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Abstract. Accurate long-time simulations of geotactic bioconvection can require prohibitively fine spatial resolution. We develop
a spatially adaptive Leray-α regularized finite element method that reduces computational cost while retaining the dominant large-
scale dynamics. The method regularizes the advecting velocity in the momentum equation and preserves key properties of the original
model, including total microorganism mass conservation and a kinetic–potential energy balance. The time-discrete algorithm combines
a one-legged θ -method, an Oseen linearization, and a decoupled subiteration procedure. We establish a semi-discrete stability estimate
and prove linear convergence of the subiterations under a time-step restriction. We further analyze the grad-div stabilized adaptive
filter used to approximate the Stokes-type filtered velocity. At the continuous level, increasing the grad-div stabilization parameter
improves the approximation. At the discrete level, however, we identify a competing divergence-residual effect that limits the benefit
of over-stabilization. Numerical experiments, including cases with concentration-dependent viscosity, show that the proposed method
captures the dominant dynamics on substantially coarser meshes than the standard finite element method, with a significant reduction in
computational cost.

1. Introduction. Geotactic bioconvection describes the macroscopic convective patterns that arise in
dense suspensions of free-swimming microorganisms exhibiting negative geotaxis, a preferential upward
swimming response against gravity. As the population accumulates near the upper surface, the resulting
top-heavy suspension becomes unstable. Concentrated plumes of organisms then descend into the bulk fluid,
and the collective dynamics generates large-scale flow patterns that may persist over long times [11, 37].
Bioconvection is relevant to a range of biological and engineering settings, including microbial enhanced
oil recovery, large-scale biofuel production [4, 5], wastewater treatment [33], and the design of microfluidic
lab-on-a-chip systems [38]. In these applications, understanding long-time dynamics and large-scale flow
structures is essential. Accurate simulation of these features requires stable numerical methods that remain
reliable over long time intervals.

Bioconvection is closely related to Rayleigh–Bénard thermal convection. In both systems, an adverse
density gradient generates buoyancy-driven instability and convective motion, although the physical origin
of the density gradient is different. In Rayleigh–Bénard convection, sufficiently large Rayleigh numbers are
known to produce weakly turbulent or chaotic flow dynamics [17, 25]. Bioconvection exhibits analogous
complexity [39]. It is observed that sufficiently large values of the bioconvective Rayleigh number defined
in [11, 16, 35, 36] lead to irregular flow dynamics. This behavior makes the computational approximation of
bioconvection especially challenging. Fully resolved simulations may require very fine spatial resolution and
can become prohibitively expensive.

These difficulties motivate the development of regularized numerical models that retain the essential
large-scale dynamics while reducing computational cost. In this work, we develop a spatially adaptive Leray-
α regularized finite element method for geotactic bioconvection. In the following text, we first recall the
classical geotactic bioconvection model, then review the Leray-α filtering framework, and finally discuss
related numerical methods before summarizing our main contributions.

1.1. Bioconvection model. We first recall the classical geotactic bioconvection model and its basic struc-
tural properties. These properties provide the reference point for the spatially adaptive Leray-α regularized
model introduced in Section 2.

Let Ω ⊂ Rd , d = 2,3, be a bounded domain with smooth boundary ∂Ω. Let c(x, t) denote the concen-
tration of microorganisms, and let u(x, t) and p(x, t) denote the velocity and pressure of the culture fluid.
The collective dynamics of negatively geotactic microorganisms immersed in a viscous incompressible fluid
can be modeled in Ω× (0,T ] by a coupled system consisting of the Navier–Stokes model and a convective
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transport equation [11]:

∂u

∂ t
(x, t)−∇·

(
ν(c(x, t))D(u(x, t))

)
+(u(x, t) ·∇)u(x, t) =−∇p(x, t)−g

(
1+ γc(x, t)

)
id +f(x, t),

∇ ·u(x, t) = 0,
∂c
∂ t

(x, t)−Θ∆c(x, t)+(u(x, t) ·∇)c(x, t)+U
∂c
∂xd

(x, t) = 0.

(1.1)
Here, D(u) = (∇u+∇uT )/2 denotes the symmetric part of the stress tensor, f is a prescribed body

force, g is gravitational acceleration , and id = (0, · · · ,1)T is the vertical unit vector. The parameters Θ > 0
and U > 0 denote the diffusion coefficient and the mean upward swimming speed of the microorganisms,
respectively. The parameter γ > 0 represents the relative density difference between the microorganisms and
the culture fluid, defined as γ = ρ0/ρm−1, where ρ0 and ρm are the densities of the microorganisms and the
fluid, respectively. The viscosity ν = ν(c) may depend on the local concentration [9]. When this dependence
is neglected, it reduces to a positive constant. The term−g(1+γc)id captures the buoyancy feedback between
the microorganism distribution and the fluid motion.

We impose the no-slip boundary condition for the fluid and a no-flux boundary condition for the concen-
tration:

u= 0, Θ
∂c
∂n
− cUnd = 0 on ∂Ω× (0,T ], (1.2)

where n= (n1, . . . ,nd) denotes the exterior unit normal vector on ∂Ω and nd is its d-th component.
The system (1.1)–(1.2) has several structural properties [14] that are central to the present work. First, if

c0 ≥ 0, the continuous concentration remains nonnegative under suitable regularity assumptions. Second, the
no-flux boundary condition ensures conservation of the total microorganism mass:

M(t) :=
∫

Ω

c(x, t)dx=
∫

Ω

c0(x)dx=: M0, t ≥ 0.

We define the kinetic energy of the fluid flow, and the gravitational potential energy associated with the
microorganism distribution by

KE(t) =
1
2

∫
Ω

|u(x, t)|2 dx, PE(t) = γg
∫

Ω

c(x, t)(xd− xmin
d )dx,

where xmin
d is the ‘bottom’ of Ω in the vertical direction. The total energy satisfies the balance

d
dt

(
KE+PE

)
+
∫

Ω

ν(c)|D(u)|2 dx=−γg
∫

Ω

Θ
∂c
∂xd

dx+M0γgU +
∫

Ω

f ·udx. (1.3)

1.2. Leray-α model and adaptive filtering. Regularization models are widely used to reduce the com-
putational cost of the simulations of incompressible flows. A foundational approach is Leray’s regulariza-
tion [31], in which the advecting velocity in the nonlinear convection term is replaced by a spatially filtered
counterpart:

∂v

∂ t
−ν∆v+(v ·∇)v+∇q = f , ∇ ·v = 0. (1.4)

Here v denotes convolution of v with a Gaussian kernel of filtering radius α > 0. In practice, the Gaussian
convolution can be replaced by the Helmholtz filter (also called α-filter):

−α
2
∆v+v+∇λ = v, ∇ ·v = 0 in Ω, v = v on ∂Ω. (1.5)

The Helmholtz filter is an O(α4) approximation to the Gaussian filter [15], and computationally more ef-
ficient. The interpretation of α remains as the filtering radius. Note that the Navier-Stokes equations are
recovered when α = 0.
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A limitation of the linear filter (1.5) is that it applies the same amount of regularization throughout the
domain. This may over-regularize laminar or well-resolved regions and remove physically relevant structures.
To address this issue, a nonlinear spatially adaptive filter was introduced in [29]:

−α
2
∇ ·
(
a(v,q,f)∇v

)
+v+∇λ = v, ∇ ·v = 0 in Ω, v = v on ∂Ω. (1.6)

The indicator function 0≤ a(u, p,f)≤ 1 controls the location where filtering is applied. Several choices have
been proposed in the literature [21, 22, 29].

The divergence constraint in (1.6) leads to a mixed filter problem, which increases the computational cost.
To avoid this additional saddle-point solve, an efficient nonlinear filter stabilization method was proposed
in [40]:

−α
2
∇ ·
(
a(v,q,f)∇v

)
+v−Γ∇∇ ·v = v−χ∇∇ ·v in Ω, v = v on ∂Ω. (1.7)

Here Γ and χ are grad-div parameters, with Γ > χ , that weakly control the divergence of the filtered velocity.
The Leray-α regularization has been used for Rayleigh-Bénard convection [1, 41, 42], demonstrating its

effectiveness for buoyancy-driven flows. However, the application to bioconvection has not been considered.

1.3. Main contributions. Various numerical methods have been developed for bioconvective flows.
Early computational studies focused on the formation and stability of gyrotactic plumes. In particular, Gho-
rai and Hill investigated the development of individual plumes and periodic plume arrays using conservative
finite-difference schemes [18–20]. Spectral Galerkin approximations and their convergence rates were stud-
ied in [13]. Finite element approaches have also been developed for generalized bioconvective flows. In
particular, [9] established well-posedness results, derived finite element error estimates, and simulated pattern
formation, while [14] introduced a second-order partitioned method for time-dependent bioconvective flows.
More recently, [12] developed an adaptive fully mixed finite element method for stationary generalized bio-
convective flows. These works reproduce characteristic plume structures and examine the dependence of the
dynamics on model parameters. However, regularization and spatially adaptive filtering techniques remain
unexplored for geotactic bioconvection. Moreover, accurate long-time simulations may require fine spatial
resolution and become computationally expensive.

To address these challenges, we make the following contributions.
(a) We develop a spatially adaptive Leray-α regularization framework for [40] the geotactic biocon-

vection. The regularized model preserves key structural properties of the original system, including
conservation of the total microorganism mass and the kinetic–potential energy balance.

(b) We design an energy-stable finite element method for the regularized model. The method solves the
filter problem, the Navier-Stokes equations, and the transport problem in a partitioned way through
a subiteration procedure. We prove stability of the semi-discrete scheme and establish convergence
of the decoupled subiteration.

(c) We analyze the discrepancy between the grad-div filter (1.7) and the classical Stokes-type adaptive
filter (1.6) at both the continuous and discrete levels. At the continuous level, increasing the grad-div
parameter Γ improves the approximation to the Stokes-type filter. At the discrete level, however, we
identify a competing effect driven by discrete divergence residuals, which limits the benefit of taking
Γ and χ arbitrarily large. This analysis informs the selection of a suitable parameter range.

(d) We present numerical experiments for geotactic bioconvection, including both constant-viscosity
and concentration-dependent viscosity cases. In both settings, the filtered method on coarse meshes
captures the dominant large-scale dynamics obtained by the standard finite element method on much
finer meshes, while substantially reducing computational cost.

2. The spatially adaptive Leray-α bioconvection model. In this section, we introduce an adaptive
filtered formulation of the bioconvection system (1.1). The key idea is to replace the advecting velocity in
the momentum convection term by a spatially filtered counterpart u, obtained via an adaptive Helmholtz
filter. This smooths the small-scale features of the advecting field while preserving the large-scale dynamics,
enabling accurate simulations on coarser meshes. We suppress the arguments (x, t) when no ambiguity arises.
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The filtered bioconvection system reads:

∂u

∂ t
−∇·

(
ν(c)D(u)

)
+(u·∇)u+

1
2
(∇ ·u)u=−∇p−g

(
1+ γc

)
id +f ,

∇ ·u= 0,
∂c
∂ t
−Θ∆c+(u ·∇)c+U

∂c
∂xd

= 0.

(2.1)

The boundary conditions remain the same as those for the unfiltered system (1.2). The filtered velocity u is
defined as the solution of adaptive Helmholtz filter with grad-div stabilization [40]:

−α
2
∇ ·
(
a(u)∇u

)
+u−Γ∇∇ ·u= u−χ∇∇ ·u in Ω, u= u on ∂Ω. (2.2)

REMARK 1. The additional term (∇ ·u)u/2 in the momentum equation is included so that the filtered
convection operator is skew-symmetric. This term vanishes if u is pointwise divergence-free. However, the
grad-div filter (2.2) does not impose the exact incompressibility constraint ∇ ·u = 0, but rather penalizes
the divergence of the filtered velocity. For this reason, we retain the skew-symmetric convection form. By
Lemma 3.3, the resulting convective operator does not contribute to the kinetic-energy balance under the
homogeneous Dirichlet boundary condition.

REMARK 2. The filter radius α ≥ 0 controls the degree of spatial regularization. The unfiltered system
(1.1) is recovered when α = 0. The grad-div parameters Γ and χ , with Γ > χ , weakly control the divergence
of the filtered velocity. In Section 6, we analyze the effect of these parameters.

We next observe that the regularized model (2.1) preserves key structural properties of the original system
(1.1). Since the concentration equation and its boundary condition are unchanged, the total microorganism
mass remains conserved. Furthermore, the total energy balance is unchanged. Testing the momentum equation
with u and using Lemma 3.3, we obtain

d
dt

KE(t)+
∫

Ω

ν(c)|D(u)|2 dx=−γg
∫

Ω

cud dx+
∫

Ω

f ·udx,

where the constant gravity term vanishes under the incompressibility and homogeneous Dirichlet boundary
conditions. On the other hand, testing the concentration equation with γg(xd− xmin

d )

d
dt

PE(t) = γg
∫

Ω

cud dx− γgΘ

∫
Ω

∂c
∂xd

dx+ γgUM0.

Adding the two identities yields

d
dt

(
KE(t)+PE(t)

)
+
∫

Ω

ν(c)|D(u)|2 dx=−γgΘ

∫
Ω

∂c
∂xd

dx+ γgUM0 +
∫

Ω

f ·udx,

which is the same total energy balance as (1.3).

3. Notation and preliminaries. In this section, we collect the notation, assumptions, and standard an-
alytical tools. Throughout the paper, the L2(Ω) inner product and norm are denoted by (·, ·)Ω and ‖ · ‖,
respectively. All other norms will be clearly labeled. We consider wall-bounded flows and use the following
function spaces:

V = [H1
0 (Ω)]d = {v ∈ [H1(Ω)]d , v = 0 on ∂Ω}, Q = L2

0(Ω) = {q ∈ L2(Ω),
∫

Ω

q = 0}, S = H1(Ω).

Here V , Q, and S denote the velocity, pressure, and concentration spaces, respectively.
We make the following assumptions on the viscosity and the indicator function.
ASSUMPTION 1 (Viscosity). The kinematic viscosity ν : R→R is Lipschitz continuous. Moreover, there

exist positive constants ν∗, ν∗, and Lν such that

ν∗ ≤ ν(c)≤ ν
∗, |ν(c1)−ν(c2)| ≤ Lν |c1− c2|, ∀c,c1,c2 ∈ R.
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This assumption is justified by applications [3,26,34], where the lower bound ν∗ represents the viscosity
of the culture fluid in the absence of microorganisms. The upper bound ν∗ is physically reasonable because
the volume fraction of microorganisms is bounded by the finite size and packing structure of the cells [19].

ASSUMPTION 2 (Indicator function). The indicator function a : Rd → R is Lipschitz continuous. More-
over, there exist positive constants amin and La such that

0 < amin ≤ a(u)≤ 1, |a(u1)−a(u2)| ≤ La|u1−u2|, ∀u,u1,u2 ∈ Rd .

REMARK 3. The lower bound amin > 0 ensures coercivity of the adaptive filter. In computations, the
indicator function is chosen to be small in well-resolved regions and close to one in under-resolved regions
[29]. Specific choices of a(·) will be given in Section 7.

The following identities are used in the time-discrete analysis.
LEMMA 3.1 (Polarization identity). For θn ∈ [0,1] and φn+θn = θnφn+1 +(1−θn)φn,

(φn+1−φn,φn+θn)Ω =
1
2
(‖φn+1‖2−‖φn‖2)+(θn−

1
2
)‖φn+1−φn‖2.

LEMMA 3.2 (Convexity bound). For θn ∈ [0,1] and any φn+1,φn ∈ L2(Ω):

‖φn+θn‖
2 ≤ θn‖φn+1‖2 +(1−θn)‖φn‖2 ≤ ‖φn+1‖2 +‖φn‖2.

LEMMA 3.3 (Skew-symmetry of the convection operator). Let w ∈ [H1(Ω)]d and v ∈ [H1
0 (Ω)]d . Then(

(w ·∇)v, v
)

Ω
+

1
2
(
(∇ ·w)v, v

)
Ω
= 0.

Proof. Using integration by parts and v = 0 on ∂Ω,(
(w ·∇)v,v

)
Ω
=

1
2
(w,∇|v|2)Ω =−1

2
(
(∇ ·w)v,v

)
Ω
.

We finally collect the standard inequalities.
LEMMA 3.4 (Korn–Poincaré inequality [28]). There exists CK > 0 depending only on Ω such that for all

u ∈ H1
0 (Ω)d:

‖u‖ ≤ ‖u‖H1(Ω) ≤CK‖D(u)‖.

LEMMA 3.5 (Gagliardo–Nirenberg (Ladyzhenskaya) inequality [27]). There exists CL > 0 depending
only on Ω (d = 2) such that for all ϕ ∈ H1

0 (Ω), ψ ∈ H1(Ω):

‖ϕ‖2
L4 ≤CL ‖ϕ‖‖∇ϕ‖, ‖ψ‖2

L4 ≤CL ‖ψ‖‖ψ‖H1(Ω).

LEMMA 3.6 (Discrete Grönwall inequality [23]). Let {an}N
n=0, {bn}N−1

n=0 , {gn}N−1
n=0 and {τn}N−1

n=0 be non-
negative sequences. Suppose

aN ≤ a0 +
N−1

∑
n=0

τnbnan +
N−1

∑
n=0

τngn,

Then

aN ≤ exp

(
N−1

∑
n=0

τnbn

)[
a0 +

N−1

∑
n=0

τngn

]
.
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4. Time discretization and the decoupled algorithm. In this section, we describe the time discretiza-
tion of the filtered bioconvection system (2.1)–(2.2) and the decoupled algorithm used to solve the resulting
nonlinear system. Let {tn}0≤n≤N be a partition of [0,T ] with time steps τn = tn+1 − tn. We also denote
tn+θn = tn + θnτn, for any θn ∈ [0.5,1]. The time discretization is based on a refactorized one-legged θ -
method [10], and the nonlinear system at each time step is solved using an Oseen-type decoupled subitera-
tion [28]. For clarity, we first summarize the complete solution procedure and then describe each component
in detail.

Algorithm 1 Adaptive filtered solver for the bioconvection system

1: Given: initial data (u0,c0), time step {τn}, lag parameters {θn}, final time T , filter parameters α , Γ, χ ,
tolerance tol, and maximum number of subiterations κmax.

2: for n = 0,1,2, . . . ,N−1, where ∑n τn = T do
3: Initialize subiteration: u(0)

n+θn
= u

(0)
n+θn

= (1+θn)un−θnun−1, c(0)n+θn
= (1+θn)cn−θncn−1.

4: for κ = 0,1, . . . ,κmax−1 do
5: Solve the Helmholtz filter problem (7.2) for u(κ+1)

H .
6: Compute the indicator function a(u) using (7.1).
7: Solve the adaptive Helmholtz filter for u(κ+1)

n+θn
.

8: Solve the linearized Navier–Stokes problem for u(κ+1)
n+θn

.

9: Solve the concentration transport problem for c(κ+1)
n+θn

.

10: if the relative change in
(
u
(κ+1)
n+θn

,c(κ+1)
n+θn

)
is less than tol then

11: Set un+θn = u
(κ+1)
n+θn

, cn+θn = c(κ+1)
n+θn

, and terminate the subiteration.
12: end if
13: end for
14: Extrapolate: un+1 =

1
θn
un+θn −

(
1
θn
−1
)
un, cn+1 =

1
θn

cn+θn −
(

1
θn
−1
)

cn.
15: end for

Steps 7, 8, and 9 describe the decoupled filter, momentum, and concentration equations. They are detailed
below as follows.
Step 7: find u

(κ+1)
n+θn

∈ V such that

u
(κ+1)
n+θn

−α
2
∇ ·
(
a(u(κ)

n+θn
)∇u

(κ+1)
n+θn

)
−Γ∇∇ ·u(κ+1)

n+θn
= u

(κ)
n+θn
−χ∇∇ ·u(κ)

n+θn
in Ω. (4.1)

Step 8: find (u
(κ+1)
n+θn

, p(κ+1)
n+θn

) ∈ V ×Q such that

u
(κ+1)
n+θn

−un

θnτn
−∇·(ν(c(κ)n+θn

)D(u
(κ+1)
n+θn

))+(u
(κ)
n+θn
·∇)u

(κ+1)
n+θn

+
1
2
(∇ ·u(κ)

n+θn
)u

(κ+1)
n+θn

=−∇p(κ+1)
n+θn

−g(1+ γc(κ)n+θn
)id +fn+θn in Ω

∇ ·u(κ+1)
n+θn

= 0 in Ω.

(4.2)

Step 9: find c(κ+1)
n+θn

∈ S such that

c(κ+1)
n+θn

− cn

θnτn
−Θ∆c(κ+1)

n+θn
+(u

(κ)
n+θn
·∇)c(κ+1)

n+θn
+U

∂c(κ+1)
n+θn

∂xd
= 0 in Ω. (4.3)

Because all coupling terms are lagged from the previous subiteration, the filter, momentum, and concentration
solves at subiteration κ +1 are mutually independent and can be performed concurrently. In Section 5.1, we
show that, as κ → ∞, the sequences of iterates converge linearly,

u
(κ)
n+θn
−→ un+θn , c(κ)n+θn

−→ cn+θn ,
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to the solution of

un+θn −α
2
∇ ·
(

a(un+θn)∇un+θn

)
−Γ∇∇ ·un+θn = un+θn −χ∇∇ ·un+θn ,

un+θn −un

θnτn
−∇ ·

(
ν(cn+θn)D(un+θn)

)
+(un+θn ·∇)un+θn +

1
2
(∇ ·un+θn)un+θn

=−∇pn+θn −g(1+ γcn+θn)id +fn+θn ,

∇ ·un+θn = 0,
cn+θn − cn

θnτn
−Θ∆cn+θn +

(
un+θn ·∇

)
cn+θn +U

∂cn+θn

∂xd
= 0.

(4.4)

The purpose of the extrapolation in Step 14 is to increase the accuracy. In particular, when θ = 1
2 , the

converged system (4.4) combined with extrapolation corresponds to the midpoint method, which is second-
order accurate [8]. As the extrapolation is only performed for the time-dependent variables, it is not applied
to the filtered velocity. In particular, the converged and extrapolated system can be written as the following
one-legged θ -method:

un+θn −α
2
∇ ·
(

a(un+θn)∇un+θn

)
−Γ∇∇ ·un+θn = un+θn −χ∇∇ ·un+θn ,

un+1−un

τn
−∇ ·

(
ν(cn+θn)D(un+θn)

)
+(un+θn ·∇)un+θn +

1
2
(∇ ·un+θn)un+θn

=−∇pn+θn −g(1+ γcn+θn)id +fn+θn ,

∇ ·un+1 = 0,
cn+1− cn

τn
−Θ∆cn+θn +

(
un+θn ·∇

)
cn+θn +U

∂cn+θn

∂xd
= 0.

(4.5)

5. Analysis of the semi-discrete scheme. In this section, we analyze Algorithm 1. We first establish
conservation of total microorganism mass. We then prove that the decoupled subiteration (4.1)–(4.3) con-
verges linearly to the solution of the coupled nonlinear system (4.4) at each time step. Finally, we establish a
stability estimate for the extrapolated time-discrete problem (4.5).

PROPOSITION 5.1 (Semi-discrete mass conservation). The semi-discrete concentration equation in (4.5)
preserves the total microorganism mass:∫

Ω

cn+1 dx=
∫

Ω

cn dx, n = 0, . . . ,N−1.

Consequently, ∫
Ω

cn dx=
∫

Ω

c0 dx=: M0, n = 0, . . . ,N.

Proof. Integrating the concentration equation in (4.5) over Ω and using the divergence theorem gives

1
τn

(∫
Ω

cn+1 dx−
∫

Ω

cn dx
)
−
∫

∂Ω

(
Θ

∂cn+θn

∂n
−Ucn+θnnd

)
ds = 0,

where the fluid convection term vanishes because

∇ ·un+θn = 0, un+θn = 0 on ∂Ω.

The boundary integral vanishes by the no-flux boundary condition (1.2), which gives the desired result.

5.1. Convergence of the subiteration. In this subsection, we prove that the decoupled subiteration
(4.1)–(4.3) converges linearly to the solution of the coupled system (4.4) at each time step. Throughout this
subsection, the time level n is fixed. We define the subiteration errors

δ
(κ)
u = un+θn −u

(κ)
n+θn

, δ
(κ)
u = un+θn −u

(κ)
n+θn

, δ
(κ)
p = pn+θn − p(κ)n+θn

, δ
(κ)
c = cn+θn − c(κ)n+θn

.
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All constants in this subsection are independent of the subiteration index κ . We define the combined subiter-
ation energy

E (κ) = ‖δ (κ)
u ‖2 +‖δ (κ)

c ‖2 +
1
2
‖δ (κ)

u ‖
2 +

α2amin

2
‖∇δ

(κ)
u ‖

2 +
ν∗
8
‖D(δ (κ)

u )‖2 +
Θ

4
‖∇δ

(κ)
c ‖2. (5.1)

THEOREM 5.2 (Linear convergence of the subiteration). Let d = 2. Under Assumptions 1 and 2, suppose
that the coupled system (4.4) admits a solution (un+θn ,un+θn ,cn+θn) ∈ [H2(Ω)]d × [H1(Ω)]d ×H1(Ω), and
that the time step satisfies

θnτn <
1

2max(C`,Cr)
. (5.2)

Then, there exist constants C`,Cr > 0, independent of κ and depending only on the physical parameters, filter
parameters, domain constants, and norms of the converged solution, such that the subiteration error satisfies

E (κ+1) ≤ ρ E (κ), where ρ =
C`

1/(θnτn)−Cr
< 1. (5.3)

Proof. The proof proceeds in five steps.

Step 1: Error equations. We begin by subtracting the subiteration equations (4.1)–(4.3) from the coupled
system (4.4). For the filter equation, after adding and subtracting α2∇ ·

(
a(u(κ)

n+θn
)∇un+θn

)
, we obtain

δ
(κ+1)
u −α

2
∇ ·
(

a(u(κ)
n+θn

)∇δ
(κ+1)
u

)
−Γ∇∇ ·δ (κ+1)

u

= δ
(κ)
u −χ∇∇ ·δ (κ)

u +α
2
∇ ·
([

a(un+θn)−a(u(κ)
n+θn

)
]

∇un+θn

)
.

(5.4)

For the momentum equation, after adding and subtracting the lagged viscosity and convection terms, we
have

δ
(κ+1)
u

θnτn
−∇ ·

(
ν(c(κ)n+θn

)D(δ (κ+1)
u )

)
+∇δ

(κ+1)
p +(u

(κ)
n+θn
·∇)δ (κ+1)

u +
1
2
(∇ ·u(κ)

n+θn
)δ (κ+1)

u

=−gγδ
(κ)
c id +∇ ·

(
[ν(cn+θn)−ν(c(κ)n+θn

)]D(un+θn)
)
− (δ

(κ)
u ·∇)un+θn −

1
2
(∇ ·δ (κ)

u )un+θn ,

(5.5)

with

∇ ·δ (κ+1)
u = 0. (5.6)

For the concentration equation, after adding and subtracting u
(κ)
n+θn
·∇cn+θn , we obtain

δ
(κ+1)
c

θnτn
−Θ∆δ

(κ+1)
c +u

(κ)
n+θn
·∇δ

(κ+1)
c +U

∂δ
(κ+1)
c

∂xd
=−δ

(κ)
u ·∇cn+θn . (5.7)

Step 2: Filter error estimate. Testing (5.4) with δ
(κ+1)
u , integrating by parts, and using (5.6), gives

‖δ (κ+1)
u ‖2 +α

2
∫

Ω

a(u(κ)
n+θn

)|∇δ
(κ+1)
u |2 dx+Γ‖∇ ·δ (κ+1)

u ‖2

≤ ‖δ (κ)
u ‖‖δ

(κ+1)
u ‖+α

2
∣∣∣∣∫

Ω

[
a(un+θn)−a(u(κ)

n+θn
)
]

∇un+θn ·∇δ
(κ+1)
u dx

∣∣∣∣ .
By Assumption 2, Hölder’s inequality, and Lemma 3.5,

α
2
∣∣∣∣∫

Ω

[
a(un+θn)−a(u(κ)

n+θn
)
]

∇un+θn ·∇δ
(κ+1)
u dx

∣∣∣∣≤ α
2La‖δ (κ)

u ‖L4‖∇un+θn‖L4‖∇δ
(κ+1)
u ‖

≤Cα
2‖∇un+θn‖L4‖δ (κ)

u ‖1/2‖∇δ
(κ)
u ‖1/2‖∇δ

(κ+1)
u ‖.

8



Using Young’s inequality and Lemma 3.4, we obtain

1
2
‖δ (κ+1)

u ‖2 +
α2

2
amin‖∇δ

(κ+1)
u ‖2 +Γ‖∇ ·δ (κ+1)

u ‖2 ≤ ν∗
16
‖D(δ (κ)

u )‖2 +
(
C‖∇un+θn‖

4
L4 +

1
2
)
‖δ (κ)

u ‖2, (5.8)

where C depends only on La, CL, CK , α , ν∗, and amin.

Step 3: Momentum error estimate. Testing (5.5) with δ
(κ+1)
u , the pressure term vanishes by (5.6). The

skew-symmetric convection block also vanishes by Lemma 3.3. Using ν(c)≥ ν∗, we get

1
θnτn
‖δ (κ+1)

u ‖2 +ν∗‖D(δ (κ+1)
u )‖2 ≤ gγ‖δ (κ)

c ‖‖δ (κ+1)
u ‖+Lν‖δ (κ)

c ‖L4‖D(un+θn)‖L4‖D(δ (κ+1)
u )‖

+
∣∣∣((δ (κ)

u ·∇)un+θn ,δ
(κ+1)
u

)
Ω

∣∣∣+ 1
2

∣∣∣((∇ ·δ (κ)
u )un+θn ,δ

(κ+1)
u

)
Ω

∣∣∣ .
Applying Young’s inequality to the buoyancy term, we have

gγ‖δ (κ)
c ‖‖δ (κ+1)

u ‖ ≤ 1
2

gγ‖δ (κ)
c ‖2 +

1
2

gγ‖δ (κ+1)
u ‖2.

The viscosity mismatch is controlled by Assumption 1, Lemma 3.5, and Young’s inequality:

Lν‖δ (κ)
c ‖L4‖D(un+θn)‖L4‖D(δ (κ+1)

u )‖ ≤ ν∗
4
‖D(δ (κ+1)

u )‖2 +
Θ

4
‖∇δ

(κ)
c ‖2 +Cν‖D(un+θn)‖

4
L4‖δ (κ)

c ‖2,

where Cν depends on Lν , CL, ν∗, and Θ.
For the first convective perturbation, Hölder’s inequality and Lemma 3.5 give∣∣∣((δ (κ)

u ·∇)un+θn ,δ
(κ+1)
u

)
Ω

∣∣∣≤ ‖δ (κ)
u ‖‖∇un+θn‖L4‖δ (κ+1)

u ‖L4

≤ 1
4
‖δ (κ)

u ‖
2 +

ν∗
4
‖D(δ (κ+1)

u )‖2 +Cu,1‖∇un+θn‖
4
L4‖δ (κ+1)

u ‖2,

where Cu,1 depends on CL, CK , and ν∗.
For the divergence perturbation,

1
2

∣∣∣((∇ ·δ (κ)
u )un+θn ,δ

(κ+1)
u

)
Ω

∣∣∣≤ 1
2
‖∇δ

(κ)
u ‖‖un+θn‖L4‖δ (κ+1)

u ‖L4

≤ α2

4
amin‖∇δ

(κ)
u ‖

2 +
ν∗
4
‖D(δ (κ+1)

u )‖2 +Cu,2‖un+θn‖
4
L4‖δ (κ+1)

u ‖2,

where Cu,2 depends on CL, CK , α , amin, and ν∗.
Therefore,

1
θnτn
‖δ (κ+1)

u ‖2 +
ν∗
4
‖D(δ (κ+1)

u )‖2 ≤ 1
4
‖δ (κ)

u ‖
2 +

Θ

4
‖∇δ

(κ)
c ‖2 +

α2

4
amin‖∇δ

(κ)
u ‖

2

+
(1

2
gγ +Cν‖D(un+θn)‖

4
L4

)
‖δ (κ)

c ‖2

+
(1

2
gγ +Cu,1‖∇un+θn‖

4
L4 +Cu,2‖un+θn‖

4
L4

)
‖δ (κ+1)

u ‖2.

(5.9)

Step 4: Concentration error estimate. Testing (5.7) with δ
(κ+1)
c , using (5.6), the boundary conditions (1.2),

and integration by parts, yields

1
θnτn
‖δ (κ+1)

c ‖2 +Θ‖∇δ
(κ+1)
c ‖2 ≤

∣∣∣(δ (κ)
u ·∇cn+θn , δ

(κ+1)
c )Ω

∣∣∣+U
∣∣∣(∇δ

(κ+1)
c · id , δ

(κ+1)
c )Ω

∣∣∣ .
9



For the first term, Young’s inequality, Hölder’s inequality, Lemma 3.4, and Lemma 3.5 give∣∣∣(δ (κ)
u ·∇cn+θn , δ

(κ+1)
c )Ω

∣∣∣≤ ‖δ (κ)
u ‖L4‖∇cn+θn‖‖δ

(κ+1)
c ‖L4

≤C‖∇cn+θn‖‖δ
(κ)
u ‖1/2‖∇δ

(κ)
u ‖1/2‖δ (κ+1)

c ‖1/2‖∇δ
(κ+1)
c ‖1/2

≤ ν∗
16
‖D(δ (κ)

u )‖2 +
Θ

4
‖∇δ

(κ+1)
c ‖2 +Cu,3‖δ (κ)

u ‖2 +Cc‖∇cn+θn‖
4‖δ (κ+1)

c ‖2,

where Cu,3 and Cc depend on CL, CK , Θ, and ν∗.
The swimming term is estimated by

U
∣∣∣(∇δ

(κ+1)
c · id , δ

(κ+1)
c )Ω

∣∣∣≤ Θ

4
‖∇δ

(κ+1)
c ‖2 +

U2

Θ
‖δ (κ+1)

c ‖2.

Consequently,

1
θnτn
‖δ (κ+1)

c ‖2 +
Θ

2
‖∇δ

(κ+1)
c ‖2 ≤ ν∗

16
‖D(δ (κ)

u )‖2 +Cu,3‖δ (κ)
u ‖2 +

(
Cc‖∇cn+θn‖

4 +
U2

Θ

)
‖δ (κ+1)

c ‖2. (5.10)

Step 5: Closing the contraction estimate. Adding (5.8), (5.9), and (5.10):

1
θnτn
‖δ (κ+1)

u ‖2 +
1

θnτn
‖δ (κ+1)

c ‖2 +
1
2
‖δ (κ+1)

u ‖2 +
α2

2
amin‖∇δ

(κ+1)
u ‖2

+Γ‖∇ ·δ (κ+1)
u ‖2 +

ν∗
4
‖D(δ (κ+1)

u )‖2 +
Θ

2
‖∇δ

(κ+1)
c ‖2

≤Cr
(
‖δ (κ+1)

u ‖2 +‖δ (κ+1)
c ‖2)+C(1)

`

(
‖δ (κ)

u ‖2 +‖δ (κ)
c ‖2)

+
1
4
‖δ (κ)

u ‖
2 +

α2

4
amin‖∇δ

(κ)
u ‖

2 +
ν∗
8
‖D(δ (κ)

u )‖2 +
Θ

4
‖∇δ

(κ)
c ‖2,

(5.11)

where

Cr = max
(1

2
gγ +Cu,1‖∇un+θn‖

4
L4 +Cu,2‖un+θn‖

4
L4 , Cc‖∇cn+θn‖

4 +
U2

Θ

)
,

C(1)
` = max

(
Cu,3 +C‖∇un+θn‖

4
L4 +

1
2
,

1
2

gγ +Cν‖D(un+θn)‖
4
L4

)
.

Observe that the κ-level gradient terms on the right-hand side of (5.11) appear with coefficients that are
exactly one half of the corresponding (κ +1)-level coefficients on the left-hand side. This is by design in the
choice of Young’s inequality parameters. Moving the Cr-terms to the left-hand side and using 1/θnτn−Cr ≥
1/2θnτn (valid under condition (5.2)), we obtain

1
2θnτn

(
‖δ (κ+1)

u ‖2 +‖δ (κ+1)
c ‖2)+ 1

2
‖δ (κ+1)

u ‖2 +
α2

2
amin‖∇δ

(κ+1)
u ‖2 +

ν∗
4
‖D(δ (κ+1)

u )‖2 +
Θ

2
‖∇δ

(κ+1)
c ‖2

≤C(1)
`

(
‖δ (κ)

u ‖2 +‖δ (κ)
c ‖2)+ 1

4
‖δ (κ)

u ‖
2 +

α2

4
amin‖∇δ

(κ)
u ‖

2 +
ν∗
8
‖D(δ (κ)

u )‖2 +
Θ

4
‖∇δ

(κ)
c ‖2.

(5.12)
In terms of the combined error (5.1), the left-hand side of (5.12) is bounded below by min

(
1/2θnτn,1

)
E (κ+1),

while the right-hand side is bounded above by max
(
C(1)
` ,1/2

)
E (κ). Therefore, setting C` = max

(
C(1)
` ,1/2

)
:

E (κ+1) ≤ C`

min
( 1

2θnτn
,1
) E (κ). (5.13)

For θnτn < 1/2 (which is implied by (5.2)), min
(
1/2θnτn,1

)
= 1, and we need C` < 1 for contraction. In

general, for θnτn small, 1/2θnτn� 1, and the contraction constant is

ρ =
C`

1/2θnτn
= 2θnτn C`,
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which satisfies ρ < 1 whenever θnτn < 1/2C`. Combining with the requirement θnτn < 1/2Cr, condition (5.2)
ensures both ρ < 1 and the absorption of the (κ +1)-level terms.

REMARK 4. The constants C` and Cr depend on norms of the converged solution such as ‖∇un+θn‖L4 ,
‖D(un+θn)‖L4 , ‖un+θn‖L4 , ‖∇un+θn‖L4 , and ‖∇cn+θn‖. In d = 2, the L4 norms of the gradient are controlled
by H2 regularity via the Sobolev embedding H1(Ω) ↪→ L4(Ω). The concentration only requires cn+θn ∈H1(Ω)
for the present analysis. The same argument extends to d = 3 using the corresponding Gagliardo–Nirenberg
inequalities and stronger regularity assumptions.

REMARK 5. Since ρ = O(θnτn), as τn→ 0, smaller time steps yield faster convergence. In practice, very
few subiterations (typically 2–3) suffice per time step.

5.2. Stability of the semi-discrete scheme. In this subsection, we establish a stability of the semi-
discrete system (4.5).

THEOREM 5.3 (Semi-discrete stability). Under Assumptions 1, 2, suppose that θn ∈ [1/2,1] and that the
time step satisfies

τnM ≤ 1
2
, where M = g2

γ
2 C2

K
ν∗

+
U2

Θ
. (5.14)

Define the discrete energy En = ‖un‖2 +‖cn‖2. Then, the numerical solution satisfies

EN +
N−1

∑
n=0

(2θn−1)
[
‖un+1−un‖2 +‖cn+1− cn‖2]

+
N−1

∑
n=0

2τn

∫
Ω

(
ν(cn+θn)−ν∗

)
|D(un+θn)|

2 dx+
N−1

∑
n=0

τnΘ‖∇cn+θn‖
2

≤ E0 +2MT e4MT

(
E0 +

2C2
K

ν∗

N−1

∑
n=0

τn‖fn+θn‖
2

)
+

C2
K

ν∗

N−1

∑
n=0

τn‖fn+θn‖
2.

(5.15)

Proof. The proof proceeds in four steps.

Step 1: Filter estimate. Testing the filter equation in (4.5) with un+θn and integrating by parts:

‖un+θn‖
2 +α

2
∫

Ω

a(un+θn) |∇un+θn |
2 dx+Γ‖∇ ·un+θn‖

2 = (un+θn , un+θn)Ω +χ(∇ ·un+θn , ∇ ·un+θn)Ω.

Since ∇ ·un+θn = θn∇ ·un+1 +(1−θn)∇ ·un = 0, the χ-term vanishes. Applying Assumption 2 and Young’s
inequality:

1
2
‖un+θn‖

2 +α
2amin‖∇un+θn‖

2 +Γ‖∇ ·un+θn‖
2 ≤ 1

2
‖un+θn‖

2. (5.16)

In particular,

‖un+θn‖ ≤ ‖un+θn‖, ‖∇ ·un+θn‖
2 ≤ 1

2Γ
‖un+θn‖

2. (5.17)

Step 2: Momentum estimate. Testing the momentum equation in (4.5) with τnun+θn and applying Lemma 3.1:

1
2
(
‖un+1‖2−‖un‖2)+(θn−

1
2

)
‖un+1−un‖2 + τn

∫
Ω

ν(cn+θn) |D(un+θn)|
2 dx

+ τn

[(
(un+θn ·∇)un+θn , un+θn

)
Ω
+ 1

2

(
(∇ ·un+θn)un+θn , un+θn

)
Ω

]
=−τng

(
(1+ γcn+θn)i2, un+θn

)
Ω
+ τn(fn+θn , un+θn)Ω.
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The constant gravity term vanishes: (i2, un+θn)Ω =(∇x2, un+θn)Ω =−(∇·un+θn , x2)Ω+
∫

∂Ω
(un+θn ·n)x2 dS=

0, where we used ∇ ·un+θn = 0 and un+θn = 0 on ∂Ω. The skew-symmetric convective term vanishes by
Lemma 3.3. Therefore:

1
2
(
‖un+1‖2−‖un‖2)+(θn−

1
2

)
‖un+1−un‖2 + τn

∫
Ω

ν(cn+θn) |D(un+θn)|
2 dx

=−τngγ(cn+θn , un+θn · i2)Ω + τn(fn+θn , un+θn)Ω.

(5.18)

Step 3: Concentration estimate. Testing the concentration equation in (4.5) with τncn+θn and applying
Lemma 3.1:

1
2
(
‖cn+1‖2−‖cn‖2)+(θn−

1
2

)
‖cn+1− cn‖2− τnΘ(∆cn+θn , cn+θn)Ω

+ τn(un+θn ·∇cn+θn , cn+θn)Ω + τnU(
∂cn+θn

∂x2
, cn+θn)Ω = 0.

For the diffusion term, integration by parts and the no-flux condition (1.2) give

−Θ(∆cn+θn , cn+θn)Ω = Θ‖∇cn+θn‖
2−U

∫
∂Ω

c2
n+θn

n2 dS.

For the swimming term, integration by parts yields

U(
∂cn+θn

∂x2
, cn+θn)Ω =

U
2

∫
∂Ω

c2
n+θn

n2 dS.

The boundary contributions combine to−U
2
∫

∂Ω
c2

n+θn
n2 dS, which equals U(∇cn+θn ·i2, cn+θn)Ω as a volume

integral. For the convective term, integration by parts and un+θn = 0 on ∂Ω give

(un+θn ·∇cn+θn , cn+θn)Ω =−1
2
(∇ ·un+θn , |cn+θn |

2)Ω = 0.

The concentration energy balance therefore reads

1
2
(
‖cn+1‖2−‖cn‖2)+(θn−

1
2

)
‖cn+1− cn‖2 + τnΘ‖∇cn+θn‖

2 = τnU(∇cn+θn · i2, cn+θn)Ω. (5.19)

Step 4: Combining and closing. Adding (5.18) and (5.19):

1
2
(En+1−En)+

(
θn−

1
2

)[
‖un+1−un‖2 +‖cn+1− cn‖2]

+ τn

∫
Ω

ν(cn+θn) |D(un+θn)|
2 dx+ τnΘ‖∇cn+θn‖

2

=−τngγ(cn+θn , un+θn · i2)Ω + τn(fn+θn , un+θn)Ω + τnU(∇cn+θn · i2, cn+θn)Ω.

We bound each term on the right-hand side. By Young’s inequality and the Korn–Poincaré inequality (Lemma 3.4):

τngγ
∣∣(cn+θn , un+θn · i2)Ω

∣∣≤ τngγ

( 1
4ε1
‖cn+θn‖

2 + ε1C2
K‖D(un+θn)‖

2
)
,

τn
∣∣(fn+θn , un+θn)Ω

∣∣≤ τn

( 1
4ε2
‖fn+θn‖

2 + ε2C2
K‖D(un+θn)‖

2
)
,

τnU
∣∣(∇cn+θn · i2, cn+θn)Ω

∣∣≤ τnU
( 1

4ε3
‖cn+θn‖

2 + ε3‖∇cn+θn‖
2
)
.

Choosing

ε1 =
ν∗

2gγC2
K
, ε2 =

ν∗
2C2

K
, ε3 =

Θ

2U
,
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and absorbing the dissipation and diffusion terms into the left-hand side, we derive

1
2
(En+1−En)+

2θn−1
2

[
‖un+1−un‖2 +‖cn+1− cn‖2]

+ τn

∫
Ω

(ν(cn+θn)−ν∗) |D(un+θn)|
2 dx+ τn

Θ

2
‖∇cn+θn‖

2

≤ τn

(
g2

γ
2 C2

K
2ν∗

+
U2

2Θ

)
‖cn+θn‖

2 + τn
C2

K
2ν∗
‖fn+θn‖

2.

(5.20)

By Lemma 3.2, ‖cn+θn‖2 ≤ En+1 +En. With M defined by (5.14), the right-hand side of (5.20) is bounded by

τn
M
2
(En+1 +En)+ τn

C2
K

2ν∗
‖fn+θn‖

2.

Dropping the non-negative dissipation and diffusion terms from the left-hand side:

En+1−En ≤ τnM(En+1 +En)+ τn
C2

K
ν∗
‖fn+θn‖

2. (5.21)

Rearranging:

(1− τnM)En+1 ≤ (1+ τnM)En + τn
C2

K
ν∗
‖fn+θn‖

2.

Under (5.14), 1− τnM ≥ 1
2 > 0. Using 1+x

1−x ≤ 1+4x and 1
1−x ≤ 2 for 0≤ x≤ 1

2 :

En+1 ≤ (1+4τnM)En +
2C2

K
ν∗

τn‖fn+θn‖
2.

Applying Lemma 3.6:

EN ≤ e4MT

(
E0 +

2C2
K

ν∗

N−1

∑
n=0

τn‖fn+θn‖
2

)
. (5.22)

Returning to (5.20) and summing from n = 0 to N−1 yields (5.15).
REMARK 6. we note that the method has nonzero numerical dissipation unless θn = 1/2, which corre-

sponds to the midpoint rule.

6. Spatial discretization and filter parameters. In this section, we describe the spatial discretization
of the semi-discrete system (4.4) and analyze the effect of the grad-div filter parameters Γ and χ . As shown
in [30, 40], the condition number of the grad-div filter (1.7) scales as O(Γ/χ). The authors also report that
the accuracy of the filtered velocity improves as Γ increases, and they use large values of Γ in their numerical
experiments. We provide a theoretical explanation for this observation at the continuous level by showing that
the discrepancy between the grad-div filter (1.7) and the Stokes-type filter (1.6) is bounded by O(Γ−1/2).

At the discrete level, however, the situation is more subtle. The discrete Stokes-type filter enforces
incompressibility only in the pressure space, so the filtered velocity is generally not pointwise divergence-
free. We show that the corresponding error estimate contains competing terms that increase with Γ. As a
result, choosing Γ too large may degrade the overall accuracy of the discrete filter. This analysis provides a
theoretical basis for selecting a suitable range of values for Γ and χ , rather than taking Γ arbitrarily large.
Numerical experiments supporting these conclusions are presented in Section 7.

6.1. The fully discrete numerical method. Let Th be a shape-regular triangulation of Ω with mesh size
h. We choose conforming finite element spaces

Vh ⊂ V , Qh ⊂ Q, Sh ⊂ S.
13



We employ Taylor–Hood elements for the velocity–pressure pair and continuous piecewise polynomials for
the concentration:

Vh = {vh ∈ V : vh|K ∈ [Pk(K)]d , ∀K ∈Th},
Qh = {qh ∈ Q : qh|K ∈ Pk−1(K), ∀K ∈Th},
Sh = {sh ∈ S : sh|K ∈ Pk(K), ∀K ∈Th}.

The fully discrete method is obtained by replacing V , Q, and S in the decoupled subiteration (4.1)–(4.3) with
Vh, Qh, and Sh, respectively.

6.2. Choice of the filter parameters. The grad-div filter (2.2) avoids the solution of a mixed saddle-
point problem by relaxing the incompressibility constraint through grad-div penalization. We now quantify
the error introduced by this approximation relative to the Stokes-type filter (1.6), at both the continuous and
discrete levels.

Continuous-level estimate.. At the continuous level, let (uS,λ ) ∈ V ×Q solve the Stokes-type filter:

−α
2
∇ · (a∇uS)+uS +∇λ = u, ∇ ·uS = 0 in Ω, uS = u on ∂Ω, (6.1)

and let uG ∈ V solve the grad-div filter:

−α
2
∇ · (a∇uG)+uG−Γ∇∇ ·uG = u in Ω, uG = u on ∂Ω. (6.2)

Since the continuous velocity satisfies ∇ ·u= 0, the term χ∇∇ ·u vanishes at the continuous level.
PROPOSITION 6.1. Under Assumption 2, let e= uS−uG. Then

α
2amin‖∇e‖2 +‖e‖2 +

Γ

2
‖∇ ·uG‖2 ≤ 1

2Γ
‖λ‖2. (6.3)

Proof. Subtracting (6.2) from (6.1), we obtain

−α
2
∇ · (a∇e)+e+∇λ +Γ∇∇ ·uG = 0.

Testing with e gives

α
2(a∇e,∇e)+‖e‖2 +(∇λ ,e)+Γ(∇∇ ·uG,e) = 0.

Since e= 0 on ∂Ω, integration by parts yields

α
2(a∇e,∇e)+‖e‖2− (λ ,∇ ·e)−Γ(∇ ·uG,∇ ·e) = 0.

Because ∇ ·uS = 0, we have

∇ ·e= ∇ · (uS−uG) =−∇ ·uG.

Therefore,

α
2(a∇e,∇e)+‖e‖2 +(λ ,∇ ·uG)+Γ‖∇ ·uG‖2 = 0.

Using Assumption 2, we obtain

α
2amin‖∇e‖2 +‖e‖2 +Γ‖∇ ·uG‖2 ≤ ‖λ‖‖∇ ·uG‖.

Applying Young’s inequality,

‖λ‖‖∇ ·uG‖ ≤
1

2Γ
‖λ‖2 +

Γ

2
‖∇ ·uG‖2,

and absorbing the last term into the left-hand side completes the proof.
REMARK 7. Estimate (6.3) shows that the grad-div filter provides a close approximation to the Stokes-

type filter for sufficiently large Γ. This gives a theoretical explanation for the numerical observation in [40]
that increasing Γ leads to a more accurate filtered velocity.
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Discrete-level estimate.. At the discrete level, the situation is more subtle. Let (uh
S,λh) ∈ Vh×Qh solve

the discrete Stokes-type filter: for all (vh,qh) ∈ Vh×Qh,

α
2(a∇uh

S,∇vh)+(uh
S,vh)− (λh,∇ ·vh) = (uh,vh),

(∇ ·uh
S,qh) = 0,

(6.4)

and let uh
G ∈ Vh solve the discrete grad-div filter: for all vh ∈ Vh,

α
2(a∇uh

G,∇vh)+(uh
G,vh)+Γ(∇ ·uh

G,∇ ·vh) = (uh,vh)+χ(∇ ·uh,∇ ·vh). (6.5)

Although uh
S is weakly divergence-free, its pointwise divergence generally does not vanish. Similarly, the

discrete velocity uh may have a nonzero divergence residual. These residuals are responsible for the additional
terms in the following estimate.

LEMMA 6.2. Under Assumption 2, let eh := uh
S−uh

G. Then

α
2amin‖∇eh‖2 +‖eh‖2 +

Γ

4
‖∇ ·uh

G‖2 ≤ 1
Γ
‖λh‖2 +

(
Γ+

χ

2

)
‖∇ ·uh

S‖2 +

(
χ2

Γ
+

χ

2

)
‖∇ ·uh‖2. (6.6)

Proof. Subtracting (6.5) from (6.4) and taking vh = eh gives

α
2(a∇eh,∇eh)+‖eh‖2− (λh,∇ ·eh)−Γ(∇ ·uh

G,∇ ·eh) =−χ(∇ ·uh,∇ ·eh).

Since ∇ ·eh = ∇ ·uh
S−∇ ·uh

G, and since λh ∈ Qh, the discrete divergence constraint gives (λh,∇ ·uh
S) = 0.

Therefore,

(λh,∇ ·eh) =−(λh,∇ ·uh
G).

Expanding the remaining divergence terms yields

α
2(a∇eh,∇eh)+‖eh‖2 +Γ‖∇ ·uh

G‖2

=−(λh,∇ ·uh
G)+Γ(∇ ·uh

G,∇ ·uh
S)+χ(∇ ·uh,∇ ·uh

G)−χ(∇ ·uh,∇ ·uh
S).

Using Assumption 2, we infer that

α
2amin‖∇eh‖2 +‖eh‖2 +Γ‖∇ ·uh

G‖2

≤ ‖λh‖‖∇ ·uh
G‖+Γ‖∇ ·uh

G‖‖∇ ·uh
S‖+χ‖∇ ·uh‖‖∇ ·uh

G‖+χ‖∇ ·uh‖‖∇ ·uh
S‖.

Applying Young’s inequality to the four terms on the right-hand side, we obtain

‖λh‖‖∇ ·uh
G‖ ≤

1
Γ
‖λh‖2 +

Γ

4
‖∇ ·uh

G‖2,

Γ‖∇ ·uh
G‖‖∇ ·uh

S‖ ≤ Γ‖∇ ·uh
S‖2 +

Γ

4
‖∇ ·uh

G‖2,

χ‖∇ ·uh‖‖∇ ·uh
G‖ ≤

χ2

Γ
‖∇ ·uh‖2 +

Γ

4
‖∇ ·uh

G‖2,

χ‖∇ ·uh‖‖∇ ·uh
S‖ ≤

χ

2
‖∇ ·uh‖2 +

χ

2
‖∇ ·uh

S‖2.

Substituting these bounds into the previous inequality and absorbing the three Γ

4 ‖∇ ·u
h
G‖2 terms into the

left-hand side gives (6.6).
REMARK 8. The continuous estimate (6.3) suggests that increasing Γ improves the approximation of the

Stokes-type filter. The discrete estimate (6.6), however, reveals a competing effect: terms involving the discrete
divergence residuals are amplified by Γ and χ . Therefore, in computations, Γ should be chosen large enough
to improve the incompressibility of the filtered velocity, but not so large that it magnifies the divergence error
of the discrete approximation.
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7. Numerical simulations. In this section, we present computational results that demonstrate the effec-
tiveness of the proposed adaptive filtered method. We first verify the spatial and temporal convergence rates
in both two and three dimensions using a manufactured solution. We then examine the effect of the grad-div
filter parameters Γ and χ , as predicted by the analysis in Section 6. Next, we present bioconvection simu-
lations at moderate and high Rayleigh numbers, comparing the filtered method on coarse meshes with the
standard unfiltered method on both coarse and fine meshes. Finally, we consider a concentration-dependent
viscosity case to test the method in a nonlinear viscosity regime. Although the time-discretization framework
allows variable time steps, all numerical experiments reported below use a uniform time step τn = ∆t. The
convergence tests for the manufactured solution use Dirichlet boundary data prescribed from the exact solu-
tion. In all remaining bioconvection simulations, periodic boundary conditions are imposed in the horizontal
direction, with no-slip velocity boundary conditions and no-flux concentration boundary conditions on the top
and bottom boundaries.

In all of our simulations, we adopt an indicator function based on approximate deconvolution [7]:

a(u) =
|u−uH |

max
(
||u−uH ||L∞(Ω),1

) , (7.1)

where uH is the Helmholtz filter of u without the enforcement of the incompressibility constraint:

−α
2
∆uH +uH = u in Ω, uH = u on ∂Ω. (7.2)

All numerical experiments use Taylor–Hood (P2,P1) finite elements for the velocity–pressure pair and
continuous P2 finite elements for the concentration.

All computations are carried out in the Julia programming language [6] using the Gridap finite element
library [2, 43], together with GridapSolvers [32] and the DataStructures.jl package [24]. All computa-
tions are performed on the Center for Research Computing (CRC) cluster at the University of Notre Dame.
Reported computational times are measured on the same hardware configuration to ensure a fair comparison
between methods.

7.1. Convergence study in 2D and 3D. We first verify the spatial and temporal convergence rates on
the square domain Ω = [−1,1]2 for the filtered bioconvection system (2.1) with T = 1. The parameters are
fixed as

g = 10, γ = 0.1, ν = 0.1, Θ = 0.1, U = 0.1.

For the filtered solver, we set α = 0.1h,Γ = 2 and χ = 1. The non-filtered solver is recovered by setting
α = Γ = χ = 0. The exact solution is given by

u=
(
t2 sin(πx)cos(πy),−t2 cos(πx)sin(πy)

)
, p = t2x2y2, c = t2x2y2.

At each time step, the Dirichlet boundary conditions for the velocity and concentration are prescribed using
the traces of the exact solution. We choose θ = 1/2, and take the initial data to be the L2 projection of
continuous solutions into the finite element space. We calculate the forcing term f using the exact solution,
and in the same way we add and calculate the forcing term in the concentration equation.

Using Algorithm 1, we compute solutions on five successive mesh and time step refinements with ∆t =
O(h). Figure 7.1(a) shows the L2 errors for the velocity and concentration as functions of the mesh size, for
both the filtered and non-filtered solvers. Both methods achieve second-order convergence. The filtered solver
produces errors of comparable magnitude to the non-filtered solver, confirming that the adaptive filtering does
not degrade the accuracy of the spatial discretization.

We repeat the experiment in three dimensions on the domain Ω = [−1,1]3 with the manufactured solution

u=
(
t2 sin(πx)cos(πy)cos(πz),−2t2 cos(πx)sin(πy)cos(πz), t2 cos(πx)cos(πy)sin(πz)

)
,

p = t2 sin(πx)cos(πy)sin(πz), c = t2x2y2z2.

with the same physical and filter parameters. Four successive refinement levels are used. As shown in Fig-
ure 7.1(b), second-order convergence is again observed for both solvers, confirming that the method and its
convergence properties extend to three dimensions.

16



1/10
h

10 5

10 4

10 3
L2  

er
ro

r

(a) 2D

O(h2)

u uh , non-filtered
u uh , filtered
c ch , non-filtered
c ch , filtered

1/102 × 10 13 × 10 14 × 10 1

h

10 4

10 3

10 2

L2  
er

ro
r

(b) 3D

O(h2)

Fig. 7.1: L2 convergence rates for velocity and concentration in (a) 2D, and (b) 3D. Solid lines: non-filtered
solver (α = Γ = χ = 0); dashed lines: filtered solver (α = 0.1h, Γ = 2, χ = 1). Both solvers achieve second-
order convergence.

7.2. The effect of the grad-div filter parameters. The grad-div filter (1.7) approximates the Stokes-
type filter (1.6) by relaxing the divergence-free constraint and enforcing it through a penalty term. This avoids
solving a mixed saddle-point problem and reduces the computational cost. We assess the quality of this
approximation using two criteria: the discrepancy from the Stokes-type filtered velocity and the divergence
residual of the grad-div filtered velocity. These quantities were analyzed in Section 6. Here, we examine their
behavior numerically.

The discrete estimate (6.6) reveals competing effects in the choice of the grad-div parameters Γ and χ .
Since the condition number of the filter system scales with the ratio r = Γ/χ , we vary χ while keeping r fixed
and setting Γ = rχ . Under this choice, the upper bound contains terms that decrease with χ and terms that
increase with χ , suggesting that an intermediate range may provide a favorable filter-level balance.

The simulations are conducted on the domain Ω = [0,L]× [0,H], with L = 16 and H = 2. The physical
parameters are fixed as

g = 980.665, γ = 0.1, ν = 0.1, Θ = 0.1, U = 0.1.

We first solve the unfiltered bioconvection system (1.1), corresponding to α = Γ = χ = 0, with final time
T = 35, time step ∆t = 0.01, and mesh size h = 0.1. The initial data are

u0 = 0, c0 = 106.

We then use the computed velocity field at the final time T = 35 as the input to both the discrete Stokes-type
filter (1.6) and the discrete grad-div filter (1.7). Thus, the filtered velocities uh

S and uh
G are computed in post-

processing from the same discrete velocity field. The filter radius is fixed at α = 0.05. For each fixed ratio
r = Γ/χ , we vary χ and set Γ = rχ . We monitor the filter discrepancy and the divergence residual:

Efilter = ‖uh
S−uh

G‖L2 , Ediv = ‖∇ ·uh
G‖L2 .

Figure 7.2 displays the results. For each fixed r, increasing χ (and hence Γ) slightly reduces the diver-
gence residual Ediv (right panel) but increases the discrepancy Efilter (left panel). The dependence on the ratio r
is more pronounced. Larger values of r substantially improve divergence control but also increase the distance
from the Stokes-type filtered velocity. These results are consistent with the competing effects predicted by
the discrete estimate (6.6) and suggest that the filter parameters should be selected by balancing divergence
control against agreement with the Stokes-type filter, rather than by minimizing either quantity alone.
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Fig. 7.2: Effects of the grad-div parameters on the discrete filter approximation. For each fixed ratio r = Γ/χ ,
we vary χ and set Γ = rχ . The discrepancy between the discrete Stokes-type and grad-div filtered velocities
(left panel) increases with both χ and r, while the divergence residual of the grad-div filtered velocity (right
panel) decreases.

7.3. Constant-viscosity bioconvection simulations. In this subsection, we investigate the performance
of the adaptive filtered method in two-dimensional bioconvection simulations. We compare the filtered method
on a coarse mesh with the standard unfiltered method on both coarse and fine meshes. The fine-mesh unfiltered
computation is used as a reference. We examine the resulting plume structures, the evolution of the kinetic and
potential energies, mass conservation, and the computational cost. Two regimes are considered, a moderate-
Rayleigh case and a high-Rayleigh case.

The simulations are conducted on the domain Ω = [0,16]× [0,2]. The physical parameters are fixed as

g = 980.665, γ = 0.1, ν = 0.1, Θ = 0.1, U = 0.1.

We vary the Rayleigh number by changing the total initial microorganism mass M0. The moderate-Rayleigh
case corresponds to M0 = |Ω|×106, while the high-Rayleigh case corresponds to M0 = |Ω|×107. For both
cases, we take T = 200,∆t = 0.01, with initial data

u0 = 0, c0 =
M0

|Ω|
.

The standard method is recovered by setting α = Γ = χ = 0, whereas the filtered method solves (2.1) with
the parameters specified below.

Moderate Rayleigh number.. We first consider M0 = |Ω|×106. Three computations are compared:
1. the unfiltered method on a coarse mesh with h = 0.1;
2. the unfiltered method on a fine mesh with h = 0.025;
3. the adaptive filtered method on the coarse mesh with h = 0.1, α = 0.05, Γ = 10, χ = 0.

Figure 7.3 compares the microorganism concentration fields at selected times. The coarse-mesh unfil-
tered computation captures the general plume formation mechanism but differs noticeably from the fine-mesh
reference. In contrast, the coarse-mesh filtered computation reproduces the dominant plume structures of the
fine-mesh solution more accurately.

Figure 7.4 shows the evolution of the kinetic and potential energies. After an initial transient, the filtered
coarse-mesh computation closely follows the fine-mesh reference, while the unfiltered coarse-mesh solution
exhibits a more visible discrepancy. The energy traces display persistent long-time fluctuations associated
with the evolving plume dynamics. The total microorganism mass is conserved to machine precision at every
time step, consistent with Proposition 5.1.
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Fig. 7.3: Microorganism concentration fields in the moderate-Rayleigh regime at t = 50,100,150,200.
Columns from left to right: unfiltered method on the coarse mesh, unfiltered method on the fine mesh, adaptive
filtered method on the coarse mesh. The filtered coarse-mesh solution captures the dominant plume structures
of the fine-mesh reference more accurately than the unfiltered coarse-mesh solution.
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Fig. 7.4: Evolution of the kinetic energy KE(t) and potential energy PE(t) in the moderate-Rayleigh regime.
The adaptive filtered method on the coarse mesh closely reproduces the energy behavior of the fine-mesh
unfiltered reference computation.

Table 7.1 reports the computational cost of the three simulations. Since the unfiltered and filtered methods
use different numbers of MPI ranks, we report both wall-clock time and core-hours. The filtered coarse-mesh
computation delivers a substantially more accurate approximation of the fine-mesh reference in roughly one-
third the wall-clock time (6.5 vs. 17.5 hours).

High Rayleigh number.. We next increase the initial concentration to M0 = |Ω|×107. Three computations
are compared:

1. the unfiltered method on a coarse mesh with h = 0.1;
2. the unfiltered method on a fine mesh with h = 0.025;
3. the adaptive filtered method on the coarse mesh with h = 0.1, α = 0.1, Γ = 100, χ = 10.

Figure 7.5 compares the concentration fields obtained by the three methods. As the Rayleigh number
increases, the plume dynamics become more complex and the discrepancy between the two unfiltered compu-
tations becomes more pronounced. The filtered coarse-mesh solution captures the dominant structures of the
fine-mesh reference more accurately than the unfiltered solution on the same coarse mesh. Mass conservation
is again verified to machine precision.
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Table 7.1: Computational cost for the moderate-Rayleigh simulations.

Method Mesh size h MPI ranks Wall-clock time Core-hours

Unfiltered, coarse mesh 0.1 2 2 hours 4 hours
Unfiltered, fine mesh 0.025 2 17.5 hours 35 hours
Filtered, coarse mesh 0.1 4 6.5 hours 26 hours

Unfiltered, coarse mesh Filtered, coarse meshUnfiltered, fine mesh

t=50
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t=150

t=200

concentration
2.8e+6 2.7e+71.5e+7

Fig. 7.5: Microorganism concentration fields in the high-Rayleigh regime at t = 50,100,150,200. Columns
from left to right: unfiltered method on the coarse mesh, unfiltered method on the fine mesh, adaptive filtered
method on the coarse mesh. The filtered coarse-mesh solution captures the dominant plume structures of the
fine-mesh reference more accurately than the unfiltered coarse-mesh solution.

Figure 7.6 shows the corresponding kinetic- and potential-energy histories. In this regime, the energy
traces exhibit stronger and more irregular fluctuations. The adaptive filtered method still provides an improved
coarse-mesh approximation of the long-time energy behavior compared with the unfiltered method.

Table 7.2 reports the computational cost of the three simulations. As in the moderate-Rayleigh case,
the filtered coarse-mesh computation achieves a more accurate approximation of the fine-mesh reference at a
lower cost.

7.4. Concentration-dependent viscosity bioconvection simulations. We next consider a case in which
the viscosity depends on the microorganism concentration. This experiment tests the proposed method in a
nonlinear viscosity regime and examines whether the adaptive filtered method on a coarse mesh can still
reproduce the dominant dynamics of the standard unfiltered method on a fine mesh. We use the following
concentration-dependent viscosity law:

ν(c) =

{
ν0, cr ≤ 0,
ν0
(
1+2.5cr +5.3c2

r
)
, cr > 0,

(7.3)

where cr = c/cmax is the relative concentration and cmax = 3 · 108. This constitutive relation is based on the
low-concentration expansion for suspensions given in [3]. The remaining physical and numerical parameters
are the same as in the moderate-Rayleigh constant-viscosity case. Three computations are compared:

1. the unfiltered method on a coarse mesh with h = 0.1;
2. the unfiltered method on a fine mesh with h = 0.025;
3. the adaptive filtered method on the coarse mesh with h = 0.1, α = 0.1, Γ = 16, χ = 0.

Figure 7.7 compares the microorganism concentration fields at selected times. The concentration-dependent
viscosity modifies the plume evolution, but the filtered coarse-mesh computation still captures the dominant
plume structures observed in the fine-mesh unfiltered reference. Because periodic boundary conditions are
imposed in the horizontal direction, the plume locations may differ by a small horizontal phase shift. Up to
this periodic translation, the filtered solution reproduces the main large-scale structures more accurately than
the unfiltered solution on the same coarse mesh.
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Fig. 7.6: Evolution of the kinetic energy KE(t) and potential energy PE(t) in the high-Rayleigh regime. The
adaptive filtered method improves the coarse-mesh approximation of the long-time energy behavior.

Table 7.2: Computational cost for the high-Rayleigh simulations.

Method Mesh size h MPI ranks Wall-clock time Core-hours

Unfiltered, coarse mesh 0.1 2 3.5 hours 7 hours
Unfiltered, fine mesh 0.025 2 17.8 hours 35.6 hours
Filtered, coarse mesh 0.1 4 6.5 hours 26 hours

Unfiltered, coarse mesh

t=50

Unfiltered, fine mesh Filtered, coarse mesh

t=100

t=150

t=200

3.5e+62.8e+4 1.8e+6

concentration

Fig. 7.7: Microorganism concentration fields for the concentration-dependent viscosity case at t =
50,100,150,200. Columns from left to right: unfiltered method on the coarse mesh, unfiltered method on
the fine mesh, adaptive filtered method on the coarse mesh. Up to a small horizontal phase shift induced by
the periodic direction, the filtered coarse-mesh solution captures the dominant plume structures of the fine-
mesh reference more accurately than the unfiltered coarse-mesh solution.
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Fig. 7.8: Evolution of the kinetic energy KE(t) and potential energy PE(t) for concentration-dependent vis-
cosity case. The adaptive filtered method on the coarse mesh closely follows the long-time energy behavior
of the fine-mesh unfiltered reference.

Table 7.3: Computational cost for concentration-dependent viscosity case.

Method Mesh size h MPI ranks Wall-clock time Core-hours

Unfiltered, coarse mesh 0.1 2 2.25 hours 4.5 hours
Unfiltered, fine mesh 0.025 2 42.5 hours 85 hours
Filtered, coarse mesh 0.1 4 8.3 hours 33.2 hours

Figure 7.8 shows the corresponding kinetic and potential energies. The filtered method reproduces the
main long-time energy behavior while requiring substantially fewer degrees of freedom. This indicates that
the adaptive filtering remains effective beyond the constant viscosity setting.

Table 7.3 reports the computational cost of the three simulations. The unfiltered computation on a fine
mesh is substantially more expensive in the concentration-dependent viscosity case than in the corresponding
constant viscosity case. The filtered computation on a coarse mesh provides a more accurate approximation of
the reference than the unfiltered simulation on the coarse mesh, while requiring significantly less wall-clock
time than the unfiltered computation on the fine mesh.

8. Conclusions. In this work, we developed a spatially adaptive Leray-α regularized finite element
method for geotactic bioconvection. The method reduces the computational cost while retaining key properties
of the original model, including conservation of the total microorganism mass and the kinetic–potential energy
balance. We established a stability estimate for the semi-discrete scheme and proved linear convergence of
the decoupled subiterations under a time-step restriction. We also analyzed the grad-div stabilized adaptive
filter at both the continuous and discrete levels. The analysis reveals a competing divergence-residual effect
at the discrete level, providing a theoretical basis for selecting a suitable range of filter parameters.

Numerical simulations show that the filtered method on coarse meshes closely reproduces the dominant
large-scale dynamics obtained by the standard unfiltered method on much finer meshes, with a substantial
reduction in computational cost. Additional simulations with concentration-dependent viscosity demonstrate
that the method remains effective in a nonlinear viscosity regime.

Several questions remain open. The present analysis identifies a suitable range of grad-div parameters but
does not prescribe a universal optimal choice. In addition, the indicator function used here is adapted from the
Navier–Stokes setting, and the development of indicators tailored specifically to bioconvection may further
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improve the method. These directions will be investigated in our future work.
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