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Abstract. We propose and analyze a second-order partitioned time-stepping method for a two-phase flow problem in
porous media. The algorithm is based on a refactorization of Cauchy’s one-leg θ-method. The main part consists of the implicit
backward Euler method on [tn, tn+θ], while part two uses a linear extrapolation on [tn+θ, tn+1] to obtain the solution at tn+1,
equivalent to the forward Euler method.

In the backward Euler step, the decoupled equations are solved iteratively. We prove that the iterations converge linearly
to the solution of the coupled problem, under some conditions on the data. When θ = 1/2, the algorithm is equivalent to
the symplectic midpoint method. In the absence of the chain rule for time-discrete setting, we approximate the change in the
free energy by the product of a second-order accurate discrete gradient (chemical potential) and the one-step increment of the
state variables. Similar to the continuous case, we also prove a discrete Gibbs free energy balance equation, without numerical
dissipation. In the numerical tests we compare this implicit midpoint method with the classic backward Euler method, and two
implicit-explicit time-lagging schemes. The midpoint method outperforms the other schemes in terms of rates of convergence,
long-time behaviour and energy approximation, for small and large values of the time step.

1. Introduction. Modeling two-phase flow in porous media is of importance in various fields such as
petroleum engineering, hydrogeology, and environmental science. Understanding the behavior of fluids, for
instance water and oil, within porous media is crucial for accurately predicting and optimizing reservoir
performance, groundwater contamination, and pollutant transport.

The flow of two immiscible components in a porous material is described by mass conservation of each
component, together with Darcy’s law for the velocity of each fluid. These are complemented by two
algebraic relations: a total mass conservation (‘no-voids’) constraint, and a relation between the difference
in the phase pressures and the capillary pressure. The mathematical model is a time-dependent, coupled
system of partial differential equations (PDEs), or more precisely a differential algebraic equation (DAE)
[1, 5, 16,25,33,36,39,40], with strong nonlinearities.
At the continuous level, the DAE describing the two-phase flow in porous media satisfies a structural or
geometric property, i.e., an energy balance equation holds, which can also be used to define a continuous-
time Dirac structure [33, 41]. This means that the increment in the Hamiltonian (storage function) is equal
to the sum of the energy dissipation rate and the energy exchange (supply function) [28,33].

From the numerical analysis viewpoint, significant effort has been devoted to designing and developing
spatial discretizations for the solution of these problems; see, e.g., [12, 14, 17, 38] for finite element meth-
ods, [19] for finite difference methods, and [22, 34, 35] for finite volume methods. However, the literature
on accurate and stable time-stepping methods is limited. Given that underground flow occurs over long
periods of time, for accurate predictions it is paramount to employ time-stepping algorithms that remain
stable for long simulation times. In this sense, the development of symplectic time-marching algorithms is
important, since such methods preserve physical properties, guarantee stability and accuracy, and enable
reliable long-term simulations [26, 31]. The symplectic integrators which are derived from discrete versions
of Hamilton’s principle are called variational integrators and are effective for conservative and dissipative or
forced mechanical systems [28,32].

In [29] an implicit-explicit (IMEX), first-order accurate in time, energy stable method for two-phase
flow in porous media is introduced. The method is based on an invariant energy quadratization approach,
using a regularized free energy, and relaxing the requirement on the maximum principle of saturations. The
authors prove the energy stability of the scheme, with nonzero numerical dissipation being introduced by
the time-stepping method.

In this paper, we present a symplectic second-order, energy-stable partitioned time-stepping method for
the two-phase flow problem in a porous medium. Since in the discrete setting the chain rule is not valid, we
approximate the change of in the free energy by the product of a (second-order accurate) discrete gradient
of the energy and the one-step increment of the state variables. Hence, at the discrete time level, we prove
a discrete energy balance equation, which mimics the energy balance relation that the continuous problem
satisfies. The preservation of the discrete-time Dirac structure is based on the symplectic time integration,
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yielding accurate long time simulations. The algorithm is based on the refactorized implementation of
midpoint method: to obtain the solution at time tn+1, first an implicit solver is used to obtain the solution at
time tn+θ, with θ ∈ [0, 1], and then an explicit method is used to calculate the solution at time tn+1 [8–11,30].
Due to the nonlinearity of the problem, the implicit step requires a subiteration scheme, which we show that
it converges linearly, under certain regularity conditions on the problem parameters and the smoothness of
the exact solution. Traditionally, the numerical methods for multiphase flow in porous media use either a
time lagging IMEX scheme or a backward Euler method for the time discretization, see e.g., [13, 18, 21]. In
the numerical tests we compare the performance of the proposed method versus the backward Euler method,
a first-order, and a second-order time lagging scheme.

The rest of the paper is organized as follows. In Section 2 we briefly present the physical problem,
and in Section 3 we introduce the partitioned time-stepping method. In Section 4 we demonstrate the
linear convergence of the iterations from the implicit partitioned part of the algorithm, and energy stability
properties of the method. We prove a continuous and a discrete-time energy balance equation, which imply
dissipation of the free energy and stability of the numerical method. Finally, numerical results are given in
Section 5.

2. Problem Description. Consider a reservoir Ω ⊂ Rd, d = 2, 3, in which there are two immiscible
components: water and oil, that are in aqueous (a) and liquid (`) phases, respectively. Disregarding the
gravity effects, and using Darcy’s law for the velocity of each phase, the conservation of mass for each
component states that:

φ∂tsj +∇ · uj = qj (2.1a)

uj = −κλj∇pj , (2.1b)

for j = a, `. Here, φ and κ denote the porosity and the absolute permeability of the medium, respectively.
Furthermore, sj , λj and pj are the saturation, mobility and pressure of phase j, respectively. Finally, qj
represent the source/sink terms. We assume that, while φ is a constant, κ is a piecewise constant function
in space, and the source terms are given functions of time and space.
Given that the reservoir is fully saturated with the two components, we have the algebraic relation

sa + s` = 1. (2.2)

Moreover, see e.g. [6], the difference in phase pressures is given by the capillary pressure pc, i.e.,

p` − pa = pc. (2.3)

The equations (2.1)-(2.3) represent a differential-algebraic system of equations (DAE) [2,27]. We consider a
formulation where the primary unknowns are the pressure of the liquid phase, p`, and the aqueous saturation
sa. The phase mobilities and the capillary pressure depend on the primary unknowns:

λj ≡ λj(sa), pc ≡ pc(sa).

Since pc is a decreasing function of sa, we have p′c < 0 [4,15]. The PDE for p` is obtained by adding up the
mass conservation equations (2.1), whereas the equation for sa is given by equation (2.1). After using the
algebraic relations in (2.2) and (2.3), and substituting the velocities uj , we obtain the following system of
PDEs:

−∇ · (λκ∇p`) +∇ · (λaκ∇pc) = q, (2.4a)

φ∂tsa +∇ ·
(
λaκp

′
c∇sa

)
−∇ · (λaκ∇p`) = qa, (2.4b)

where λ = λ` + λa, and q = q` + qa. The system is endowed with the initial conditions p`|t=0 = p0
` ,

sa|t=0 = s0
a. Moreover, for the analysis in this paper we consider non-homogeneous Dirichlet boundary

conditions on ∂Ω.
The Gibbs free energy F in a system with two immiscible components can be written as a function of

sa and s` as follows

F (sa, s`) =
∑
j=a,`

γjsj
(
ln(sj)− 1

)
+ γa`sas`, (2.5)
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where γa, γ`, γa` are the (constant) energy parameters [3,18,29]. The chemical potentials Pj , for j = `, a are
defined as Pj = ∂sjF . The difference in pressures is equal to the difference in potentials [3, 15,24], i.e.,

νa ≡ Pa − P` = pa − p` = −pc. (2.6)

This gives us a relation between the chemical potentials and the phase pressures. Noting that s` = 1 − sa
and using the chain rule, the relation between the free energy and the capillary pressure is given by

∂tF (sa, s`) = ∂saF (sa, s`)∂tsa + ∂s`F (sa, s`)∂ts` = Pa∂tsa − P`∂tsa = νa∂tsa

= −pc∂tsa. (2.7)

Using the definition of the Gibbs free energy (2.5), we have an explicit expression for νa given by

νa = Pa − P` = ∂saF (sa, s`)− ∂s`F (sa, s`) = γa ln(sa)− γ` ln(1− sa) + γa`(1− 2sa). (2.8)

The equations (2.6), (2.7), and (2.8) will be used in Section 4 to prove an energy balance equation in the
continuous and discrete time cases.

3. Time-stepping method. The time interval [0, T ] of interest is divided into time levels t0 = 0 <
t1 < · · · < tN = T , where tn+1 = tn + τn. Let tn+θn = tn + θnτn, for any θn ∈ [0, 1], ∀n ≥ 0. For any
time-dependent variable g(t), gn denotes an approximation to g(tn). The time-stepping method is based
on the refactorization of the (implicit) midpoint method, where we first use the implicit (backward) Euler
method to approximate the solution at tn+θn , and then use the explicit (forward) Euler method to obtain
the solution at tn+1, see e.g., [11]. Since the problem is nonlinear, it requires a subiterative procedure to
solve the system at tn+θn . For applications involving computations on large physical domains, we partition
the computations in a sequential manner, i.e., we first solve for the pressure of the liquid phase p`, then use
this approximation in the equation for aqueous saturation sa, and iterate until convergence.

Let sn+θn

a(i)
and pn+θn

`(i)
denote sn+θn

a and pn+θn

` , respectively, at the index i of the subiteration. For the

sake of simplifying the presentation, we denote gn+θn

(i) = g(sn+θn

a(i)
), where g is any coefficient that depends

on sa. First, we need to calculate p1
` and s1

a using a second-order method, for which a monolithic method
could be used.
Step 1: First, we define the initial guess pn+θn

`(0)
, sn+θn

a(0)
as the extrapolated values:

pn+θn

`(0)
=

1 + θnτn + τn−1 − θn−2τn−2

1 + θn−1τn−1 − θn−2τn−2
pn+θn−1−1
` −

(
1− θn−1

)
τn−1 + θnτn

1 + θn−1τn−1 − θn−2τn−2
pn+θn−2−2
` ,

sn+θn

a(0)
=

(
1 +

θnτn

τn−1

)
sna −

θnτn

τn−1
sn−1
a ,

Step 2: For every i ≥ 0 until convergence, we solve the following equations sequentially, which correspond
to a backward Euler method to obtain pn+θn

`(i+1)
and sn+θn

a(i+1)
:

−∇ ·
(
λn+θn

(i) κ∇pn+θn

`(i+1)

)
= qn+θn −∇ ·

(
λn+θn

a(i)
κ∇pn+θn

c(i)

)
(3.2a)

φ
sn+θn

a(i+1)
− sna

θnτn
+∇ ·

(
λn+θn

a(i)
κp′n+θn

c(i)
∇sn+θn

a(i+1)

)
= qn+θn

a +∇ ·
(
λn+θn

a(i)
κ∇pn+θn

`(i+1)

)
(3.2b)

When convergence of the sequences {pn+θn

`(i+1)
}i, {sn+θn

a(i+1)
}i is attained, the limit values pn+θn

` , sn+θn

a satisfy

the following coupled system:

−∇ ·
(
λn+θnκ∇pn+θn

`

)
+∇ ·

(
λn+θn

a κ∇pn+θn

c

)
= qn+θn , (3.3a)

φ
sn+θn

a − sna
θnτn

+∇ ·
(
λn+θn

a κp′n+θn

c ∇sn+θn

a

)
−∇ ·

(
λn+θn

a κ∇pn+θn

`

)
= qn+θn

a . (3.3b)
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Step 3: Obtain the solution at tn+1 by evaluating the following extrapolation:

sn+1
a =

1

θn
sn+θn

a − 1− θn

θn
sna , (3.4)

which is equivalent to solving the forward Euler problem:

φ
sn+1
a − sn+θn

a

(1− θn)τn
= qn+θn

a −∇ ·
(
λn+θn

a κp′n+θn

c ∇sn+θn

a

)
+∇ ·

(
λn+θn

a κ∇pn+θn

`

)
. (3.5)

We note that the solution to (3.3a)–(3.5) solves

−∇ ·
(
λn+θnκ∇pn+θn

`

)
+∇ ·

(
λn+θn

a κ∇pn+θn

c

)
= qn+θn

φ
sn+1
a − sna
τn

+∇ ·
(
λn+θn

a κp′n+θn

c ∇sn+θn

a

)
−∇ ·

(
λn+θn

a κ∇pn+θn

`

)
= qn+θn

a .
(3.6)

4. Convergence and energy stability. In this section, we show the convergence of the iterations in
the backward Euler step equation (3.2), and an energy balance relation, which yields the stability (energy
dissipation inequality [33]) of the time discretization method proposed in this work.

4.1. Notation and hypotheses. In what follows, we denote by (·, ·)D the standard L2 inner product
in a domain D. Moreover, ‖ · ‖D denotes the standard L2 norm in D. We make the following assumptions
on the coefficients and the analytical solution of the problem.
(1) 0 < cλj

≤ λj ≤ Cλj
, for j = `, a.

(2) 0 < cλ ≤ λ ≤ Cλ.
(3) 0 < κ∗ ≤ κ ≤ κ∗.
(4) 0 ≤ cpc ≤ −p′c ≤ Cpc .
(5) 0 ≤ c∇pc ≤ ‖∇pc‖L∞(Ω) ≤ C∇pc .

(6)
∣∣λj(sa2)− λj(sa1)

∣∣ ≤ Lλj
|sa2 − sa1 |, for j = `, a.

(7)
∣∣λ(sa2)− λ(sa1)

∣∣ ≤ Lλ|sa2 − sa1 |.
(8)

∣∣p′c(sa2)− p′c(sa1)
∣∣ ≤ Lpc |sa2 − sa1 |.

(9) ‖∇pc(sa2)−∇pc(sa1)‖Ω ≤ L∇pc‖sa2 − sa1‖Ω.
(10) p`, sa ∈W 1,∞(Ω), so that ‖∇p`‖L∞(Ω) = C`∞ <∞, ‖∇sa‖L∞(Ω) = Ca∞ <∞.
We remark that hypotheses (5) and (9) might appear to be restrictive, as the capillary pressure pc is a
function of sa. However, such an assumption is widely used in the context of the analysis of multiphase flow
in porous media, e.g., [14, 37]. For instance, in [14], assumptions (A5) and (A7) state that the functions
γ1 and γ2, which contain the gradient of the capillary pressure, are bounded and Lipschitz continuous with
respect to the primary unknown θ.

4.2. Convergence of the iterations. First we show that as the index increases i↗∞, the sequences
{pn+θn

`(i+1)
}i≥0 and {sn+θn

a(i+1)
}i≥0 converge strongly in H1(Ω), respectively, to pn+θn

` and sn+θn

a , the solution of

(3.6). To simplify the notation, we denote

K` = λκ, Ka = −λaκp′c, Ba = λaκ. (4.1)

We mention that assumptions (1)–(4) imply that
1. 0 < cKj

≤ Kn
` ≤ CKj

, for j = `, a, and for all n.
2. 0 < cBa

≤ Bna ≤ CBa
, for all n.

Moreover, hypotheses (1)–(8) imply that
3.
∣∣Kj(sa2)−Kj(sa1)

∣∣ ≤ LKj |sa2 − sa1 |, for j = `, a, v.

4.
∣∣Ba(sa2)−Ba(sa1)

∣∣ ≤ LBa
|sa2 − sa1 |.

Now, we are ready to prove the convergence of the iterations defined by equation (3.2).
Lemma 4.1. Assume that the time step τn is small enough so that it satisfies C̃θnτn < 1, where C̃ is a

constant that depends on the hypotheses above. Then the sequences pn+θn

`(i)
, sn+θn

a(i)
calculated in equation (3.2)

converge to pn+θn

` and sn+θn

a , the solution of (3.6). The convergence is linear, and is in the strong topology
on H1(Ω), namely

‖sn+θn

a − sn+θn

a(i+1)
‖2Ω + θnτn‖∇

(
pn+θn

` − pn+θn

`(i+1)

)
‖2Ω + θnτn‖∇

(
sn+θn

a − sn+θn

a(i+1)

)
‖2Ω ≤

(
C̃θnτn

)i ‖δa(0)‖
2
Ω.
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Proof. Define δ`(i+1) = pn+θn

` − pn+θn

`(i+1)
and δa(i+1) = sn+θn

a − sn+θn

a(i+1)
. We subtract (3.2) from (3.3), and

analyze each equation separately. First, for the liquid pressure p`, we have

−∇ ·
(
Kn+θn

`(i)
∇δ`(i+1)

)
−∇ ·

(
(Kn+θn

` −Kn+θn

`(i)
)κ∇pn+θn

`

)
+∇ ·

(
λn+θn

a(i)
κ
(
∇pn+θn

c −∇pn+θn

c(i+1)

))
+∇ ·

(
κ(λn+θn

a − λn+θn

a(i)
)∇pn+θn

c

)
= 0,

where we have used the notation (4.1). We note that this equation is complemented with homogeneous
Dirichlet boundary conditions. We multiply by δ`(i+1), integrate over the domain Ω and perform integration
by parts to obtain∫

Ω

Kn+θn

`(i)

∣∣∣∇δ`(i+1)

∣∣∣2 dx+

∫
Ω

(Kn+θn

` −Kn+θn

`(i)
)∇pn+θn

` · ∇δ`(i+1) dx

−
∫

Ω

κλn+θn

a(i)

(
∇pn+θn

c −∇pn+θn

c(i+1)

)
· ∇δ`(i+1) dx−

∫
Ω

κ(λn+θn

a − λn+θn

a(i)
)∇pn+θn

c · ∇δ`(i+1) dx = 0.

Rearranging terms, using hypotheses (1), (3), (1), and the Cauchy-Schwarz inequality we obtain

cK`
‖∇δ`(i+1)‖

2
Ω ≤

∫
Ω

(Kn+θn

`(i)
−Kn+θn

` )∇pn+θn

` · ∇δ`(i+1) dx

+ κ∗Cλa

∫
Ω

(
∇pn+θn

c −∇pn+θn

c(i+1)

)
· ∇δ`(i+1) dx+ κ∗

∫
Ω

(λn+θn

a − λn+θn

a(i)
)∇pn+θn

c · ∇δ`(i+1) dx,

which by employing hypotheses (6), (9) and (3) further implies

cK`
‖∇δ`(i+1)‖

2
Ω

≤ LK`
‖δa(i)∇p

n+θn

` ‖Ω‖∇δ`(i+1)‖Ω + κ∗Cλa
L∇pc‖δa(i)‖Ω‖∇δ

`
(i+1)‖Ω + κ∗Lλa

‖δa(i)∇p
n+θn

c ‖Ω‖∇δ`(i+1)‖Ω.

Now we utilize hypotheses (5), (10) and Young’s inequality to get

‖∇δ`(i+1)‖
2
Ω ≤

(
LK`

C`∞ + κ∗Cλa
L∇pc + κ∗Lλa

C∇pc
cK`

)2

‖δa(i)‖
2
Ω. (4.2)

Next we work on the aqueous saturation sa. Proceeding as for the liquid pressure, we obtain

φ
δa(i+1)

θnτn
−∇ ·

(
Kn+θn

a(i)
∇δa(i+1)

)
−∇ ·

(
(Kn+θn

a −Kn+θn

a(i)
)∇sn+θn

a

)
−∇ ·

(
Bn+θn

a(i)
∇δ`(i+1)

)
−∇ ·

(
(Bn+θn

a −Bn+θn

a(i)
)∇pn+θn

`

)
= 0.

This equation is complemented also with homogeneous Dirichlet boundary conditions. We multiply by δa(i+1),
integrate over Ω and perform integration by parts, to obtain

φ

θnτn
‖δa(i+1)‖

2
Ω +

∫
Ω

Kn+θn

a(i)

∣∣∣∇δa(i+1)

∣∣∣2 dx+

∫
Ω

(Kn+θn

a −Kn+θn

a(i)
)∇sn+θn

a · ∇δa(i+1) dx

+

∫
Ω

Bn+θn

a(i)
∇δ`(i+1) · ∇δ

a
(i+1) dx+

∫
Ω

(Bn+θn

a −Bn+θn

a(i)
)∇pn+θn

` · ∇δa(i+1) dx = 0.

Rearranging terms and using hypotheses (9), (10), and (2), and the Cauchy-Schwarz inequality, we get

φ

θnτn
‖δa(i+1)‖

2
Ω + cKa

‖∇δa‖(i+1)
2

Ω
≤
∫

Ω

(Kn+θn

a −Kn+θn

a(i)
)∇sn+θn

a · ∇δa(i+1) dx

+ CBa‖∇δ`(i+1)‖Ω‖∇δ
a
(i+1)‖Ω + LBa‖δa(i)∇p

n+θn

` ‖Ω‖∇δa(i+1)‖Ω.
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Thanks to hypotheses (1), we have Kn+θn

a −Kn+θn

a(k,k)
≤ LKa

∣∣δa(i)∣∣, and thus,

φ

θnτn
‖δa(i+1)‖

2
Ω + cKa

‖∇δa(i+1)‖
2
Ω ≤ LKa

‖δa(i)∇s
n+θn

a ‖Ω‖∇δa(i+1)‖Ω

+ CBa
‖∇δ`(i+1)‖Ω

∥∥∇δa(i+1)

∥∥
Ω

+ LBa
‖δa(i)∇p

n+θn

` ‖Ω‖∇δa(i+1)‖Ω.

Using hypothesis (8) and grouping terms, we obtain

φ

θnτn
‖δa(i+1)‖

2
Ω + cKa‖∇δa(i+1)‖

2
Ω ≤

(
LKaC

a
∞ + LBaC

`
∞

)
‖δa(i)‖Ω‖∇δ

a
(i+1)‖Ω + CBa‖∇δ`(i+1)‖Ω‖∇δ

a
(i+1)‖Ω,

which by using Young’s inequality yields

2φ

θnτn
‖δa(i+1)‖

2
Ω + cKa

‖∇δa(i+1)‖
2
Ω ≤

2

cKa

(
LKa

Ca∞ + LBa
C`∞

)2

‖δa(i)‖
2
Ω +

2 (CBa
)
2

cKa

‖∇δ`(i+1)‖
2
Ω.

Finally, we substitute in (4.2), the error estimate for p`, to get the expression for the error in sa:

2φ

θnτn
‖δa(i+1)‖

2
Ω + cKa‖∇δa(i+1)‖

2
Ω ≤ Ca‖δa(i)‖

2
Ω, (4.3)

where the constant Ca only depends on the coefficients appearing in the equations.
Adding up (4.2) and (4.3) we obtain

2φ

θnτn
‖δa(i+1)‖

2
Ω + ‖∇δ`(i+1)‖

2
Ω + cKa

‖∇δa(i+1)‖
2
Ω ≤ C‖δa(i)‖

2
Ω, (4.4)

where the constant C only depend on the coefficients appearing in the equations. We can rewrite this more
conveniently as

‖δa(i+1)‖
2
Ω + θnτn‖∇δ`(i+1)‖

2
Ω + θnτn‖∇δa(i+1)‖

2
Ω ≤ C̃θnτn‖δa(i)‖

2
Ω.

Applying this relation recursively, we obtain that

‖δa(i)‖
2
Ω + θnτn‖∇δ`(i)‖

2
Ω + θnτn‖∇δa(i)‖

2
Ω ≤

(
C̃θnτn

)i ‖δa(0)‖
2
Ω,

for any i ≥ 1. If C̃θnτn < 1, then the ‖∇δj(i)‖ → 0 as i → ∞, for j = `, a. We note that ‖∇δ`(i)‖
2
Ω does

not appear on the right hand side of equation (4.4). This is because the equation for sa in (3.2) uses the
liquid pressure at the current iteration instead of the previous one.

4.3. Energy balance equation and energy stability. First, we will use the relation between the
chemical potentials and the capillary pressure, equation (2.6), to show an energy balance equation at the
continuous time level. In particular, the strict dissipativity [33, pp. 422] of the DAE system (2.4). The
following results rely on the relation equation (2.6) which relates the gradient of the free energy with the
capillary pressure. In the thermodynamically consistent case of the Gibbs free energy in equation (2.5), pc
has to be chosen according to equation (2.8). For different capillary pressure models (e.g., Brooks–Corey),
the following results would still hold, but the free energy of the system would be different.

Lemma 4.2 (Energy stability). The following differential energy balance equation holds

∂tE(sa) + ‖
√
λaκ∇pa

2
‖Ω + ‖

√
λ`κ∇p`‖2Ω (4.5)

= (qa, pa)Ω + (q`, p`)Ω + (λaκ∇pa · n, pa)∂Ω + (λ`κ∇p` · n, p`)∂Ω ,

where E(sa) =

∫
Ω

φF (sa) dx.

Proof. Note that (2.7) yields

∂tE(sa) =

∫
Ω

φ∂tF (sa) dx =

∫
Ω

φνa∂tsa dx. (4.6)

6



Testing equation (2.4b) with νa, we have

(φ∂tsa, νa)Ω +
(
∇ ·
(
λaκp

′
c∇sa

)
, νa

)
Ω
−
(
∇ · (λaκ∇p`) , νa

)
Ω

= (qa, νa)Ω,

which can be written as

(φ∂tsa, νa)Ω +
(
∇ · (λaκ∇pc) , νa

)
Ω
−
(
∇ · (λaκ∇p`) , νa

)
Ω

= (qa, νa)Ω.

Recall that by the definition of the capillary pressure (2.3) we have pa = p`−pc, so ∇pa = ∇p`−∇pc. Thus,

(φ∂tsa, νa)Ω −
(
∇ · (λaκ∇pa) , νa

)
Ω

= (qa, νa)Ω,

which by integration by parts yields

(φ∂tsa, νa)Ω + (λaκ∇pa,∇νa)Ω = (qa, νa)Ω + (λaκ∇pa · n, νa)∂Ω.

Recalling that by (2.6) and (2.3) we have a relation between the chemical potential and the capillary pressure
νa = pa − p`, hence

(φ∂tsa, νa)Ω + (λaκ∇pa,∇pa)Ω − (λaκ∇pa,∇p`)Ω = (qa, pa)Ω − (qa, p`)Ω

+ (λaκ∇pa · n, pa)∂Ω − (λaκ∇pa · n, p`)∂Ω. (4.7)

On the other hand, we multiply equation (2.4a) by p` and integrate over Ω to get

−
(
∇ · (λκ∇p`) , p`

)
Ω

+
(
∇ · (λaκ∇pc) , p`

)
Ω

= (q, p`)Ω .

Recall again that (2.3) gives pa = p` − pc, so ∇pc = ∇p` −∇pa, and therefore

−
(
∇ · (λκ∇p`) , p`

)
Ω

+
(
∇ · (λaκ∇p`) , p`

)
Ω
−
(
∇ · (λaκ∇pa) , p`

)
Ω

= (q, p`)Ω .

Since λ = λ` + λa, we have

−
(
∇ · (λ`κ∇p`) , p`

)
Ω
−
(
∇ · (λaκ∇pa) , p`

)
Ω

= (q, p`)Ω ,

thus integration by parts yields

(λ`κ∇p`,∇p`)Ω + (λaκ∇pa,∇p`)Ω = (q, p`)Ω + (λ`κ∇p` · n, p`)∂Ω + (λaκ∇pa · n, p`)∂Ω . (4.8)

Finally, adding up equations (4.7) and (4.8) gives

(φ∂tsa, νa)Ω + (λaκ∇pa,∇pa)Ω + (λ`κ∇p`,∇p`)Ω = (qa, pa)Ω + (q`, p`)Ω

+ (λaκ∇pa · n, pa)∂Ω + (λ`κ∇p` · n, p`)∂Ω ,

which together with equation (4.6) implies the energy balance equation (4.5).
Now that we have the relation (4.5) for the free energy in the continuous case, we turn our attention to

the time discretization (3.6). Note that the chain rule, hence (2.7), is not valid at the semi-discrete in time
level. In the following lemma, we first obtain an expression for the discrete time derivative of the free energy
E(sa) =

∫
Ω
φF (sa) dx, corresponding to the chain rule relation (2.7).

Lemma 4.3. The discrete time derivative of the free energy satisfies

1

τn
(
E(sn+1

a )− E(sna)
)

=
1

τn

∫
Ω

φνn+1/2
a

(
sn+1
a − sna

)
dx, (4.9)

where

νn+1/2
a = γa

ln(sn+1
a ) + ln(sna)

2
+ γas

n+1/2
a

ln(sn+1
a )− ln(sna)

sn+1
a − sna

− γa − γ`
ln(1− sn+1

a ) + ln(1− sna)

2
(4.10)
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− γ`
(
1− sn+1/2

a

) ln(1− sn+1
a )− ln(1− sna)

sn+1
a − sna

+ γ` + γa`
(
1− 2sn+1/2

a

)
,

is a second-order approximation of νa(sa(tn+1/2)).
Proof. We aim to express the increment in the Gibbs free energy F (sn+1

a )− F (sna)

F (sn+1
a )− F (sna) = γas

n+1
a

(
ln(sn+1

a )− 1
)

+ γ`
(
1− sn+1

a

) (
ln(1− sn+1

a )− 1
)

+ γa`s
n+1
a

(
1− sn+1

a

)
− γasna

(
ln(sna)− 1

)
− γ`

(
1− sna

) (
ln(1− sna)− 1

)
− γa`sna

(
1− sna

)
in terms of the increments of the aqueous saturation sn+1

a − sna .
First, let us work on the terms γas

n+1
a

(
ln(sn+1

a )− 1
)
− γasna

(
ln(sna)− 1

)
. We have:

sn+1
a

(
ln(sn+1

a )− 1
)
− sna

(
ln(sna)− 1

)
=

1

2
sn+1
a

(
ln(sna)− 1

)
+

1

2
sn+1
a

(
ln(sn+1

a )− ln(sna)
)

(4.11)

+
1

2
sna
(
ln(sn+1

a )− 1
)

+
1

2

(
ln(sn+1

a )− 1
) (
sn+1
a − sna

)
− 1

2
sna
(
ln(sna)− 1

)
− 1

2
sna
(
ln(sna)− 1

)
=

1

2

(
sn+1
a − sna

) (
ln(sn+1

a ) + ln(sna)
)

+
1

2

(
sn+1
a + sna

) (
ln(sn+1

a )− ln(sna)
)
−
(
sn+1
a − sna

)
.

Similarly,(
1− sn+1

a

) (
ln(1− sn+1

a )− 1
)
−
(
1− sna

) (
ln(1− sna)− 1

)
= −1

2

(
sn+1
a − sna

) (
ln(1− sn+1

a ) + ln(1− sna)
)

− 1

2

(
sn+1
a + sna

) (
ln(1− sn+1

a )− ln(1− sna)
)

+
(
sn+1
a − sna

)
+
(
ln(1− sn+1

a )− ln(1− sna)
)
.

Moreover,

sn+1
a

(
1− sn+1

a

)
− sna

(
1− sna

)
=
(
sn+1
a − sna

) (
1− (sn+1

a + sna)
)

=
(
sn+1
a − sna

) (
1− 2sn+1/2

a

)
.

Thus, we have

F (sn+1
a )− F (sna) =

(
sn+1
a − sna

){
γa

ln(sn+1
a ) + ln(sna)

2
+ γas

n+1/2
a

ln(sn+1
a )− ln(sna)

sn+1
a − sna

− γa

−γ`
ln(1− sn+1

a ) + ln(1− sna)

2
− γ`

(
1− sn+1/2

a

) ln(1− sn+1
a )− ln(1− sna)

sn+1
a − sna

+ γ`

+γa`
(
1− 2sn+1/2

a

)}
≡
(
sn+1
a − sna

)
νn+1/2
a ,

where ν
n+1/2
a is given by (4.10). Then (4.9), the discrete analog of the chain rule (4.6), follows after recalling

the definition of the free energy E(sna) =
∫

Ω
φF (sna) dx.

Next, we show that ν
n+1/2
a given by (4.10) is a second-order approximation of νa(sa(tn+ 1

2 ))=F ′(sa(t
n+ 1

2 ))
(from (2.7) evaluated at tn+1/2). Recall that by (2.5) and (2.2) the free Gibbs energy is F (sa)=γasa(ln(sa)–1)
+ γ`

(
1− sa

) (
ln(1− sa)− 1

)
+ γa`sa

(
1− sa

)
. Let us denote by Fa(sa) the terms that contain γa, i.e.,

Fa(sa) = sa
(
ln(sa)− 1

)
. Then, a Taylor series expansion about sa(tn+1/2) yields

Fa(sn+1
a ) = Fa(sa(tn+1/2))+

(
sn+1
a − sa(tn+1/2)

)
F ′a(sa(tn+1/2))+

1

2

(
sn+1
a − sa(tn+1/2)

)2

F ′′a (sa(tn+1/2))

+O
(

(sn+1
a − sa(tn+1/2))3

)
,
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and similarly,

Fa(sna) = Fa(sa(tn+1/2)) +
(
sna − sa(tn+1/2)

)
F ′a(sa(tn+1/2)) +

1

2

(
sna − sa(tn+1/2)

)2

F ′′a (sa(tn+1/2))

+O
(

(sna − sa(tn+1/2))3
)
.

Assuming sa is smooth enough in time, we have (sn+1
a − sa(tn+1/2))3 = O((τn)3) and (sna − sa(tn+1/2))3 =

O((τn)3), and therefore

(sn+1
a − sna)F ′a(sa(tn+1/2))

= Fa(sn+1
a )− Fa(sna) +

1

2

[(
sn+1
a − sa(tn+1/2)

)2

−
(
sna − sa(tn+1/2)

)2
]
F ′′a (sa(tn+1/2)) +O((τn)3).

Note that (
sn+1
a − sa(tn+1/2)

)2

−
(
sna − sa(tn+1/2)

)2

= (sn+1
a − sna)(sn+1

a − 2sa(tn+1/2) + sna),

where, also by Taylor expansion, (sn+1
a − 2sa(tn+1/2) + sna) is of order (τn)2. Thus

F ′a(sa(tn+1/2)) =
Fa(sn+1

a )− Fa(sna)

sn+1
a − sna

+ C(τn)2.

As in the expression (4.11) above, we obtain∣∣∣∣∣∣F ′a(sa(tn+1/2))−

(
ln(sn+1

a ) + ln(sna)

2
+ sn+1/2

a

ln(sn+1
a )− ln(sna)

sn+1
a − sna

− 1

)∣∣∣∣∣∣ ≤ C(τn)2.

Proceeding in a similar manner with the other terms of νa(s
n+1/2
a ) yields∣∣∣νa(sa(tn+1/2))− νn+1/2

a

∣∣∣ ≤ C(τn)2,

which concludes the argument.
We note that Lemma 4.3 is independent of the choice of the time-stepping scheme. However, the

expression (4.10) appears naturally from the discrete time derivative of the free energy. Moreover, (4.10)
gives a second-order approximation of the chemical potential νa(sa(tn+1/2)), which makes the midpoint
method (i.e., taking θn = 1/2) a natural choice to obtain a discrete version of the energy balance relation
(4.5), with zero numerical dissipation.

Next, we show that solution of the midpoint method (3.6) satisfies a discrete-time energy balance equa-
tion, similar to the one obtained at the continuous-time level in Lemma 4.2. We emphasize here the essential
role played by the relation between the chemical potential and the capillary pressure (2.6). Since νa = −pc,
then equation (4.10) also gives us a second-order approximation to pc(sa(tn+1/2)). This enforces at discrete-

time level tn+1/2 the equality between p
n+1/2
c (computed with the midpoint method) and the chemical

potential ν
n+1/2
a .

Lemma 4.4. The time discretization equations (3.2) and (3.4), equivalently (3.6), with θn = 1/2 satisfy
the following discrete energy balance equation

1

τn
(
E(sn+1

a )− E(sna)
)

+ ‖
√
λ
n+1/2
` κ∇pn+1/2

` ‖2Ω + ‖
√
λ
n+1/2
a κ∇pn+1/2

a ‖2Ω (4.12)

= (q
n+1/2
` , p

n+1/2
` )Ω + (qn+1/2

a , pn+1/2
a )Ω

+ (λ
n+1/2
` κ∇pn+1/2

` · n, pn+1/2
` )∂Ω + (λn+1/2

a κ∇pn+1/2
a · n, pn+1/2

a )∂Ω.
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Proof. Test equation (3.3b) and equation (3.5) with (1/2)ν
n+1/2
a , where ν

n+1/2
a is given by (4.10), and

add up to obtain

1

τn

(
φ(sn+1

a − sna), νn+1/2
a

)
Ω

+

(
∇ ·
(
λn+1/2
a κ∇pn+1/2

c

)
, νn+1/2
a

)
Ω

−
(
∇ ·
(
λn+1/2
a κ∇pn+1/2

`

)
, νn+1/2
a

)
Ω

=
(
qn+1/2
a , νn+1/2

a

)
Ω
.

Similarly to the continuous case, we write this as

1

τn

(
φ(sn+1

a − sna), νn+1/2
a

)
Ω
−
(
∇ ·
(
λn+1/2
a κ∇pn+1/2

a

)
, νn+1/2
a

)
Ω

=
(
qn+1/2
a , νn+1/2

a

)
Ω
,

and apply integration by parts to get

1

τn

(
φ(sn+1

a − sna), νn+1/2
a

)
Ω

+
(
λn+1/2
a κ∇pn+1/2

a ,∇νn+1/2
a

)
Ω

=
(
qn+1/2
a , νn+1/2

a

)
Ω

+
(
λn+1/2
a κ∇pn+1/2

a · n, νn+1/2
a

)
∂Ω
.

Recall that, at the continuous level, we have νa = pa − p`. At the discrete level, we have ν
n+1/2
a defined by

equation (4.10), and p
n+1/2
` which comes from the solution of the discrete system equation (3.3). Therefore,

to enforce this condition, we set p
n+1/2
a = ν

n+1/2
a + p

n+1/2
` . This yields

1

τn

(
φ(sn+1

a − sna), νn+1/2
a

)
Ω

+
(
λn+1/2
a κ∇pn+1/2

a ,∇pn+1/2
a

)
Ω
−
(
λn+1/2
a κ∇pn+1/2

a ,∇pn+1/2
`

)
Ω

=
(
qn+1/2
a , νn+1/2

a

)
Ω

+
(
λn+1/2
a κ∇pn+1/2

a · n, νn+1/2
a

)
∂Ω
. (4.13)

On the other hand, test equation (3.3a) with p
n+1/2
` , and use ∇pc = ∇p` −∇pa, λ = λa + λ`, to obtain

−
(
∇ ·
(
λ
n+1/2
` κ∇pn+1/2

`

)
, p
n+1/2
`

)
Ω

−
(
∇ ·
(
λn+1/2
a κ∇pn+1/2

a

)
, p
n+1/2
`

)
Ω

=
(
qn+1/2, p

n+1/2
`

)
Ω
,

which, integrating by parts, gives(
λ
n+1/2
` κ∇pn+1/2

` ,∇pn+1/2
`

)
Ω

+
(
λn+1/2
a κ∇pn+1/2

a ,∇pn+1/2
`

)
Ω

(4.14)

=
(
qn+1/2, p

n+1/2
`

)
Ω

+
(
λ
n+1/2
` κ∇pn+1/2

` · n, pn+1/2
`

)
∂Ω

+
(
λn+1/2
a κ∇pn+1/2

a · n, pn+1/2
`

)
∂Ω
.

Finally, adding up (4.13) and (4.14), and using (4.9), yields the discrete energy balance equation (4.12).
We note that there are no numerical dissipation terms in (4.4). The result (4.12) in Lemma 4.4 is

the discrete-time equivalent of the result (4.5) in Lemma 4.2 for the continuous case. This conservation of
the structural discrete-time energy balance, respectively of the discrete-time Dirac structure, represents an
extension of the notion of symplecticity of geometric integration schemes to open systems [28,33,41]. Note

that if there are no forcing terms, i.e., qj = 0, and λ
n+1/2
j κ∇pn+1/2

j ·n|∂Ω = 0, for j = a, `, then Lemma 4.4
implies the stability of the method (3.6), in the sense that the free energy dissipates:

E(sn+1
a ) + τn‖

√
λ
n+1/2
` κ∇pn+1/2

` ‖2Ω + τn‖
√
λ
n+1/2
a κ∇pn+1/2

a ‖2Ω = E(sna).

5. Numerical results. In this section, we test the performance of the numerical method in regards to
rates of convergence, long-time discretization errors, and free energy errors. For the spatial discretization of
the problem we use an interior penalty discontinuous Galerkin method with piecewise polynomials of order
k, see e.g., [42]. In [42] it is proven that the spatial discretization error is of order k + 1.
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For the first two tests, we use the method of manufactured solutions, i.e., the right hand sides (sinks /
sources) and boundary conditions are calculated so that the exact solution of the problem (2.4) is

p` =
et

eT
(2 + xy2 + x2 sin(y)), sa =

et(2 + x2y2 + cos(x))

8eT
, (5.1)

where T is the final time of the simulation. The rest of the parameters are given by

κ` = s`(s` + sa)(1− sa), κa = s2
a, κ = 1, φ = 0.2,

pc(sa) =
6.3

ln(0.01)
ln(sa), µ` = 0.75, µa = 0.5.

The iterations in the backward Euler step (3.2) at time level tn+θn are stopped when

max

‖p
n+θn

`(i+1)
− pn+θn

`(i)
‖Ω

‖pn+θn

`(i)
‖Ω

,
‖sn+θn

a(i+1)
− sn+θn

a(i)
‖Ω

‖sn+θn
a(i) ‖Ω

 < TOL, (5.2)

where TOL is a user-given parameter.
We will compare four methods: the midpoint method, i.e., θn = 1/2 in (3.6), which we refer to as

MP; the backward Euler method (θn = 1 in (3.6)), referred to as BE; and a first and second-order time-
lagging schemes, which we denote by TL1 and TL2, respectively. These time-lagging schemes do not require
a subiteration, but instead, the coefficients that depend on the primary unknowns at time level tn+1 are
evaluated using first and second-order extrapolations of the primary unknowns. The first-order time-lagging
method is given by

−∇ ·
(
λnκ∇pn+1

`

)
= qn+1 −∇ · (λnaκ∇pnc ) ,

φ
sn+1
a − sna

τ
+∇ ·

(
λnaκp

′n
c ∇sn+1

a

)
= qn+1

a +∇ ·
(
λnaκ∇pn+1

`

)
.

(TL1)

The second-order time-lagging scheme is based on

−∇ ·
((

2λn − λn−1
)
κ∇pn+1

`

)
= qn+1 −∇ ·

((
2λna − λn−1

a

)
κ∇
(
2pnc − pn−1

c

))
,

φ
3sn+1
a − 4sna + sn−1

a

2τ
+∇ ·

(
(2λna − λn−1

a )κ(2p′c
n − p′cn−1)∇sn+1

a

)
= qn+1

a +∇ ·
(
(2λna − λn−1

a )κ∇pn+1
`

)
.

(TL2)

5.1. Rates of convergence. First, we evaluate the rates of convergence of the method presented in
this work using θn = 1/2 and θn = 1, and we compare them with the rates of convergence of the time-
lagging schemes (TL1) and (TL2) described above. For the spatial discretization, we use piecewise linear
polynomials using a quadrilateral mesh of size h. The constant time step τn is taken equal to the mesh size
h. The tolerance in equation (5.2) is taken to be TOL = 10−5. The L2-norm of the error at the final time
T = 1 and the rates of convergence are shown in Tables 5.1 to 5.4.

As expected, we see that the backward Euler method and the first-order time lagging method both converge
with order one. The midpoint method is second-order. Moreover, we observe that as τ → 0, the errors with
MP are lower than with BE.

5.2. Long-time behavior. We note that in the context of simulation of multiphase flow in porous
media, usually the final time of the simulation is quite large, as undergound flow tends to occur over long
periods of time. Therefore, it is important for the time-stepping method to remain accurate for large final
times. We consider the same solution given in equation (5.1), with the final time T = 20. Note that p`
and sa in (5.1) grow exponentially in time, but always remain bounded due to the factor eT . We consider
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Table 5.1: Rates of convergence for MP with τ = h, see Section 5.1.

p` sa
τ DOFs L2(Ω)-error Rate L2(Ω)-error Rate

0.5 16 3.94e-2 - 1.72e-2 -
0.25 64 1.16e-2 1.76 3.64e-3 2.24
0.125 256 3.16e-3 1.88 8.04e-4 2.18
0.0625 1,024 8.26e-4 1.94 1.93e-4 2.06
0.03125 4,096 2.12e-4 1.96 4.74e-5 2.03
0.015625 16,384 5.38e-5 1.98 1.17e-5 2.02
0.0078125 65,536 1.35e-5 1.99 2.93e-6 2.00

Table 5.2: Rates of convergence for BE with τ = h, see Section 5.1.

p` sa
τ DOFs L2(Ω)-error Rate L2(Ω)-error Rate

0.5 16 5.21e-2 - 2.34e-3 -
0.25 64 1.37e-2 1.93 7.74e-4 1.60
0.125 256 3.66e-3 1.90 3.19e-4 1.28
0.0625 1,024 1.00e-3 1.87 1.53e-4 1.06
0.03125 4,096 2.93e-4 1.77 7.64e-5 1.00
0.015625 16,384 9.49e-5 1.63 3.84e-5 0.99
0.0078125 65,536 3.50e-5 1.44 1.93e-5 0.99

Table 5.3: Rates of convergence for TL1 with τ = h, see Section 5.1.

p` sa
τ DOFs L2(Ω)-error Rate L2(Ω)-error Rate

0.5 16 4.37e-2 - 2.91e-2 -
0.25 64 8.19e-3 2.41 1.60e-2 0.86
0.125 256 4.73e-3 0.79 8.33e-3 0.94
0.0625 1,024 3.67e-3 0.37 4.38e-3 0.92
0.03125 4,096 2.28e-3 0.69 2.28e-3 0.94
0.015625 16,384 1.27e-3 0.84 1.16e-3 0.97
0.0078125 65,536 6.74e-4 0.91 5.92e-4 0.97

Table 5.4: Rates of convergence for TL2 with τ = h, see Section 5.1.

p` sa
τ DOFs L2(Ω)-error Rate L2(Ω)-error Rate

0.5 16 5.12e-2 - 1.01e-2 -
0.25 64 1.05e-2 2.28 3.95e-3 1.35
0.125 256 2.58e-3 2.02 1.08e-3 1.87
0.0625 1,024 6.39e-4 2.01 2.90e-4 1.89
0.03125 4,096 1.60e-4 1.99 7.52e-5 1.94
0.015625 16,384 4.02e-5 1.99 1.91e-5 1.97
0.0078125 65,536 1.07e-5 1.91 4.82e-6 1.98
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(a) Liquid pressure, τn = 0.05. (b) Aqueous saturation, τn = 0.05.

(c) Liquid pressure, τn = 1. (d) Aqueous saturation, τn = 1.

Fig. 5.1: L2 norm of the error in p` (left) and sa (right) for example in section 5.2. Top row: τn = 0.05 and
bottom row: τn = 1. Blue line: MP, red line: BE, black line: TL1, green line: TL2.

two different time steps: τn = 0.05, and τn = 1, for all n, and piecewise linear polynomials on a mesh that
contains 64× 64 quadrilaterals.

In Figure 5.1 we compare the L2 errors in the liquid pressure and aqueous saturation at each time level,
for the MP, BE, TL1 and TL2 methods, for both values of the time steps τn = 0.05, and τn = 1. We see
that at all tn time values, the errors in the midpoint method values are significantly lower than with the
backward Euler method, for τn = 0.05. For τn = 1, the L2 errors in sa obtained with MP are not the lowest
ones anymore. Since the discretization error for backward Euler is of order τ , whereas for the midpoint it
is of order τ2, it is expected that for τ ≥ 1, BE produces lower errors than MP. However, we can observe
that MP still produces errors that are comparable to those obtained with BE. In Table 5.5 we report the
maximum L2 error over time. (i) We observe that for τn = 0.05, the midpoint method has an error one
order of magnitude lower than the backward Euler method for the liquid pressure. (ii) Furthermore, for
τn = 1, the error in p` with the midpoint method is still one order of magnitude lower than the error with
the backward Euler method.

Since we have a manufactured solution, we can calculate the numerical and the real free energy E at every
time level according to equation (2.5), with energy parameters γa = − 6.3

ln(0.01) ≈ 1.368, γ` = 0 and γa` = 0,
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Table 5.5: Maximum values over time of the L2 error in p` and sa for test case in Section 5.2.

τn = 0.05 τn = 1

Method maxn ‖pn` − p`(tn)‖Ω maxn ‖sna − sa(tn)‖Ω maxn ‖pn` − p`(tn)‖Ω maxn ‖sna − sa(tn)‖Ω
MP 5.02× 10−5 1.16× 10−4 2.16× 10−4 4.16× 10−2

BE 1.89× 10−4 1.18× 10−4 2.31× 10−3 1.80× 10−3

TL1 3.56× 10−3 3.44× 10−3 1.67× 10−2 5.76× 10−2

TL2 1.76× 10−4 1.79× 10−4 1.06× 10−2 2.75× 10−2

Table 5.6: Maximum values of the relative error in the free energy for test case in Section 5.2.

τn = 0.05 τn = 1

Method max
n

∣∣∣∣E(sa(tn))− E(sna)

E(sa(tn))

∣∣∣∣ max
n

∣∣∣∣E(sa(tn))− E(sna)

E(sa(tn))

∣∣∣∣
MP 2.31× 10−4 8.35× 10−2

BE 2.35× 10−2 5.30× 10−1

TL1 2.35× 10−2 5.31× 10−1

TL2 7.54× 10−4 1.86× 10−1

which is in accordance to the capillary pressure pc = 6.3
ln(0.01) ln(sa), so that at the continuous level, we have

νa = −pc. At the discrete level, this is enforced through equation (4.10). In Figure 5.2, we show the relative
errors in the free energy obtained with all the methods. We see that for both time steps, in general, the free
energy is approximated more accurately with the second-order methods. Moreover, MP produces the lowest
errors. Furthermore, in Table 5.6, we observe that the maximum errors are the lowest with the midpoint
method. For τn = 1, the time-lagging schemes produce errors that are one order of magnitude larger than
the fully implicit methods. We remark that even though for τn = 1 the L2 errors in sa with MP are not the
smallest ones, the midpoint method still approximates the free Gibbs energy more accurately than all other
methods. This numerically demonstrates the relevance of the energy balance property equation (4.12) that
the midpoint method satisfies.

5.3. Quarter-five spot problem. Finally, we consider a quarter-five spot problem, see e.g. [20]. The
domain is Ω = [0, 100]2\{[0, 5]2 ∪ [95, 100]2} m2, i.e., it is the square [0, 100]2 m2 where two corners have
been cut out; see Figure 5.3.
The boundary conditions are

Inflow on Γ1: p` = 3× 105 Pa, sa = 0.7,

Outflow on Γ4: p` = 105 Pa, λaκ∇pc · n = 0,

No-flow on Γ2 ∪ Γ3 ∪ Γ5 ∪ Γ6: λ`κ∇p` · n = 0, λaκ∇pc · n = 0,

with the initial conditions sa = 0.2 and p` = 105 Pa. The rest of the flow properties are given by:

φ = 0.2, µ` = 2× 10−3 Pa · s, µa = 5× 10−4 Pa · s,

and the relative permeabilities and capillary pressure follow a Brooks–Corey model [7]:

κ` = (1− sa)2(1− s5/3
a ), κa = s11/3

a , pc = 5× 103s−1/3
a .

We consider a heterogeneous medium where κ = 5× 10−8 m2 everywhere, except for in the square [25, 50]×
[25, 50] where κ is 1,000 times lower. We remark that since the Brooks–Corey model does not follow the
structure in equation (2.8), this capillary pressure model is not thermodynamically consistent with the Gibbs
free energy equation (2.5). For this case, the energy E associated with the system would have to satisfy
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(a) The relative errors in the free energy with τn =
0.05.

(b) The relative errors in the free energy with τn = 1.

Fig. 5.2: The relative error in the free energy E given in equation (2.5) for test case in section 5.2. Blue line:
MP, red line: BE, black line: TL1, green line: TL2.

(5, 0)

(0, 5)

(100, 95)

(95, 100)

Γ1

Γ2

Γ3

Γ4

Γ5

Γ6

Fig. 5.3: Depiction of domain Ω and different parts of the boundary, for example in section 5.3

−pc = νa ≡ ∂saE − ∂s`E. Therefore, in this example, we will only compare the quality of the discrete
aqueous saturation.

All the time discretizations use the same spatial discretization, which is based on a discontinuous Galerkin
method with piecewise quadratic polynomials. The mesh consists of 38×38 quadrilateral elements. The final
time for the simulation is T = 750 seconds (12.5 minutes). We consider different constant time steps. (i)
For τ = 1, the only method that can successfully complete the simulation is MP, which performs in average
4.5 iterations per time step. (ii) For τ = 0.5, both MP and BE complete the simulation with an average
number of iterations per time step equal to 2.4 and 2.6, respectively. The two time lagging schemes TL1 and
TL2 blow up for τ = 1 and τ = 0.5. (iii) Finally, for τ = 0.25, all methods complete the simulation. The
implicit methods MP and BE require an average of 2.02 and 1.96 iterations per time step, respectively. We
summarize this in Table 5.7. Since the spatial discretization is the same for all four methods, the size of the
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Table 5.7: Convergence summary for test case in section 5.3 with different time steps. For MP and BE, we
show average number of iterations per time step when the method converges.

τ MP BE TL1 TL2

1 4.5 Blows up Blows up Blows up
0.5 2.4 2.6 Blows up Blows up
0.25 2.02 1.96 Converges Converges

problem is the same regardless of the value of τ and the time discretization. Therefore, the computational
cost of the MP method for τ = 1, should be comparable to the computational cost of TL1 and TL2 with
τ = 0.25. This is because the cost of performing 4 iterations per time step τ = 1, is comparable to the cost
of performing just one subiteration with a time step of τ/4 = 0.25.

In Figure 5.4 we show snapshots of sa at different times obtained with MP with τ = 1 second. Note that
this result is what is expected from similar setups in the literature, see e.g. [23]. Moreover, in Figure 5.5 we
show sa along the diagonal x = y at different times. We compare all four methods with the largest τ for
which they complete the simulation, i.e., we show the solution for MP with τ = 1, BE with τ = 0.5, and
TL1 and TL2 with τ = 0.25. We see that all four solutions are very similar.

6. Conclusions. We have presented a second-order time-stepping scheme for the two-phase problem
in porous media. The method is proven to satisfy a discrete energy balance equation that is analogous to
the energy balance satisfied at the continuous level. We proved the convergence of the subiterations in the
implicit step of the time-stepping scheme. We compared this midpoint method against a backward Euler
method and two time-lagging schemes. The theoretical rates of convergence are confirmed for of all the
methods considered. The midpoint method outperforms the other methods in terms of errors for a large
final time, as well as for the approximation of the free energy. This occurs both for the values of time step
in the asymptotic regime, as well as for larger time steps. Future work includes extension of this method for
the three-phase black oil problem, as well as time-step adaptivity.
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