UNIQUENESS OF RELAXATION OSCILLATIONS: A CLASSICAL
APPROACH

S. P. HASTINGS. AND J. B. MCLEOD

ABSTRACT. In a recent paper in this Journal, [2], the authors discuss a relax-
ation oscillator which apparently has not been put in standard Lienard form.
They use geometric perturbation theory to analyze this model. Their main
result is the existence and uniqueness of a periodic solution for small values
of two parameters,  and ¢, and the behavior of this solution as § and e tend
to zero. We show how standard ode methods can be used to give shorter and
more direct proofs of these results. Along the way we give a new proof of a
more general result.

1. INTRODUCTION

Nonlinear systems of two differential equations with unique periodic solutions
have been widely studied. One of the earliest and most important of these is van
der Pol’s equation, which may be written in system form as

(1.1) v'zZ—(”;—v).

It is well known that for any € > 0 there is a unique nontrivial periodic solution.
More generally, much work has been done on what are called Lienard equations,
which we may write as

u'=—f(v)

vV =u—g(v).

Starting with Lienard, various authors gave conditions on f and g which ensure
that this system also has a unique periodic solution. See [6] for a discussion and
references. All the proofs of uniqueness which we have seen for systems in this
generality have used “energy” functions of some kind, perhaps in complicated ways,
which means that considerable ingenuity may be necessary to use these methods
for more general systems.

In this paper we will consider the case of “relaxation oscillations”, which are seen
in (1.1) when ¢ is small. Such systems have a parameter, say e, such that if e =0
then one of the equations is degenerate in some way. We will not attempt to give a
general definition of relaxation oscillations. The motivation for this paper was the
work [2], where a system which to our knowledge has not been put in Lienard form
was studied using the methods of geometric perturbation theory. This system was
considered earlier, for example in [7], as a model of glycolytic oscillations.

The geometry of the phase plane for this model is similar to that of (1.1). This
means that it is easy to give a geometric argument to show the existence of a
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periodic solution, assuming only that the equilibrium point is unstable. However
proving uniqueness and stability of this solution is more challenging.

Our first result, Theorem 1, is for a class of relaxation oscillators which includes
the one studied in ([2]). The result is probably not new; see Remark 2 below
for some citations of related work. However our proof of uniqueness and stability
is simpler than others we have seen, because we don’t require either geometric
perturbation theory or asymptotic expansions around certain turning points in the
problem as described below.

In the case studied in [2] there is a second small parameter, “§”. Following the
proof of Theorem 1 we have a short section showing that it applies to the model
of [2] for 4 in the specific range (0, %) For each ¢ in this range there is a unique
periodic solution for sufficiently small . But more interestingly, in Theorem 3.1 the
authors of [2] have been able to show that the range of existence and uniqueness
in the (g,0) plane includes a region of the form 0 < & < &yd, for small §, thus
estimating € in terms of J.

The methods used in [2] require a detailed examination of the three dimensional
system obtained by adding § as a third dependent variable, with its own differential
equation, &' = 0. The result then depends on several rescaling regimes and “blow-
up” methods of some complexity. The principle goal of this paper is to give a shorter
and more direct proof of the main result in [2], Theorem 3.1, using standard ode
methods in the plane.! Theorem 2 below restates the result in slightly different
terminology, and its proof occupies the last half of this paper.

2. A GENERAL RESULT

The equations we consider are of the form

) VB

We make the following five assumptions on A and B.

C1: These functions are continuous with continuous second partial derivatives
in a rectangle R = {(a,b) | c1 <a<eq, di <b<ds}.

C2: The set I' = {(a,b) in R | B(a,b) =0} is an S-shaped curve with two
turning points. More precisely, this set is the graph of a continuous function
a = 7 (b) defined on [dy, d3] with v (d1) = ¢; and 7 (d2) = c2. The function
has exactly one local maximum, at a point (b1, as), and one local minimum,
at (bg,a1), where ¢1 < a1 < az < ¢z and dq < by < by < da. (See Figure
1.)

C3: % <0, % < 0, and %—5 > 0 in the interior of R.

C4: Let I'y, T'y, and '3 be the “branches” of T" in [dy, b1], [b1, b2], and [b, da],
respectively. Then:

(i) %—f < 0onTj and I's and %—f > 0 on I'y, except at the turning points

(ii){?;T? (ag,bl) > 0 and %27123 (al,bg) < 0.

1We thank a referee for calling our attention to an omission in what we originally proved, and
for some helpful citations and other comments.
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Conditions C1, C3 and C4 imply that the function v in C2 has continuous
first and second derivatives which satisfy
’Y/ > 0 in [dl,bl), ’y' < 0in (bl,bg),
' >0 in (bg,ds], v (b1) <0, and 4" (b3) > 0.
C5: The system (2.1) has a unique equilibrium point in R. This equilibrium
point, say (a*,b*), is on the interior of I's.

(2.2)

Conditions C2 and C3 imply that on a vertical line in R which crosses the interior
of all three branches, B is positive below I'y and changes sign at each crossing of I'.

Theorem 1. Under conditions C1-C5 there is an €9 > 0 such that if 0 < € < gy,
then the system (2.1) has a unique periodic solution in R. This solution is asymp-
totically orbitally stable. As e — 0 the orbit of the periodic solution approaches the
piecewise smooth curve, or “singular solution”, shown below in Figure 1.

The proof of this result will be given in the following sections.

Remark 1. These conditions are a generalization of the examples (1.1) and (3.1).
The latter, analyzed in section 3, was studied in [2], and in the proof that follows
the reader may find it helpful to consider this particular case.

Remark 2. A result of this type appears in [5]. The proof there is complicated be-
cause it requires use of matched asymptotic expansions. In [2] a result like Theorem
1 for the case of the system (3.1) is stated, and for proof an earlier paper, [3] is
cited. The proof in [3] is very short but relies heavily on Theorem 2.1 in [4]. The
proof of that result requires a substantial amount of geometric perturbation theory
and takes 12 pages. We are not aware of a proof of a result like Theorem 1 which
is as direct and short as ours.

We consider the initial value problem consisting of (2.1) with initial conditions
(2.3) a(0) =a",b(0) = f

where a* is introduced in condition C5, and from now on we will assume that (a*, 3)
is in R and below I'y. For such a 3, let

Ps (t) = ((l (t) b (t)) = (a (ta ﬁ) NG (tv ﬁ))
be the unique solution of (2.1) and (2.3). Standard geometric arguments (briefly
outlined in Section 2.1 below) ensure that for sufficiently small € > 0 there is at
least one (1 such that pg, is periodic.? Also, if (a*,3*) is on I'y, then 3; < %,
and if 3 is the smallest such 3; then ‘B — 0% — 0 as ¢ — 0. Our goal then is to
prove in Section 2.2 that for sufficiently small € there is a unique 3; such that pg,
is periodic.

2.1. Proof of existence of a periodic solution, and its limiting orbit as
¢ — 0. The proof that for a fixed sufficiently small ¢ there is at least one solution
is readily constructed by considering Figure 1, consulting standard references such
as [5] if necessary. To discuss the limiting behavior of all periodic solutions, an
argument is needed to exclude the existence of a small periodic orbit around (a*, b*) .
This is provided by the following lemma, the proof of which will also be useful when
we consider the system in [2].

2For van der Pol’s equation, R can be as large as desired, which implies that existence of a
periodic solution can be proved for any £ € (0,e1), where 1 is given in C5. But this, and
uniqueness, are well known in this case.
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Lemma 1. For sufficiently small e, (a*,b*) is an unstable node. The matriz

M = ( séla Eélbb ) |(a*’b*)
has eigenvalues Ag > Ay > 0 where Ay = O (¢) and Ay = By (a*,0%)4+0 (¢) ase — 0.
An eigenvector v = (v1,v2) corresponding to Aa has slope ma < —< for some ¢ >0
independent of €. Assume that vo < 0 and let A denote the unique trajectory of
(2.1) which is tangent to v at (a*,b*). Then for sufficiently small e, solutions (a,b)
on A have @’ > 0, b < 0 as long as b > by and continue with a’ > 0, b’ < 0 until
they cross the branch I'y of T'.

The trajectory A, is pictured for two values of ¢ in Figure 1. The main content
of this lemma is that for small ¢ this trajectory continues downward to cross I'y,
(the red trajectory in Figure 1), instead of bending right to cross I's (the green
trajectory).

Proof. The claims in the first three sentences result from routine calculations using
the properties C3 and C4 (i). To verify the last sentence we first choose an &;
small enough that (a*,b*) is an unstable node. The eigenvectors necessarily have
negative slope, and the one corresponding to Ay has the steepest slope. However if
€1 is not sufficiently small, the trajectory A., will first cross I'; rather than I'y.

Note that 5 (a.5)
B (a,
9= <€A(a,b)> >0

whenever B < 0 and A > 0. Further, £my > 0. It follows that for 0 < & < ey,
the trajectory A, lies below A, as long as b is decreasing and « is increasing on
Ag, . Suppose that a* < a < az and the line a = a is to the left of where A, first
intersects I'g, if this intersection occurs while a’ > 0.

In the set where a* < a < @, b > by, and (a,b) is below A, 5 — —00 as
¢ — 0T, uniformly. Hence for sufficiently small ¢ the trajectory A, descends to
below b = b before a = a. The rest of the lemma follows from the phase plane. [

For sufficiently small € the trajectory A, just described blocks any possible pe-
riodic solution from crossing I's to the right of b*, and so a phase plane argument
shows that there are no small periodic solutions. The statement about limiting
behavior in the theorem follows because for small € either p (¢) is close to I' or else
p’ (t) is nearly vertical. On or near I'y, A > 0, while on or near I's, A < 0.

For use below suppose that for each small n > 0,

An={<a,b>eR| min ||<a,b>—<x,y>||<n},

(z,y)er

where we use the euclidean norm on R?. We require that

1
(2.4) n < min{a; — ¢1,c2 — az, —},
K

where £ is the maximum curvature of I'.? This ensures that if the boundary of A, is
OA,, then OA,, consists of two smooth curves, one on either side of I'. (See Figure 2.)
The limiting argument above implies that for small e (depending on 7), a periodic
trajectory can be considered to start in A, with a (0) = a* and b(0) < 8*.

30ur hypotheses imply that « is finite.
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—

FIGURE 1. blackcurves:nullclines; red: v.; green: 7¢,. The singular
solution consists of the two vertical blue lines and the upper and
lower curves which connect them. The red and green trajectories
are described in the text.

2.2. Proof of uniqueness of the periodic solution. Using the same notation
as that introduced just after (2.3), the spiralling behavior seen from phase plane
analysis shows that for each («*,3) below I'y there is a unique first 7 = 7 (5) > 0
such that

(2.5) a(r,B)=a" and b (7, 8) < B*.

A solution is periodic only if

(2.6) b(r(B),B) =p

For small ¢, any ( for which (2.6) holds must be close to 5*. Let
(2.7) ¢(B)=b(r(8),B) —B.

Uniqueness and asymptotic orbital stability follow by showing that there is an gg
such that if 0 < ¢ < g9 and pg, is periodic, then ¢' (31) < 0.

The criterion for this is well-known. The periodic solution (a (¢, 51),b(t,51)) is
asymptotically orbitally stable if

7(B1)
(2.8) I(p):= /0 By (a(s,(1),b(s,31))ds < 0.

(See for example [1].) If every periodic solution is asymptotically orbitally stable,
then there is only one periodic solution.
We have the following key lemma:

Lemma 2. Suppose that conditions C1-C5 are satisfied. Then there are positive
numbers ki, ks, v, and €2 such that for any € with 0 < € < &9, and any [1 in
(0, 8*) such that pg, is periodic,

k k
=< 7(61) < =2
€ €

I1(B) < fg.

Proof. The delicate part of the analysis is to consider the parts of the periodic
trajectory which are close to the turning points (a1, b2) and (a2, b1). Indeed, these
play an important role in all detailed studies of relaxation oscillations, such as [2]
and [5]. In those papers, as in others, the equations are rescaled in these regions
and either geometric perturbation theory or matched asymptotic analysis is used.
In proving Theorem 1 we use no rescaling.
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We will carry out this part of our analysis around the turning point (ag, b1), the
other turning point being similar.

SN

o

FIGURE 2. The region A, between the two thin curves cuts
through the disk D with By < 0 below the graph of f. S, is
the compact region between the vertical line and the right-most
section of JA,. A(a,b) > 0 in this region.

Recall the definitions of I' and A, in Section 2.1. Conditions C1-C5 imply that
By (a2,b1) = 0, and that in some disk D centered at (ag,b;) the set of all points
where B, = 0 is a smooth curve b = f (a) which intersects the boundary of D at
exactly two points. (See Figure 2.)

The graph of f divides D into upper and lower parts. Because the tangent to
[ is vertical at (ag,b1) and By, (ag,b1) > 0, the subset of D where By < 0 is the
lower part of D, and also we can choose the diameter of D small enough to ensure
that B, < 0 on DNTN{b<b}. (See Figure 2.) In addition we require that
diam(D) < as — a.. Note that D and the function f do not depend on 7 or e.
For small 7, any trajectory in A, below I'y passes through D, and along such a
trajectory By < 0 until after a = as.

For each small 7, let S, be the closure of the part of A, to the right of a = as.
There is an n; such that if 0 < < 9y then S, lies completely below the curve
A(a,b) =0, and so A (a,b) > 0 in the compact set S,,. We also require that 7,
satisfy (2.4). Let

A = (a,g)lgé'm Ala,b).

The result about limiting behavior implies that for each n € (0,7;) we can choose
an €z (n) such that if 0 < € < €2 (1) then any periodic solution with a (0) = a*,
b(0) = 81 < B* remains in A,, until after the point where it crosses b = b;. Let the
entire orbit of the solution be @, and let ()1 be the part of the orbit before it enters
D. Let @2 be the part of the orbit between the boundary of D and a = as. Note

that By < 0 on 2, so that
/ Byds < 0.
2

As long after leaving Q2 as (a (t),b(¢)) is in S,, a’ (t) > €A1. As a result, the
solution pg,spends a time of at most & in \S,), and when it exits .S, to the right
of a = a and above b = by, it also exits A,. For small ¢ the slope of p’ﬁ1 is then
large and positive until pg, crosses A = 0, and then it is large and negative until
pg, is close to I's and the solution re-enters A,,.
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Let @3 be the part of the orbit of pg, which is in S,,. If
M = max By (a,b),

(a,b)ER
then

n
Bpds < M ——.
/Qs = eA

Recall that By is negative on the relative interior of I';. Hence, By is bounded
above by a negative number on that part of I'y outside of D. It follows that there
is an 72 € (0,71) such that B, < 0 on

Ay, =N, ND'N{b<bi}
where D’ is the closure of the complement of the disk D. Recalling that D does not
depend on n and By, < 0 on I'1\ D, we see that

— lim sup By
n—0 A,

is positive. Hence we can find an 13 € (0,72) and a v > 0 such that if 0 < n < 73,
(a,b) € A,, and Ay = maxp A, then
as — a* — diam (D) 7
> M— }
A, A
Suppose that 0 < n < n3. Then for sufficiently small ¢ any periodic solution

—Bb ((J,7 b)

. % —diam(D) -
spends a time of at least %&am() in Q1, and

14
/ Bbds S —_—.
Q1+Q2+Qs3 €

A similar argument is applied along the entire top branch I's, where also % <0,
and A < 0. Along the part of the solution in A, near I'; and to the left of a* another
large negative contribution is made to I () = fQ Byds. We may have to choose
smaller v, 13, and &5 (1) . Having fixed 7), we saw earlier that within one period the
solution spends a bounded time (independent of €) outside of A,, which implies
that

75

1(8) < —2% +H

for some constant H which is independent of € and [3;.

The lower bound on 7 (1) in the statement of the lemma has also been estab-
lished. An upper bound follows easily since |A| is bounded below by a positive
number on A,, N (I'y UT'3). This completes the proofs of Lemma 2 and Theorem
1. O

3. THE MODEL OF KOSIUK AND SZMOLYAN

3.1. Application of Theorem 1. In [2] the functions ¢ A and B contain additional
parameters p and d, and are given by

eA(a,b) =€ (u6* — (1 — p) a®b?)
B (a,b) = a?b® (1 + 6% — b) + 62 (62 — b)
The parameter p lies in (0,1). We will show that properties C1-C5 can then be

verified for the A and B given above provided that 0 < ¢ < % and

(3.1)

(3.2) p—2pu? — 6% > 0.
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In particular, this can only be true if u < %
For § € (o, %) let ¢1 = 0, ¢y = V1 =02, d; = 62 and dy = 1. Tt follows that C1
is satisfied and that if

2 2 02 (b=9%)
(3:3) =10 = mare oy
then I' C R, v(d1) = ¢1 and 7 (d2) = c2, as in C2. We will check the rest of
C2 below. The inequalities in C3 and C4 are either immediately obvious or follow
because in this model %—lg is quadratic in b and negative when b < 0. We need no
further condition on § to obtain a unique periodic solution for small e.

In [2] there are results about the behavior of the solution as € and § — 0. In order
to prove their entire main theorem, we must discuss this aspect of the problem, but
first we complete our discussion of C1-C5. To check the remainder of C2 it must be
shown that for 0 < § < % the set of solutions to B = 0 is an S - shaped curve. We
look for turning points by differentiating B (a,b) = 0 with respect to b implicitly
and setting % = 0. This gives

(3.4) a® (2b (1 + 6%) — 3b%) = 6°.
Combining (3.3) and (3.4) gives
(3.5) 2b% — (1 +46°) b+ 20" + 26 = 0.

There will be two turning points if
(1+482)% = 16 (5* + 6%) > 0,

which is true if 6% < %, as mentioned before.

To check C5 it must be shown that there is a unique equilibrium point and it lies
on the middle branch I'y of T', where v/ < 0. (This will ensure that for small e the
equilibrium point is an unstable node or spiral.) The equilibrium point is found to
be

sy = (99 2
(3.6) (a,b>—(u+52,u+6),

where

(3.7) 0—1/ﬁ<1.

The middle branch is characterized by having By, > 0, and requiring that By, (a*,b*) >
0 results in the inequality (3.2).

Finally we consider the case of small ¢, and we find that the solutions of (3.5)
are

(3.8) by =26% + O (6*)
and

(3.9) by = % + 0 (8°)
as § — 0. From this and (3.3) it follows that
(3.10) a1 =26+ 0 (6%)

1

(3.11) a2 = 5

12 4
+10 + 0 (6%)
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as 6 — 0. In fact, from (3.3) we see that lims_g~y (b) = O uniformly for b in
any closed subinterval of (0,1). Also, (3.3) implies that b(1 —b) — 0 as d — 0
uniformly for a in any compact subinterval of (0, %), and this, coupled with (3.8)-
(3.11), implies that the singular solution of (3.1) tends as § — 0 to the boundary
Cy of the rectangle 0 < a < %, 0<b<1.

3.2. A more precise estimate. The goal here is to complete the proof of Theorem
3.1 of [2] by showing that for the system (3.1), the g9 found in Theorem 1 can be
chosen to depend linearly on ¢, for small 6. For this it is convenient to follow [2]
and set

(3.12) e=¢80
n (3.1). We therefore consider the system
o = &0 (pu6? — (1 — p) a®b?)

(313) b = a2b? (1 + 82— b) 452 (52 _ b) .

Theorem 2. For each p with 0 < p < % there are positive numbers €y and dg
such that if 0 < € < &y and 0 < § < dg, then the system (3.13) has a unique
periodic solution and this solution is asymptotically orbitally stable. Further, &g
can be chosen so that for each n > 0 there is a §g such that if 0 < 6 < dg then the
orbit P of the periodic solution satisfies

(3.14) dist(P,Cp) < 1,

where

dist(P,Cy) = in max {|p1 — c1], [p2 — 2]} -

m
(p1,p2)€P,(c1,c2)€Cy

Proof. (Figure 3 may be helpful in following the argument.) A straightforward
computation shows that for any £, there is a §p such that if 0 < € < &y and
0 < § < do, then the equilibrium point of (3.13) is an unstable node. The existence
of a periodic solution then follows from the standard phase plane argument, using
the Poincaré-Bendixson theorem.

11

0.6
-0.14 a

F1GURE 3. The red and blue curves are nullclines. Pieces Py, .., Ps
from the lower right are green, purple, green, purple, yellow. The
black curve on the left is described in the text.
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Next we must modify Lemma 1. We do this in two parts.

Lemma 3. There are £y and 6y such that if Rs, s, is the rectangle defined by
0<é&<éand 0 < § < by, and (£,9) € Rz, s, then (a*,b*) is an unstable node,

and the matrizc
£0A, E6A,
M = < Ba Bb ) |(a*,b*)

has eigenvalues g > Ay > 0. Also, Ay = O (&0) and Ao = By (a*,b*) + O (£0) as
€6 — 0 within Rg,s,. An eigenvector v = (v1,v2) corresponding to A has slope
mg < — 25 for some ¢ > 0 independent of 6 and & in Rz, s,

Lemma 4. Also, (£9,00) can be chosen so that solutions (a,b) on the unique tra-
jectory Az 5 tangent to v at (a*,b*) have a’ > 0,V < 0 as long as b > 362, Further,
b= %52 before a = —dlogd. From b = %62, b continues to decrease, and a increase,
until the trajectory crosses I'1. In particular, the orbit does not cross I's.

Remark 3. Any number strictly between 5% and 262 can replace %52.

From the phase plane and (3.8) it is clear that the trajectory considered in
Lemma 4 crosses I'1 and then continues to the right and upward at least until
a = as, at which point b < b;. We prove these lemmas at the end of this section.

3.3. Proof of limiting behavior assuming lemmas 3 and 4. Henceforth in
this paper it will always be assumed that (£,9) € Re,s,- Thus, a restriction on &g
or &g is automatically a restriction on € or 6.

Since the orbit of a periodic solution must contain the equilibrium point (in its
inside as a Jordan curve), Lemmas 3 and 4 imply that for sufficiently small &, and
do a closed orbit must also surround the turning point (ag,b;), because the orbit
described in Lemma 4 blocks any possible smaller periodic solution. We can now
assume that a periodic solution p = (a, b) starts with a (0) = a2 and 0 < b(0) < b;.
From (3.11) as > 1 if &y is sufficiently small, and from (3.8) by = 262 + O (6*), as
0 — 0. Recall that we denoted the orbit of p by P. We will divide this orbit into
five pieces, which we denote by P;, i = 1..5.

From the phase plane we see that starting at (a (0),5(0)), both a and b increase
until the maximum of a, where a’ = 0. Our first piece, Py, is this segment of the
orbit. We have the following bound as a start towards the limiting behavior result.
Note that in this lemma Jy depends on £&j.

Lemma 5. For each n > 0, and any £y, dp can be chosen so that if (a,b) is a
periodic solution, then a(t) < & +n for all t.
Proof. Let A = {(a,b) |az <a, 0<b< %} . Then for small §, B > 0 in A, by the
definition of as. Also note that %—f = 2ab? (1 +6%— b) > %bQ in A, since ay > %
Hence B > %bQ (a —az) in A. Also @’ < £63u, and so while @’ > 0 and b < %,

db S b% (a — az)

da = 28udd

Separating variables and integrating gives

bO)(a-a)’) o, Fla-a)?)
(3.15) b>b(0) <1_45u532> = (1_45()@32)
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as long as @’ >0 and b < 3. Buta’ =0 at b = %‘S. Hence (3.8) and (3.15) imply
that for any n we can choose dg small, while keeping &, fixed, to insure that '’ =0
before a = % + 7. This proves Lemma 5. (]

Thus for sufficiently small £y and &g, the first piece of the orbit, P;, ends at the
unique point where o’ = 0 and az < a < § + 7. From (3.13) it is seen that at this
point, where P> begins, b = a~'o4d.

From there b continues to increase, while a decreases. First consider (a,b) in the
range a > 1, say, and a 10§ < b < 3. From (3.13) we find that in this region

2 2 4
db < (a?b—62) b+ O (6*) <

da — (1—p)éoda2b> — &

for some ¢ independent of £ or 4. We conclude that for small gy, b = % before

a=3—/d.
Intheregion%ﬁbgl—\/&,

0>a >—E00 (1 —p)a?
1
v > ECLQ\/(SO + 0 (63)
as 0y — 0. It follows that as long as a > I,

db _ —a*V5+0 (5?) 1

< _ < _

da = 4&06(1—p)a?2 — 485/
as 0g — 0, uniformly for € < €y. Hence, for £y < % and small &, b = 1 — /&y before
a= % — 24/8y. This is where P, ends. For small 6y, P; U P, lies in

+0 (%)

1 1
(3.16) {(a,b)|2—2\/%gag2+nand52gbg1—ﬁ}.

From the end of Ps, a decreases at least until a = ay. (See (3.10).) Meanwhile,
b increases until P crosses I's above b = 1 — /0y, and then ¥ < 0 at least until
b =b1. (See (3.9). Let P3 denote the section of P from the end of P, until b = 2
The relevance of b = % will be seen later.

That the orbit has the behavior just described is seen from the phase plane
(Figure 3). Since the solution is squeezed above I's, it follows by the algebra of
the previous section that as (£, ) tends to (0,0), Ps approaches the union of the
section of line b =1 from a =0 to a = % and the section of the b - axis from b = %
tob=1.

Piece Py of the orbit continues from b = % down until b = 3(52, which occurs by
Lemma 4 if £y and dy are sufficiently small. From there, where b’ < 0, the trajectory
P first crosses @’ = 0 and then T'y, after which a and b increase and (a,b) returns
to the starting point, where a = as. The final piece P5 of P is that section from
b:%52 to a = as.

Since Py U Ps lies left of and below I's, the algebraic argument of the previous
section also shows that this union approaches the L - shaped path comprising the
b axis from b = % to b = 0 and the a - axis from ¢ = 0 to a = % This completes
the proof of the limiting behavior of the solution as § — 0, subject to the proofs of

Lemmas 3 and 4.
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3.4. Proofs of Lemmas 3 and 4.

Proof of Lemma 3. We use (3.6) and (3.13) to conclude that the linearized matrix
at (a*,b*) is

M- < —266% /(1 — p) (n +0%) - )

2/l —p) (n+6%) 6 F286%+0 (5%

as 0 — 0, uniformly for £ < £y. Hence, as (&,d) — (0,0), and recalling (3.7),

M+ A= (11__2: +0 (5)) 62+ 0 (6*) = By (a*,b*) + O (86%) + O (6)

Aide = & (=20 (1= 20) + 4/ (T — ) 0* 4+ O (5°) ,

again uniformly in Rg,s,. Since 0 < p < % in our theorem, £y and &y can be
chosen so that the conclusions of the first two sentences of the lemma hold. Also,

an eigenvector v corresponding to Ao satisfies
B, (a*,b*)
= —— 1.
Ao — By (a*,b*)
Because A, (a*,b*) < 0, By (a*,b*) > 0, and €64, + By, = A1 + \g, it follows that

A2 < By and so the slope of v is negative and satisfies the final conclusion of the
lemma. ([l

V2

Proof of Lemma 4.

Lemma 6. Suppose that 0 < b < u. Let r = 1 (14 0). Then (£9,00) can be chosen
so that the trajectory Az s stays to the left of a = y=a* as long as b > b.

Proof. For this proof it is convenient to use a scaling similar to ones used in [7] and
2], letting T = 4%t and

a(t)y=0P (1)
(347 b(t) = Q)
Then

Q =PQ*(1+5-Q)+6*-Q.

From (3.6) it is seen that the equilibrium point for this system is

o
*, *®) L 52 .
(r*,q") <u+52”+ )
Note that ¢* = b*. We consider (3.18) in the compact region 1 < P < q%p*,
b<Q< % In that region, this system is a regular perturbation from the case
6 =0. For 6 =0, ¢* = p, and the argument used in the proof of Lemma 1 shows
that on the orbit A, as defined in Lemma 1, for sufficiently small £y, ) decreases
to @ = b before P = q’—;p*. The same is then true for sufficiently small §y (with
possibly a smaller &j), and changing back to the (a,b) coordinates completes the
proof of Lemma 6. (]
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Note that in contrast to the proof of Lemma 1, this argument is not valid down
to b1, because when § = 0 in (3.18) there is no second turning point. Hence, to
complete the proof of Lemma 4 we must continue the solution from b = b (to be
chosen later) to b = %(52 (where obviously we must assume that 352 < f))

We will show that for sufficiently small &y and dg, b = %52 before a = —4§log.
Since by = 2624+ O (54) as § — 0, a simple phase plane analysis then shows that
the solution must cross the lower branch I'; of the b - nullcline.

As long as o’ > 0 we can write

db (a®b (1 + &%) — a®b* — 6%) b+ &*
da €0 (% — (1 — p) a?b?).

(3.19)

If @’ > 0 then the denominator of (3.19) is less than ud®. For the numerator we
need to estimate a?b from the point where b = b. Using (3.13) we find that

(3.20) % (a®b) < 286%pab + a®6* + (=6 + a®b (1 + 6%)) a®b.

By Lemma 6 and (3.6), if @ = @ when b = b then a* < & < k6, where k = ﬁa.

Let b= gLy. Then a2b (1 + %) < 162 (for § < 1). If 342 < b < b, then
(3.21) a?6* < gé%ﬂb.
Also it is easily seen that for small dg, a* > 26. If a > 2§ then
2663 pab < éud?a®b.
Hence, as b decreases from b, if a2b (14 62) < 462 then
(a*h)" < <1 + é + % + éu) 52 (a®b) < 0.

Thus, a®b (1 + 52) < %52 as long as b > %52 and Epu < %5
To complete the proof of Lemma 4 we will show that b reaches %52 before a =
—dlog 0. We now see that

V < (a®b(1+6%) —6%)b+6*
ey (2243
< 36b+5 S( 3+5>5b

as long as b > 262
As we saw earlier, if ' > 0 then o’ < £ud®, and so
P Y
da = 15&uo

Integrating this inequality from a to —dlogd and using the choice of b given above

shows that we need
1

(6%5) i6ep S

52

w| ot

6r2

This will be true for small dq if 15&qu < %, completing the proof of Lemma 4. [
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3.5. Uniqueness and stability. As discussed in Section 2.2, to complete the proof
of Theorem 2 we must show that £y and dy can also be chosen so that if (a,b) is a
periodic solution, say with period T, then

T
/1Bwﬂﬂﬁuﬂﬁ<0
0

Here
(3.22) By (a,b) = 2a°b (14 6%) — 3a°b* — §°

As before, it is always assumed that (£,0) € Rg,.s,- We begin now with piece
Py, starting at b =1 — /8y, a > % — 24/85. The situation is in some ways easier
than that considered in Section 2.2. Observe that By (a,b) < 0if b > 2. Also, (3.3)

implies that if @ > 2/§ and b > 1 then b > 1 — \/§, for all sufficiently small 5.
It further is seen from (3.22) that if b > 1 — /5y then

(3.23) By (a,b) = —a®+ O (\/%)

as 6 — 0, uniformly in any compact subinterval of 0 < a < % Also, our bounds on
1, a, and b show that on P3N {b>1—/5y},

(324) 0>d > —£&00g.

Further, Bb is negative on all of Ps.
Since a’ < 0 on Ps, and so the inverse ¢ (a) of a exists,

/P3 Bydt := /: By (a( ) dt — /P3 /at(:)l) Wda

where a (tp) and a (t1) are the values of a at the right and left endpoints of Ps. It
follows from (3.23) that

0 1

(3.25) lim &5 [ Bydt < / a*da = ——

(€0,60)—(0,0) Py 1 24

2

The piece P, descends from b = % tob = 362. We wish to show that it does
not come too close to the equilibrium point (a*, b*) . For this purpose we again use
(3.17). We consider the solution with (P (0),Q (0)) = (%,b2), which is the left
upper turning point of the nullcline @’ = 0. At this point, Q' = 0, P’ < 0, but
writing

dQ P’Q*(1+46°—-Q)+0*-Q

P~ E(u—(1—p) P2Q?)
except at P’ = 0, it is easily shown that for small §y and &y the solution turns
down and rapidly descends, say to @ = 13, the number chosen during the proof of
Lemma 4. For sufficiently small &, we can conclude that a = 0P < i (a1 + a*) as

long as b > b. This solution, which is shown in black on Figure 3 starting at about
(a,b) = (.1,.5), blocks the periodic orbit from coming too close to (a*,b*). To say
this carefully, there is a ¢ > 0 (perhaps different from previous ¢’s we have used)
such that on the piece Py, for sufficiently small §

(5 o
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as long as (a,b) € P; and b > b. This follows because for Q > b the system for
(P,Q) is a regular perturbation from the case § = 0, and P = §, Q =b.
We then conclude, for some further positive ¢’s independent of § and €, that with

2
T = §%t, (%)2 + (%) > c¢. Hence (P,Q) is in Py for a 7 - interval of length
Atp, < c. In the original variable, Atp, < 5. On Py, a < 6 |logd| and b < %, SO
from (3.22), By (a.b) = O (6 log®J) and

(3.26) / Bydt = O (log?d)
Py

as 0 — 0, uniformly for 0 < € < £3. While this is not small, it is dominated by the
negative estimate obtained from (3.25).

On Ps, By < 0. One way to see this is to show that Bpy(az,b) > 0 for b < by
(using (3.8) ), and so By (az,b) < 0 for 0 < b < by. Then show that By, > 0 for
b < b1, implying that B, < 0 to the left of the segment a = as, 0 < b < b;. Hence,

(3.27) Bydt < 0.
Ps
Finally, consider P =P UP, We only have to look at the region where pos-
sibly By > 0, which is to say b < %, and we write this as (pﬂ {b < 2552}) U
(P {250° <b<2}) .10 < 2562 then By < 500 (1+62) 8%, Also, ' > &5 (ud? — 25%3*)
since a® < 1. We can then chose &y so small that o’ > %éu&)’ in the interval under
discussion. In fact, we can take a2 (1 + 52) < 1, and so by the bounds just above,

3198, (a,b 1
/ Bydt < / 2B (@:b) ), 1000
P{b<2552} a Epo End

1

We choose 7 so that 100n < 4z, and obtain that

1
Bbdt S A~
/15ﬂ{b§2552} 26€0

Recall from (3.16) that a > 1 —21/5; on P, and so if b > 2502 then for sufficiently
small &g, 62b < %aQb2 on P. If in addition b < % then
2 1
B>a’ (1+6— =) — =a’h?
>a ( + 3) 6a s

and so for sufficiently small &3 and &,
B, _12a%b(1+6%) 13
I G S g
B — a?b? -
on PN {256% < b < 2} . Hence

|
/ Bbdt§/3 Bib = 0(~10g0)
Pn{b>2562} 2562 0

as 0 — 0. The constant in this bound is independent of &y, which implies that for
sufficiently small d,

1
3.28 Bydt < .
(3.28) /pp "= 258
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Combining (3.25), (3.26), (3.27), and (3.28) completes the proof of Theorem 2.
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