Preliminary Exam in Analysis, August 2021

Problem 1. Consider a function u € C*(Q), where Q is an open set in R%. For x € Q and
r < dist (x,09) let Sp.(x) = {y € R? : |x — y| = r} the 1-dimensional sphere centered at x with
radius r. Consider the mean value of u on S,(x) as a function of the radius r
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(1) Sety =x +rz and show that
o(r) :][ u(z +rz)do(z)
S1(0)

(2) Compute ¢'(r) and use the Divergence Theorem to show that ¢'(r) = 0 whenever
div(Vu) = 011u + Oaou = 0; i.e. if the function u is harmonic.
(3) Deduce that harmonic functions satisfy the mean value property
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for all x € Q and all r < dist (x, 09).

d(z,y)
1+d(z,y)
that it generates the same topology as the original metric d; that is, show that any open set for d
s an open set for d and vice versa.

Problem 3. Show that
K :={feC'((0,1))nC°[0,1]):  f'(z) = |f(x)| and |f(x)] <2 holds for all z € (0,1)}
s a compact set when equipped with the metric
d(f,g) == sup |f(z) —g(z)|+ sup [f'(z)—g'(2)]

z€[0,1] z€(0,1)

Problem 2. Let (M,d) be a metric space. Prove that d(x,y) = is also a metric, and

Problem 4. Assume f(z) and g(x) are power series around xo = 0 both with positive radius of
convergence, 1.e.

fz) = Z apz” and g(z) = Z bt
k=0 k=0

Show that if there exists a sequence xy # 0 with x; — 0 such that f(xg) = g(xg) then f(x) = g(x)
in their interval of convergence.

Problem 5. Let S be the subset of R™ x R™ = R?", n > 2, consisting of pairs of vectors (vi,vs)
such that ||v1]| = |Jva|| > 0 and vy - vo = 0. Prove that S is a C°°-smooth submanifold of R®*" of
some dimension 1 < k < 2n. Find the dimension k of S.

Problem 6. A set Q C R"” is called star-shaped with respect to a point xg € 2, if for each x €
the segment connecting x to xg is contained in . Prove that if 0 C R™ is open and star-shaped
with respect to some xg, and f € C%(Q) is such that

VD f(x)v >0 YweR", zcQ,
then there exists A € R™ and b € R such that
f(x) > (A,z) +b  for all z € Q.

Note that a star-shaped domain is not necessarily convex. You cannot use any result
about convex functions without proving it.
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