PRELIMINARY EXAM MAY 2016

Problem 1. Prove that if a sequence {an) of real numbers converges to a finite limit limy, o0 ¢y =
g, then
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Problem 2. Let f : R — R be a C* function such that for all z,h € R, we have
1 1
Fle+h) = f(@)+ f@)h+ 5 f"(z+ Sh)h%
Show that the fourth derivative f%(x) =0 for any z € R.

Problem 8. Let f, : R¥ — R™ be continuous maps (n = 1,2,.. .). Let K be a compact subset
oo

of R¥. Suppose f,, = f uniformly on K. Prove that § = f(K)U |J fu(K)} is compact.
n=1

Problem 4. Let D = {(z,y) | 2* +4* < 1} be the unit disk in R%. Let f,g € C2(D) be such

that g is bounded on D, f(z,y) = +o0 as z° + ¢? — 1, and moreover, Af = ef and Ag > &9
a? 0%

at all points of D. Here A = a2 + 57 is the Laplacian. Show that f(z,y) > g{z,y) for any

(z,y) € D.

Problem 5. Let F(z,y) = ¢*y® + 22%y* — ycosz + 2sine, (z,y) € R2, Prove that there exist
functions f,g,h € C°° defined on an open neighborhood ' C R of 0, such that F(z, f(z)) =
F(z,9(z)) = F{z,h(z)) = 0 and f(z) < g{z) < h{z) for every z € U. Find £'(0), ¢'(0) and }/(0).

Problem 6. Suppese that smooth functions f; : R¥ — R are defined for & = 1,2,...9 Let
® = (¢1,...,¢010) : R® — R'® be a mapping defined by

dr{z1...,x0) = 21

¢a(z1.. ., x0) = 232+ fi(z)

$a3(zr..., 10} = 3z -+ faolzr,z2)
$o(ey .. z10) = 10210+ folzr ..., zp).

(1) Prove that ® is a diffeomorphism of R onto an open subset of R10,
(2) Find the volume of ®({-1,1)9),




