Ph.D. Preliminary Examination (Analysis)

April, 2013

INSTRUCTIONS: Do all siz problems. In order to receive mozximum
credit, solutions to problems must be clearly and carefully presented
and should contain the necessary details. All problems are worth the
saeme number of points.

1. Let (X, d) be a metric space. Suppose {2 is a compact subset of X

and If is an open cover of (2. Prove that there exists a § > 0 such that,

for every w € Q, there exists a U, € U such that B(w,d) C U,
(Note: Your § should be independent of w.)

2. Let f and g be two Riemann integrable functions on [0,1] and
h{z) = max{ f(z), g(a)} for z € [0,1].

(i) Prove that h 1s Rlem&nn integrable on [0, 1];

(i1} Suppose that {f,} and {g,} are two sequences of Riemarin inte-
grable functions on [0, 1] such that

i, [ 1246) = s(@llds = Jim, [ anle) — felte =o.
Let h,(zx) = max{f,(z), go(x)} for z € [0,1] and n ¢ N. Prove that

hm/ |An(z) — h(z)|dz = 0.

o0

3. Prove that L \/_ 8 0y is uniformly convergent on [0, co) if
ﬂ. 33'

a =2, but not umformly convergent on [0, 00) if o = 3.

4. Given u € C[0,1], define f : [0,1] = R by

1 T

= [ w(t)dt ize(01],
f() = “/0
u(0) if 7 = 0.

Prove that ( /U : ( f(:c))gda:) v < 2( /D 1 (u(m))”‘dm) "

5. Let f:R™ — R™ be a C* function such that rank(D f(p)) = n for
every p € R™, Let .S be a bounded subset of R™. Prove that, for every
EelR™ {zeS: f(z) = £} is a finite set.

6. Let £,¢: RI\{(0,0,0)} = R be two C? functions. Let Q2 denote the
upper hemisphere {{z,v,2) € R® : 22 +y*+2* =1 and z > 0}, oriented
with unit normal vector n. Let T' = {(z,y,0) € R* : 2* +-¢* = 1}.
Prove that

' J[91 % 99)-nas| < mowplirvel + 995,



