6. (10 points) Choose any one of the following two problems:

(a) Let V' be a finite dimensional non-trivial vector space over C and A : V — V' be
a linear operator. Show that there exists at least one eigenpair of A, i.e., there
exist p € C and x € V', {0} such that Ax = px.

(b) Let V be a finite dimensional vector space over € and A : ¥V — V be a linear
operator satisfying

ker(MI— A)NR(AI-A) = {0} VAeC,

where ker stands for kernel and R for range. Show that there is a basis {v, -+, v,}
of V' such that each v;,j = 1,--- ,n, is an eigenvector of A. (You can use the
result from the previous problem (a).)

7. (2 % 20 pts) Choose any two of the following three problems.

(a) Let p(x) be the characteristic polynomial of A € M,(R) and p(z) = pi(z)pe(x)
where p; and p, are relatively prime polynomials with real coefficients. Show that

R® = ker(p(A)) @ ker(pa(4))

where ker stands for the kernel.

(b) Let {f,q) = fn t)dt for any continuous functions f, g defined on [0, 1]. Let F
be the Euclidean space of all polynomials of real variable ¢, with real coefficients,
of degree < k, and equipped with the inner product {,-). Let P, : ;1 — E,
be the orthogonal projection from E,.; to F, and A : E, — E,+1 be defined by
Ap(t) = tp(t) for all p € E,. Show the following:
(i) P,A : E, — E, is a self-adjoint operator on E,,.
(it) AP, : By — Epyy is not a self-adjoint operator on Eps.
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(c) Let F be a field and A = 010 € My(F). Prove the following:
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(i) there exists £ € F* such that {€, AL, A%, A%¢} is a basis of F¥;
(ii) A'e = £ —24% and A" =T — 242,

(iii) B € M4(F) is a polynomial of A if and only if AB = BA.



