Linear Algebra Preliminary Exam
September 5 2020

Problem 1 Let A, B be complex square matrices with minimal polynomials
ma (s), mp (s) and characteristic polynomials pa (s), pp (s). Show that if

ma (s) =pp(s) and mp (s) =pa (s),
then A and B are similar.

Problem 2 Let A, be a 2™ x 2" real matrix defined recursively by

0 1
Al - ( 1 0 ) )
A, = < Ap-1 Do ) forn > 2.

Find det A,, and justify your answer. (Hint: Calculate A2. )

Problem 3 Let A be a real n X n matriz. Suppose that the symmetric matrix
A+ AT has eigenvalues p11 < pio < -+ < pip,. Show that any eigenvalue \ of A
satisfies

H1 Hn
L - Rex< Bn.
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Problem 4 Let M3 be the collection of all 3 x 3 complex matrices with the
natural linear structure. Let T : M3 — M3 be the linear map

ai1 a2 a3 az1 +aiz2 a3 0
T| a1 az a3 | = azy 0 a13
az1 az2 433 0 az1  as + ass

(a) Show that T is Nilpotent, i.e., T* =0 for some k > 1.
(b) Find the Jordan Canonical Form of T. (Hint: The JCF should be a 9 x 9
matriz.)

Problem 5 Let A be an anti-selfadjoint map on a finite-dimensional complex
FEuclidean space. Show that

(a) A — 1 is invertible.

(b) IfU=(A+1)(A—1)"", then U is unitary and U — I is invertible.
Problem 6 (o) Letx = (x4, ,2n)", y = (Y1, -+ ,yn)" be two column vectors
in R", n > 2, such that |z| = |ly| = 1 and xLy. Show that

of +yi < 1.

(b) Let A be a real n x n symmetric matriz with n eigenvalues |\1| > || >
<+ > |Ap|. Show that for any x,y € R™ such that |z| = |y| =1 and z Ly,

(2, Ax) + (y, Ay)| < [M] + [A2].



