Preliminary Exam May 2018

Problem 1. Let 0 > 0. Let (fx)ren be a sequence of functions fi : R — R with fx(0) = 0.
Moreover let (Ag)ren C [0,00) be a bounded sequence of real numbers such that

|fr(z) = fr(y)| < Aglz —y|” for all z,y € R.

(a) Show that there exists f : R — R such that a subsequence fj, converges uniformly to f
in every interval [—a,al, a > 0.
(b) Show that f satisfies

[f(@) = f(y)] < Az —y|”
where A = liminfy_, . Ayg.

Problem 2. Prove that if X is a metric space and f : X x [0,1] — R is a continuous function,
then g : X — R, defined by g(z) = sup,¢(g,1) f(2,1), is continuous.

Problem 3. Prove (using only the material covered in the course) that there is no continuous
and one-to-one function f : R? — R. Hint: Assume that such a function exists and then restrict
the function to the unit circle in R?.

Problem 4. Suppose f : Ri — R is a continuous function defined on
R = {(z,y): z € R, y > 0}.
Assume also that the limits

g(u,v) = PI% f((u+t)cosv, (u+t) sinv) — fu cosv,usinv)’
.

and
h(u, v) = Tim fucos(v+1t)),usin(v+t)) — f(ucosv,usinv) ’
t—0 t
exist and define continuous functions g, h on the domain

D={(u,v): u>0,0<v<7}.

Prove that the function f is differentiable on Ri.

Problem 5. Let f € C2%(Q) N C°(Q), where © C R" is open and bounded. Let Af =
S 1 0?f/0x? be the Laplace operator.

(a) Show that if for some ¢ > 0 and zgp € Q we have Af(xg) > ¢, then f has no local
maximum at xg.

(b) Conclude that if Af(z) > e for some € > 0 and all x € , then we have supq f = supyq f.

(c) Conclude that if Af(xz) > 0 for all x € Q, then we have supq f = supyq f-

Hint for part (c): Observe that Alx|? = 2n. Use it to modify a function f in (c) so that you
can apply part (b).

Problem 6. For z = (x1,22) € R?, let |x| = /2? +22. Let D = {z € R? : |z| < 1} and let

f: D — R be continuous on D. Prove that

2
lim // (n+2)|z|"f(x)dA = f(cost,sint) dt.
1



