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Abstract

In this report, a partitioned time stepping algorithm which allows different time
steps in the fluid region and the porous region is analyzed for the fully evolutionary
Stokes-Darcy problem. This method requires only one, uncoupled Stokes and Darcy
sub-physics and sub-domain solve per time step. Under a modest time step restriction
of the form At < C where C' = C|(physical parameters) we prove zero-stability of
the method. We also derive error estimates. Numerical tests given confirming the
convergence theory and demonstrating the computational efficiency of the partitioned
method.

Keywords: Stokes-Darcy coupling, decoupled method, different time step.

1 Introduction

The transport of substances coupling between surface water and groundwater is an
important problem of great current interest. The essential features of estimating penetra-
tion of a plume of pollution from surface water to ground water and remediation thereafter
are that (i) the coupled problems in the fluid and porous media sub-regions are both in-
herently time dependent, (ii) the flows in the two regions act with different characteristic
speeds, (iii) the physical processes are sufficiently different that codes optimized for each
individual sub-process ultimately will need to be used to solve the coupled problem, and
(iv) the large domains involved and the need to compute for several turn-over times to
obtain reliable statistics requires calculations over long time intervals for large systems (of-
ten arising from relatively coarse meshes). With these issues in mind, we analyze herein
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an asynchronous, uncoupled, partitioned method for the fully evolutionary Stokes-Darcy
problem. The method allows different time steps in the two subregions (such methods are
often called ”asynchronous coupling” in geophysics) and requires only one, uncoupled Stokes
solve and one Darcy solve per time step (with no iteration or construction of a fully coupled
problem). The partitioning is based on simply lagging the interfacial coupling terms follow-
ing a method analyzed by Mu and Zhu [16], see also [1] for its use in other applications.
Connecting the different time steps at the interface is adapts an idea developed by Connors
and Howell [6] for atmosphere-ocean coupling in climate models. The essential difficulty of
both lagging terms and interpolation between meshes and time steps is doing so without
creation of non-physical system energy.

The mathematical model consists of the evolutionary Stokes equations in the fluid region
coupled with the evolutionary Darcy equations in the porous medium, [8, 12, 14, 17, 18].
The key part is the interface coupling conditions of conservation of mass across the interface,
balance of forces and the (tangential) Beavers-Joseph-Saffman conditions [2]. Consider thus
a Stokes flow in Q; coupled with a porous media flow in €2, where Q;,Q, C R%(d = 2 or 3)
are bounded domains, Q; NQ, = @, and Q; N Q, = T. Denote by Q = Q; U, n; and n,

the unit outward normal vectors on 9€); and 02, respectively, and 7;,¢ = 1,--- ,d — 1, the
unit tangential vectors on the interface I'. Note that n, = —n; on I', see Figure 1 below.
X2,
Qf fluid flow
Z9P . . oQ,
n, -ﬁ—é‘x
Q Qp porous media flow \Ln}_
an an
@Qp

Figure 1: The global domain (2 consisting of the fluid region €2y and the porous media region
(1,, separated by the interface I'.

Let T' > 0 be a finite time, the fluid flow is governed by the Stokes equations on €;:

u—vAu+Vp=f in Qs x (0,7, (
V-u=0 1in Qs x (0,77, (

u(z,0) =up in Qy, (

u=0 ondQs\T, (
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where u(x,t) represents the velocity of the fluid flow in Qy, p(z,t) the pressure, f(x,t) the
external force, and v the kinematic viscosity.
The porous media flow is governed by the following equations on €2,:

Sopr +V-q=g in Q, x (0,77, (1.5)
¢q=-KV¢ inQ, x (0,7, (1.6)

u, = % in Q, x (0,7, (1.7)

¢<$, 0) = ¢0 in qu (18)
¢$=0 ondQ,\T, (1.9)

where ¢ is the piezometric head, ¢ is the specific discharge defined as the volume of the fluid
flowing per unit time through a unit cross-sectional area normal to the direction of the flow,
¢ is the fluid velocity in €2,, Sp is the specific mass storativity coefficient, K represents the
hydraulic conductivity tensor, n is the volumetric porosity, and g is the source term. Note
that ¢ = 2z + %, the sum of elevation head plus pressure head, where P, is the pressure
of the fluid in €, p is the density of the fluid, g is the gravitational acceleration. (The
usage of g as gravitational vector or source term will be clear from the context in which it
occurs.). Further, z is the elevation from a reference level. The presentation of the coupled
problem with separate discretizations and differing time steps involves substantial notation.
We therefore make some simplifying assumptions to reduce the notational complexity. In
particular, we assume z = 0 and that K = diag(K, --- , K) with K € L*(Q,), K > 0, which
implies that the porous media is homogeneous. By using Darcy’s law, (1.5) can be rewritten
in the parabolic form

Sodr — V- (KV¢) =g inQ, x (0,T], (1.10)
o(z,0) = ¢p 1in €. (1.11)

For the Stokes-Darcy model, the interface coupling conditions is a key part, the following
interface conditions have been extensively considered and studied:

u-ng+u,-n,=0 onl x (0,7, (1.12)
0
p— an—u =pgop onl x (0,77, (1.13)
8nf
0
—UT; g a w-ty, t=1,---,d—=1 onTl x (0,7, (1.14)

ong T - KT
where « is a positive parameter depending on the properties of the porous medium and
must be experimentally determined. The first interface condition (1.12) ensures the mass
conservation across the interface I'; and using (1.6) and (1.7), it can be rewritten as
K

n on,

on T'x (0,7T). (1.15)

U'Ilf
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The second condition (1.13) is the balance of the normal forces across the interface.

In the last ten years there has been an explosion of work on numerical analysis of cou-
pling surface water to ground water. For a comprehensive overview of other work on this
important problem, see [9] and the 125 references therein. Much of the work has studied
the equilibrium problem, e.g., [8, 9, 14]. Various quasi-static models (not considered herein)
have also been proposed with time dependence in one region and in the other at equilibrium.
To our knowledge, justification of the quasi-static assumption based on the rates of return
to equilibrium in either sub problem in the context of the fully evolutionary setting is still
open. Among the many fewer papers (so far) on the numerical analysis of the fully evolution-
ary Stokes-Darcy problem (considered herein), Mu and Zhu [16] study a partitioned method
which we build upon herein. Cao, Gunzburger, Hu, Hua, Wang and Zhao [3, 4] study a fully,
monolithically coupled implicit method for the much harder and physically more accurate
case of Beavers-Joseph coupling conditions (without Saffman’s simplification).

2 Variational formulation of the continuous problem
Denote W = H; x H, and Q = L*(€;), where
Hy={ve (H Q)" :v=00n 09 \T},H, = {vp € H(Q,) : 1b = 0 on 9, \ T'}.

The space L*(D), where D = Q; or Q,, is equipped with the usual L?—scalar product (-, )

and L2—norm ||-||z2 = ||-||o. The spaces H; and H, are equipped with the following norms:
lullg, =l 7 ullo = V(Vu,Vu) ¥V ue Hy, (2.1)
¢, =1l 7 ¢llo =V (VO, Vo) VueH, (2.2)

We equip the space W with the following norms: ¥V u = (u, ¢) € W,

Il = y/n(u, W, + pgSo(@, d)a,. (2.3)

lallw = \/W(u,u)szf +pgK (0, d)a, = |[Vullo, (2.4)

where (-, -)p refers to the scalar product (-,-) in the corresponding domain D for D = Q; or
2, and =~ refers to equivalent norms.

For simplicity, we assume n, p, g, Sp, ¥ and K are constants, without loss of generality we
assume n, p, g and Sy are positive and O(1), in particular that

The given data ug, ¢g, f and g are assumed to be smooth enough.
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The weak formulation of the time-dependent Stokes-Darcy model reads as follows: find
u= (u,¢) € Wand p € Q, such that , V ¢t € (0,71,

(ug, v) + a(u,v) + b(v,p) = ( ) in Q,
b(u, q) = (2.5)
u(0) = on OQ

where

a(u, V) = af(u7 U) + ap(¢a 1/]) + aF(u’ V),

d—1
) = 00V, + Y [ n)o- 7).

ap(¢7w> = (KV(b’ Vw)ﬂp7
ar(u,v) = /F@)-nf—wu-nf,
b(V,p) = _(p> d’iUU)Qf,
(£,v) = (f,v)e, +(9,¢)g,

The well-posedness of the mixed Stokes-Darcy model(2.5) can be found in [7, 8, 14] for the
stationary case and is assumed to hold similarly for the non-stationary case. In the paper,
we focus on its numerical solution.

There is one known partitioned method of Mu and Zhu [16] for uncoupling the Stokes-
Darcy problem in which subdomain terms are discretized by the implicit method in time
and the coupling terms by the explicit method. Herein we extend the partitioned method
to allow for different size time steps for the decoupled subproblems, say At on 0y and As
on (2,, with any integer ratio n = As/At between them. The reason for using different
time step size is that physical processes happen at different rate, e.g., [10] whose analysis is
consistent with the intuition that fluid flow is faster than that in the porous medium. The
methods extend immediately to the case where the regions of small and large time steps are
oAt

h

reversed. For the other point of view, the natural CFL condition demands < 1 where v

denote the velocity in the sub-domain. Since different domain have different flow velocities,
practical computing often will require different time steps and even possibly adapting At
separately in each sub-region..
It is known [7, 16] that as(-,-), a,(-,-), and ar(-,-) are continuous and coercive and af(-, -)
is continuous. coercive
ag(u,v) < Cllullmllolls,, as(v,v) 2 vlollf,, ¥ uve Hy, (2.6)
ap(¢, %) < Cllolm 1¢lla,, ap(¥¥) 2 kminl VI, ¥ 6,4 € Hy, (2.7)

where «y is a positive constant. Furthermore, ar(-,-) satisfy the following properties:

ar(u,v) = —ar(v,u), ar(u,u) = VuveW. (2.8)
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There are many appealing reasons as discussed in [15] that have led to active research
models so that existing single-model solvers can be applied locally with little extra compu-
tational and software overhead. In this paper, a decoupling approach with different time
step in each domain is proposed for mixed Stokes-Darcy problem. The rest of the paper
is organized as follows. Both coupled and decoupled algorithms are presented in Section 3.
The zero-stability of the decoupled algorithm is given in Section 4. In Section 5, we analyze
the error estimation. Numerical tests are reported in Section 6, followed by conclusions in
Section 7.

3 Numerical algorithms

We consider a triangulation 7, of the domain ﬁf Uﬁp, depending on a positive parameter
h > 0, made up of triangles if d = 2, or tetrahedra if d = 3.

Let Wy, = Hyp x Hpp, C W and @), C @ denote the finite element subspaces. The finite
element spaces Hyp, and @), approximating velocity and pressure in the fluid flow region are
assumed to satisfy the well known discrete inf-sup condition: there exists a positive constant
0, independent of h, such that V q, € Qp,3 v, € W, v, # 0,

b(vn, qn) = Blloallwllanllo-

The following estimates on the coupling term are useful in our analysis.
Lemma 3.1. Yu,v € W, there exists C' > 0, such that Ve > 0,

1
lar(u, V)] < lulliy + Cellv]fy- (3.1)
Further, we have V u,v € W, there exists C' > 0 such that .
1 2 2 2 2
jar(u, V)| < =(lully + [Ivllw) + Cellully +[Iv]lo)- (3.2)

In addition, if the finite element spaces satisfy the inverse inequality, then V uy,, v, € Wy,
there exists C' > 0 such that .

1
|ar(up, vi)| < 4—€||Uh||3v +Ceh™ vl [5- (3-3)

Proof. (3.1) is proven in [16]. For (3.2), the proof is the same but uses a bit more care in ap-
plying trace + embedding + Poincaré inequality (in both regions). (3.3) follows immediately
from (3.1) and is also proven in [16]. O

We also introduce a subspace V}, of W), defined by

Vi ={vn, € Wi, : b(vp,qn) =0 V g, € Qn},
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and correspondingly, as shown in [16], define a projection operator P, : (w(t),p(t)) €

(W, Q) — (Baw(t), Pup(t)) € (Wi, Qn), Vt € [0, T] by
a(Pyw(t), vy) + b(vh, Pap(t)) = a(w(t), vi) + b(va,p(t)) YV vy € Wy, (3.4)
b(Pw(t),qn) =0 Y qn € Qn. (3.5)

Apparently, P, is linear operator. Furthermore, under a certain smoothness assumption
on (w(t),p(t)), the following approximation properties hold:

|1 Paw(t) — w(t)]lo < CR?,
|Paw (t) — w(t)|[w < Ch,
1Pup(t) = p(t)]lo < Ch.

€ (H*(Q)", H* (), (wi(t), ¢u(t)) €
€2,)) for the solutions of (2.5).

From now on, we always assume that (u(t), (t
(H ()4, HY () and (ua(t), ¢u(t)) € (L2 ()¢, L7

3.1 The monolithically coupled, implicit method

In this section, we provide a monolithically coupled scheme which is used for comparison.
Choose a uniform distribution of discrete time level,

Q={0=1"t" ¢ N =T},

where t™ = mAt,m =0,1,2,--- | N for At = % Here (u™™, p™™ ¢"™) denotes the discrete
approximation to (u(t™), p(t™), (t™)).

Algorithm 3.1(Coupled scheme) Find u™*t! = (yhmFl ghmtl)y ¢ W, and phmt! €
Qn,m=0,--- ,N — 1, such that V v = (v, ¥p,) € W), and V g5, € Qp,
uh,m—‘rl o uh,m

(V) (@™ ) 4 b(v, ) = £ (), (3.6)
b(uh,m-&—l’ Qh> = 07 (37)
u"? = u,. (3.8)

At each time step, the discrete model (3.6)-(3.8) is equivalent to two coupled problem that
correspond to a Stokes problem in €2y and a Darcy problem in §2,, respectively, with associ-
ated the common boundary conditions on I'. More specifically, the discrete Stokes problem in
the fluid region Q; reads as follows: Find ™! € Hy, and p"™ ! € Q,m =0,--- ,N — 1,
such that V v, € Hyy, and g5, € Q,

whmEL g hem

( At ,Uh) T af(,uh,erl,,Uh) 4 b(?}h,ph’m+1) + / ¢h,m+1vh . Ilf — ferl(U), (39)

T
b(u"" M q,) =0, (3.10)

u™ =y, (3.11)
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and the discrete Darcy problem in the porous media region €, reads as follows: Find ¢"™*! €
Hyp,m =0,--- N —1, such that V ¢ € Hp,

¢h,m+l o ¢h,m

() a0 ) = [y = ), (312)

r
"0 = . (3.13)

3.2 A Partitioned, Decoupled Scheme with different time step size

To streamline our notation further, we shall suppress the subscript ”h” and replace
upt, op, ppt by u™, ¢™, p™, respectively. First, we choose discrete time levels

P={0=t" "¢ - "N =T},
where t"™ = mAt, m=0,1,2,--- , N for At = % Denote by
S={t", ™, ... "™} C P,

a subset satisfying t"™* = knAt such that n € N is fixed and Mn = N. The time
step size on €2, is given a separate notations hereafter, As = nAt. For t™, " € [0,T],
(u™, p™, ¢"™*) will denote the discrete approximation to (u(t™), p(t™), ¢(t™*)). The approx-
imations (u™*, p™*™) € (Hpn, Qn), for m = mg,mo+1,--- ,N — 1 and ¢"™** € H,, for
k=0,1,---, M — 1 are calculated using Algorithm 3.2. In practice only the data at time
t% would need to be provided. One important feature of Algorithm 3.2 is that (u™!, pm+1)
can be calculated for m = my, my + 1,--- ,mp1 — 1 in parallel with ¢™#+1.

Algorithm 3.2(Decoupled scheme)

e Find (u™, p™*) € (Hyp, Qn), with m = my, mp+1,- -+ ,my41—1, such that V(v,q) €

(Hn, Qn):
um-l—l —um
( 5 )+ ap(u™ M v) +b(v, p™ ) = (1 v) /gﬁm"v ny, (3.14)
r
b(u™, q) = 0, (3.15
u® = wy, (3.16)

with the small time step size At.

mk_l mk+1_1 7
e Set S =~ u’,

=my
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o find ¢"*+' € H,y, such that ¢ € Hp:

(¢ k+1_¢ k

A ) aplem ) = o)+ [ sy @)

¢ = do, (3.18)
with the large time step size As = n/\t.

e Set k =k + 1 and repeat until £ = M — 1.

4 Zero-Stability of the method

In this section, under a modest time step restriction of the form At < C' where C' =
C(physical parameters) we prove the O-stability (possibly including terms like exp(aT))
over bounded time intervals [0, 7] of the partitioned method Algorithm 3.2.

Theorem 4.1 (0-Stability) Choose the initial data ¢™ = ¢°, u™ = u°, and ¢™s+1+/+1 =
P gL — gmi (1 < J <n—2,0<k<I). Thereis C(Q2) < oo such that if

C(Q)AL
(22) “1.
Vkmin
for —1 <1 < M — 1, we have
m J m +J
- v - kmin Ot "SR
L [ D [ [ AR [ R e S [ [
i=0 =0
At"ELT At "
<) |- > ||f“||?{ff+k — > g™,
i=0 TR =0
+§(V||u°||2 + Kminl16°|[7,) + (1115 + [1¢°115 (4.1)
2 Hf mwn Hp 0 0 :

Proof. Taking v = 2Atu™! in (3.14), using the divergence-free property, sum over m =

mk,mk+1,-~- sy Mgy — 1,
mp41—1 mg41—1
s[4 >l = f[§ = ™5+ 248 Y ap(ututt
1=my i=my,
mpy1—1 mey1—1
=24t Y (T u) =24t /F ¢mE( > uth)ny. (4.2)

i=my 1=my
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10
Taking ¢ = 2As¢™ -+ = 2Atng™+1 = 2A¢ 377 it in (3.17),
mk+1—1
It} 116t — @} — g™ 5+ 200 37 ay(mer, o)
=my,
Mp41—1 mi41—1 ‘
=20t Y (g, @) 4 20t / ¢ (Y ul)my. (4.3)
i=my r 1=myg
Combining (4.2) and (4.3), we obtain
mk+1—1 mk+1_1
[l 5+ Y (™ =g = [Ja™ |5 + 248 Y ap(wu™)
i=my 1=my
mk+1—1
UG 170t = 6™ = 6™ 15+ 288 3 ay(e™s,67)
1=my
mp41—1 Mp41—1
=24t Y (fTLuT) 248 Y (g g (4.4)
1=my 1=my
mgr1—1 mpy1—1
— 2Atar(¢™*, Z u'y ML Z u' ),
i:mk i:mk

here and the following, we define ar(¢, u; 1), v) = [ ¢v-ny; —Yu - ny.

The first two terms of RHS (right hand side) in (4.4) is bound by Young and Hélder
inequalities,

myp41—1 mgy1—1
200 Y (LU 288 Y (g g
i=my =my
ont™ET ont™ET
<SS e 3l
i:mk man i:mk

Me41 —1
v/t

A KAt TSR
o > I+ > lle™l,.

, 2 .
1=my 1=mk
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The remains of RHS in (4.4) have the following bound by (3.2)

M1 —1 Mmp41—1
—2Atar(¢™*, Z u'; g Z u'th)
T=my, =my
A mk+1—1 ' mk+1—1 .
< O W + Bl 6™ 4ol Y s+ 6™ 1)
i=my =my
—1 mk+1—1
cAt, "L, .
P ST W R e R YD w1l
v min i:mk i:mk
A mpy1—1
< D vl A vl B + Kl 675 5+ Fminl [67%][,)
=m

20( )At R _ .
+m S G+ ™15 + o™ 117)-

= mp
Combining the above inequalities, using Holder’s and Young’s inequality, we obtain

my1—1 Mmpq1—1
e [ N (i | e [ 1 ZAN A N [T [
1=my i=my,
vAt
— ™ W, + [l@™ G + (¢ — ™[5 — 1™ I3
mk+1—1
Emin At
+hminSE Y |6 G, — 5 —llo™ |13,
i:mk
ont ™M CAL
— N e I3 4.5
< — zm: £ e+ Mg i, (4.5)
=my,

20(Q )At s _ -
+m S I3+ ™15 + o™ 117)-

1=my
Sum over k =0,1,---,1, with 0 <1 < M — 1 we have
I mgy1—1 I mpp1—1
v/t At
a5 + —Z > e, + o™ 1G + fomin >0 ™I,
k=0 i=my k=0 i=my
MEe41— 1

Z S R+ flemee2) (4.6)

mzn k=0 i=my
I mpp1—1 I mpy1—1

C’A C’A
tZ ORI S DRIP ¥

k=0 i=my k=0 i=my

At my my my my
+ = W™ ([, + Fmanll6701177,) + [1™1lg + [167[[5.



DECOUPLED SCHEME WITH DIFFERENT TIME STEP SIZES 12

Taking v = 2Atu™*! in (3.14), using the divergence-free property again, sum over m =

Mz, + 1, i +J, (0<J <n—2)
myy1+J myy1+J
T ™t = dlff = ™ f 4248 Y ap(uut)
=My =My
myp1+J myp1+J
200 30 (F ) <28t [ gma( 3T W)y
i=my4q r T=my4q
ont " vt "
D S T R S Tl [ (4.7
1=myyq 1=miyq
AT
FEOY Ul + Rl 67001
1=my41
+J
C(O)AL,"E .
=37 Ml + ™).
Vkmin i=—m
=mi+1
Rearrange the inequality, yield
myp1+J VA myy1+J
L RO S | [ el [ = Sy |
=M1 1=mjyq
mz+1+J myy1+J
CAt .
f Z | S | VA [ (4.8)
0 H .
Kimin 1=myy1 v 1=myyq ’
Kmin Nt C(Q)At
4 B g, 4 CEDS g
4 Vkmin
Considering the special case, when [ = —1, then ¢™+1 = ¢°, y™+1 = ¢, the last equation

can be written as follows:

J
A A vAt
) [ — |+ ZHUZ-HHH/
i=0

J

C)At i1z, OOt i+1
Sm%““ o+ ZHf HHf

k;mmAt C
B g0, 4 SOV

\/ mzn
Add both sides by "222|¢0[|2, +|¢°|[3, and set ¢/ = ¢°, g7+ = ¢° (0< J <n—2)

16°116 + [1u°1[5. (4.9)
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since £ 7, |\¢i+1||§{f < %HgbOH%f, then,

J
; AN’ ; /{:mmAt ;
Iu"“H?ﬂrZHU+1 Ho+—ZHUHHHﬁHW“Ho Z\|¢“Hﬂf

<3 o

At
+ 7(V||uol|éf + ki 16°[17,) + 1®115 + 11115 (4.10)

; ; OAt ; CAt i
[ 16 + 116" 116) Z\If“l\Hf Z\Ig“\lépf
n =0

Combine (4.6) and (4.8), and set ¢"+1T/F1 = gmit1  gmintJHl — gmen (1 < J <
n—2,V1>-1), we arrive at

myp1+J myp1+J
v/t . kin N\t 4
|\umz+l+J+lrré+—2 Sl o+l 4 Fn S e,
=0 1=0
ml+1+J myp1+J

; CAt ;
f Z 1 + o™ I + == > I,

0 0 H
mzn v i=0 !

CAt st i At, -
L. > Mgl + S @™ 7, + Emialle™[17,)
=0

+ ™15 + [lo™[5. (4.11)

Q)AL

Finally, choosing At, such that < — < 1, which is required to apply th e discrete
Gronwall inequality to (4.11), (Whlch contributes a C(T) term). O

5 Convergence Analysis

In this section, we analyze the error in Algorithm 3.2. We will use the following
notations. Define u* = u(t™), ¢ = o(t™), pI = p(t™). Following (3.4)-(3.5), we de-
fine u,, = Pou(t™), ¢m = Prd(t™), pm = Pup(t™), then we set €' = u* — u,,, €' =
O — Oy N =PI — P, and €M = uy, — U™, €7 = @ — O, N = pp, — p™. Obviously,
we observe that u(t™) — u™ = e 4+ ™ and ¢(t™) — ¢™ = €' + €™, from approximation
properties, we have |[e™||o + [|€™[|o < Ch?, [|e™]]1 + ||€"]]; < Ch.

Then, by the model (2.5) and (3.4)-(3.5), for (v,q) € (Wp,Qp), we have the following

equations:

Um — Um m m
(B 1) g t1,0) + 80 s) =~ )+ (7 0) = [y (50
I

At
b(tum+1,q) = 0. (5.2)
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(PO ) 4 01, 0) = (0 + ") + [ oy
where
U, — Um m
w;?jl _ +1At (£
[umH Um u(t™th) — u(tm)] (t™ ) — (™) (1]
At At At
w;n;ﬁl + w}nj 217
and
W % — gyt
_ ¢m+1 - gbm _ gb(thrl) - ¢(tm) ¢(tm+1) - gb(tm) o m—+1
- (G )97 G 9 _ g ey
= wpih

m+1 m—+1

(5.3)

It is easy to verify that the following properties of wi';', w}'; ,w’”’”rl and wm+1 hold:

p,s,1
from the definition

) —um) 1
W = (p,— )™ :_/ Py — Duy(t)dt,
ft,1 (h ) At At o (h )t(>
we have
1 tm+1
I f+1||0 Ny /(/ (Ph—I)ut(t)dt)de
tm+1 tm+1
N / / (P — Duy(t))?dt / 1%dtdx
thrl tm
< [ e Dk
tm
Similarly,

tm+1
Al = u(t™) — u(t™) — Atuy (™) = — / (F — ™V (8)dt,
tm
which means
tm+1

lopid B = a [ ([ ¢~ Muattianis

tm+1 tm+l tm+1

< (u t —t"™)2dtdr < At/ | [2dt.
<am | [ Gwera [ - [ el

(5.5)
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The same as w;’?tfll, w;’?;r;, while consider the large time step size As, then,
1 tMk+1
et l < o I = Do, (5.6
S Jm,
and
+Mk+1
lupstlp < as [ lloulias (57)
t™k

By the equivalence between ||ul|g, and [|Vullo, ||¢]|m, and ||V é||o,

[[ttms1 = [, = [[Pr(u(t™ ) = u(@™ ), < Clu(™ ) —ut™)||5,

tm+1

< o/ (V (™) — u(t™))2dz < C/Qf</tm Vusdt)2dx

tm+1
f

Do the same as (5.8), we have

tm+1 tm+1

vufdt*/ ldtdz < CAt/ e[, dt. (5.8)

tm

tmtl

6mss — dmll3, < OO / 61, dt. (5.9)
S

[ [ C’As/ s 3, s, (5.10)
i

mess = bl < Css [ 6l ds. (.11

Consider small time step size At, subtract (5.1) from (3.14), we obtain

6m+1 —em
(0 +ap(e™v) + blo, ™)
= (W} v) — /F(¢m+1 — ¢m)v-ny — /F(cbm — ¢ )v - ny, (5.12)
b(e™ !, q) = 0.

Consider larger time step size As = n/At, subtract (5.3) from (3.17), we obtain

Emk+1 _ emk

AS 7,¢) + ap(emkﬂﬂ/))

= —(wp™,v) /w Unngey = Umy) nf+/w U, — S™) -1y (5.13)

Theorem 5.1. Suppose the true solution is smooth, the initial approximations are suffi-
ciently accurate and that the time step and mesh width At, h satisfy CAth~! < 1, where C
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depends on the parameters v, k,,;, and the domain 2. Then, the following estimate for the
error at the larger time steps (the synchronization points) holds:

I mgp1—1 I mp41—1
el + vty > e, e 5+ kminlst Y > (1™ [,
k=0 i=my k=0 i=my
< O(T) (A2 + b, (5.14)
Proof. Taking v = 2Ate™"! in (5.12), using the divergence-free property, sum over m =
My, My + ]-7 M1 — 17 yleld
mpy1—1 mgy1—1
e+ Y lle™ =€l = [lem™ (5 + 248 Y ap(e e
i=my =my
mk+171 A ‘ mk+171 ‘
=24t Y (wifl et — 248 / > (fir1 — di)e ™ - ny (5.15)
=My r =my
mk+1—1
— 2At/ Z (¢2 — ¢mk)ei+1 . l’lf-
r i=my

Taking 1 = 2Atne™+1 = 2A¢ S/ 71 emien i (5.13),

1=my,
mk+171
lemesa |3 4+ flemssn — e g — [Jem |2 4288 37 ay(emn, emen)
1=mp
mpy1—1 mp41—1
— oAt Y (w4 20 / S (U, — ) < g (5.16)
i=my r i=my

mk+1—1

+2At/ Z €™ (U, — ') - My
r .

=My
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Combining the above equalities (5.15) and (5.16), we obtain

Mi41—1 Mmpy1—1
le™ 5+ > lle™ =€l — lle™ (1§ + 20t Y ap(et et
1=my 1=my,
mpy1—1
[l 3 + [l — B — ([ [3 4 208 Y ap(em, )
=my
M1 —1 myg41—1
=20t Y (wi et =248 Y (wrEe em)
i=my i=my
mgy1—1
— 9/t Z aF(¢i+1_¢iaumk+1 umk7€mk+1 61-1—1)
1=my
Mmp+1—1
— 2/t Z ar(¢s — @™ Uy, — u'; €M1 T, (5.17)
1=my,

The first term of RHS in (5.17) is bound by Young, Poincaré and Hélder inequalities

mpy1—1 mpy1—1
=20t Y (wi et =20t Y (wik, @)
i=my i=my
At mk+171 A mk+171
< 20T W + Rl ) + C@AE S Gl + e )
=mp 1=my min
AT
< Wlle™ I3, + Eminlle™{17,)
i=my
et 1 1
+O@QAt Y (Sllwzills + ~llwiiallo + —wpsd s + —lwpiz o), (5:18)

1=my

where C(2) is a constant which depends on the domain 2. The second term of RHS is
bound by

mk+1—1

—2A¢ Z ap(Gig1 — Gi Umypy — Uy €7, €7

i:mk

ATETH
LS Wl + sl )

t=my

ont "M o\
= D b —aillf, +

i=my

<

T, = - (519)
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The third term of RHS is bound by

mk+1—1
— 24t Z ar(¢i - ¢mk> Uy, — uz; Ekarla €Z+1)
=my
mk+171
= —2/\t Z {ar(¢s — Gy, Uy, — ws; €™+ ) + ap (e ey ™+1 e 1)}
=my
mk+1—1
=2/t Z {ap(em™e+1 — €™k "t — et ™+ ) — r(dy — By Uy, — Ui € €T}
i:mk
At Mmg41—1 R Mmgy1—1
< 2L e By, + Ralle™ ) + OO Y [l — 3+ [femen — e 3)
1=my, 1=my,
mk+171 1
+ CAL Z (;||Um;c — wil[, +r||¢i—¢mk||§{p)‘ (5.20)
i:mk min
where C' = ma:v{%, k#} and also depends on the domain €2, by choosing At, h, such that .
CAth~! < 1, combine the above inequalities, sum over k = 0,1, [, we arrive at
I mpy1—1
e ][5 = [lemelfs + vty > eI,
k=0 i=my
I mpy1—1
{5 = €™ IE + kminAEY Y {l€m 15
k=0 i=my
1 mgp1—1

<OAtY Y (lwhlle + Hwpblle + Hwped |15 + Hwpies'|17)

l
+ CAt Z ||umk+1 — Umy, | |%{f
k=0
I mge1—1

+CAY Y (lum, = willty, + 1160 = Smllfy, + léi — il ). (5.21)

k=0 i=my

By (5.4)-(5.11) and the approximate properties of P, the first term of RHS in (5.21)
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bound by
~ I mgi1—1
CAEY > (w16 + iS5 + Nwp s I + lwpias115)
k=0 i=my
I mpy1—1 i+l pit1

1(Py — Dua(t) 2t + A / s 12d0)

tl

<oty Y (o /
k=0 i=my

~ l 1 k41 " k41
st [P = Daue)lBds+ A [ ol
ko T8 St t
B T T
<C([ 1~ Duo)lfat + 28 [ ol
0 0
T T
+ [ 1A= Dens)Bis + 25 [ ol
< C(T) (A + hY), (5.22)

here and afterwards C'(7T") denotes a constant depending on v, k,,;,, 7 and the domain €.
The second term of RHS in (5.21) bound by

! T
C’Atz 17— umk||§{f < é’AtAs/ ||u5(s)||§{fds < O(T)AF.
k=0 0

The third term of RHS in (5.21) bound by

I mgy1—1
CALY > (llum, — willzr, + 1165 — Smi |71, + 1611 — dilli,)
k=0 i=my

~ I mpp1—1 . I mgi1—1

< C’nAtZ Z (i = willfy, + 110 — dinallz,) + CAtz Z i1 — ¢ill %,
k=0 i=mg k=0 i=my,

5 T T B T

< Catt([ ol de+ [ oI, a0+ Ca8 [ oo, d
0 0 0

< O(T)At. (5.23)

Combine the above bounds, add the initial data and yields the final result,

I mpp—1 I mpy1—1
e R S S [ R [ [ R S S S sl [
k=0 i=my, k=0 1=my
< C(T)(A + 1. (5.24)
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For the error in time derivatives, we have the following error estimate.
Theorem 5.2. Under the assumptions of the previous theorem, including, CAth~! < 1,
where C' is defined as above, the following error estimate holds:

I mpy1—1

Atz Z ||dt€i+1||g—|—V’|eml+1H§{f+)\(€mz+1,eml+1>

k=0 i=my

l Mmg41—1
A I e e N [ 7
k=0 i=my
< C(T)(At+ h* + At7'hY). (5.25)
Proof. Taking v = 2Atd,e™! = 2(e™*! — ™) in (5.12), using the divergence-free property,
sum over m = my, mp + 1,--- ,;mry; — 1, we get
mpy1—1 mpy1—1
200 D7 [l T+ ag(eme ) — ag(en @)+ AR Y agldie™ det)
i=my 1=my,
mpy1—1 mpy1—1
= —2At Z (w}ﬁl,dte”l) - 2At/ Z (iv1 — ¢i)dpe'™ - 1y
T=my, r =my
mk+1—1
— 2/t / > (¢ — @™ )die ! my (5.26)
r i=my

Taking ¢ = 2nAtd,e™+1 = 2p(em+1 — ¢mk) = 2 5T (@miir _emi) i (5.13) yield

i=my
mp41—1
2AtHdt€mk+lH(2) + Z {ap(emk+1’ emk+1) _ ap(€mk’ emk) + AtQ(Ip(dt€mk+l, dtemk+1)}
i=my
mg+1—1 me1—1
=20t Y (wE de™ ) + 208 / > €™ (U, — U,) -1y
i=my r i=my,

mk+1—1

+ QAt/ Z di €™ (U, — u') - 1y (5.27)
r

i:mk
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Combining the above two equalities (5.26) and (5.27), we have

Mmp41—1 mp41—1
2/\t Z [|dee™ |2 + ap(e™+r, ™) — ap(e™ ™) + At Z ap(die™t, die™)
1=my i=my
mk+1—1
+ 2t |dpe™ 1 || + Z {a, (€™, €™ 1) — ay (€™, €™*) + AtPay(de™ 1, die™ ) }
i=my
M1 —1 mgy1—1
=24t Y (Wil de™) =288 Y T (wrk dye™ )
i=my i=my
mk+171 ‘
=20t Y ar(Gip1 — Gis Unyyy — Unys de€ ™ dye’t)
1=my
mk+1—1
— 2Nt ar(d; — @™, U, — u's dpe™ 1 dyet . 5.28
k
i=mp

The first term of RHS in (5.28) is bound by Young and Hélder inequalities

mpy1—1 mpy1—1
=20t Y (wh dieT) =208 > T (wpk dye™ )
i=my i=my
mi41—1 Mmp41—1 A
<At Y e TG+ Al 5+ Cat Y ([ HIG + [l ][)
T=my, =my
mk+1—1
<OAt Y (lwh 115 + NwFislE + llwpet |15 + lwpes |IF)
1=mp
mk+1—1
+ O > (de [ A+ At dye™ |3 (5.29)
1=my
The second term of the RHS is bound by
mk+1—1
20t > ar(Gicr = Gis gy, — U, €™ dye™)
i:mk

2A\t? et i+112 Mpg+1|]2
< > Wlldee™ M I, + Fminl €™ 17,)

<5
1=my
~ mk+1_1 ~
+C Y i — dillt, + Clltmg,, — o, I3, (5.30)

i=my
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The third term of the RHS is bound by

mk+1—1
“2AE N ar(— Tt — i, dye)
i=my
= —2/\t Z {ar (i — Gy, Uy, — Ui; dpe™ 1 dye™) + ap (€™, e'; die™ =+ die' )}
1=mp
AN mpy1—1 B mpy1—1
<= D Wllde™ R + il lde™ 1) +C D0 (e, + €™ 15,)
i:mk i:mk
R mk+1—1
+C > fum, — willly, + 116 — dmill7,)
=my
4At2 mk+171 . B mk+171 .
< Z (vlldee ™[y, + Kminlldie™ | [,) + C Z (eI, + €™ [[7,)
i=my i=my
R mk+1—1
+Cn Y (i — w3, + |l — diallz,)- (5.31)
i:mk

For simplicity, we define

A, v) :;/Fﬁm.n)(v-n).

Then, by using (5.28)-(5.31), we have

mk+1—1
At ([deHIG A+ vlle™ G, — vl G, 4+ A e ) = A(e™, e™)
i:mk
mp41—1 mp41—1
+ At? Z )\(dteH—l’ dteH-l) + At||dtemk+1||(2) + Kmin Z {||emk+1||§{p — ||emk||%{p}
1=my i=my
mk+1—1 mk+l_1
<At Y (A IE 4+ w5 E + w15 + llwpes 19 +C Y i — éillg,
1=my, i=my,
B R mk+1—1
+ Clltmgyy = |37, +Cn Y (s — w7, + 166 — il
i=my
_ mk+171
+C > el + ™ 11F,)- (5.32)

1=my
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Sum over k =0,1,--- 1, since A\(u,u) > 0, we arrive at

l mk+1—1
Atz Z ||dt€i+1||(2) + l/‘|@ml+1H%If + )\(eml+17eml+1)

k=0 i=my

l mp41—1
+ AL ™G A i Y €™,
k=0 i=mpy
I mgy1—1
. ) 1
SCAEY > (B IIE + HwfL 18+ w18 + [lwp s |13)
k=0 i=my
I mpp1—1

+C’Z Z i1 — ¢z‘|Hp+CZ||umk+1 UmkHHf

k=0 i=my

B I mgp1—1 I mp41—1
+Cn Y > (lwi —willzy, + 160 — dinllh,) + Z (le'll7r, + lle™ 11,
k=0 i=my =0 i=my
mk+1—1
Tl + A, €™) + e > [l (5.33)
i=my

Do similarly as (5.22)- (5.23), we have

I mpy1—1

oty > (lwihll + lwfblly + llwpei 15 + llwpes |I) < (DAL + 1),

k=0 i=my

l
k=0

I mpp1—1 I mpy1—1
CY D i —ailli, +Cn >0 > (i — will3y, + 116 — diallF,) < C(T)AL.
k=0 i=my, k=0 i=my,

From Theorem 5.1, we have,

I mppr1—1

Y D (el + llem|l,) < C(T)(At+ AthY).

Combine the above bounds, add the initial data and yields the final result,

! mk+1*1
Atz Z ||dt61+1||3 + V||@ml+1||%{f + /\(6ml+1,6ml+1)
k=0 i=my
! mp41—1
+ Atz HdtgmkHH(?) + Kin Z HEmlHH%{p
k=0 i=my

< C(T)(At+ h* + At7'h?Y).



DECOUPLED SCHEME WITH DIFFERENT TIME STEP SIZES 24

O
At the smaller time steps used for the faster problem we have the following error estimate.

Theorem 5.3. Under the assumptions of the previous theorem, including, CAth™ < 1,

where C' is defined as above, the following error estimate holds: for J =1,2,--- ,n—1, and
k=0,1,--- 1,
my+J ‘
e 2 L uat 3 (|G, < CT) (AL + hY). (5.34)
1=mp

Proof. Taking v = 2Ate™"! in (5.12), using the divergence-free property, sum over m =

mg, mg + 1, ,my + J, yield

mg+J mg+J
et 3 ([ — 2 — [l + 280 Y agle e
1=my, i=my
my+J myg+J
i=my r i=my
mk+1—1
N QAt/ D> (b= ™)ty
r 1=my,
At my+J ‘ _ mg+J ‘ At mg+J '
< 25N e, £ Oy g+ S0 vl
i=my 1=my i=my,
~ mg+J At mg+J ' _ mg+J
+CAt Z i1 — ¢ill T, + 3 Z vl|e [, + CAt Z s — ™[5,
t=my 1=my i=mp,
my+J ~ my+J
< ALY |, + OOt Y (il + wihbIE)
i=my i=mp
mg+J mp+J

+CAL Y ldipr — illh, + CAL DY (i — Sm T, + 6m, — 6™ 7)) (5.35)

t=my 1=my
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By (5.4), (5.5), (5.9), (5.11), and Theorem 5.1, we have

mg+J

Cat 3 (lwith |3+ [[wihl3) < C(T)(A2 + 1),
i:mk
5 my+J
CAt Z |pir1 — ¢ul[Fr, < C(T)AL,
~ it ] B my+J
CAt Y gs = dm,llh, < Cnist Y lgs = diallly, < C(T)AL,
i:mk i:mk
» mg+J 5
CAt Z H¢mk - ¢mk’|?qp < C?”LAtH¢mk — ¢mkH%{p < C(T)(Atz + h4).
i:mk

Note that the last two inequalities above, we used the fact my + J — my < n for J =
1,2,--- ,n — 1 and the general triangle inequality. Combine the above bounds, the final
result follows by Theorem 5.1,

my+J my+J
le™ G+ > wlle™ —elf+ At > |l I,
i=my i=my

< C(T)HAE + 1Y) +[le™ |5 < C(T) (A + 1Y),

O

For the error in time derivatives on smaller time steps, we have the following error
estimate.
Theorem 5.4. Based on the smoothness assumption on the true solution, J =1,2,--- ,n—1,

and k£ can be 0,1,--- [, the following estimate holds:

my+J
At Z Hdt6i+1||g + V’lemk""”‘lH%{f + )\(emk+J+1’emk+J+1)
i:mk

< C(T)(At+ h* + At7'RY). (5.36)

Proof. Taking 2Atd,e™ ™ = 2(e™™ —e™) in (5.12), using the divergence-free property, sum
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over m = myg, my + 1,--- ,my + J, we obtain
mg+J mg+J
INE Z Hdtez—i-ng + af(emk+J+1,€mk+J+l) . af(em’“,emk) + Atg Z af(dtez—f—l’dtez—&-l)
T=my t=my,
my+J my+J
=24t Y (wif die ) — 24t /F > (Gip1 — ¢i)die™ - my
i=my i=my
mk+1—1
- 2At/ > (6= ¢™)de™ -y
r i=mp
my+J . mg+J ' AtQ mg+J .
S ALY lde g+ onat > ||w;g;1||3+T > vllde ™7,
i=my i=my i=my
_ mg+J Atg mg—+J ' ~ mg+J
+C Z |pir — ill T, + 5 Z vl|die |, +C Z s — ™|,
i=my 1=y =my
my+J ‘ mg+J mg+J
<AL de G+ AR Y vl G, + O D (w5 G+ el 1)
i=my i=my i=my
_ mp+J ~ mg+J
+C Y Nisr = dilliy, +C D (b — bmil I, + 1dm, — ™ 113,)- (5.37)
T=my, =my

Just as the proof of the last theorem, using (5.4), (5.5), (5.9), (5.11) and Theorem 5.1, as

well as the general triangle inequality and the fact my +J —my < nfor J=1,2,--- ,n—1,
we obtain
mp+J .
Ot Y (A1 + bl < CI)(AR + b,
i=my
~ mg+J
C > i — oillf, < C(D)A,
t=my
~ mg+J ~ mg+J
C D N6 = dmlly, < Cnist Y (i = dially, < (DAL,
1=mp =my
my+J

C Y o — ™|l < Cnlldm, — ™I, < C(T)(Ot+ LY.

1=my,
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Combine the above bounds, by Theorem 5, yield the final result,

mp+J
At Z HdteiJrng + V|’emk+J+1H?'If + )\(emk+J+17€mk+J+1)
i:mk

< C(T)(At+ b+ AtHh) + 1/||emk||?{f + A(e™*, e™*)
< C(T) (At + h* + At 'h?Y).

O

Corollary 5.5. Under the assumptions of the previous theorem, including, CAth™! < 1,
where C' depends on v, ks, and the domain €, such that when CAth™! < 1, for k =
0,1,---,M —1,and m =1,2,--- , N, the following estimates hold:

[lui = u(t™)[lo < C(T)(AL + 1?), (
65" = o™ )llo < C(T) (AL + 1), (5.39

[lu? = u(t™)|l < CTNAE + b+ D282, (
o — g(t™=1)||) < C(T)AL? + h+ A7Y2R2). (

Proof. By using the triangle inequality, combine the approximation properties and Theorem
5.1-5.4, it is easy to obtain the claim of this theorem. O

Remark: In this paper, different conditions are needed for stability and error estimation,
for stability, we need At satisfies that At < C with C' is a constant depends on domain
Q. For the error estimation, we assume that At satisfies that CAth At < 1 with C is a
constant depends on v, k,,,;,, as well as the domain 2. Which condition is better is still an
open question, it depends on the problem and many other factors.

6 Numerical tests

In this section, we present some results of numerical tests which confirm the theoretical
analysis. Assume Qy = [0,1] x [1,2] and Q, = [0, 1] x [0, 1] with interface I = (0, 1) x {1}.
The exact solution is given by

(ul,u2) = ([2*(y — 1)* + y]cos(wt), [—ga:(y —1)%cos(wt) + [2 — msin(rx)]cos(t)),
p = [2 — wsin(nx)]sin(0.57y)cos(t),
¢ = [2 — wsin(mx)][1 — y — cos(my)]cos(t).

Here w = 5, and the initial conditions, boundary conditions, and the forcing terms follows
the solution.

The finite element spaces are constructed by using the well-known MINT elements (P1b—
P1) for the Stokes problem and the linear Lagrangian elements (P1) for the Darcy flow. The
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code was implemented using the software package FreeFEM++-[11]. For the monolithically
coupled scheme, the GMRES routine is used to solve the (non-symmetric) coupled system.
For the uncoupled scheme, a multi-frontal Gauss LU factorization implemented to solve the
SPD sub-systems.

We define some notations first, for coupled scheme, we denote

h,m
u

m m m m m h,m m m
P ), o = (), ¢ = g (g,

(& » Ep

For the decoupled scheme, we denote
Ch = Uy — u(t™), €%, = Py’ = p(t™), ey = o — o).

First, we compare the convergence performance and CPU time for both the coupled
scheme and the decouple scheme. In Table 1-2, we consider both schemes at time ™ = 1.0,
with varying mesh h but fixed time step At and As = wAt. The two schemes achieve
similar precision, although the monolithically coupled scheme is slightly more accurate than
the decoupled scheme. However, the coupled scheme required much more CPU time than the
decoupled scheme. The relative advantage of the decoupled scheme increased as the mesh
was decreased. In Table 3-4, at the same time ¢ = 1.0, with varying time step At and
As = wAt but fixed mesh h = % are tested for both schemes. The two schemes almost get
the same accuracy, but the coupled scheme needs much more CPU time than the decoupled
scheme. In all, the decoupled scheme is comparable with the coupled scheme, and cheaper
and more efficient.

Next, we will focus on the decoupled scheme, and examine the orders of convergence with
respect to the spacing h or the time step At. Following [16], we introduce a more accurate
approach to examine the orders of convergence with respect to the time step At or the mesh

size h due to the approximation errors O(AtY) + O(h*). For example, assuming
vt (2, t™) & v(z, t) + Oy (z, ™) ALY + Cy(x, t™)hH.

Thus,
e, £7) =y (@ 1)k g g

03" (e, ) =3 (el 20— 1
2

Pou.hi =

At
Po,nti = v (@, ™) — v (@, t™)]|; 47— 2
- ot T
o? (. tm) — vt (@, t)]]s

Here, v can be u, p, ¢ and i can be 0, 1. While p, 4, pyat; approach 4.0 or 2.0, the

convergence order will be 2.0 or 1.0, respectively.
In Table 5, we study the convergence order with a fixed time step At = 0.01 and
As = wAt and varying spacing h = 1/2,1/4,1/8,1/16,1/32. Observe that, py 0, Peho
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is a little larger than 4.0, and pyn1, Ppro, Psr1 approach 2.0, which suggest that the
error estimates O(h?) for the L*norm of u and ¢, O(h) for the H'-norm of u and ¢
and the L2?-norm of p is optimal in space for the decoupled scheme. However, in Table
5, we study the convergence order with a fixed spacing h = 1/8 and varying time step
At = 0.02, 0.01, 0.005, 0.0025, 0.00125 and As = wAt. The numerical experiments
strongly suggest that the orders of convergence in time for all should be O(At), which im-
plies that the error estimates for the L?-norm of u and ¢ is optimal, however, the error
estimates for the H'-norm of u and ¢ might not be optimal for the decoupled scheme, and
may be further improved from O(At'/2) to O(At) by a finer analysis- an open problem for
further work.

Table 1: The convergence performance and CPU time of coupled scheme at time t™ = 1.0,
with varying mesh A but fixed time step At = 0.01.

h lew™llo lew™ Il ez ™Mo [leg™ [lo [les™[lo CPU
1 0.260588 1.50020 0.84932 0.154474 1.37573 4.428
1 0.073905 1.03481 0.82981 0.058474 0.86908 8.741
1 0.017644 0.40179 0.20873 0.010962 0.38724 32.081
L 0.004265 0.19129 0.07193 0.002688 0.19679 149.358
= 0.001120 0.09931 0.03493 0.000756 0.10059 698.809

Table 2: The convergence performance and CPU time of decoupled scheme at time ¢"* = 1.0,
with varying mesh h but fixed small time step At = 0.01 and fixed large time step As = w/At.

h el el llerpllo el g llo CPU
L 0.260588 1.50020 0.85337 0.154915 1.37554 0.856
L 0.070324 0.80750 0.47382 0.047873 0.79309 3.020
L 0.017953 0.41543 0.224210 0.013647 0.40958 10.038
L 0.004287 0.18950 0.07584 0.003879 0.19556 38.423
< 0.001185 0.09608 0.03781 0.002168 0.10105 143.963

7 Conclusions

A decoupled method with different time step in each domain for mixed Stokes-Darcy
problem is proposed and analyzed in this paper. Under a modest time step restriction we
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Table 3: The convergence performance and CPU time of coupled scheme at time t™ = 1.0,
with varying time step At but fixed mesh h = %.

At [lew™[lo llew™ [l [lep™[lo [leg™ llo [leg™ llo CPU
0.02 0.017658  0.401804 0209185  0.010998  0.387225 19.656
0.01 0.017644 0401971 0208733  0.010962  0.387235  31.839
0.005 0.017638  0.401786 0208770  0.010944  0.387240 55.723

0.0025 0.017639 0.401786 0.208897 0.010935 0.387242 103.725
0.00125 0.017639 0.401786 0.208942 0.010930 0.387242 215.046

Table 4: The convergence performance and CPU of decoupled scheme at time ¢ = 1.0, with
varying small time step At and large time step As = w/At and but fixed mesh h = é .

Al leiulle — Temadl el llekelle  liekgllo  CPU
0.02 0.017849 0.415564 0.226369 0.014735 0.409701 5.429
0.01 0.017953 0.415431 0.224210 0.013647 0.409579 10.639
0.005 0.018010 0.415403 0.223604 0.013128 0.409577 21.435

0.0025 0.018038 0.415398 0.223444 0.012877 0.409592 41.262

0.00125 0.018050 0.415397 0.223404 0.012753 0.409603 76.190

Table 5: Convergence orders of O(h*) of Uncouple scheme at time t™ = 1.0, with varying
mesh h but fixed small time step At = 0.01 and fixed large time step As = w/At.

by =l puno Nl =¥l puna NP —#Ell0 ppno
: 0.210264 3.74520 1.60993 1.94293 0.71638 1.48895
: 0.056142 3.83200 0.82861 1.93881 0.48113 2.15270
: 0.014651 4.23579 0.42738 2.14606 0.22350 2.89976
1 0.003458 0.19915 0.07708

hellog = ¥l Po.10 165" — o3l Po.h.1

: 0.134538 3.38510 1.30491 1.67120

: 0.039744 3.56065 0.78083 1.87755

i 0.011162 4.81406 0.41587 2.05836

= 0.002319 0.20204
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Table 6: Convergence orders of O(AtY) of Uncouple at time ¢™ = 1.0, with varying small
time step At and large time step As = w/At and but fixed mesh h = é )

At |JuR; — U% In Pu,At,0 |JuR, — u’% If Pu,At,1 |IPR: — p% In Pp,At,0
0.02 6.49961e-4 2.03698 6.52832¢-3 2.05855 1.68035e-2 1.91948
0.01 3.19081e-4 2.15518 3.17132e-3 2.18070 8.75420e-3 1.99190
0.005 1.48053e-4 2.17448 1.45427e-3 2.21398 4.39490e-3 2.01493

0.0025 6.80866e-5 6.656858e-4 2.18117e-3

Ls o IOR — 080 posso 0K~ %Ml possa

0.1 1.51669e-3 1.96730 7.98752e-3 1.96671
0.05 7.70949e-4 1.98387 4.06136e-3 1.98326
0.025 3.88608e-4 1.99199 2.04781e-4 1.99160

0.0125 1.95085e-4 1.02822e-4

prove the zero-stability over bounded time intervals of the method. An analysis of the
asymptotic stability over infinite time intervals and the possibly uniformity of the error
in time is an important open problem. An error estimation is presented and numerical
experiments are conducted to demonstrate the computational effectiveness of the decoupling
approach.

No one paper can analyze every algorithmic option. We have made several choices to
simplify the method (to offset the notational complexity of asynchronous time stepping
methods). In particular we have studied a formulation of the porous media problem as one
second order problem for the Darcy pressure instead of as a mixed system for the pressure
and Darcy velocity. Extension to a mixed discretization in the porous media region is also
an important open problem. At this early stage of development, it does seem like uncoupled,
partitioned methods are very promising for solving coupled surface water-ground water flow
problems. They are very efficient, can be accurate and do not require reference to any
monolithically coupled system of even iteration between sub-problems.
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