (20 (5(1)))): 01 e (f (20e(y1))))
(f(@oe(91 (1)), f(20e(y1)))

d(z6:(1(t)), 20¢(y1))

d(0¢(11(1)), 6:(y1)) = Md(z:(t), 1),

d(0r/e(f (260 (5 ()8 (y2)) ™" f(28e(y1)8(y2)))., 0)
d(01/¢(f (20:(y1)0(y2))), 017¢(f (200 (51(1)) e (y2))))
L7 (0,10 02)), £ (51 (1)61(2)))
%d(m (52)8: (), 26,51 (£)) 84 (1))
%d(x&g(ylyg), 28, (51(£)y2))

gd(@:(?ﬂ?ﬁ)y 0u(71(t)y2)) = Md(yrys, 41(1)y2)-

So, (2.4) implies that both R;(t) and Rs(t) converge to 0 in G. Consider now Ry(t) and

notice that

Ry(t) = R(z01(5(1)), y2; 1)

Since z0(y1(t)) € K for all ¢ and by (2.4), the argument in (2.2) does apply and hence

fim Ra(t) = Df(o0).
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Therefore,
lim R(x0: (1), Y25 t) = D fu(y2),
t—0
and finally
Dfx(ylyQ) = Df:c(yl)Dfx(y2)-

O

Let G = (R",-,0,,d) be a Carnot group and assume that X = (Xi,...,X,,) is a
system of generators for the Lie algebra of the group such that X,;(0) = e;. We denote by
A = col[ Xy, ..., X;,] the n x m matrix of the coefficients of the vector fields.

In the following lemma, we heavily use the fact that the underlying manifold of a Carnot
group can always be chosen to be R™ for some n € N and therefore take advantage the
exponential coordinates. In this situation, the Carnot group G restricted to the first
m-dimensional subspace acts like the regular R™. This is the case for example for the

Heisenberg group H' and the 2-dimensional zy-plane.

Lemma 2.5. Let v : [0,1] — G be a Lipschitz curve. Then v is X-admissible and if

h € L>(]0,1]) is its vector of canonical coordinates then

lim d10((s) "'y (s +1)) = (ha(s), . h(s), 0, 0)
for a.e. s €10,1].
Proof. By abuse of notation we identify h with (hq,...,hpy,0,...,0) whenever necessary.
By Proposition 1.3.3, v is X-admissible and #(s) = A(v(s))h(s) for a.e. s € [0,1]. Define
E={se€0,1] :4(s) = A(y(s))h(s) exists and s is a Lebesgue point of h}.

Clearly F is of full measure. Let s € E' and assume, without loss of generality, that s = 0.
Since the statement is translation invariant we may also assume that v(0) = 0. We have

to prove that
lim 61 /(7(t)) = (h1(0), ..., hn(0),0,...,0).
t—0

Recall that if the coordinate x; has degree d; then we can write

(o) = (20 ).
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and we write xy = P(z,y) = v + y + Q(z,y). By formula (1.7.83) for a.e. t € [0, 1]

25) 30 = D h(OX,0(0) = Zhj Zay]
= ZZ% ), 0)e

We begin with ¢ = 1,2, ..., m. Since the degree of the coordinate z; is equal to 1, we have
to show that

tim 20— 5,(0) = hu(0).

t—0 t

We know that @); = 0 by Lemma 1.7.2 (iv). Thus, for all 1 <i,j < m,

P,
y;

(v(t),0) = by,

and consequently,

for a.e. t € [0,1]. Since 0 € £, we have

N (B e
7:(0) = %l—% s hi(s) ds = h;(0),
foralli=1,2,...,m.
Now, fix i = m +1,...,n and assume that the i** coordinate has degree k > 2 and that

the claim has been proved for the degrees 1,2,..., k — 1. If we denote by Q;(z,y) the sum

of the monomials in @;(x,y) in which y appears linearly then by (2.5) we can write

It follows from Lemma 1.7.2 (v) that Q;(v(t), h(t)) depends only on the coordinates of ()
and h(t) with degrees strictly less than k. Moreover, since Q; is homogeneous of degree k
and it is the sum of the monomials in Q;(x,y) in which y appears linearly, each monomial
in Q;((t), h(t)) contains the components v, (), ..., ~v;,_1(t) homogeneously of degree k — 1.
(h(t) is the second component which plays the role of y.) Thus

Q010 (5)),h(s)) = @il (), h(s)).
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Since 7;(t) = Qih(t)a h(t)), we have
vigf) < tlk/o |Qi(~v(s), h(s))| ds
1 t

= /0

<! / t

= / |Qz d1s(7y ,h(s))| ds.

By the inductive hypothesis, the j** component of & (y(t)) converges to h;(0) for any

T Qu(5), h(9))

1@ (s), ()

ds

ds

coordinate j with degree less than or equal to k — 1. Therefore,

tim sup |2 \ 1Q:(1(0), h(0))].
-0
But Q;(h(0),h(0)) = 0 by Lemma 1.7.2 (iv) and the proof is complete. O

Remark 2.6. Let V = {)e; : A € Rand j =1,...,m}. Since the Lie algebra of the group
is nilpotent and stratified then it follows that there exists » € N such that for every y € G
there exists y1,...,y, € V such that y =y, ... y,.

Theorem 2.7 (Pansu-Rademacher Theorem). Let f : G — G be a Lipschitz map. Then

Df,:G — G exists for a.e. x € G and is a homogeneous homomorphism.

Proof. Fix 1 < j < m and write Z; = (z1,...,2j-1,0,Zj41,...,,). So, for any € G, the
curve vz, : R — G defined by

", (t) = flexp(tX;)(%;))

is Lipschitz. Indeed, if 7; : R — G is a solution of the equation 7;(s) = X;(v,(s)) with the
initial condition 7;(0) = 0, then we have exp(X;) = 7,(1) and

exp(tX;)(2;) = ; exp(tX;) = 2;7(t).
Thus, for any s,t € R

d(7z,(s), 7, (t))
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Here, M is the Lipschitz constant of f. Notice that the curve v is an L-Lipschitz mapping
because it is an integral curve.

So, by Lemma 2.5, the curve 7;, is Pansu differentiable at a.e. ¢ € R. Let E; = {xeG: Vs,
is differentiable at z;} and define £' = (;_, E;. By Fubini theorem, |G \ E| = 0. We will

show that f is differentiable at almost every point x in F.

Fix x € F and since the statement is translation invariant assume without loss of
generality that © = 0. Let K = 0B(0,1) = {v € G : d(v,0) = 1}. If v € K we have to

prove that there exists
D fow) = lim R(0, 05 1) = lim 51 (£(0) " £(5.(0)))

and that the convergence is uniform for v € K. Since G with its Carnot-Carathéodory
metric d is a complete metric space it is enough to show that for all € > 0 there exist § > 0
such that

supd(R(0,v;s), R(0,v;t)) < (1 +2M)e

veK

for all 0 < s,t < 6.

Since K is compact, we can find vq,...,v, € K such that K C Ule B(v;,€). Fix a v
and denote it by v. By Remark 2.6 we can write v = y1ys . . .y, where each y; is of the form

Ae; for some A € R and j = 1,2,...,m. Without loss of generality we can also assume
A = 1. Now, if y(t) = f(exp(tX;)(0)) then

D fo(y:) = PE% S16(f(0) 7 f(6e(wi))) = 11301 81¢(7(0) "y (1))

exists for all = 1,2,...,r because 0 € E. Hence, by Proposition 2.4, D fy(v) exists and

ng(U) = Dfo(y1> e Df()(yr)
Therefore, there exists o > 0 such that

sup d(R(0,v555), R(0,v33t)) < e

for all 0 < s,t < 6. If v € K then there exists v; such that d(v,v;) < € and

d(R(0,v;s), R(0,v;1)) d(R(0,v;s), R(0,v;;8)) + d(R(0,v;; 5), R(0, v;;t))

<
+ d(R(0,v;;t), R(0,v;1))
< (142M)e
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Indeed,

d(R(0,v;5), R(0,vi35)) = d(01/s(f(0) " f(0s(v))), 0/s(f(0) ™" f (8:(v:))))
d(f(0)7f(3s(v)), F(0) " £ (ds(v:)))

d(0s(v), 0(vi))
= Md(v,v;) < Me.

Similarly,

d(R(0,v;t), R(0, vi; 1)) < Me.

Therefore, we showed that for all € > 0 there exist 6 > 0 such that

sup d(R(0,v;s), R(0,v;t)) < (1 +2M)e

veK

for all 0 < s,t < 4.
Now we have to prove the homomorphism.
The proof is complete. O

Corollary 2.8. There is no biLipschitz embedding of any noncommutative Carnot group

G into any Euclidean space RF.

Proof. Assume, to the contrary that there exists a biLipschitz map f : G — R¥. Then by
the Pansu-Rademacher Theorem, f is differentiable at almost every x € G. Let x € G be
such that df, : G — R* exists. We claim that df, is also biLipschitz. Indeed, since f is
biLipschitz, there exist constants 0 < m < M < oo such that

md(z1, z2) < |f(21) — f(22)] < Md(21, 22),

for all 21, z5 € G. Here, d is the Carnot-Carathéodory metric on G.
Fix y1,y2 € G and t > 0. We have

md(z0y(yy '), x) < | f(x6(yy ")) — f(@)] < Md(zoi(y; '), ),

which implies
mtd(yy, y2) < |f(20:(y'y1)) — f(@)| < Mtd(y1, ).

Hence,

0z ) = SO _

md(y1,y2) < ; < Y1, Y2).
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Sending ¢ to 0 implies

md(y1,y2) < |dfe(ys 'yr)| < Md(yr,y2).

Notice that df, : G — R* is a homogeneous homomorphism. So, we have

md(y1,y2) < |dfe(y1) — dfe(y2)| < Md(y1,y2).

This means that df, is a biLipschitz map and therefore injective. Since G is a noncommu-

tative group, there exist w, z € G such that |[w, z] # 0. However,

dfx([w,z]) = dfx(wzw_lz_l) = dfx(w) + dfx(z) - dfx(w) - dfw(z> =0,

which is a contradiction with the injectivity of df,. Hence, there is no biLipschitz embedding

of any noncommutative Carnot group into any Euclidean space. 0

Remark 2.9. Notice that the Heisenberg group H" is a noncommutative Carnot group.
Therefore, the above corollary implies that there is no biLipschitz embedding of any Heisen-

berg group into any Euclidean space.



