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1. Suppose f is a real-valued continuous, non-constant function on [a, b], a < b. Prove that
the range of f is a segment.

2. Suppose that a sequence of functions f1(x), f2(x), ... converges uniformly on [0, 1] to some
function f(x). Suppose further that there exists some constant M such that |fi(x)| < M for
all i and all x. For each n define

gn(x) =
f1(x) + f2(x) + ... + fn(x)

n
.

Prove that the sequence of functions g1(x), g2(x), ... also converges uniformly to the function
f(x) on [0, 1].

3. Suppose f(x) is infinitely differentiable on R and f(a) = 0. Prove that f(x) = (x−a)g(x),
where g(x) is also infinitely differentiable on R.

4. Let f be a differentiable function on R. Assume that there is no x such that f(x) = 0 =
f ′(x). Show that the set

S = {x ∈ [0, 1] : f(x) = 0}
is finite.

5. Let f : [0, 1] → R be a continuous function. Show that

lim
n→∞n

∫ 1

0
xnf(x)dx = f(1).

6. Suppose that f : Rn → R is differentiable and f satisfies f(tx) = tnf(x) for all x =

(x1, . . . , xn) ∈ Rn and t ∈ R. Let fj =
∂f

∂xj

. Prove that

n∑

j=1

xjfj(x) = nf(x)

for x ∈ Rn.


