A CONVERGENCE ANALYSIS OF STOCHASTIC COLLOCATION
METHOD FOR NAVIER-STOKES EQUATIONS WITH RANDOM
INPUT DATA
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Abstract. Stochastic collocation method has proved to be an efficient method and been widely
applied to solve various partial differential equations with random input data, including Navier-
Stokes equations. However, up to now, rigorous convergence analyses are limited to linear elliptic
and parabolic equations; its performance for Navier-Stokes equations was demonstrated mostly by
numerical experiments. In this paper, we provide an error analysis of stochastic collocation method
for a semi-implicit Backward Euler discretization for NSE and prove the exponential decay of the in-
terpolation error in the probability space. Our analysis indicates that due to the nonlinearity, as final
time T increases and NSE solvers pile up, the accuracy may be reduced significantly. Subsequently,
the theoretical results are illustrated by the numerical test of time dependent fluid flow around a
bluff body.

1. Introduction. Flow of liquids and gases is ubiquitous in nature and obtaining
an accurate prediction of these flows is a central difficulty in diverse problems such
as global change estimation, improving the energy effciency of engines, controlling
dispersal of contaminants, designing biomedical devices and many other venues. Most
applications of fluid flows in engineering and science are affected by uncertainty in
the input data and mathematical models, e.g., forcing terms, wall roughness, material
properties, source and interaction terms, geometry, model coefficients, etc. In this
case, it is necessary to introduce uncertainty in mathematical models to assess the
reliability of predictions based on numerical simulations.

The literature on numerical methods for stochastic differential equations has
grown extensively in the last decade. The Monte Carlo sampling method is the
classical and most popular approach for approximating expected values and other
statistical moments of quantities of interest (Qol) based on the solution of PDEs
with random inputs. While being very flexible and easy to implement, Monte Carlo
method requires a very large number of samples to achieve small errors. Recently,
other approaches have been proposed that often feature fast convergence. These in-
clude stochastic Galerkin methods, stochastic collocation methods, and perturbation,
Neumann and Taylor expansion methods.

Stochastic collocation methods (SCM) have emerged to be a modern, efficient
technique for quantifying uncertainty in physical applications [MHZ05, NT09, XHO05].
One advantage of SCMs concerns the much faster convergence rates, which can yield
accurate predictions of the uncertainty at a small fraction of the cost of a Monte-
Carlo simulation, while maintaining an ensemble-based, non-intrusive approach. The
better convergence behavior of SCMs, however, requires analyticity of the solutions
with respect to the random variables. In [BNTO07], such property was established and
the error estimates of SCMs were given for elliptic PDEs. These results have been
extended to linear parabolic equations in [ZG12]. Often in nonlinear scientific and
engineering problems, particularly in Navier-Stokes equations, complex solutions arise
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and their dependence on the random input data varies rapidly. For these cases, the
smoothness of solutions in probability space has been less known. Consequently, the
accuracy of SCMs (and their variants) has been demonstrated mostly by numerical
experiments rather than by rigorous error analysis.

In this article, based on the procedure in [BNT07], we establish, for the first time,
some analyticity results of solutions of a fully discrete approximation for stochastic
Navier-Stokes equations. The scheme we analyze is backward Euler with constant
extrapolation (BECE), space-time error estimates of which were obtained in [TT00]:
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We show that at a fixed time T, the exponential decay of interpolation errors of SCMs
does occur, just like the case of linear PDEs. However, the errors of numerical methods
for NSE frequently exhibit sharp growths in T, e.g., exponential growth in time of the
space-time error in deterministic NSE approximations [HR90, Lay08], and SCMs seem
not to be an exception. We verify herein that type of growth for the interpolation
errors of SCMs. Particularly, our analysis indicates that as T increases, the radius of
analyticity may shrink exponentially, resulting in a reduction in accuracy.

The outline of the paper is as follows. In Section 2, we introduce the mathemati-
cal problem and the notation used throughout the paper, as well as a brief description
of the stochastic collocation methods. In Section 3, we derive the analyticity of the
fully discrete solution of (BECE) and the converenge rates of SCMs for this scheme.
A computational experiment of time dependent flow around a circular cylinder illus-
trating our numerical analysis is given in Section 4. Finally, concluding remarks are
followed in Section 5.

1.1. Related works. Many variations have been introduced to improve the ef-
ficiency of stochastic numerical methods including sparse grid collocation [NTWO08],
anisotropic sparse grid collocation [NTWO08b], and sparse polynomial bases [TS07].
The exponential decay of interpolation errors and the deterioration of accuracy in
long time, which we analyze herein, have been indicated in the literature, e.g., [Luc04,
WKO06, WLSB08]. Not surprisingly, there have been many techniques developed to
deal with stochastic nonlinear problems, whose solutions exhibit sharp variation and
even discontinuity with respect to random data. These include domain decomposi-
tion of parametric spaces (multi-element polynomial chaos [WKO06b], multi-element
probabilistic collocation [FWKO08]), wavelet expansions [MKNGO04], [MNGKO04], re-
finement strategies that focus on regions of irregular behavior (adaptively sparse-grid
SCM [GWZ13], adaptive polynomial chaos [WKO05]) and parameterization strategies
for Qols whose patterns are known [WLBO07]. While these approaches clearly show
significant improvements in efficiency and accuracy in various linear and nonlinear ap-
plications, their error estimates for nonlinear problems have not been provided. The
discrete scheme (BECE) we study here is just one method in the class of multi-step
backward differentiation methods coupled with semi-implicit or explicit scheme for
the nonlinear terms, see [DFJ74, BDK82] among others. These schemes are attractive
that each time step requires only one discrete Stokes system and linear solve. In ad-
dition, in many cases, no time step restriction is needed for stability and convergence.
Space-time convergence estimates for (BECE) is derived in [TT00]. For numerical
analysis for higher order methods, we refer to [GR79, HS07, Ing13]. The application
of non-iterative extrapolating schemes in modeling engineering flows can be found
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in [SS02] (turbulent flows induced by wind turbine motion), [ACHO6] (reacting flows
in complex geometries such as gas turbine combustors), [MMOUO06] (turbulent flows
transporting particles).

2. Problem setting.

2.1. Stochastic incompressible Navier-Stokes equation. Let D be a con-
vex bounded polygonal domain in R™ (m = 2,3) and let (Q,F,P) be a complete
probability space. Here (2 is the set of outcomes, F C 2% is the o-algebra of events,
and P : F — [0,1] is a probability measure. We define two random fields: the viscosity
field v(z,w) : D x Q@ — R and the forcing field f(t,z,w) :[0,T] x D x Q — R™.

The stochastic incompressible Navier-Stokes problem can be written as follows:
find a random velocity, u : [0,7] x D x Q — R™ and random pressure p : [0,T] x D x
Q — R, such that P-almost surely (a.s.) the following equation holds in (0, 7] x D x Q:

Ou —vAu+u-Vu+ Vp = f,
V-u=0, (2.1)

subject to the initial condition
u(0,x,w) =up(x), on D x Q,
and the boundary condition
u(t,x,w) =0, on (0,T] x 0D x Q.

Let y = (y1,...,ya) denote a d-dimensional random variable in (2, F, P) and define
the space L%(Q) comprising all random variables y satisfying

d
S [ mPape) <o

Then the following Hilbert spaces can be defined
T
V = L*(0,T; Hy (D)) ® L%(Q) with norm |jul|? = / / E[|Vu|?]dxdt,
0o JD

T
W = L*(0,T; L3(D)) ® L3(Q) with norm ||p||3y, = / / E[|p|?]dzdt.
o Jp

In order to define the weak form of the Navier-Stokes equations we introduce two
continuous bilinear forms

a(u,v) =2v Z / Dyj(u)D;;(v)dx, Yu,v € HY(D),
ij=1"D

b(v,q):—/ qV -vdz, Yq € L*(D),v € HY(D),
D

where D;;(v) = 1(8v;/0x; + 9v;/dx;), and the continuous trilinear form

m

c(lw;u,v) = = wi | =— |vder — | w;| =— |wdzr ), Yw,u,ve H (D
( ) QZ(/D ](8%‘) p ' \9z; )

i,j=1
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We now define weak solutions of the problem (2.1): a pair (u,p) € V x W is a weak
solution of (2.1) if it satisfies the initial condition u(0, z,w) = ug(z,w) and for T > 0

E[(0:u,v)] + Ela(u, v)] + Ele(u; u, v)] + E[b(v, p)]
=E[(f,v)], for all v € H}(D) ® L%(Q), (2.2)
E[b(u,q)] = 0, for all ¢ € LZ(D) ® L%(Q).

2.2. Finite dimensional noise assumption. In many problems the source
of randomness can be approximated using just a small number of uncorrelated or
independent random variables; take, for example, the case of a truncated Karhunen-
Loéve expansion, [Loe87]. This motivates us to make the following assumption.

ASSUMPTION 2.1. The random input functions of the equation (2.1) have the
form

v(w,w) = vz, y(w)), on D xQ,
ft,z,w) = f(t,z,y(w)), on [0,T] x D x Q,
where y(w) = (y1(w), ..., ya(w)) is a vector of real-valued random variables with mean
value zero and unit variance.

We will denote with T',, = y,(Q) the image of y,, I’ = HZ:1 I',, and assume
that the random variables [y, ...,y4] have a joint probability density function p :
I' - R, with p € L>°(T"). Hence the probability space (2, F, P) can be replaced by

(I', B4, pdy), where B? is the d-dimensional Borel space.
Similar to V and W, we can define V, and W, as

V, = L*(0,T; Hy(D)) ® L2(T) with norm [[u]}3, = / I ——"—

W, = L(0,T; L3(D)) ® LA(T) with norm [p%,, = / 1011207120y P71y

After making Assumption 2.1, the solution (u, p) of the stochastic NSE (2.2) can be de-
scribed by just a finite number of random variables, i.e., u(w, z) =u(y; (W), ..., ya(w), x),
p(w,x) = p(y1(w), ..., ya(w), z). Thus, the goal is to approximate the function u =
u(y,z) and p = p(y,z), where y € I' and € D. Observe that the stochastic varia-
tional formulation (2.2) has a “deterministic” equivalent which is the following: find
u € V,,p € W, satisfying the initial condition and, for 7" > 0

at ) d ) d y Uy d b P d
/Fp( uv)er/Fpa(uv) y+/rp0(uuv)y+/rp(vp)y
:/p(f,v)dy7 for all v € Hy(D) ® L2(T), (2.3)
r

/pr(u, q)dy =0, for all ¢ € L§(D) ® L2(T).

For a fixed T, the solution has the form u(w,z) = u(y;(w), ..., ya(w),x), p(w,x) =

p(y1(w), ..., ya(w),x) and we use the notation u(y), p(y), v(y), f(y), and up(y) in
order to emphasize the dependence on the variable y. Then, the weak formulation

(2.3) for T' > 0 is equivalent to
(Gru(y), v) + a(uly),v) + c(u(y); uly), v) + b(v, p(y))
= (f(y),v), for all v € Hy(D), p-a.e. in T, (2.4)
b(u(y),q) =0, for all ¢ € LE(D), p-a.e. inT.
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2.3. Collocation method. Denote conforming velocity, pressure finite element
spaces based on an edge to edge triangulation of D (with maximum triangle diameter
h) by

Hy, C HY(D) , Ly, C L3(D).

We assume that Hjp and Lj satisfy the usual discrete inf-sup condition. Taylor-
Hood elements, discussed in [BS08], [G89], are one commonly used choice of velocity-
pressure finite element spaces. The discretely divergence free subspace of Hy, is

Vi =={vn € Hy : (V-vp,q1) =0, Vg, € Ly}

The spatial discrete approximation of (2.4) can be written as: find uj, € L?(0,T; Hy)®
L?)(F) and py € L*(0,T; Ly,) ® Lg(F) satisfying initial condition and for 7' > 0

(Orun(y), vn) + a(un(y), vn) + c(un(y); un(y), vn) + b(vn, pr(y))
= (f(y),vn), for all v, € Hp, p-a.e. in T, (2.5)

b(up(y),qn) =0, for all g, € Ly, p-a.e. inT.

or more simply: find u, € L?(0,T;V,) ® Lf)(F) satisfying initial condition and for
T>0

(Orun(y),vn) + a(un(y),vn) + clun(y); un(y), vn) = (f(y), vn),

. (2.6)
for all v, € V3, p-a.e. in T,

We apply the stochastic collocation method to the weak form (2.5). Define
P,(T) C L,%(F) is the span of tensor product polynomials with degree at most
p = (p1,-.,pd). The dimension of Py(T") is N, = Hizl(pn +1). We seek a nu-
merical approximation to the solution of (2.5) in finite dimensional subspaces V, j, =
L%*(0,T; Hy) ® Pp(T) and W, , = L*(0,T; Lp,) @ Pp(D).

The procedure for solving (2.5) is divided into two parts. First, for a fixed T' >
0, at each collocation point (root of orthogonal polynomials) y € T', construct an
approximation uy (T, -, y) € Hyp(D) and pp(T,-,y) € Lp(D) satisfying

(Ovun(y), vn) + a(un(y), vn) + c(un(y); un(y), vn)
+b(vn, pr(y)) = (f(¥),vn), for all vy, € Hy(D), (2.7)
b(up(y),gn) =0, for all g, € Lp(D).

Next, we collocate (2.7) on those points and build the discrete solutions up, €
Hyp(D) ® Pp(T') and ppp € Ly (D) ® Pp(I') by interpolating in y the collocated solu-
tions, i.e.,

uh,p(Ta z, y) = Ipuh (Ta &€, y)
p1t+1 pa+1

= Z Z uh(Tamvyjn"' ’yjd)(ljl ®"'®ljd),

Ji=1 Ja=1

where, for example, the functions {l;, }¢_, can be taken as Lagrange polynomials.
Obviously, the above product requires HZ:1(pn + 1) function evaluations.

Because the random input data depend on a finite number of independent random
variables and we collocate the weak formulation (2.7) at the zeros of orthogonal poly-
nomials, the solution uy, , becomes a solution of uncoupled deterministic problems as
in a Monte Carlo simulation but with much fewer collocation points.
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3. Error analysis for fully discrete schemes. In this section, we carry out
an error analysis for the time stepping scheme (BECE) for the approximation of
the stochastic Navier-Stokes equation (2.1) in 3 dimensions. The 2-dimensional case
should follow similarly. Let N € N, and consider the uniform partition of the time
interval [0, T

O=to<t1i <---<ty=T

with t; = tg + jAt, j = 0,1,..., N, and the time step At = T//N. For discretizing
system (2.7), we apply and study the convergence of the first order backward Euler
scheme with a semi-implicit treatment for the nonlinear term

ALGORITHM 3.1. Given j € {0,. — 1} and u], € Hy, p) € Ly, find u ™ €
Hy, p j“ € Ly, satisfying

uj+1 _ uj i1 = "
u +CL( ] 7Uh)+c(uhaui ) h)er(Uhypi )

= (fi* vy), for all vy, € Hy,
b(u Hl,qh) =0, for all q;, € Ly,.

(BECE)

We will investigate the analyticity of the solution w;, with respect to y, which is
the core to establish the interpolation error estimates. Introducing the weight function

o’(y) = Hi:l Un(yn) <1, where

on(yn) =1 if ' is bounded,

on(yn) = e~ Mvnl for some N\, > 0if T',, is unbounded,

and the function space

cor;v) = {v : ' — V, v continuous in y, max lo(y)v(y)llv < Jroo} )
ye

We denote
d d
Iy = H I'; and H
j=1 =
Jj#n ;ﬁn

with ¢ being an arbitrary element of I'}. Similar to [ZG12], we make the following
assumption on v and f.
ASSUMPTION 3.1. In what follows we assume that
o feCYUT;L*(0,T; L*(D))),
e v is uniformly bounded away from zero,
o There exists v, < +o0o such that

1/2
a5 g, 17 )P
L+ [f (W) lz20,mL2(0))

0y, v(y)

Yn

<A,
v(y) =7

<0,
L=(D)

foreveryy e ', 1 <n <d.



In the next theorem, we prove that for scheme (BECE), w; is analytic in y;
however, its analytical radius may shrink exponentially with the number of time
steps.

THEOREM 3.1. Under Assumption 3.1, if the solution uj (yn,y5,x) to (BECE),
as a function of yn, satisfies uj : Ty, — C’O (I Ho(D)), then for allm, 1 <n <d,

there exists o, > 0 such that for every J € {1,...,N}, ul(yn,y5,z) admits an
analytic extension ui(z,y;,m) in the region of the complex plane

Z(]:‘n;Tn,J) = {Z S C | dZSt(z>Fn) S Tn,J}7 (31)

with 0 < 7,5 < 1/
Proof. At every point y € I', the /-th derivative of uj w.r.t. y, satisfies

(Ataﬁn 5 ) = by >vh) + (@, VU @) Vo) (32)

+ (2, () - Vi ). vn) = (2, P ¥)om) . Von € Va(D),

or equivalently

(8‘ W (y), h)_i(az 3 ( +z€:( )( )Vl (y), ¥ )
v A7 w) (y),vn) 2 y), Vo

’
+ Z::O (é) (8yr:tuf;(y) . V@ﬁ;muiﬂ(y)?vh) = (0L, F7 (y), vn) -
This implies that
( ( )Vae J+1( ) V'Uh)-l-( ( ) vaé ]+1(y),vh>

e (03 )mm) = 5 (95,0, 00) = (0,7 ), wn)
J4

AN - o o iy
- Z (m) {(aynu(y)V%n ufl(}’),Vvh) + (8yufl(y) . V@;n ufl(y),vh)}

m=1

for all v, € V4(D). Choosing v, := 9, j+1(y) and utilizing the divergence free
condition and the skew adjoint propertles 'of the nonlinear term we obtain

Y4 ]+1 2 ¢ j 2 J 2
VATVl a0 + o 106, i I = 5106, ()]

1 ,
+ 505, ) = 0, ()
£
= (o5, /7 ), 0,7 ) = > (i) {(a;f; L) VO (), 0 (y))

m=1

Cp ¢ rj 1
< ]+1 Y J+
< o0, T WV, 0 )]
¢
am
i <g> Y V() vy, ™u ™ ()IVv )V, up™ (v)l]
m=1 m V(y) LOC(D)
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03 () ot [ |ymrvet ]
<ot | [Vemver o
<oF R [N RN R

S0 | Omv(y) - »
+Z<m> " Hmvafzmuif V)V, ) )]

— v(y)
16 C/* (o L £ it
RS () Ivemivapie | [vawog o [viees. o

Denoting

T

Le>=(D

1/2 1/2

J—1
Fj =AY llog fi ()| and R}, = Athﬁ WV I

j=0 7=0

and summing from j =0 to J — 1, it gives

2Cp e\ || onr(y)
05 upll® +2(R))?* < F/R} +2 ( )’“ R} R/
32 O’ ( )
+ o Z Ry 'R, R}
27 Atl/z 21/1?1 m=1
This leads us to
195, i |I? ’ ( ) 9, v(y) 7
+ R} < —m
2RJ ¢ Vrmn mZ::l Y) L*>(D) ‘
16 1/2 ¢ .
+ == o7 At1/2 3/ P < ) R, Re m
Dividing both sides by ¢! and denoting S;/ = R, —m ojyes
118, uill® Cp
o+ SY < Va1 +|IF1) + Z T S7,
2R] (! E= o tom
(3.3)

L

16 01/2 I
o7 27 A1/2,3/2 >SS

mmm 1

Denoting two parameters independent of J, £ and wuy

C 16 CY?
E_(1+|fl), and B= P

A= _2_¥p
Vinin 27 AL/2,3/2

We will prove that there exists «,, > 0 independent of J, £ and u; such that
S} <al forall1<f<oo,1<J<N. (3.4)

First, we consider three specific cases:



1. £=0: Take v = uf‘l(y) in (BECE), we have

1 1
™ (y) )12 — 2At||uh I+ IVry) V™ ()2
L)) + fw )Vl (y)])?

2At |

a 2Vm1n

Summing from j = 0 to J — 1 and multiplying by 2A¢, there follows

[l (y ||2+AtZH\/ Vg, ()P

- Ct

min

Atz LA NP + Nl ],

which gives Sy < &, V1 < J < N, where &, = \/m(l + 1 £11) + [[ud]l-
2. £ =1: From (3.3), we have

S{ < A+ 7SY + BS] TS < A + yno + BES] L.

There follows

J—1
S{ < (Avn + o) Y (B&) < ay, VT < N,
Jj=0

with o, = max {B{O, %(A’yn + ’ynfo)}.
3. J =1: From (3.3), we have

14 £—1
i< Ay + D WSt = Ay &0+ D WS
m=1 m=1

By induction, we will prove that S} < ol )Vl > 1,4 < co. Assuming in
addition o, > max{4y,,2(A + &)Vn}, it gives

-
: A+é A+ o
1 n
S Smln{QZ(AJrgO)z’ 4 } Z qm @

— 1
< Sat Z <
m=1
Next, suppose that (3.4) occurs for all J < N with ¢/ <L —1landall J <M —1

with ¢ = L (L > 2, M > 2), we will prove that (3.4) also occurs for J = M, ¢ =L
Indeed, from (3.3),

o \

L L
SY < A+ Y St B Y SIS,

m=1 m=1



By induction hypothesis, we have
L—1
sM <A a; +§04L Jrz:ionL mM . BejaML- LJFBZanMLfm

m=1

i— 1 @
< (A+ & + B&)aMLl=t o ME 124—m—|—Baﬁu 170[ il

(A +& + B& + = 3 —l— 23) ML=1 (assuming in addition that a,, > 2)

1
< oME (assuming in addition that oy, > (A + & + B& + 3 +2B))

and (3.4) is proved completely.
Back to (3.3), it gives
19y, uill? J||2

£ £
J 0 J J—1¢gJ

m=1 m=1

for all £. Employing the above estimation, we get
19y, unll> 4
TMSO{",V1SE<OO,1SJSN,

and there holds

19y, uirl| < V2(0)ar.
We now define for every y,, € I',, the power series uj : C — C°(I'%; Hy (D)) as

* - z *
wltevinn) = 32 S0l it i)
=0

Hence,

o0

Un(@/n)”“f{(fz)ucgn (T Hp (D)) = Z o (yn)l|O;, uh(yn)HCO*(F;;,Hh(D))
/=0

oo
14
<lluillco sy (12 = ynlas)",

=0
Cp >
) +H ; ) (17 = yula)’
(Hv Vmin comry  IVFPmin oo (rr2(0,1322(D))) ez:;

(from (3.5)).

The series converges for all z € C satisfying |z — yn| < 7,5 < 1/a) and the
function uj admits an analytical extension in the region X(T',,, 7, ). O

With the analyticity result proved in Theorem 3.1, we proceed to estimate the
interpolation error € = up —uy, . The proof follows the same procedure as in [BNTO07],
and thus, is omitted here.

THEOREM 3.2. Under the assumption of Theorem 3.1, suppose that the joint
probability density p satisfies

ply) < Care™ TnaGnv)® vy e
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for some constant Cpr > 0 and 0, strictly positive if T'y, is unbounded and zero oth-
erwise. Then, for any integer J € {1,...,N}, there exists a positive constant C
independent of h and p such that

d

il = uil 2Dy L2y < C D Bulpn) exp(—rn spir), (3.6)
n=1
where
27, 2 ‘
On =pPn=1and r, ;= log Tnd (14 1+| 2‘ if T, is bounded
’ Tl A1, 5
and

0, = %, Bn = O(\/Pr) and 1y, 5 = Ty, 0p if Ty is unbounded,
where T, 5 is the minimum distance between I'y, and the nearest singularity in the
complez plane, as defined in Theorem 3.1.
REMARK 3.1. Theorem 3.2 implies that:
o At a fized time step J, the convergence rate of SCMs for bounded random vari-
ables is O(exp(—p)) and for unbounded random variables is O(exp(—4/p)).
e T, converges to 0 as J increases, as indicated in Theorem 5.1, and so does
Tn,g. Thus, at a fized polynomial order p, the interpolation error u}{ — u,{’p

become O(1) as J — oo.

4. Numerical examples. To illustrate our numerical analysis, in this section,
we present a computational experiment of two-dimensional flow around a circular
cylinder with uncertain viscosity, based on the well-known benchmark problem from
Shéafer and Turek [ST96]. The exponential decay of interpolation errors and the
decrease of p-convergence rate in long term have already been shown for various flow
experiments. The results we give herein are agree to those in [WK06, FWKO08, Loel0].
Our test is programmed using the software package FreeFem++ [Hecl2].

inlet 0.15m s outlet 3
------ . f0.1m P 041m

Fig. 4.1: Domain  of the numerical test, from [John04].

Let Q be the channel with the cylinder presented in Figure 4.1. We consider the
time-dependent incompressible Navier-Stokes equation (2.1) subject to the following
random viscosity

v =1p(1+Y/10),

where vy = 0.8 x 1072 and Y is a uniform random variable of zero mean and unit
variance. The cylinder, top and bottom of the channel are prescribed no-slip boundary

11



conditions, and the inflow and outflow profiles are

6
u1(0,y) = u1(2.2,y) = 04T;{/(O.éll —9),

u2(0,y) = u2(2.2,y) = 0.

Due to the randomness of the viscosity, the Reynolds number considered in this test
is random. Based on the inflow velocity and the diameter of the cylinder L = 0.1, it
satisfies 112.5 < Re < 137.5. For this range of Reynolds number, the flow is in the
laminar regime with a Karman vortex street developing behind the cylinder. This
results in a periodic response of the lift and drag coefficients. In what follows, we
will investigate the mean and error evolution of these two quantities simulated by
SCM. By C;L‘iﬂ we denote the mean lift/drag coefficients corresponding to the fully
discrete solutions in physical and probability spaces. In order to estimate the error,
we compute a very high resolution approximate solution using SCM of 20t"-order
and suppose it to be the true solution in probability space, the lift/drag coeflicients
corresponding to which are denoted by Cﬁd.

The experiment is carried out up to T" = 50, with zero forcing term and initial
condition. The solutions are computed with Taylor-Hood elements on a triangular
mesh providing 69174 total DOFs, refined near the cylinder, and time step At = 0.005.
At each collocation point of Y, we employ the Crank-Nicolson scheme to solve for the
Navier-Stokes solutions. The scheme reads: ‘ _ A

Given j € {0,...,N — 1} and uj, € Hy, p), € Ly, find uiﬂ € Hp, piLH € Ly
satisfying

UJ+1—UJ 1 i1 ; i1
S )+ 2ah on) + au ) blon )

+ (C(U’;L-‘rl; u?—l,”h) + c(u%;uiavh)) = (fj+1/2a Uh)7 fO’f’ all vp € Hh7

1
2
b(u';fl,qh) =0, for all g5, € Lp,.

Fixed point iterations are applied to solve the nonlinear system with a [jugi1) —
uey ||y ) < 10719 as a stopping criterion. The numerical methods and space-time
resolution we use herein were verified in deterministic problem to give a good approx-
imation of lift and drag coefficients, [John04].

Figure 4.2 show the instantaneous mean of lift and drag coefficients given by
SCM. It can be seen that both the mean C’;L’p and C,‘f’p oscillate periodically around
a constant value. After a short time agreeing with the reference solution, SCM starts
to break down. The higher order the method is, the later the divergence occurs.

The evolution of errors of SCM at polynomial orders p = 1, 2, 3, 4, 6 are shown
in Figure 4.3. We observe that for all p plotted, the interpolation errors become O(1)
in long term. This confirms our claim in Remark 3.1. Finally, we plot the convergence
of SCM at different time level in Figure 4.4. The method exhibits good convergence
rate in short term (¢t = 2). At ¢t = 20, the error grows significantly, but still decays
in p. At t = 50, the error is almost steady: increasing the polynomial order up to 6
does little help.
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5. Conclusions. In this paper, an error analysis of stochastic collocation meth-
ods for a fully discrete Navier-Stokes scheme with random input data was carried out.
At each fixed time level, we proved the exponential convergence in the probability
space. At each fixed total number of collocation points, our analysis indicated that
the interpolation error may grow to O(1) in long term. A numerical example of 2D
flow around a cylinder is given to illustrate our theoretical results.

The analysis provided herein deals with the first order (BECE) scheme, to help us
focus on interpolation error and keep things simple. Extension to higher order, more
applicable semi-implicit and fully implicit Navier-Stokes schemes is worth further

study.
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