Ph.D. PRELIMINARY EXAMINATION
PART II - ANALYSIS

January 10, 2003

Notation: R denotes the set of all real numbers. while N denotes the set of all positive

mntegers.

Instructions:

. Answer Four and only Four Questions out of Six.

Indicate below which questions you have answered.

Use the answer sheets that have been provided and confine your answers in the rectan-

gular area.

. Put your code number, but not your name, on each answer sheet that vou submit.

. Write down all your calculations. Explain your proofs and solutions carefully and logi-

cally. backing up your assertions by referring to known facts. where appropriate.

. No notes. books or electronic devices may be used during this exam.

CODE NUMBER:

GRADE QUESTIONS: 1. 2, 3.
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1. Define the sequence (an)az, of real numbers by:

ag:=1 : and
" 1'*"Cln—l

for all integers n > 1.
{1) PROVE that a, > 1. for all n > 0.
(11) PROVE that (a,)5Z, converges to some real number L: and then CALCULATE I.

2. (1) PROVE that there exists a sequence (ny)gen of distinct positive integers such that
lim sin(ng)
v = OC

exists in R.

{1i) Suppose that 4 € R and 4 is not compact. PROVE that there exists a sequence

( Fy)een of closed subsets of R such that

Fi2F 2 F 2
Fin4d#0, forall k € N, and
Aﬂﬂ Fr = 0.
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‘Hint: There are two cases to consider.



. Let (A, ),ev be a sequence of connected subsets of a metric space (1. d).

(1) SHOW that if () 4, # 0. then 4 := [J 4, is connected.

nei n&l

{110 SHOW that if we only assume that 4, N 4d,4+; # 0 for all n € N. then it still follows
that 4 := |J 4, is connected.
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Hint: Use part (i)]

(i1} Suppose that for every n € N, there exists m € N with m # n. such that 4,74, £
B. Must we still have that A := |J 4, is connected? If so, prove it. It not, give a

nEN
counterexample.

L. Let n € N with n > 2. Let the function f: R®™ — R be such that the partial derivative

af : i
j—f exists at z, for all z € R™ and for all = € {1,...,n}. Also suppose that J_f 18 a
ar, T,

continuous function on R”, for all : € {1,....n}.

Using the definition of a differentiable function, PROVE that f i1s differentiable on R".

5. In this problem, || - || and (-,-) denote the Euclidean norm and inner product on R”.

respectively. Let the function f : R® — R be differentiable on R™. Also assume that

lim f(z)= 2. Let us define m := ienﬂgnf(x).

Jelimee
(1) SHOW that every sequence (zy )rey in R* with klim flzy) = m is such that (v )eey
k— o0

has a convergent subsequence.

(1) DEDUCE from (1) that m > —oc and that there exists = € R" such that V() = 0.

. flr) .
(i1} Suppose that lim ‘ll’ T = 2. For each y € R", SHOW that
Hai|—oo {|Z]
lm {f(x)—(y.2)) = >x and that there exists = € R such that Vf(z) =y.
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6. Let f: R — R be a continuous function on R such that f = 0 outside of [0.1]. For all

Ve

r & R. let us define
1
giz) = [ ff(e - vt
0
(1) EXPLAIN why the function ¢ is well defined and continuous on R.

(i1) SHOW that ¢ = 0 outside of [0, 2].

(111) SHOW that, for all ¢ € [0.1],

/O fla - bz = /0 (s)ds.

(ivi DEDUCE from (ii1) that

2

1 2
gla)dz = (/ f(t)dt) .
0
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