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Abstract

We analyze an advection-diffusion-reaction problem with non-homogeneous
boundary conditions that models the chromatography process. We prove stability
and error estimates for both constant and affine adsorption, using the symplec-
tic one-step implicit midpoint method for time discretization and finite elements
for spatial discretization. In addition, we perform the stability analysis for the
nonlinear, explicit adsorption in the continuous and semi-discrete cases. For the
nonlinear, explicit adsorption, we also complete the error analysis for the semi-
discrete case and prove the existence of a solution for the fully discrete case. The
numerical tests validate our theoretical results.
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1 Introduction

The global market for biopharmaceuticals is expanding fast, and 50% of top 100 drugs
will most likely be derived from biotechnology [1, 2]. The high demand for biophar-
maceuticals is due to their effectiveness in treating various illnesses such as diabetes,
anemia, cancer, etc. [3]. For example, monoclonal antibodies [4] are very useful medica-
tions in treating COVID-19 [5-7]. Other key factors driving the growth of the market
are the rising investments in research and development of novel treatments, favorable
government regulations, and the increasing adoption of biopharmaceuticals by the
global population [1]. To maximize the production capacity while minimizing costs,
manufacturers are constantly developing new methods. Integrating new technologies



into existing facilities is more economically viable than the alternative of constructing
new biomanufacturing facilities, due to financial risks. Upstream and downstream pro-
cesses are typically part of a biomanufacturing facility. In the upstream process, cells
cultured by genetically engineered methods release the desired product into a solu-
tion, and in the downstream process, the product is purified from the solution [8]. The
capacity of production is often limited by downstream purification, usually including
chromatography. In the protein chromatography process, when the solution is pushed
through the column, the materials in columns separate the proteins [9]. The ideal
media for the chromatography columns are resin beds, monoliths, and membranes
[10]. Membrane chromatography [11-13] addresses the low efficiency of resin chro-
matography and uses a porous, absorptive membrane as the packing medium instead
of the small resin beads. The protein binding capacity is crucial in membrane chro-
matography as it determines the volume of membrane required for purification. Most
adsorption mechanisms, such as ion-exchange membranes, lose the protein binding
capacity at relatively low conductivity and often require additional processing stages,
causing lower yield and higher production costs. Recent advances in downstream bio-
processing have underscored the need for quantitative modeling frameworks that can
predict solute transport and adsorption behavior within chromatographic membranes
and resins. Nonlinear adsorption isotherms, such as Langmuir and steric mass-action
(SMA) models, capture the competitive and capacity-limited binding [14-16]. The
governing advection—diffusion—reaction equations considered in this paper are consis-
tent with those derived for membrane chromatography columns, where mass transport
resistance and nonlinear binding kinetics jointly determine the dynamic binding capac-
ity and breakthrough performance [17, 18]. Mathematical analyses of these systems
are essential for optimizing column design and predicting the performance of emerg-
ing multimodal membranes used for antibody and protein purification [19, 20]. The
recent research in [12] focuses on multimodal membrane-based chromatography. The
development of a modeling framework capable of characterizing the chromatography
process under continuous flow circumstances is critical. In this paper, we model this
process for creating a simulation tool for transport in a porous medium by adopting
the reactive transport (advection-diffusion-reaction) problem in [9]. Our analysis can
be relevant to general nonlinear transport problems, related to variable saturation
flow models, e.g. Richards’s equation, black oil and multiphase models in poroelastic
media [21-29].

Let Q be a bounded domain in RY, where d = 1, 2, or 3, see Figure 1, with
piecewise smooth boundary I'. We partition the boundary into three non-overlapping
parts I' = Iy, UT,, UT oy, where the inflow boundary is Ty, = {z € T': - u(z) < 0},
the outflow boundary is I'oyy = {z € T': ﬁu(m) > 0}, and the boundaries comprising
no-flow hydraulic zone(s) are T, = I'\(Tjy U [oyt). Let u denote the fluid velocity
through the membrane, and 7 denote the unit outward normal to €. We assume
that u is given, computed by the Darcy law [30], and satisfying the incompressibility
condition V -u =0, and u - ﬁ(x,t) =0, zely, t>0.Let w be the total porosity
of the membrane (0 < w < 1), ps be the density of the membrane, D be the diffusion
tensor that represents the diffusivity of fluid through the membrane, C' and ¢(C) be
the concentration in the liquid and absorbed phases respectively. For a forcing function



f € L*(0,T; L*(2)), given velocity u and initial concentration Cy € L*(2), we consider
the following initial boundary value problem of finding the concentration C(z,t):

whC+ (1 —w)ps0q(C)+ V- (uC) -V - (DVC)=f, z€Q, ¢t >0,
C(z,t)=g, z €Ty, t >0, 1
(DVC) -7 (2,t) =0, x € Ty UTqy, t >0, (1)
C(z,0) = Co(x), = €.

For the inflow boundary, we keep the concentration fixed [30, 31].
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Fig. 1: Schematic of the computational domain ) and the boundary partition used
in the formulation.

We consider three cases of isotherms: (i) constant isotherm, ¢(C) = K, (ii) affine
isotherm, ¢(C) = K; + K>C and (iii) nonlinear, explicit isotherm ¢(C). A typical

example of the nonlinear, explicit isotherm is Langmuir’s isotherm [13, 32], ¢(C) =
ImazKeqC
1+K6q2‘ J
binding capacity of the porous medium. The main result of this paper is second-

order accurate by using the symplectic one-step implicit midpoint method for the time
discretization, at the same computational cost as the Backward Euler method. The
accuracy comes in two ways, such as the rate of convergence is higher and the mass
is better conserved when the midpoint method is used. The fully discrete formulation
of the problem (1) is given in Section 3. We perform stability analysis and error
analysis for the nonlinear explicit ¢(C') in Section 4. We also prove the existence of a
fully discrete solution, and complete the stability analysis and error analysis for the
constant and affine ¢(C) in Section 4. The numerical tests validating these estimates
are given in Section 5.

where K., is Langmuir equilibrium constant and gpq, is the maximum



1.1 Previous Work

The general advection—diffusion equation has been the subject of extensive mathe-
matical study during the past decades [33-38]. Recent studies have extended these
formulations to model reactive transport with adsorption kinetics relevant to mem-
brane chromatography. In particular, the development of fully implicit stabilized
formulations for filtration and separation problems has provided strong theoretical
and numerical foundations for analyzing nonlinear adsorption dynamics [39]. Subse-
quent studies have expanded this framework to incorporate multimodal adsorption
isotherms, allowing implicit coupling between the solid- and liquid-phase concen-
trations and enabling accurate simulation of mixed-mode adsorption under various
operating conditions [40]. Experimental investigations have complemented these
modeling efforts through the design and characterization of multimodal membrane
adsorbers exhibiting high dynamic binding capacities and strong salt tolerance [41],
followed by demonstration of effective antibody purification from CHO cell super-
natants with high yield and purity using such adsorbers [42]. The mathematical and
physical basis of these adsorption models was originally established through detailed
analysis of coupled advection—diffusion—reaction equations in functionalized mem-
branes [9]. Convergent linearization methods for nonlinear transport problems are
discussed in [43]. Recent numerical analysis for degenerate porous-media transport
models (e.g., Richards’ equation) includes a posteriori error estimation and rigorous
convergence/error analyses for finite element, DG, and spectral discretizations [44—46].
The analysis and numerical computations are typically more difficult in the presence
of reaction terms, especially nonlinear ones [47]. In [9], the author considered con-
stant, linear, and nonlinear adsorption models and analyzed the problem using the
first-order accurate backward Euler method for time discretization and the upwind
Petrov—Galerkin (SUPG) finite element method for spatial discretization, with numer-
ical validation for each of the a priori estimates. On the numerical side, the SUPG
and related stabilization techniques [48-50] remain the primary tools for advection-
dominated transport, while structure-preserving symplectic schemes [51, 52] motivate
the second-order midpoint approach used in this paper. A high-order linearly implicit
scheme for reaction—diffusion equations was proposed in [53], offering improved tem-
poral accuracy and stability for stiff reactive systems. This approach highlights the
importance of efficient time-integration strategies, which also motivates the sym-
plectic midpoint formulation used in the present work. Building upon these prior
advances [39-42, 53], the present work extends the stabilized finite-element framework
by incorporating a symplectic implicit midpoint time-integration scheme to improve
temporal accuracy, ensure mass conservation, and enhance numerical stability for
advection-dominated reactive transport problem.

2 Notation and Preliminaries

We denote the L?(Q) norm and inner product by |- || and, (-, -) respectively. We denote
the usual Sobolev spaces W™P(Q) with the associated norms || - [[yym.»(o) and in the

case when p = 2, we denote W™2(Q) = H™(Q) = {v € L*(Q) : £L € L*(Q), |a| < r}




) 1/2
0%v 140 . We denote

Oz

where o is a multi-index, with norm [jv]|, = | X, <, Jo

minimum eigenvalue of D as A. The function space for the liquid phase concentration
is defined as:

H&,F;H(Q) = {v:v e H(Q) with v =0 on I, }.

Let Xor,, C Hé,Fin(Q)' We define the space HY?(Ty,) = {g € L?*(Ti)
gl er2/2(r,,) < oo} where

lgllerrzrny = inf NGl @)-

Fin=9
The Bochner space [54] norms are

1
2

T
1Cl|z20,7;x) = (/ IIC(-,t)II_Qxdt> s ICllLes0,75x) = ess sup [|C(-,1)]|x-
0 0<t<T

We also define the discrete LP-norms with p = 2 or oo

N
Cllor = (83 1C7 ). 1€l i) = i 1€7x

For the Finite Element approximation, we consider a regular triangulation of Q, 7, =
{A} with © = [J,c7, A. We choose a finite dimensional subspace X" c HY(Q) and
define

Xg,an ={v, € X" v, =0o0n Din}

with Q a polyhedron, X&Fm C H&Fm(ﬂ). Let X* be the dual space of Xy r,,, with
norm || flls = sup,ex, . % We denote X{* as the restriction of functions in

X" to the boundary TI'j, and define XSL = {v, € X" v, =0 on 00} with Q
a polyhedron, X c H}(R2). Throughout, K will denote a constant taking different
values in different instances. We assume that there exists a k& > 1 such that X"
possesses the approximation property,

inf ||C = Chlls < Kh°||C||y, for s=0,1 and 1 <r<k+1. (2)
CreXxh

For example, (2) holds if X" consists of piecewise polynomials of degree < k. We
assume that a similar approximation holds on X%. In particular, if C' € H"(Q)NH (),
we will use

inf [[C = Clli < Kh"H| O, 3)
C;,GX&"



We further assume that the space X{fm possesses the approximation property

inf [|C = Chllor, < KB 2|Cllimry2p,- (4)
CrneXp

in

Lemma 1 For allv € H(%,Fm (), there exists a constant Kpp such that

vll1 < Kpp|Voll.

Proof This is the direct consequence of the Poincaré inequality that holds for v € H&Fm(Q)
[55].

Lemma 2 (See [56, p.154]) Let P and Pl be the orthogonal projections with respect to the
L? inner product (u,v) and H' inner product (Vu, Vv), respectively. Then, for any w € X,

VPynw = Py yn V.

Lemma 3 Given g € HT_1/2(I‘m) for v > 1, let Ilpg denote the Xﬁn—interpolant of g.
Then, if X" satisfies the approzimation properties (2)-(4),

inf |C =Gyl < KR"THClr (5)
Cpexh

Chlr,,=Mp9

Proof This proof follows the proof of [57, Lemma 4],given here for the reader’s convenience.
Let I1,C denote Xh-interpolant of C and II;g denote X{Ein— interpolant of g. Then, for
Chlr

= II;,g, we write the triangle inequality

in

IC = Chlly < [|C = TLC1 + [|Ch — TTLC1. (6)
From the interpolation theory [58] we get
IC = T1,Cll < KR~H[Clr- (7)

We may choose C'h so that it has the same value at all interior nodes as does II;,C. Since
C’h\pin = IIpg and (II,C) _— Il,g, we obtain (C — II,C) = 0, which concludes the

argument. O

2.1 Assumptions and preliminary results

We use the following subset of assumptions considered in [9]:

(F1) w and p, are constants in time and space [30].

(F2) u is nonzero and bounded in L* norm [22, 59].

(F3) D(x) = [dijli,j=1,2, n is symmetric positive definite and || D||e < B, |%d”\ <
Ba, for all 4, 5 [22, 30, 59, 60].

(F4) There exists a unique solution C' € L>(0,T, L?(2)) N L2(0,T, H*()) [22].



(F5) ¢ = q(C) € C' is an explicit, Lipschitz continuous function of C, ¢(0) = 0,
q(C) > 0 for C > 0 and ¢(C) is strictly increasing. Moreover, we assume that
¢(C) > k1 > 0VC >0 [22, 30, 47, 61-63).

(F6) The rate of increase in adsorption is Lipschitz continuous and bounded above so
that 24 = ¢'(C) < r2 [30].

(F7) The second derivative of the adsorption, ¢”(C'), is Lipschitz continuous and
bounded.

Remark 1 In our analysis we drop the assumption “C(x,t) is nondecreasing in time at every
z and C(z,t) =0 on 'y, ” stated in [9]. Instead, we consider the non-homogeneous boundary
condition at the inflow boundary.

In [9, 22, 30, 62, 63], another assumption on the continuous and the discrete solution
was imposed, namely that “C'is non-negative”. Using a maximum principle argument,
we now prove that the continuous solution is positive and bounded above for all
(x,t) € Q x (0,T).

Proposition 1 Assuming no forcing term f = 0 and the positivity of the initial condition
0 < Co(z), we have that

0<Cx,t) < rwneas)lc{C(@O),g(m)} for all (xz,t) € @ x [0,T).

Proof From the incompressibility condition, we have
V-ul)=(V-u)C+u-VC=u-VC,
If we rewrite the adsorption term as
dq¢ _ 0q0C _ , . 0C
o —ocar 1O
then the equation (1) becomes
(w4 (1 —w)psg (C)3C +u-VC -V - (DVC)=f, 2 €Q, t>0. (8)
Since ¢'(C) > 0 by assumption (F5), we can divide (8) by (w + (1 — w)psq’'(C)). Hence,
assuming f = 0, (8) writes,
n 2
’ -1 o°C
—0C + Z ((w + (1 —w)psq (C)) Dij) W

i,j=1
= / —1(0D;; \)oC
+j; ((w + (1 —w)psq'(C)) ( oz ") ) ;=

Suppose the claim in the proposition is false. Then there is a y € Q and T > 0 such that
C(y,T) = 0 and C(z,t) > 0 for (z,t) € Q@ x [0,7). Therefore, by the Maximum Principle
[64, pages 173-174], the maximum of C(z,t) is on the boundary and (DVC) - 7 (x,t) < 0.
This contradicts the boundary condition in (1), which concludes the argument. (]




3 Variational Formulation

Let P be the orthogonal projection on H'(Q) with respect to the L? inner product
(u,v). The standard Galerkin variational formulation for the transport problem (1)

is: Find C' € H*(Q) such that C

=g and

in

(gt(wC +(1- w)pﬂ’(q(C))),v) + (u-VC,v)+(DVC,Vv) = (f,v), (9)

for all v € H&Fm (). Next, we write a finite element approximation for (1).

3.1 Semi-Discrete in Space Approximation

Let P}, be the orthogonal projection on X"(£2) with respect to the L? inner product
(u,v), and g, = II},g an interpolant of g. Then we obtain the following semi-discrete

=gn and ¥V v, € X{p, (Q),

in

in-space formulation: Find Cj, € X" such that C},

(gt(wch + (1 - w)pSPh(q(C’h))),vh> + (u . VCh,vh) —+ (DVCh, V’Uh) = (f, Uh).
(10)

3.2 Fully-discrete approximation

We partition the time interval as tp =0 < t; <ty < -+ - <ty =T. Let At =tp11—1tn
be the uniform time step size, t, = nAt, t, 1,9 = %, and f*(z) = f(x,t,). We
also denote by C7'(x) the Finite Element approximation to C(z,t,). The midpoint
method for time discretization in Finite Element Approximation: Given CF' € X",

find Cp*' € X" such that C;'™'| = g, satisfying
C;ZH - Cy Q(C;?H) —q(Cy) n+1/2
1- s ) : s
<w AL +(1—-w)p Y v |+ (u-VC, vp,) an

+ (DY W) = (F71Y2,01), Yo, € Xip, (),

in
cr +C,’1"+1

n—&-%
where C) denotes 5

. Equivalently, Y, € X&Fm(Q),

ottt —cyp
<(w + (1= w)pud (G ) 0

_ (fn+1/2,'l)h)'

,vh) + (u- VC’ZH/Q,vh) + (DVCZ+1/2, Vo)

(12)
To simplify computation, we use the refactorization of the midpoint method [65] for
time discretization. Given C' € X" find Cp*' € X" such that CJ*! = gp

in

satisfying



Step 1: Backward Euler method approximating (10) on time interval [t,,, t,, 11 /2], Yo, €

X&Fm (Q)a

n+1/2y n
((w—i— (1 — w)py) L At)/Z q(ch),vh> +(u- VO 5 + (DVOTHY2 W)

= (f"*/%,0n). (13)

Step 2: Forward Euler method on time interval [t, 41/, tnt1], V on € X{p (Q)

n+1y n+1/2
<(w+ (1 —w)ps)Q(Oh )Atj;Ch )

:(fnJrl/Q,Uh)- (14)

,vh> +(u- VO )+ (DVCTT? W)

n

Remark 2 Step 2 is equivalent to a linear extrapolation C}?Jrl = QCZJA/Z - .

3.3 Time-integrated finite element formulation

For the error analysis of the case of a nonlinear, explicit adsorption, we use a time-
integrated version of the transport equation introduced in [66] and applied in different
formulations [22, 67, 68]. To develop the time-integrated finite element discretization,
we rewrite (1) by integrating in time to obtain

t t ¢
wC—l—(l—w)psq(C)—i—/ u-VCdt’—V-/ DV Cdt :/ fdt' +wCo+ (1 —w)gq(Co).
0 0 0

(15)
Testing (15) by v € Hj p, (€2) we get,

(WC,v) + (1 — w)psq(C),v) + </Ot“'VCdt/’”) - (V ' /otDVCdt/’v) (16)

- </Ot fdt’,v) + (WCo,v) + (1 = w)q(Co), v).

Then the semi-discrete in space variational formulation is: Find C, € X" such that
Ch|r,- = g and

(@Chytn) + (1 — w)pag(Ch), o) + ( / a VO, vh> - (v [ "DVt vh>
(i7)

_ (/0 fdt’,vh> + (@Co, o) + (1 — w)q(Co)vn),  VYou € Xhp. ().



Next, the fully discrete variational formulation using the midpoint time discretization
can be written as: Given C}' € X", find C;LLH € X" such that C,’;+1|D = gp and

N N
(w}f“ +((1 —w)psq(C;iV“)m) + (Zu : VO;:+1/27Uh) - (V S pvept

n=0 n=0

N
= <Z f"+1/27vh) + (wCo,vp) + (1 —w)q(Co),vn), Yo, € X(})L,Fm (). (18)

n=0
4 Time-Dependent Analysis

In this section, we first construct C, a continuous extension of the Dirichlet data g
inside the domain 2, to deal with the non-homogeneous boundary condition. Then
we perform the stability and error analysis for the time-dependent problem. Detailed
proofs of all theorems can be found in [69].

4.1 Construction of C

Denote C as the solution of the following elliptic problem with nonhomogeneous mixed
boundary conditions:

-V . (DVC)+C =0, z €, (19)

C =49, lfl’ € Fin7
(DVC) -7 =0, if 2 € Ty U gy

Lemma 4 For every f € L3(Q) and every g € H1/2(I‘m), there exists a unique solution
C € H*(Q) of (19) under the compatibility condition DVg- T =0 if x € Dy, N\ Ty such that

. 5 2(K B1)?
1012 < a(K B Plgl3acr,y 19012 < 2B g2, (20)

Remark 3 The existence and uniqueness proof for the more general case of Lemma 4 can
be found in [70, Theorem 2.4.2.7].

Lemma 5 Let the domain Q be a convex polyhedral. Given gh € X{fm, there exists a Ch € X
such that CMp_ = g" and ||C"|| g1 () < Kllg" | grarery-

Proof When 2 is two-dimensional, we use a similar:cechnique to [71]. Under the compatibility
condition DVgh -7 =0, when z € Ty, Ny, let C € HI(Q) be the solution of
~V - (DVC)+C =0, z€Q, (21)

C= gh, when x € 'y,
(DVC) -7 =0, if & € Ty U Tous.

10

)



Since X" is assumed to be a continuous finite element subspace, we see that gh is continuous
and piecewise smooth along the boundary T'j,, so that gh € H1/2+E(Fin) for 0 < e < %
Thus, by elliptic regularity, we derive that ' € H'*¢(Q) and [|C||14e < K”gh”l/g_;’_e,rin for

0<e< % Let Ch .= II,,C be the X -interpolant of C so that C7h|1~in = g". Then, we have
the estimates ||C' — I, C|l; < Kh¢||C||14e which can be proven as in, e.g., [72]. Thus, we get

1€ = MLl < 1€ =T Cll + 1€l < KA [[Cllite + 1C11) < Kllg™[l1/2,0

in’

where in the last step we used an inverse assumption on X{iin: there exists a constant K,
independent of h, ph such that
h t—s . h h h
IP"[ls,rin < KB [Ip"|lt,r,,,, VP" € X1, 0<t<s<1
Since the usual interpolant used in the two-dimensional case is not defined in three dimen-

sions for H"(2)-functions, r < %, we use the Scott-Zhang interpolant [73] when Q is

three-dimensional. The Scott-Zhang interpolant is well-defined for any function in H (%)
[74]. O

4.2 Nonlinear, Explicit Isotherm

In this subsection, we start with the numerical analysis for the nonlinear, explicit
isotherm. We consider the variational formulation (9), the semi-discrete in-space for-
mulation (10), and the fully discrete formulation given in Section 3.2. First, we show
a total mass balance relation for this nonlinear explicit isotherm. We denote the
antiderivative of the isotherm by Q(a) = [ q(s)ds, and

3w [t 8 P
Et) = 7/ DY?v(C — D YV2Cu| dr
A 2
3w ! DY2vwC — 8psq(C)(1 — W)D—l/zu dr
4 Jo 3w
3w [t 8 NIk
+ — D\2yC — 2D V2w (|| dr
4 Jo 3
t o 7/ A R 2
+ 37‘” D2y — MD’I/QVC dr
4 Jo 3w

+ wC () + (1 = w)psq(C(t)) — 2(wC + (1 — w)psa(C)) 1%,

also
3w (Y8 & 3w [1][8psq(C)(1 — w) 2
ik °p-1/2 7/ OPsIEI\L — W) p-1/2
B(t) 4/0 3 Cul|| dr+ T/ " u|| dr
t 2 t _ 1/ A . 2
3w M8 pargeal gra 3@ / 81— w)psd'(C) 12l 4,
4 /113 1 J 3w

+[wC(0) + (1 = w)psg(C(0)) = 2(wC + (1 = w)psa(C))|I*.

11



Theorem 2 Assume that (F1)-(F6) are satisfied, f € L*(0,T; L*(Q)), the variational prob-
lem (9) has a solution C € L>(0,T, L*(Q)) N L2(0, T, H*(Q)), and let C be solution of (19).
Then the following total mass balance relation holds:

t
lwC () + (1 — w)psa(CE))| +w /0 IDY2wC(r)|? dr (22)

t
+4(17w)ps/0 </Qq'(0(r))(D1/2VC(r))2dQ+/F Q(C(r))(u-ﬁ)ds) dr

+2w/0t (/F Cz(u‘ﬁ)ds> dr + E(t)

out

t
= [lwCo + (1 — w)psq(Co)||* + 4/0 (f,wC + (1 = w)psq(C) — (wC + (1 — w)psq(C))) dr

_ Qw/ot </rn gz(u‘ﬁ)ds> dr —4(1 — w)ps /Ot (/FWQ(Q)(U.W)ds> dr + B(t).

Proof Let C € H'(Q) such that C = g. We test (9) with v = (WC+(1—w)psq(C))— (wC +

Tin
(1 —w)psq(C)) € H&Fin (€2). By using the divergence theorem and the boundary conditions,
we get

(u.VC’,wC’+(1—w)psq(C)):%/P 92(u.ﬁ)d8+g/r C?(u-m)ds  (23)

H-wps [ Qe Ts+(1-wps [ Q) s,
and i "
w(DVC,VC) + (1 —w)ps(¢d (C)DVC, V)
= w(DY?vC, DV?V ) + (1 — w)ps(d (C)DY?vC, DY?w ()
=wDVPVOIP + (1= w)ps | d(C)DVPVC)? e

Next, we move the terms involving C to the right-hand side, and express them as follows

2

(u-VCwl) = 2 (D'2vC, gpfl/Qéu)

2
8 _ ~
Xipryo — Sp~i2¢
3 6 3 e

2
3w 1/2 9  3wll8 —1/24 3w
6 I vC|®+ 16H Cu 1

and

(uVC, (1 - w)pea(€)) = 1o D290

%"MD—UQU ‘2 _ S—WHDI/QVC’ _ WD—IQU 2
16

16 3w 3w
Similarly,
2 2

12



and

A A 3
(DVC, (1 - w)psq (C)VC) = %HDWVCIF
A 2
3w || 8(1 — w)psq' (C ) _1/2VC Wi pl/2ge 8(1 — w)psq'(C) D2yl
16 3w 3w
Finally, we express the term involving the time derivative as
o . .
(510 + (1= pea(C).oC + (1= o) (21)

0 A N
= 5 WO+ (1 =w)psq(C),wC + (1 — w)psq(C)).
Combining all, we get,

10
20t

+(1-w)p / Q(C)(u- T)ds + (1 — w)ps /q’(C)(D1/2V0)2dQ

out Q

lC + (1 = w)psa(O)|* + TIDV2VCI* +5 | CP(u-7t)ds

Fout

D2y — M -1/2,,
UJ

3w 1/2 8 1/2 A 2 3w
et cuH s

2 2
+%HD1/2VC—§D_1/2VC‘H +3°6“HD1/2VC —( wWpsd (C) p-1/2g6

2
— (£,0C + (1 - w)psg(C) — WO + (1 - w)psg(C))) + ﬁ%H%D—Wéu\

30|8psa(C) 1~ w) 12 1 3w |8 po1jagal® B8 —w)osd'(C) porjag el
+ H ™ D ull +5o 3 ve| + 16 ™ D vC
w
o [ s - - v [ Q) T)ds
Fin Fin
o . .
+ 5 (@O + (1 = w)psq(C), wC + (1 = w)psq(C))-
Integration on [0, ¢] and the polarized identity yields (22). O

A direct consequence of Theorem 2 is the following stability bound.

Theorem 3 Assume that (F1)-(F6) are satisfied and the variational formulation given by
(9) has a solution C € L>(0,T, L*>())NL3(0, T, H' (Q)) with f € L?(0,T; L*()). Let C be
the continuous extension of the Dirichlet data g inside the domain Q and satisfies (19). The

bounds on ||C||? and |V C||? are given in (20). Let the antiderivative be A(C) = fOC sq' (s)ds.
Then we get the following bound:

e+ 2 [ a-wpacanns [rvcwr a2 [ [ @b ) o

out

t 2
gﬁ/ oo 2 dr+(—+ﬁ)/ IVE|? dr 77/ (/ u.ﬁ)ds) dr
wfo A w o Aw

8K3p (1 16(w? + (1 — w)?p2K?) | -
wlco + SEE (M2 g OO0 e
0 w

+ 2 /9(1 — w)ps A(C(0))dS.

w

13



Proof See [69, Theorem 18|. O

Remark 4 We note that in the case of Langmuir’s isotherm, the antiderivative is
1
AC(E#) =In(1+C)+ 50 + constant.

Next, we turn to the stability of the semidiscrete in space approximations in (10),
and denote:

o= [ PG

2 t 2
En(t) = 4/0 ‘D”QVC 3 D™Y2Cuul| dr i D'2vCy, — §D*1/2V(ﬁh
4 2
n 3701 Dl/zvch _ 8psP(q(Ch))(1 —w) D24l ar
4 Jo 3w
_ 1(,./(Y 12
n %‘J Dl/zvch _ 8(1 W)pgf (¢ (Ch))D—l/QVC«h dr
0

+ [wCh(t) + (1 — w)psP(q(Ch(t))) — 2wCh + (1 — w)psP(a(Cu))) 1%,

and
3w [1]8 . 3w [1]|8psP(q(Ch))(1 —w) 2
t) == —D~1/2 d / : D™Vl d
B(t) 1 /0 3 Cul|| dr+— A w u|| dr
t . 1/ .0(A R 2
37(*) §D71/2VC dr + 37("') 8(1 UJ)pSP (q (C))Dfl/QVOh dr
4 Jo |3 4 Jo 3w

+ [[wC(0) + (1 = w)psP(a(C(0))) = 2(wCh + (1 = w)psP(a(C))II.

Theorem 4 Assume that (F1)-(F6) are satisfied, Cp, solves the semi-discrete in space Finite
Element formulation with nonlinear adsorption (10), f € L*(0,T; L%(2)), C is the solution
of (19), Qn(a) >0, and P(¢'(C})) > 0. The following total mass balance relation holds:

t
[wCh(t) + (1 _W)PSP(Q(Ch(t)))H2+W/ 1D 2w Cy ()| dr

+4(1 - w)p / </7> N(DY2wCy,(r) dQ)dr

+4(1 = w)ps /O ( [ acum- ﬁ)ds> dr—|—2w/ (/ Cu- n)ds) dr + En (1)
= [lwC(0) + (1 — w)psP(a(CR(ON)I* + Bn ()

t
+4 /0 (f,wCh + (1 — w)psP(a(Ch)) — @Ch + (1 — w)psP((Ch)))) dr

72w/0t(/r gi(u-ﬁ)ds)drf 4(1—w)p /(/ Qlgn)(u- n)ds)d

in

14
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Proof Let Cj, € X"(Q) such that Cj, L = 9n be the interpolant given in Lemma 5, and P,

in

Pl be the orthogonal projections with respect to the L? and H' inner products , respectively.
Then we test (10) with v, = (WCh, + (1 - w)psP(a(Ch))) — (@Ch + (1 — w)pP(a(Ch)) €
X&Fm(Q) to obtain

(5 + (1= )pualC0).wCh + (1= )pP((Ch) ) +(DVCLTCH) (29

+ (u VG, wCh + (1 — w)psp<q(ch)>) (1= w)pa(DVCh, PH(d (Ch)VCR))
= (f,wCh + (1 = w)psP(q(Ch)) — (WCh, + (1 — w)psP(q(Ch))))

+ (%(wCh + (1 = w)psq(Ch)), (WCh + (1 — w)psP(q(éh)))) +w(DVC),, V)

+ (u VG, (wCh + (1 — w)ﬂsﬂt}(@)))) + (1= w)ps(DVCh, P (¢ (C) VC)).
We rewrite the first term in the left hand side as
0 10
(5 + (1= )peaCh)).wCh + (1= )P (Ch) ) = 5 mplleCh+ (1 = IpePlalC)I
(26)
Following the technique used in Theorem 2 we get

(u-VCp,wCh + (1 —w)psP(q(Ch))) (27)
= %/F g%(u-ﬁ)ds—i—%/r Ci(u-7)ds

in out

+0=wpe [ Qulana s+ (1 =w)os [ Qu(Ch)(u- s,

in out

and

w(DVCy,, VC) + (1 — w)psP' (¢ (CL)DVCy, V) (28)
— W DY2VCLI + (1 - w)ps / PLG (CL)(DY2V )2 de.
Q
Also, the terms on the right-hand side write as

2 2
(u-VCy,,wC) = %HDWV@LHQ + ?—‘g‘ §D*1/2€huH - %HD”QVC;L - %D’”Qéhu

3 9
(29)
and
. 3 3w||8psP(q(Cy))(1 — _ 2
(- Vi (1 =) P(a(C) = Jo|DV2VCy 2 4 S| PG vy |
w
e~ 2
B ?ﬁHDl/QVCh _ 8psP((Cp) (A =) fy-1/2
16 3w
Moreover,
w(DVCy, VCy) (30)

2

3w 3w
= S ipt v + 3|

2
8 h—1/2g4 || _ 3w H1/2 _8 120
6l3? VChH 16HD vy 5D vCy,

3
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(DVCh, (1= w)psP(q ’( h)VCh) (31)
105 2
-3 3 D2y ey 2 4 2 6 w|8(1 — >p§51<q (Ch))D71/2VC¢hH
16 D2y, — 1—w)P§zl(q/(éh))D_1/2véh 2
and
(5 + (1 = )pualCu)C + (1 = )P la(Cr)) (32)

9 . .
= 57 (@COh + (1 = w)psq(Cp), wCh + (1 = w)psP(a(Ch)))-
Combining (26)-(32) and integrating both sides from 0 to ¢, we obtain

t t
31600 + 1 =P+ % [1ve,o e+ [ [ chu-ys) ar

0

t 2
+(1—w)ps / Qu(Cr(r))(u-7)ds dr+3w/ ‘ DY?vey, (r)— gD V26,4 dr
Fo 1t
(1—w)p //P N(DYAwCy,(r)? dQ dr
2

3w Dl/QVCh(r) _ 8psP(gq (Ch))(l —w) D24l ar

16 0 3w

3w 8 .12

2 DY?ve,tr) - oDV E,| dr

16 J, 3

t _ L 00A 2

3o [ pr2ge,ry - L= @esP (@) p-1/2g6, | 4

16 0 3w

t

. R 3 B R

= [ (7.6 + (1= )peP((Ch) — (wCi+ (1 =)o Pla(Cr)) dr+% b 26,

3w [ 8ps7’(Q((5h))(1—W)D—1/2u dr +37W/ 7D—1/2V(5hH dr
16 Jo 3w 3
t 1/ 10~
o [ [P ) prosag, H dr -+ wCh(0) + (1 = ©)psP(a(Ch(O)]

—%/{)( g;QLu nds)dr 1-w)p (/ Qn(gn)( )

+ (WO () + (1*W)PSQ(Ch(t)) WchﬁL(l*W)PsP( (Ch))
— (WCK(0) + (1 = w)psa(Ch(0)), wCh + (1 = w)psP(a(Ch)))-

Writing the last two terms as
(WCH () + (1 = w)psq(Ch (1), wCh + (1 — w)psP(q(Ch)))
= TI@CH () + (1~ W)psa(Ch®)]? + FI2Ch + (1~ w)psPa(Ca))IP
- i“wch(t) + (1 = w)psq(Ch(t)) — 2(wCh + (1 = w)psP(g(Cp))|I1%,
and

— (WCR(0) + (1 = w)psa(Cp0)), wCl, + (1 = w)psP(a(Ch)))

16

2
dr



= —@CHO) + (1 = psa(CuO)IF = I2Ch + (1 = w)pePla(Ca))

+ 19O (0) + (1 = ©)psa(Ca(0)) — 2(wC + (1~ w)p Pl Cu) %

yields the claimed result. O

4.2.1 Semi-discrete in space error estimate

The following result gives an a priori error estimate of the semi-discrete in space
approximation (17) for the case of nonlinear adsorption.

Theorem 5 Assume that (F1)-(F7) are satisfied, the variational formulation (16) with
nonlinear adsorption has an exact solution C € Hl(O, T, HkJrl(Q)), and C}, solves the semi-
discrete in space Finite Element formulation (17). Then for all1 <r < k+1 and each T >0
we have

T T T
w /O I(C — Cy)|2dt + | /0 DYV (C — Gt |? < h2? /O |C|12dt (33)

37 ||ul|% || D~ 1/2||2 _ 3(1 — w)2p2K2

Proof Let v=vy, € X&Fm C H(%,Fm () in (16), and then subtract (17) from (16) to obtain
t
0= (@(C = Ca.on) + (1 = )pa(a(€) ~ a(Cu)on) + ([ w-¥(C = Cyaton) (39
t
— (V- / DV (C - Ch)dt/,vh), Yoy, € X&pm ().
0
Choosing v, = Cp, — éh =Cp—-C+C-— éh € X6L7Fin gives
(W(C' = Ch),C = Ch) + (1 = w)ps(q(C) — q(Ch)),C = Cp)
t t
+ (/ u-V(C —Cp)dt',C — ch) + (/ DV(C — Cy)dt', V(C — ch)>
0 0
= (W(C = Cp),C = Cn) + (1 = w)ps(g(C) = a(Ch)), C — Cn)
t t
+ (/ w-V(C—Cy)dt',C — éh) + (/ DV(C — Cy)dt, v(c - (jh)).
0 0
The Cauchy-Schwarz inequality and integration on [0,77] yields

w/OT||CfChH2dt+2(1fw)ps /OT/Q (/Ol(q/(GCJr(lfG)Ch))dﬁ)(CfCh)Qdet

T 2
+H/ DY?v(C - cy)dt’
0
3|ul|2.|ID~ /2|12, T ot T .
§(1+ Ll ”w ” )/ ||/ DWV(C—ch)dt’||2dt+4|\D1/2|\io/ Iv(C = Cn)IPat
0 0 0

- 31 —w)?p2e3\ [T ;
+ (30t Al DA 4 2= [T o e,

17



Discarding the second term in the left hand side and using the Gronwall’s inequality gives

T T 2
w/ H(C—Ch)szt—i—H/ DYV (C - Cy)at!
0 0

3T||U|§OIID_1/2||?>O)

< exp (T + "

_ 1 — w)2p2k2 T .
x (4||D”2|\2o++3w+4\|u|\2o||D 1”nbw) / inf  [|C — Cyll3dt.
w 0 cpexh
dh\rin=yh

Let boundary term gj, be the interpolant of g in X{im. Then Lemma 3 finally implies (33). O

4.2.2 Existence of the solution to the fully discrete system

In this subsection, we prove the solvability of the fully discrete system (12), approx-
imating (1) for the nonlinear explicit isotherm. By adding and subtracting Cy and
multiplying by 2, we rewrite (12) as follows: Given C}' —Cp € X&Fi“, find C’;LLH —Cp €
X&Fm such that

(DV(CH = C), Von)

n+l _ A n A n+l A o n_ A
= oo (1 g (GG G G (G =G (G =)
2 At
+ 2072 0n) = (w- V(CRT = Gy + CF 4 Ch),vn) + (V- (DV(CR + Ci)), on),
(35)

for all v, € X&Fm. To simplify the presentation, we drop the subscript h throughout
this section. We note that by the Lax-Milgram theorem [75, corollary 5.8] we have that

Vi e X™, there exists an unique solution ¥ € Xy, of (DVV,Vv) = (I,v), Vv € Xor

in?

and therefore, the operator T' : X* — X, defined by T(l) = ¥ is a well-defined
linear and continuous operator:

T(l
||T|| — sup ” ()HXO,Fin _ HV\IJH <
l

1
since |[V| < —|I]]«.
ex- |l ex [l A

1
)\7

Next, we define the nonlinear operator N : Xor,, — X* by

—u-V+C"+0)

Y+C"+C\\ ¥ — (C"—0O)
)G

N(y) = 2f"+% — 2<w +(1 —w)psq/(
+V - (DV(C" + ),

and the operator F : Xor,, — Xor,, by F = T(N(¥)). To prove the solvability
of the problem (35), it suffices to show that F has a fixed point, i.e., there exists
¥ =F() € Xor,-

18



Lemma 6 N: Xy, — X* is a bounded operator

2w+ 2(1 — o+ (1
INCOI < ol O] + 2520002y 20220 2 0)

HIV - (DV(C" + Ol + [lulloo[[V(C™ + OYI.

in

~ 1
B2 e~ C) + |25 2

Remark 5 The proof of Lemma 6 follows from (F6), the triangle and Cauchy-Schwarz
inequalities.

Lemma 7 N : Xor, — X™ is a continuous operator.

Proof It suffices to show that || N (¢1) =N (¥2) (|« — 0if [V (91 — 2)|| — 0 because ||¥]| x, 1.
is equivalent to ||V1||. Here,

[N (¢1) = N(¥2)]l«
2
< Rpll2 = wnlle + u- V(w2 — )]s

2L sy (282 Cy g, om = 0)) - (AT E )y - (07 - ).

Notice, 22 [[t2 — 1 ||« < 22EEE ||V (2 — 1) and [[u-V (32 — ¥1) [« < [ufloo||V (32 — ¥1)]].
Next,

+

o' (2w — )l < ma Kl (2 — )

Using Lipschitz continuity of ¢’ we get,

e (= ) (PR CTE

< KKpp||V (b2 — )|l — (C" = O)|.

Hence, using Cauchy-Schwarz, Poincaré-Friedrichs inequalities and Lipschitz continuity of ¢’
we get,

[N (1) — N(32)ll«

2wKpp 2(1 = w)pskaKpr | 2(1 — w)ps KKpp n A
< (2220 _ _
< (PP ¢ fulo + 2o elpuraion | 20 RRERy, (om0
x|V (2 — 1)
which concludes the argument. (]

Lemma 8 F: Xor, — Xor,, 15 a compact map.

Proof Since T : X* — Xo,r;, is a bounded linear operator, we only need to show that
N : Xor,, — X" is a compact map. By Lemmas 6-7 we have that N : Xop, — X is
a bounded and continuous operator respectively, and the Rellich-Kondrachov theorem [76,

19



page 272] provides the compact embedding I : Xy, — L? defined by I(v)) = 1. Therefore

Nol:Xyr,, <= L? — X* is compact.

¢ e Xor,, —— L*(Q) — N(¥) € X*
T

Xo,r

sbin

O

Theorem 6 For any v € Xo,, and f € X*, there exists 1) = cntl —Ce Xo,r,, solution
to eq. (35).

Proof Consider 1q = aF (o) in Xo1,,, 0 < o < 1 defined by

w+c"+é) Y —(C"=C)
2 At

Vo = T<2af”+% - za(w (1 - w)psd(

—au-V+C"+C)+aV - (DV(C" + C’))),
which holds if and only if for all v € Xo 1,, Yo € Xor,, satisfies

wa+0"+é) Yo — (C™ = O)
2 At Y

+ 2(afn+1/2,1}) — (ou - V(wa +C" + C’),U) — (aDV(C" + C’),Vv).

(DVa, Vv) = —2a((w + (1 —w)psq'(

Then, by the Leray-Schauder fixed-point theorem [77, 78], we only need to prove an a priori
bound on [|[V«||, independent of «. This follows by setting v = ¥ and using the Cauchy-
Schwarz and Poincaré-Friedrichs inequalities

2K K A 5
199all < 2522 172 4+ BEE ju w(om 4Oy + B wiem + €]
. 2Kpp(@ +A(A1t— WIPsE2) | om _ A for 0 < a < 1.

4.2.3 Stability of the solution to the fully discrete system

In this subsection, we derive an energy-like bound for (13)-(14), the fully discrete
version of the adsorption equation (1) for a nonlinear, explicit isotherm, using the
midpoint method for the time discretization. We recall that at the continuous level,
we proved that the solution C' > 0 is positive, and it is bounded by the initial and
boundary conditions. Nevertheless, positivity at the discrete level and a discrete Max-
imum Principle are hard to obtain and usually hold under a CFL condition, i.e., the
timestep has to be O(h?) [79]. We use the following notations: Qx(a) = [ P(q(s))ds,

N
3Atw
)

n=0

8 2

D1/2VC;LL+1/2 . gD—1/2thu

20



2

3w

(=)

n=

N A~
w Z D1/2VC;+1/2 ~ 8psP(q(Cr))(1 — W)D—1/2u
N

2

[}

n=

2

+3At

4

3Atw 120 cmt1/2 _ 8 h1/20 4
+ o 2 | DAV CTE - S DTAVG,
3Atw
+

agemti/z_ 8L =w)p PG (Ch) 11205
=2 | P 0 D™EVC,

N

n=

+ HwC’,JZW'1 +(1- w)psq(CfJLVH) — 2(wCh + (1-— w)pSP(q(C’h)))|\2,

and
2 % 2
5 _3NAtw §D,1/2€hu L 3NAW |89 P(g(Ch)( = w) 1y
4 3 4 3w
2 1 5 2

+ WO 4 (1= w)psa(CR) = 2(wCh + (1 = w)ps P(a(Ci))) 1.

Theorem 7 Suppose the assumptions (F1)-(F7) hold, and the fully discrete problem (13)-
(14) has a solution {C}Z}ﬁ;o € L2(0,T; HY(2)). Then we have the following stability result

N
lwC 4+ (1 = w)psP(a(CR P + Atw > Iver2)
n=0

out

N
+ 2Atw Z /
n=0 r

N
(C 22w )ds + 41— w)Atps S / QuC ) (- ) ds
n=0 Fout

N
+4(1 — w)Atps Z / pl(q/(C}rLLH/2))(D1/2VC2+1/2)2 aQ + i&?
n=0"%

— [lwCY + (1 — w)psP(g(C)||* + B
N
AL S (fwCr T (1= w)psP(a(CRT?) — (WCh + (1 — w)psP(a(Ch))))

n=0

— 2NAtw/ gr(u-)ds — 4(1 — w)N Atps / Qn(gn)(u-7)ds.
F ]‘—‘Y/’l

in

Proof Let dh € X" such that éh = gp, and set

in

v = wC2 L (1= )P (CT?)) = (WCh + (1 — w)psP(a(Ch))) € Xior,, ().

Then, after plugging in vy, we use the polarization identity to the first term of (13) and (14)
and sum the resulting equations to yield

SO+ (1= w)p Pl )P — G+ (1= w)pPa(CR)I? (36)
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— WO 4 (1= w)psPUCETH?)) = (WO + (1 = w)psP(a(CPH))II?
+[lwCh T2+ (1= ) PUCHTH) = (WO + (1= w)psPa(CIMIP)

+ At VOITH2 Lo T2 L (1 - w)P(g(ClT?Y))

+AUDVCT2 v (wep 2 4 (1= w)P(a(cTR))

(wC
(

= At 0O 4+ (1= w)P(a(C ) = (WO + (1= w)psP(a(Ch)))
+ WO 4 (1= w)psa(CRT) = wC = (1= w)psq(CR), (WC + (1 = w)psP(q(Ch)))
+ At(u- VT2, w0, + (1= w)psP(a(Ch)) + AUDVC2, W (WCh + (1 = w)psP(a(C) ))-
Since from (13)-(14) we also have
=~ lwC 2 4+ (1= w)psPU(CRT?)) = (WO + (1 = w)ps P(a(C )P

+ WO Y2 (1= w)ps PUCTT?)) — (WO + (1 = w)psP(a(CI)) 1%,
then

SOG4 (1= 0)peP(a(CR )P = [wC + (1 = w)psPa(Ci) )
+ At(u- Vo2 Ler 2 (1 —w)P(g(CpT?Y)
+ A DV, v(wc,’j“/2 +(1- w)P(q(CZH/Z))))
= At(f"2 WO 4 (1 - w)Pa(CL ) — (WCh + (1 - w)psP(a(Ch))))
+ (WCRT 4 (1= w)psg(CRH) = wCi = (1= w)psa(CR), (WC, + (1 = w)psP(g(Ch)))
+ At - VO (WG, + (1 - w)psP(a(Ch)))
+ AUDVCE T2 ¥ (WCh + (1= w)psP(a(Ch) ))-

With a technique similar to the one used in the semidiscrete in space case in Theorem 4 we
get

1 wAt 1/2
5 (WO + (1= w)paP@(CRTY)IP = Gy + (1= w)paP(a(CRDIP) + 1DV 2w ey T2

+(1—w)Atps Qu(CI YA (u- )ds + At(1 — w)ps/ Pl (T2 (DY 2w e )2 aa
Fout Q

2
+ —Atw/ (C 22 (- 7 yds + 3At‘”HD1/2VC”“/2 gpfl/QéhuH
1—‘out

2 h
2
u ‘

3??0 DY2yrty/2 8/)57’((1(?;))(1 —w) p-1/2

2
n 3Atw Dl/QVC;LH/z 3 %D—l/QVOh"

16
1y 1004 2
n 3?:0 DYyt 8(1— w)p;f (q/(ch))D_l/QVéh

= At(fTY2 00T (1= w)psP(g(CF ) — (WCh + (1 — w)psP(a(Ch))))

Atw 3Atw
- 7/ gi(u-)ds + ===

2
8 p-1/24
2 16 . Cnu

3

TCin
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3Atw|[8psP(@(Cr) (L —w) —1/2 |I° | 3Atw |8 —1/20,4 |
16 H 3w bl 3P VO
_ 1o 10~ 12
3Atw [|8(1 — w)psP(q (Ch))D—1/2VCh _ —w)psAt/ Qn(gn)(u - 7)ds
16 3w Tin
+ (WO + (1= w)psa(CRHY) = wCf = (1= w)psq(CR), (WCh + (1 = w)psP(q(Ch))).
Summation over n = 0 to n = N yields the conclusion. O

4.3 Affine Isotherm

In the case of affine adsorption, i.e., ¢(C) = K1+ K2C with K7, Ko > 0, we have that

% = K2%7 and let us denote @ = (w + (1 — w)psK3). The variational formulation

(9) then simplifies to: Find C € H!(Q) such that C‘r = g and

((Daaf,v) + (u-VC,v) + (DVC,Vv) = (f,v), forall ve H&,Fan (Q). (37)

The semi-discrete in space Finite Element problem (10) with affine adsorption is: Find

C, € X" such that Cy, = g and

in

(waac;h,vh> +(u-VCp,v4) +(DVCh, Vup) = (f,vp), for all vy, € X&Fin(Q)' (38)

For the fully discrete analysis, we use the refactorization of midpoint method [65]
for time discretization: Given CjJ} € X", find CZH € X" such that C;Z“ = gn
r

in

satisfying
Step 1: Backward Euler step at the half-integer time step ¢,, 12, for all v, € X&Fm (),

a2 - Ch n+1/2 n+1/2 1/2
(WhAt/Q,Uh> + (u- vC, ,up) + (DVCy, , V) = (f"+ / L VR).
(39)
Step 2: Forward Euler step at ¢,,;, for all v, € X&Fm (Q),
Cm—i—l _ Cn+1/2 . .
(@hAt/;’vh) + (u- V0h+1/2,vh) i (DVC’h+1/2,Vvh) = (frHY/2 ).
(40)

The following result gives an a priori error estimate for the case of affine adsorption
q(C) = K7 + K>C and semi-discrete in space approximations.

Theorem 8 Assume that (F1)-(F6) are satisfied and the variational formulation with affine
adsorption given by (37) has an exact solution C € H(0,T, H**1(Q)) and C}, solves the
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semi-discrete in space Finite Element formulation with affine adsorption given by (38). Then
for 1 <r < k41 there exists a positive constant K independent of h such that:

peoraeay 1€ = 0O

2 1/2
o (max{<2+ 8KPF||11/\||2 +851)K2 8K§§w K%,%}) .

_ _1)10C
IC = ChllLz0,7:11 (92)) S(hr 1||CHL2(O,T;HT(Q)) +h" IH*

Remark 6 The argument is the same as in the nonlinear case, see Theorem 5.

Next, we prove an energy type bound for (39)-(40), the discrete version of the
adsorption equation (1) for the affine isotherm, using the midpoint method for the
time discretization.

Theorem 9 Suppose the assumptions (F1)-(F7) hold, and the fully discrete problem (39)-
(40) has a smooth solution {CR}N_o € L?(0,T; HY(Q)). Then

N-1 N-1
2 A
TNy ( [ @ W)ds) A vyt
w T w
n=0 out n=0
ANAt|ul|Z + 8 \w 2NAt ANALB? + NAEN? | _ .
< WAoo + 83 5 2 [ o) yas ) + L VG2
WA w i WA
8K7? = 2,2 02
+ = EAL YT YRR 4 3G
n=0
Proof Let Cj, € X" be such that Ch = g, and take vp, = C}?+1/2 —Cy € X(})Lyrin Q).

After plugging in vy, we use the polariz;ltion identity to the first term of (39) and (40) and
sum the resulting equations to yield
SUCE = ICRI?) + At(a- VO T2, 0p 1 2) 4 apv e 2, wept )
= At(fPH2 n Y Gy (Ot = CF), Cn) + At(u- VOPTY2 Gy + ADVCITH2 W Ey).
Using

- v 2o = ([t was) + ([ et ).
Fin 1—‘out
and standard estimates we further obtain

At At
2o - Sep? +f( / <<c,?+”2>2><u~ﬁ>ds) A Gent1/2)2
out

u||5. At At At} y
< Dty o ( / <<gh>2><u.ﬁ>ds) n %nvchn?

2
A
which by summation over n =0 to n = N — 1 concludes the argument. O

n At)\ n na 4
1212+ S2IVELE + @(Cptt = e, ),
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Remark 7 We note that an intermediate result in the previous proof gives

§||Ch+1||2 7 EHCI—LHQ + 7 (/F f((Ch+1/2)2)(u . ﬁ)ds) +At(DVCh+1/2,VCh+1/2)

= _g(/ ((9n)*)(u- ﬁ)ds) + A2 Ot 6y

+(@(CPH =), Ch) + At(u - VO G + A DV T2 VG,
which when f =0 and Oh = 0 ytelds the following the mass balance type relation
W At
Sac e - erit + ([ (@ e mas) + spwet 2 v

out

-5(/ (o)) (- )i ).

where u- W < 0 on Lin.

Finally, we provide an a priori error estimate for the case of affine adsorption in
the fully discrete case (39)-(40).

Theorem 10 Suppose the assumptions (F1)-(F7) are satisfied, (39)-(40) has a solution
{CmN_y € L2(0,T; HY(Q)), and (37) has an ezact solution C € H*(0,T, H*TY(Q)). Then
foralll<r <k+1:
N
2
ALY NC(tnt1/2) = Crltnsr)lIf < max {

n=0

w2 x 2, ,2r—2]|0C |2
x (WAL IOty o) 7 4+ 177 | 5
n=0

9+ 8K ppllull3e + 857 K2 8K123F@2K2 TKpp QE}
)\2 2> )\2 2> 3)\2 Y

L2075 (@) (A Cort 7 0,51.) + 1Cn = CQHQ).

Proof Let the approximate solution at time " +H1/2 pe C’;H_l/z. Then by using the midpoint

method, we get, the fully discrete variational formulation as follows:
Given CJ € X", find C’g+1 € X" such that C’ZJrl L = 9n and satisfying,

in

<c;;+1 —cop
w0
At

,vh) + (u- VO ) (DY ) = (f7TY2 ), Vo € XL ().
(41)
Let C; represent %—? We write the following variational formulation for the exact solution
C(t).
At
= ("2 0) 4 (" v), Vo € Hyp, ().

(WM) VO ) + DVl T

where time discretization error, r"* = C(t"“A);C(t") — Ct(t"“);rct(t").
Let " = C(tn) — CJ} and v = vy, € X&Fm C H(%,Fi,,(ﬂ) in (42) and then subtract (41) from
(42) to get
n+l _ n
(w%,vh) + (u- Ve t1/2, vp) + (DV6”+1/2, Vo) = (r",vp), Yoy, € X&pin (Q).
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Consider Cj, € X" such that C), = gp. Then " = C(tn) — C}} = ¢} + 1", where

o = C, — Cp and 0" = Cp, — C(tn). Choosing v, = ¢>Z+1/2 € Xg,l“w the above error
equation becomes

T =9 12 n+1/2 n+1/2 ntl/2 o ntl1/2
O AN RACTE CASSPASS RN PR e

A 0?

n+1 o
= (@%7%&1&) +(u,vnn+1/2’¢z+1/2) I (DVn”H/Q,quZH/Q) I (Tn’¢Z+1/2).

With a technique similar to one used in Theorem 8 and a Taylor expansion for the residual
r™ we obtain

N ) , ,
Ny2 A 2: 1722 _ [ 4Kppllullé + 48
n=0

N 2 _ T
4K{Hmw
1/2)2 2
> A1t||77”+/\|1+7§F /0 [[m¢ |~ dt

n=0

oA
TKRp o2 2 012
+ W(At Ctetll oo (0,151.0)) " + PR ll”-
Since by the triangle inequality we have

N N
S At < 3 2At<||¢;:,“/ 217 + ||n”“/2|\%),
n=0 n=0
the errors satisfy

N 2 2 2 N
K N
> At < (2 R )At > _inf [C"T2 -Gy
g A = Cnexh
" n= Chlr,,=9n

TK3p
322

20
(A Chetll oo 0,752.))° + 7H¢2H2~

HB(C —Ch)

2
ot |ar+

Choosing g, the interpolant of g in X{im, Lemma 3 concludes the argument. O

5 Numerical Test

In this section, we perform numerical tests to show that the midpoint method described
in Section 3.2 gives a second-order convergence rate for the considered PDE model for
the constant, affine, and nonlinear, explicit adsorptions. Since the results are similar,
we only show the nonlinear, explicit adsorption case. In the following two subsections,
we first check the convergence rate for the case of nonlinear, explicit isotherm in the
first test, and in the second test, we plot the concentration profile. We also show the
comparison of total mass after each test. In order to reduce the computational cost,
for the numerical results in this section we use a 2D spatial domain Q = [0,1]* C
R2, representing a cross-section through the center of the cylinder in Figure 1. The
numerical parameters are chosen to be representative of commonly used test cases
[9] in the numerical analysis literature and are intended to illustrate the theoretical
properties of the scheme.
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5.1 Convergence Results

For checking the order of convergence, we assume the following: u = (1,1), D = I,
Q=1[0,1]x[0,1], w = 0.5, X" = the space of continuous piecewise affine functions, the
exact solution is C(z,y,t) = t*(2® — 322 + 1) cos (Zy). The true solution determines
the body force f, initial condition Cy, and boundary conditions. The norms used in
the table are defined as follows,

T 1/2
[l i=ess sup, 1€,z and [Cloo i= ([ 1CC DI o)
0<t<T 0

In this test problem, we use Langmuir’s isotherm with gmez = Keq = 1 where
q(C) = qu;{# = HLC We simplify the problem formulation to a single (nonlinear)
eq

transport equation in one unknown C' using
oy _0q0C_ 1o
o oC ot  (1+0)2 ot

While using Backward Euler discretization, we compute solutions by lagging the
nonlinearity ¢'(Ct') as [80]

]
At

n+1 n
Ch — Ch

q(Cpth) A

~q'(Cp)

For the midpoint method, we use the standard (second order) linear extrapolation[81]

of C,?H/Q while computing q’(C,?H/Q) as

" Cm-{-l _Cn 30" — C«n—l Cn+1 —_Cn
q/(0h+1/2) h h o q’( h h > h h

At 2 At

Table 1 reports BE temporal errors at fixed h = 1/128 and the experimental order of
convergence is 1, which matches the first order precision of the scheme.

(h, At) — (L/128,1/2) | (Y/128,1/4) | (1/128,1/8) | (1/128,1/16) | (1/128,1/32)
IC — Chllss,0 0.0636074 0.0374917 0.0206665 0.0108985 0.00558454
Rate - 0.76262 0.85928 0.92316 0.96462
[IC = Chrllo,o0 0.0522838 0.0310798 0.0169125 0.00883222 0.00451535
Rate - 0.75039 0.87789 0.93724 0.96794
IVC —VChlo,0 | 0.0847469 0.0502647 0.0273473 0.0143409 0.00746467
Rate - 0.75362 0.87815 0.93126 0.94199
[IC = Chrllo,1 0.0995773 0.0590973 0.0321544 0.0168424 0.00872408
Rate - 0.75272 0.87808 0.93292 0.94902

Table 1: Temporal convergence rates for the BE approximation with a Lang-
muir adsorption model to the non-steady-state problem.
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Table 2 shows midpoint temporal errors whose experimental order is 2 in all
norms, consistent with the scheme’s second-order accuracy in the fully discrete anal-
ysis Theorem 10. Figure 2 compares BE and midpoint at h = 1/128, the lines have

(h, At) — (Y/128,1/2) | (Y/128,1/a) | (1/128,1/8) | (1/128,1/16) (1/128,1/32)
IC = Chlloo.0 0.0357416 | 0.00951864 | 0.00242801 | 0.000611192 | 0.000153313
Rate - 1.9088 1.971 1.9901 1.9951

IC = Chllo,o 0.0307399 | 0.00741601 | 0.00181065 | 0.00044712 | 0.000111214
Rate - 2.0514 2.0341 2.0178 2.0073

IVC — VChllo,0 | 0.744766 0.191186 0.0475431 | 0.0117471 0.00323681

Rate - 1.9618 2.0077 2.0169 1.8597

IC - Chllo,1 0.7454 0.19133 0.0475776 | 0.0117556 0.00323872

Rate - 1.962 2.0077 2.0169 1.8599

Table 2: Temporal convergence rates for the midpoint approximation with a
Langmuir adsorption model to the non-steady-state problem.

log—log slopes 1 and 2, respectively, as predicted by our analysis.

<-- Error -->

—A— Mid: [|C-C Il
Mid: ||C-Cy [l o

s Midh: [| V(G-Cy )l |
Mid: [|G-C I, 4 |

........ BE: [IC-Cy Il o
BE: [IC-Cy lly

—o— BE:[IV(C-Cy)lly,
BE:|IC-Cy lly {

Ll . e

10° 10"

<--dt -->

Fig. 2: Langmuir Isotherm: Temporal rate of convergence of BE and Midpoint, T =
1.0, h = 1/128. Notice that Midpoint is giving order 2 whereas BE is giving order 1.
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Figure 3 plots total-mass versus time. The midpoint method nearly preserves mass,
whereas BE shows an upward deviation, which agrees with our mass-balance relation
in Theorem 2 and the discrete stability bound for the midpoint scheme in Theorem 7.

0.7 T T

—#— Exact ;’
— — BE
Midpoint
0.6 - —&— BE: Percentage of overestimate (decimal) | |
v/
/
4
05 / *
/
/
/
0 04 r / -
3 /
= /
= 7
F 03} / i
Ve
7/,
Ve
Ve
0.2 V2 i
Ve
7
7
0.1 - < B
-
P
-
-
-
— 1
T | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time, t

Fig. 3: Langmuir Isotherm: Comparison of total mass for exact solution, BE, Mid-
point, T'= 1.0, h = 1/128, dt = 1/8. Notice that BE overestimates total mass rather
than underestimates.

5.2 Concentration Profiles

For the plot of the concentration profile in each case, we consider the following: f = 0,
g=1,T=01and T =30, h = 1/128, dt = 1/128, u = (0,2z(x — 2)), D = 1,
Q=10,2] x [0,10], w = 0.5, X = the space of continuous piecewise affine functions.
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Fig. 4: Langmuir isotherm: The evolution of the concentration in the membrane while
using BE (Left) & Midpoint (Right), Q@ = [0,2] x [0,10], f =0, g = 1, T = 0.1,

h=1/128, dt = 1/128, u = (0,2z(z — 2)), D = I.
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Fig. 5: Langmuir isotherm: The evolution of the concentration in the membrane while
using BE (Left) & Midpoint (Right), Q@ = [0,2] x [0,10], f =0, g = 1, T = 3.0,

h=1/128, dt =1/128, u = (0,2z(z — 2)), D = I.
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Fig. 6: Langmuir isotherm: Comparison of total mass, & = [0,2] x [0,10], f = 0,
g=1,T=30,h=1/128, dt =1/128, u = (0,2z(z — 2)), D = I.

In Figures 4 and 5, the concentration front gradually advances through the height
of the membrane (top to bottom) over time as it evolves following the contour of
the velocity profile. Although we cannot visibly see the difference between two plots
for BE and midpoint in Figure 5, we can see the significant difference in total mass
evolution in Figure 6.

6 Conclusion

We provided a detailed stability and error analysis of a simulation tool for modeling
the adsorption process for the constant and affine adsorption cases. For the nonlinear,
explicit adsorption, we proved stability analysis for the continuous case and semi-
discrete case and the existence of a solution for the fully discrete case. The error
analysis for this case is more involved and under some assumptions, we were able to
show an error estimate for the semi-discrete case. But numerically, we showed that the
midpoint method gives second-order convergence for all adsorption cases. The next
most important step in developing this tool is coupling this reactive transport problem
with porous media flow where velocity is approximated.
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