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FINAL

The questions are independent: Not answering a question has no impact on
your ability to answer any subsequent question. However, you may have to use
the result of question # 1...., 1, to answer question # i+1 and you may or may

not be told which previous question you should use.
Throughout the problem, || - || denotes the euclidian norm on R"™ and the
“dot” notation is used for the euclidian inner product on R™,

Let f: R" — R be a C? function such that
D*f(z)(h,R) >0, YzeR", VheR™{0}, (1)

(1) Show that f(y) > f(z) + Df(z)(y — z) for every z,y € R™,y # z.
(ii) Deduce from (i) that D f(z) cannot vanish at more than one point z.

In (iii) and (iv) below, it is assumed that, in addition to (1),

im f(z) = co. (2)
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(iii) Show that f is bounded from below and has at least one global minimum.
(Consider a sequence (z;) C R™ such that f(z) = infiezn f(2).)

(iv) Deduce from (ii) and (iii) that the equation V f(z) = 0 has one and only
one solution.

(v) Given z € R", define g(z) = f(z) — z - z. Show that g is C? and that
D?*g(z)(h.h) >0 for all z € R” and all 4 = R™ {0}.

In (vi) and (vii) below. it is assumed that, in addition to (1),
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= 0. (3)



(vi) Show that limj;)—e g(z) = oo.

(vii) Deduce from the above that, given z € R™, the equation Vf(z) = z has
a unique solution z € R™,

From now on, n =2 and f(= f(u,v)) is the function given by

fu,v) = u® +sinusinv + v°.

(viii) Find the Hessian matrix H¢(u,v) of f and show that TrHs(u,v) > 0
and det Hy(u,v) # O for every (u,v) € R?, where Tr and det denote the trace
and determinant, respectively. Deduce from this that 5 s(u,v)h-h > 0 for every
(u,v) € R* and every h € R?\{0}. , :

(ix) Show that the system '

2u + cosusinv = b,
2v +sinucosv = ¢,

has a unique solution (u,v) € R? for every (b,¢) € R?,
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PRELIM
One hour. ‘Do two problems out of three.

1) Let f: R™ — R™ be differentiable.

(a) Show that if Df(z) is not invertible for some z € R™, there is a sequence
(xx) C R™ such that limy— o zx = z and Hmg — o f—ﬂﬁ:—:iflﬂ = (. (Use the definition
of differentiability and recall that a linear mapping on R™ is invertible if and only if
it is one to one.)

(b) Let 70 € R™ be given and suppose that there are constants § > 0 and
M > 0 such that |[f(z) ~ f(zo)|] < M|z — zo|| whenever {|z — 20f] < 6. Show
that [[Df{(zo)h|| < (M + 2)||h]| for every h € R™ and every € > 0 and hence that
D f(@o)h|] < M||R|| for every h € R™.

Suppose now that there is a constant o > 0 such that ) = f@] > ally - |
for every x,y € R™.

(¢) Deduce from (a) that Df (z) is invertible for every z € R™,

(d) Show that, if fis C!, then I1Df(x)~*hl| < L||h|| for every h € R™ and every
z & R™ (Hint: By (c¢), Df(z)~! exists. Then, make correct use of (b) and of the
inverse function theorem).

2) Let (M. d) be a compact metric space and let (M) denote the set of real-valued
continuous functions on M equipped with the distance p(f,9) = maxzeu | f(x)— g{x)|.
Let x, € M be chosen once and for all.

(a) Show that the mapping f € C (M) — f(z.) € R is continuous.

(b) Show that C, (M) = {f € C(M): f(z.) = 0} is an algebra and a closed subset
of C(M). (Use (a).)

(¢) Let A denote a subalgebra of C, (M). Show that the set B= {4y = p +¢: P €
A,c € R} is a subalgebra of C(M) and that A separates the points of M if and only
if B separates the points of M,

(d) Deduce from (c) that if A separates the points of M, then A is dense in C, (M).

3) Let f: R™ — R™ be of class (1.

(i) Show that if Df(x) is onto R™ for every r € R, then f(R™) is an open subset
of R™,

(il) Show that if f~}(K)isa compact subset of R™ whenever K C R™ is a compact
subset, then f(R™) is a closed subset of R™.

(ili) Deduce from (i) and (ii) that if D f(z) is onto R™ for every r € R™ and if
1Mz —oe ||/ (2)]] = 00, then f is onto R™,



