PRELIMINARY EXAMINATION IN ANALYSIS
AUGUST 18, 2017

Problem 1. For any real numbers z and y, define
T
L(z) = / (6—7:% cos(ty) — et sin(tw)) dt
w/2
Prove that there exists ¢ > 0 such that for each y € (—¢,¢), there is some & ¢ (0,1)
(depending on y) with Z,{z) = 0.

Problem 2. For any closed subset X of R™, prove that there is a countable subset S of X
such that every continuous function f: X — R is determined by its values on S.

Problem 3. Let f(z) = l—og—m—, defined for any real number z > 0.
» Find the coefficients hy, of the Taylor series of f, centered at = 1:

T(N@) =D halz — 1)
n=0

and determine, with proof, all open real intervals on which the series 7(f) converges
uniformly to f.

cQ
log2
® Does 7(f)(2) = Z hy, converge to %? Explain.

n=0

Problem 4. Let f{z) = |z| be the greatest integer function, defined on R by f(z) = n for
all z € [n,n + 1), n € Z. Show that there is a sequence (pg)gen of polynomials converging
pointwise to f on R — Z, such that for any compact set K C R,

/ |[f(x) — pr(z)de - 0 ask — oo.
K

Problem 5. For a fixed k € N, define fr: R? - R by:

z2 2
fola,y) = Z%i%lﬁ%w#mm

Show that fi is not differentiable at (0,0), but fi is differentiable at (0,0) for each & > 2.
(Hint: At some point it may help to separately consider the cases |x| > |y|* and jz| < ly|®.)

Problem 6. The guaternionic square of x = (z,y,z,w) € R is
5(x) = (2% — y* — 22 — w?, 22y, 222, 20w).
For any b € R such that |b| < 1/16, show that the equation
s(x)—x+b=0

has a unique solution x such that |x| < 1/8.




