MATH 0200 — Prep for Scientific Calculus
SAMPLE FINAL EXAM 2

Exam length: 1 hour 50 minutes

INSTRUCTIONS:

1.

NO TABLES, BOOKS, NOTES, HEADPHONES, CALCULATORS, OR COMPUTERS
MAY BE USED.

Show ALL of your calculations and display answers clearly. You may leave your final
answers in exact form. Unjustified answers will receive no credit.

. WRITE YOUR SOLUTIONS in the space provided. EXTRA SPACE is available on

the BACKS of the pages. When using these back pages, clearly LABEL the problem,
and also clearly indicate on the appropriate front page where your back-page solution (or
continuation of a solution) is located.

. Write neatly. Cross out any work that you do not wish to be considered for grading.

. Academic Integrity Strictly Applies. Looking at another person’s paper is reason to

assume cheating and your paper will be taken.

All cell phones and electronic devices must be OFF and put away, and hats removed.



1. (30 points)
Simplify or Solve.

T+ 2

(a) Find all x such that < 3.

€xr —

Solution. Move everything to one side:

2
S )
r—1
Combine into a single fraction:
2 —3(x—1 -2 5
Tt (z—1) <0 — TTO g
r—1 r—1

Multiply numerator and denominator by —1:

2r —5H
r—1

> 0.

Critical values are x = 1 and © = % A sign chart shows the expression is

positive on
)
(—o0, 1)U (5, oo) :

5
a:<10rx>§.

Therefore,

(b) Give exact value for cos(m/12).

Solution. Use the difference formula:
T T T T T T T

cos (E) = cos <Z — €> = COSZCOSE + szsm 5

Hence

(¢) Give exact value for sin(77/12).

Solution. Write
(T <7r N 7r)
sin 19 = sin st 71)

sin(w 7'(') T s T T V3 V2

Then

§—|—Z :SiH§COSZ+COS§SiHZ:7'7+

DN —
S
[\

Page 2



So

sin <7W) _ VB v2

12 4

Evaluate cos™!(cos(107/9)).

Solution. The range of cos™! is [0, 7]. We need the angle in this interval having
the same cosine as 107/9. Since

107 107 8T
cos| — ) =cos|{2r —— ) =cos| — |,
9 9 9

cos™*(cos(107/9)) = %T :

we get

Evaluate cos(tan=!(—4)).

Solution. Let § = tan~'(—4). Then tanf = —4, and since 0 € (—7/2,7/2), 6
is in quadrant IV. Draw a right triangle with adjacent side 1, opposite side —4,

and hypotenuse
V12 4+ (—4)2 = V17
1 V7

cosl) = —— = ——.

JiT 17
V1T

17 |

Therefore,

So

cos(tan™!(—4)) =

Find all real and/or complex solutions to 2% + 4z 4+ 6 = 0.

Solution. Use the quadratic formula:

AV L T6 —4+V16-24  —4+/-8
= — 2 - .

2 2

z

Since /—8 = 2iv/2,
5 = ﬂ — —24+4V2.
Thus the solutions are

2= —244iV2|.
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2. (30 points)
Short answer.

(a)

(b)

(c)

The graph of g(x) is obtained from the graph of f(z) by first stretching the graph
of f horizontally by a factor of 2, then flipping it vertically (across the z-axis), then
shifting it up 2 units. Give a formula for g(z) in terms of f(z).

Solution. A horizontal stretch by factor 2 gives f(x/2). Flipping across the
x-axis gives — f(x/2). Shifting up 2 units gives

g@) = —f(5) +2}|

Sketch the graph of f(z) = y/z and its inverse. Clearly mark the domains and
ranges of each.

Solution. The inverse of f(x) = +/z is
fH@) =2 (z20)
The graph of y = y/z has domain [0,00) and range [0,00). The graph of its

inverse y = x? with x > 0 also has domain [0, cc) and range [0,00). The two
graphs are reflections of each other across the line y = .

Give the equation of the line perpendicular to y = 3x + 5 and through the point
(1,2).

Solution. The given line has slope 3, so a perpendicular line has slope —%. Using
point-slope form,

1
y—2:—§(az—1).

Simplifying,
1 1 1 7
S 49— _°= L
Y Bx—l— 3 + 3a:+ 3

Thus

L
=—=z+=|
Y= 73773

What is the minimum value of 22 — 6x + 27

Solution. Complete the square:

2 —6r+2=(x—-3)>-"7.
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Since (z — 3)? > 0, the minimum value is

=7

(e) You have a calculator which can only compute square roots and multiply numbers.
Explain how you can use it to compute 7%/4.

Solution. Write

73 = T3 =\ TVT.

So first compute /7, then multiply by 7, and finally take the square root of the
result. That uses only square roots and multiplication.

(f) Find a number b such that 3 is a zero of p(z) = 1 — 4z + bx? + 22°.

Solution. If 3 is a zero, then p(3) = 0:

1—4(3) +b(3)* +2(3)* = 0.

Thus
1—-124+9%+54=0 =— 9+43=0.
Hence
43
b= ——|
9
3. (30 points)
Short answer.
2+ 1
a) List all asymptotes of f(z) = )

Solution. Vertical asymptotes occur where the denominator is zero and the
numerator is nonzero. Since

(x—1)(x+2)=0
at r =1 and 2 = —2, and 22 + 1 # 0 for real z, the vertical asymptotes are
r=1 and x=-2.

Since the degrees of numerator and denominator are equal, the horizontal asymptot
is the ratio of leading coefficients, namely




Therefore the asymptotes are

Find a number n such that log;(log, n) = 2.

Solution. From
log;(logy, n) = 2,

we get
log,n = 3% = 9.
Hence
n = 2% =512.
So

[n =512}

1
(c) Write as a single logarithm: logx + 2logy — 3 log 2%.

Solution. Use log rules:
1
2logy = log(y?), ) log 2* = log((z4)1/2) = log(2?).
Therefore
1 4 2 2 xy®
logz 4+ 2logy — §logz = logx + log(y~) —log(z”) =log | - | -
z

So the single logarithm is

(d) Write an expression for the amount of money you will have after ¢ years if you invest

$1000 at a rate of 2% compounded quarterly.

Solution. Use the compound-interest formula
nt
At) :P(Hf) .
n
Here P = 1000, » = 0.02, and n = 4. Thus

0.02\" »
A(t) =1000 ( 1+ == ) = 1000(1.005)" |
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(e) What is the slope of the line that makes an angle of 30° with the positive z-axis?

Solution. The slope of a line making angle 6 with the positive z-axis is m =
tan 6. Hence
V3

m=tan30° = —= = —.

3 3

So the slope is

V3
5 |

(f) Find two angles u and v so that cosu = cosv but sinu # sinv.

Solution. One example is

m 5T
U= — V= —
3’ 3
Indeed,
™ 5T
COS — = — = COS —,
3 3
but
W T V3, _V3_ o
S 5 = 26 5 =5 3

4. (10 points)
Show that if f(z) = mz + b then for m # 0 its inverse is given by the equation

_ 1 b
fTly)=—y——.
m m
Solution. Let
y=mx+b.
Solve for x: b1 b
T i
This expresses x in terms of y, so
_ 1 b
fly)=—y——|
m m
Equivalently, writing the input variable as z,
—b
) =
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5. (15 points)

For the functions
B 3r +4 %+ 2

re) = W=
find and SIMPLIFY the formula for the composition r o s(z).

Solution. We compute

_ 3s(z) +4
(ros)(z) =r(s(x)) = W

Since

(z) = %+ 2

B
we have

3(z% +2) 3024+ 6+8r—4 3r*+8r+2
3s(z) + w1 | 2 — 1 2 — 1

Also,

o (G -

Expand the numerator:

(22 +2+ (2 — 1) =2+ 42 + 4+ 42> —do + 1 = 2" +82° — 4z + 5.

Therefore,
312 48x+2
(ros)a) = 21 _ (B2 +804+2)22 1)
Ty rt+ 822 —dr +5
So

(22 — 1)(32 + 8x + 2)
rt 482 —4r+5 |

(ros)(z) =

6. (15 points)

Solve
In(12x)

In(5x) =2

Solution. We need x > 0 and also In(5z) # 0, so « # +. Now

In(12z)
In(5x)

=2 = In(12z) = 2In(5z).
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Using log rules,
2In(5z) = In((52)?) = In(2527).

Hence
In(127) = In(2527).

Since logarithms are one-to-one on positive numbers,
127 = 252°.

So
250 — 120 =0 = x(25z —12) = 0.

Because x > 0, we discard x = 0. Thus

7. (15 points)
Simplify (% — %z) ”

Solution. First note that

So we may write
1 ' 0 +isinf
- — i = in
g~ gl =cos s
with

4
cosf = —, sin0:—§.
5 5

Thus § = —tan~'(3/4). By De Moivre’s Theorem,

5 5
Substituting § = — tan~*(3/4),

75
(il _ §Z) = cos(750) + isin(750).

4 3\" (3 . (3
(g—gz) —Cos(—75tan <1>) +251n(—75tan (Z))

Equivalently,

5 9

<é _ §z> = cos(75 tan""(3/4)) — isin(75 tan""(3/4)) |
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8. (25 points)
Suppose 6 is in the interval (7/2, 7) with sinf = 1/3. Compute:

(a) cosd

Solution. Since # is in quadrant 11, cosine is negative. Thus

cosf = —v/1 — sin? :—@/1—%:_\/§:_¥.

(b) tan6
Solution.
sin 0 1/3 1 V2
tanf = = = —_Y2
cosf  —2v/2/3 2v/2 4
(c) sech
Solution.
1 1 3 3v/2
secf = = = = .
cosf  —2v/2/3 2v/2 4
(d) csch
Solution. |
0 = = 3.
os¢ sin 0
(e) cotd
Solution.
cotd — costl —2\/5/3 _ 93

sinf  1/3

(f) sin(f + )

Solution.
. . 1
sin(f + ) = —sinf = -3

(g) cos(f + )
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Solution.

2v/2

cos(f + m) = —cosf = =

sin(mw/2 — 0)

Solution. Use the cofunction identity:

(T 22
sin (5 — 9) =cosf = 5
cos(m/2 — 0)
Solution. )
™ .
CoS <§ — 0> =gsinf = 3
sin(—6)

Solution. Sine is odd, so

sin(—f) = —sinf = —%.

cos(—0)

Solution. Cosine is even, so

22

—0) = cos = ———.
cos(—0) = cos 3

sin(6/2)

Solution. Since 0 € (7/2,7), we have 0/2 € (w/4,7/2), so sine is positive. Use

the half-angle formula:

. ( 1 —cosd 1 —(—2v2/3) 14+2v/2/3 3+2V2
Sm(§>_\/ 2 _\/ 2 _\/ 2 _\/ 6

Therefore,

an(l) 2
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(m) cos(26)

Solution.

2
cos(20) =1 — 2sin*0 =1 —2 (1) =1-

9. (15 points)
Find the area of a regular hexagon inscribed in the unit circle.

Solution. A regular hexagon inscribed in the unit circle can be divided into six
congruent central triangles, each with central angle

27 T
6 3

Each such triangle has side lengths 1,1, 1, so it is an equilateral triangle of side length
1. Hence each triangle has area

Therefore the total area is

So the area is

10. (15 points)
Find all solutions to z% = —8&i.

Solution. Write —8i in trigonometric form. Since —8: has modulus 8 and argument

31/2,
3 3
-8 =8 ((}0877T —|—isin§> .

Its cube roots have modulus /8 = 2 and arguments

3T

T+ 2nk w 2wk

2 - =4 k=0,12.
3 2+ 3’ T

Thus the roots are: - -
2 (cos 5 4+ 7 sin 5) = 21,
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2 (cos — +1¢sin —)

11
Q(COSTWqLZ& ?ﬂ) :\/g—i.

Therefore,

z = 21, z:—\/g—i, z=v3—il
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