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Abstract.
We propose a nite element discretization of the Brinkman equation for modeling non-Darcian
uid o w by allowing the Brinkman viscosity ~! 1 and permeability K ! 0 in solid obstacles, and

K ! 1 in uid domain. In this context, the Brinkman parameters are generally highly discontin uous.
Furthermore, we consider non-generic constraints: non-homogeneous Diric hlet boundary conditions

U@ = 6 0 and non-solenoidal velocity r u = g 6 O (to model sources/sinks). Coupling

between these two conditions makes even existence of solutions subtle. We establish well-p osedness
of the continuous and discrete problem, a priori stabilit y estimates, and convergenceas ~! 1

and K ! 0 in solid obstacles, as K ! 1 in uid region, and as the mesh width h ! 0. For
non-solenoidal Brinkman o ws, we include a small data condition to ensure existence of solutions
(idea applies directly to the steady Navier-Stok es eqgations). In addition, we propose a pseudo-
skew-symmetrization of the discrete convective term u r v w required for analysis of discrete
non-solenoidal Brinkman problem.

1. Intro duction. This report considersthe approximation of high velocity ow
through complex geometriesinvolving pores. Motivating examplesinclude the ow
through closely placed turbines on a windfarm [12], [24] and the high velocity ow
of helium gas through a padked bed of (tennis-ball sized, uranium fuel) spheresin
a pebble bed nuclear reactor [28], [27]. In both applications, the uid velocities are
too large to model accurately with Darcy's equation and the pore geometry is too
complex to approximate by the Navier-Stokes equations (NSE) in the pore region
with no-slip boundary conditions on the solid obstacles. Therefore, appropriate for
this setting, we proposea nite elemeri method for the Brinkman model, beginning
with the equilibrium case.

Problem 1.1. (NS-Brinkman model) For incompressible,visoous uid ow in

, hd velaity u and pressue p satisfying

2r (\Du)+u ru+rp+ K =f; in
r-u =g in
u = ; in @
Here, RY is an open domain for d = 2 or 3 consisting of both the pores and
solid obstacles,D u = 05(ru + ru t) is the deformation tensor, f represens

body forces, g represerts sourcesand/or sinksin , K is the permeability tensor,
is the kinematical viscosity, and ~ is the Brinkman viscosity. In particular, we x
0< << landset~= 1= and K = 1= in the solid obstaclesin and ~= and
K = in the purely uid parts of . SeeFigure 1.1.

For low Reynolds numbers, the convective term u r u is negligible; thus, we
also considerthe Stokes-Brinkman model.

Pr oblem 1.2. (Stokes-Brinkman model) for u and p

2r (=D u)+rp+ K W =f; in
r u =g in
u =; InN@
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Fig. 1.1. Sample subdomains with parameters ~ , k , black regions not part of indic ated
. (top-left) Problem domain ¢,s = , (top-right) Fluid-Por ous domain ¢, (bottom-left) Fluid-
Solid domain ¢, (bottom-right) Porous-Solid domain  ps

For model parameters ~ and K of order O(1), the numerical analysis of the
Brinkman model ts within the framework for the abstract error analysisof the NSE,
e.g. [11], [32]. Howevwer, the targeted applications of the Brinkman model are often
highly non-generic o ws involving

complex geometries,i.e. denseswarm of porous and solid obstacles

highly discortin uous parameters ~ and K

non-homogeneou$oundary conditions, i.e. U jg = 60

generaldivergenceconditions on velocity, i.e.r u = g6 0
Thus, we considerherein the numerical analysisassaiated with the asymptotic limits
and rates of corvergenceas the discretization parameterh tend to 0. The last two
conditionsu jg 6 Oandr u 6 0in arenecessaryor many natural and industrial
0o ws in porous media.

We derive a weak formulation of Stokesand NS-Brinkman models in Section 2.
Note that Hopf proved in [15] that solutions to the steady NSE exist for general
boundary data under certain restrictions on @ for the caser u = 0. In Section2.2,
we note coupling betweenu jg = andr u = g6 0preventing a generalexistence
result for nonzeroboundary conditions and nonzerodivergence.Our analysisis based
on the construction of an extension operator & of boundary data satisfying the
constraint r &= g. We show that for g2 L?() and 2 H¥?(@) satisfying

g O,or R
g has compact support in , g = 0, and g small enough, or
g has compact support in , and g and is small enough
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there existsa solution u ;p 2 H!() L?() to the NS-Brinkman Problem 1.1.
Furthermore, we show that the cortinuous (Section 2.3) and discrete (Section 3.1)
Stokes-and NS-Brinkman models are well-posed (with small data for the nonlinear
problem). We derive a priori estimatesfor u with explicit dependenceon , ~, and
K. For > 0, both the cortin uouspagd discrete velocities for both Stokes-Brinkman
and NSE-Brinkman are of order O(" =) in H? in the solid obstaclesembeddedin
and O(1= ) in HYin all ; hence,for xed > 0, u is uniformly stable with respect
to with respectto ! O.

For the numerical scheme, we provide a condition for interpolating non-smaoth
boundary data usedin the analysisof the nite elemen discretization of the Brinkman
model. We also proposean innovative (explicitly pseudo-slkew symmetrized, de ned
in Section 3, for generalg) discrete form for the convectiveterm u r u . In Section
3.1, we show that the proposedconforming nite elemen discretization provides a
convergert approximation u " ofu ash! 0 uniformly with respect to the penalty
parameter . In Section 3.2, letting u be a solution to the Stokes problem in the

purely uid domain with no-slip boundary conditions on the solid obstacles,
we show that the the discrete Brinkman velocity u " convergesto u ash, ! 0sud
that

um ou C —+ u wuh

H1() - ToHLQ)

Finally, we provide numerical validations of our theory in Section 4.

1.1. Overview of Brinkman o w model. WhereasDarcy's law assumeghat
velocity is proportional to the pressuregradient for a particular porous medium,
Brinkman noted that, in general,the viscouse ects must also be taken into accourt
to model ow accurately through porous media, see[6], [7]. Heuristic generalizations
of Darcy's law have beenconsideredto model non-Darcy o ws in porous media (e.g.
[14], [18], [26], [5]). Along with heuristic developmerts, theoretical justi cations exist
for the Brinkman model as an asymptotic approximation to the NSE, e.g. see[1], [16]
and referencestherein. Straughan preseris seweral of the most popular non-Darcy
models for ow in porous media in [30] (a well-cited compilation of his and others'
cortributions to this theory).

The Brinkman model has been applied to approximate non-Darcian ows in a
variety of contexts; e.g. it is usedto model oil ltration o ws[17], groundwater o ws
[8], forced corvective o wsin metal foam- lled pipes(usedin the cooling of electronic
equipmert) [23], gasdi usion through fuel cell membranes[13], Casson uid ow in
porous media (e.g. blood ow in vesselsobstructed by fatty plaquesand clots) [9],
and interstitial uid o w through musclecells[31] with good accuracy The Brinkman
equation is also usedto model turbulence in porous media in the macroscopicscales
[19] (for a discussionconcerning turbulence modeling at the macroscopicversusthe
microscopicpore level see[25]).

Numerical analysis of a discretization of the Stokesand NS-Brinkman o w model
is limited. In [33], Xie et.al. provide an innovative numerical analysis of the Stokes-
Brinkman equations with a condition that ensuresstable nite elemen spacesfor
the discrete Stokes-Brinkman equation in the limiting condition for high Reynold's
number. In [2], Angot providesa beautifully detailed error analysisfor the cortin uous
Stokes-Brinkman uid velocity in uid-p orous and uid-solid domains compared to
Darcy-Stokesvelocities.



1.2. Appro ximating Brinkman o w in . Solvingthe NSE in the poresof
with no-slip boundary conditions at solid interfacesor non-stationary and/or complex
domain boundariesis cumbersomeat best and most often simply not feasible[2], [3].
Furthermore, the coupling condition between Stokes ow domains and Darcy ow
domains (used for ow in porous media) is physically unresolved even though the
Beavers-Joseph-Sa man(BJS) interface condition is widely acceptedand generally
usedin practice [4], [29], [21]. Furthermore, Layton et.al show in [21] that coupled
Stokes-Darcy o w using the BJS interface condition is well-posed,but suc a conclu-
sion has not beenveried for the nonlinear NS-Darcy coupling. In addition, further
complications arise becauseStokes velocity has meaning of a "p ointwise" velocity
and Darcy velocity has meaning of an "averaged" velocity providing an unresolved
compatability issuebetweenthesetwo velocities, seee.g.[18], [26], [5].

It is exactly these shortcomingsin coupling Stokes or NSE with Darcy's equa-
tions that are the strengths of the Brinkman ow model. To this end, we consider
the penalized Brinkman problem formulated and described in [20] with convergence
analysisin [2]. In particular, when approximating owsin , wewant u beassmall
aspossibleinside all solid obstacles s and recover the no-slip condition on eadh
solid interface @ s. This is attained by imposing a large Brinkman viscosity ~ and
small permeability k in 5. In addition, in the purely uid region ¢ 2 , there are
no medium obstaclesimpeding the ow; thus, the permeability k in ; should be
large. Consider a small, parameter0< << 1 and set

J.=- K=o k=

We areinterestedin the asymptotic behavior of solutionsu to Problemsl.1and 1.2as

I 0and the double asymptotic of approximate solutionsu " as ! 0,h! 0. This

ctitious domain approach has beenanalyzedin various contexts for the continuous

Brinkman velocity u , seee.g.[2], [3], [19], [22]. The Brinkman approach eliminates

the mathematical and physical problemswith the interface couplings. Moreover, it is
simple in implementation and easily adapted to existing computing platforms.

2. Problem form ulation. We are interested in uid ow through a porous
medium , an open and connecteddomain in R? or R3, refer to Figure 1.1 for an
illustration. Decompose into apurely uid domain : (no ow obstruction), porous
domain , (some ow obstruction) and purely solid domain s (complete ow ob-
struction)

—f[p[s

where @ 1, @ p, and @ s represert the corresponding boundaries of the indicated
subdomains. Weallow @ to bethe union of distinct, connectedsegmeits. We assume
that @ , and @ s do not intersect with the problem domain boundary @, that
and s consistof open and connectedsubsetsof , and , and s are disjoint and
bounded away from @

p\ s = 4 p[ s\ @ =
Lastly, we require that ¢ is necessarilyconnectedsuc that

@i=@[ @p[ @5
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We write for =f,p, s fp, fs, ps, andf pssud that

fp
fs
ps
f ps

- - -
— ——
[

SeeFigure 1.1 for an illustration.

We assumethat > O is constart in . Also, ~> 0 is piecewiseconstart and
constart in eah subdomain ¢, p,and ssudthat 4§, = and~ = . We
write

___f::__jf:. _p._~jp: . ~S._~js

~x2 ~Six2 ~P: x2
TP= Ly DTt LGS L= L0
and identify ~= ~'PS (recall, s = ). The permeability tensorK 2 L1 () d dig

generally symmetric and positive de nite. We assumethat K is a constart scalaron
eat subdomain ¢, p, and s and write

k =Kj ; =f,p s fp fs, ps andf ps

and identify K = kfPs, Lastly, for =f,p, s, fp, fs, ps, and f ps write

“max = Max ~(x); “min = MIN ~(X)
X2 X2
Kmax = max K (x); Kmin := min K (x)
X2 X2
d identi — — fps . .= fps k — kf ps d k — kf ps
and iae Ify max -— max * min --— min ! max = max ! an max = max *

In porous regions , the Brinkman viscosity kP and ~? should have moderate
values. We supposethat kP dependson the domain geometry (e.g. see[5]). It is not
well understood how to selectthe Brinkman viscosity ~in . Weset~P = which
is a common choice in both engineeringpractice and analytical theory. See,e.qg., [5]
and [18] for more on this subject.

Lastly, assumethat f 2 H 1() ¢ (the dual spaceof H () ¢ consisting of H -
functions vanishingon @), 2 H'2(@) ¢ andg2 L2(). We supposethat g is
localized satisfying

g Oin f[ s

and compatible with the boundary data sothat r u = g and thus
Y4 Z
g= N (2.1)
@

In this context, we consider u ;p satisfying the nonlinear or linear system of equa-
tions, Problem 1.1, 1.2.



2.1. Weak form ulation. Let V° denote the dual of any linear spaceV. Let
=f,p s fp fs, ps, orfps Wewrite (;) to represen the L2( ) inner product
and (; ) when = fps(recall ps = ). Let kk,. represen standard norm for
HY( ) andwrite kk for the standard L?( )-norm, k k, for the standard H ()-
norm (= f ps), and k k for the standard L2 () -norm. Lastly, let h; i, , represen
the duality pairing for linear spaceV.
Definition  2.1. Let RY be an open set.
n R [0}
L2( )= q2L?( ): g=0 ; Hi( )= v2HI( ):vjg =0

Write Q:= L3() andX = H}() . Forg2L?() , 2 H%(@

X = V2H'Y(R:Vie = R

V(@ = wv2X : q(r v)= gg 8q92L3 )
Y = f 2X0:r|1_‘?;viXO He =0, 8v2 Vo (0)
Vv? = Vv?2X: Vv’ v=0; 8v2 V(0)

and We write V. = Vp(0), V = V (0), and V(g) = Vo(g). Moreover, X0 =
H () := H&() “is equipped with the following norm
Hvigo

kfk , = su
! v2X;vp§O kal

Lastly, we note that Q°= Q.

If f 2L2( )andv2 HY( ), weabusenotation and identify H;vi = (f;v)
eventhough H () isnot the dual of HY( ) (rather, it is the dual of H} ( )).

Next, we de ne sewral (bi/tri)linear functionals:

Definiton 2.2. Let =f,p, s fp, fs, orfsp. Letu, v, w2 H'() , and
g2 L2() . Dene the bilinear and linear formsa (; ), b (;), I.() by

R R
a(;) :HY) HY(O) ! R a(uv) := R UIrV+ K lu v
b(;) :H'() L*O) ! R b(vag = g a(r V)
l2; () :L(Z)() ' R; l2; () = gq
Further, de ne the linear form 1. () :H}() ! R,
z
l1; (V) := Hviy, L) HE ) ~gr v
and trilinear form ¢ (;;):H*() HY() H'() ! R,
z
c (u;v;w) := urvw

To derive the variational formulation of Problems 1.1 and 1.2, we notice note that
r rut=r(r u). Consequetly,

r D u -1 u +rr u —1u+1r
=3 =3 " 9

The term r gis data and included in |1 ()). Thus, we have the following weak formu-
lation of the NS-Brinkman equations, Problem 1.1.
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Problem 2.3. (Weak NS-Brinkman) Given f 2 X%and g 2 L?() . Find
u2X ,p 2Q suchthat

8v2X;

au;v +bv,p +cu;u;v =1I1(v)
892 Q; bu;q =

I2(q)

Similarly, the following variational formulation of Stokes-Brinkman equations, Prob-
lem 1.2, follows by setting the corvectiveterm c(; ; ) = 0in Problem 2.3.
Pr oblem 2.4. (Weak Stokes-Brinkman) Given f 2 X%and g2 L2() . Find
u2X ,p 2Q suchthat

8v2X; au;v +bvip =11(v)
892Q; bu;q =

Alternativ ely, we can formulate the variational Brinkman problem in operator
notation.

Definiton 2.5. For anyu, v2 HY() , w2 X, andq2 Q, dene A 2
L(X;X9,B2L(X;Q),andC(u)2L (X;X9 suchthat

PAU; Wiy o = a(u;v)
Bw;di, q = b(w;q) = B wiyo
C(u)v;wiyoe v = c(u;v;w)

Thus, we can rewrite Problem (2.3): nd u2 X , p2 Q satisfying

Au+ B%+ C(uu="f (in X9; Bu= g (in Q)

We can also rewrite Problem (2.4): nd u2 X and p 2 Q satisfying
Au+ B%=1f (in X9; Bu=g(in Q)

2.2. Calculus on subdomains . We often decompose into its physical
componerts the purely uid region , the porousregion ,, and solid region s. In
doing so, we must be careful in applying Poincare's Inequality (since we require that
functions vanish on a set of positive measureon the domain boundary) and duality
pairing (sinceH !( )isdualto H3( )andnottoH( )). Westate theseresults
in the context of our problem.

Theorem 2.6. (Poincare's Inequality) For any w 2 H3 () , there exists C,>0
such that

kwk Cokrwk ; for =f;fp;fs;fps

We generially write C, = C,, for all

Note that this result is not applicablein s or , sinceboundary data is generally
not provided on @ , or @ s. Additionally, the functional f 2 H ( ) acts on
elemernts from its dual spacev 2 H3 (). Again, since boundary data is generally
not provided on @ , or @ s and
B M vigo
Kk L v2X (SUF));VQO kal;

then b viy 1y w1y Kfk 4 kvk;, only applieswhen = fps.
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Next, we collect somebasic properties of the divergenceoperator.

Lemma 2.7. For RY open and connected the divergen@ operator is an
isomorphism between V? and L3 () . Therefore, there exists > 0 such that the
inf-sup condition holds:

inf sup T g vi

— > 0 (2.2)
a2L2() vani() KaKkvk,

As a consegguene, for anyq2 L3 () thereexistsauniquev2 V? H () satisfying

kvk, 1 kak (2.3)

Proof. See,for example, page 24, Corollary 2.4in [11]. O

2.3. Decoupling r u=gand uj = . It isnecessanfto rewrite the general
divergence honhomogeneou®rinkman problems1.2and 1.1in terms of a divergence-
free velocity vanishing on the boundary @. We compile seweral well-known results,
e.g. see[11]. Recallthat 2 H¥2(), f 2 X% andg2 L?() satis es the compati-
bility condition Eq. (2.1). From from the trace theorem, there exists an extension

9u 2 H!() satisfyingu jg = (2.4)
and9 > Osud that ku k; kK Ki=x.@ (2.5)

Furthermore, from the compatibilify condition Eq. (2.1) alongwith application of the
divergencetheorem,we havethat (g r u )=0.Hence,g r u 2 Q. Lemma
2.6ensuresthat r :V? | Q de nes anisomorphism so that

9lug 2 V? X satisfyingr up=g r u (2.6)

Hence, we considerlooking for w 2 V rather than u 2 V (g) solving Problems
2.3o0r 2.4.

Pr oposition 2.8. Given 2 H¥2? (@) andg2 L?() satisfying the compati-
bility condition (2.1), supmsethat u and ug are de ned as atove in Eq.'s (2.4) and
(2.6) respectively. Then writing t&:= u + uo,

ku-kl = ku + u0k1 + pa Tk kl:Z;@ + 1kgk (2.7)

Moreover, solving Problems2.3 and 2.4 for u 2 V (g) is equivalent to solving the
sameequations for w 2 V where

u =w+u + Ug; r w=0in ; wjg =0 (2.8)

Proof. The proof of the rst bound follows by applying bound (2.3) and Lemma
2.6. The problem equivalency is obvious. O
Unfortunately, this bound is ungatisfying . In particular, similar to the NSE, we
must cortrol the problematicterm w r & w, wherew 2 V isasin Eqg. (2.8) and
b satisestjg = andr w=gin asin Eq. (2.4). Noting that
Z z
W rg w= wWrw o Ckrwk? kl:tkl_4() (2.9)
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must be absorbed from the right-hand sideto left-hand side (details follow in the next
section), the following proposition is necessaryin establishing existenceof solutions
to NS-Brinkman, Problem 2.3 for arbitrary data 2 H2(@ ). This result builds
upon the subtle and technical work of Leray rigorously compiled by Hopf in [15] and
elegarly preserted by Raviart and Girault in [11] and Galdi in [10] and speci cally
concernsnonhomogeneoudoundary data for the steady Navier-Stokesequationswith
divergence-freeconstraint r  u = 0. Particular care must be taken in a domain with

holeswhen
Z

@ i
is not required on ead connectedcomponert of the boundary @' @, i= 1;:::;1.
We consider another interesting casewhen sourcesand sinks are presert inside the
computational domain itself, i.e. whenr u = g6 0.
Pr oposition 2.9. Let be an open, connected domain with piecewise Lipschitz
boundary @ and suppsethat @ satis es the Hopf condition (2.10). Suppose that
2 H¥2(@ andg2 L?() satisfy the compatibility condition Eq. (2.1) and that
g=0in sand ¢ andg6 0in . Fix > 0. (1) There an extensionu 2 X such
thatu = 0in , and 5. There also exists ugp 2 HE ( fp) With extensionug = 0 in
s suchthatr ug=g r wu in . In particular,

8 .

< U +Ug INn ¢
B=U + Up=_ U in

0 in s

and

kuok, kgkp+ ru

R
(2)If in addition g = 0, thenthere existsan extensionu 2 V suchthatu =0
in pand . Therealsoexistsug 2 H} ( fp) with extensionug = 0in ¢ suchthat
r up= g. In particular,

8
< u n s
g=U + U= Uo In p
0 in ¢
and
kuok,  kgk,

In both cases,for any (> 0, there existsan > 0 suchthat

U sy <0

Proof. Our proof follows the work of Raviart and Girault for divergence-freeve-
locities and non-homogeneou®iric hlet boundary conditions in [11], page287,Lemma
2.3 (also see[10]). From Eq. (2.4), there exists an extensionu of 2 H72(@)
satisfying ku k; k Ki—p.@ - In orderto localize cortributions of problem data, we
considerthe cut-o function 2 Ct described in [11]. Briey, s identically

9



zerofor all points in  a certain -dependert distance away from @ and identically
1 a certain -dependert distance closeto @ and smoothly connectedin between.

Moreover, k vk, < 1 forallv2 H?!(). For (1), takeu := u . We cantake
> 0 small enoughto ensurethat u = 0in , and 5. In addition
Z Z Z
rou = f = g
fp @ fp

and henceg r u 2 L3( p). Thus, by Lemma 2.6, there exists a unique ug 2
V? ( tp) HE( fp)sunthatr up=g r u.Weextenduo= 0on . The
bound kugk, Yijg r u jjsp follows from Lemma 2.6. For (2) refer againto [11]
for the existenceof a particular extensionu , sud that for any > 0,

u =r u

de nes another extensionof satisfyingr u = 0. Now sinceg 2 L3( ), asa
consequencef Lemma 2.6, there exists a unique ug 2 V? () satisfyingr uo = g.
Extend ug = 0on  and 5. Wecantake > 0small enoughto ensurethat u = 0
on pand s.Lletw=u +ug. The bound for ug followsfrom Lemma2.6. The nal
result follows from the specially constructed property of . 0O

Note that forg 0in , the L“4-norm of & canbe madearbitrarily small. However,
for generalg 2 L?() , then g and are coupled via the necessarycompatibilit y
condition Eq. (2.1); hence,there is no obvious way to control the size of kuku()
which is required to control the size of the bound in (2.9).

Note that for the Hopf extension, kek 4y ! Oas ! 0, but the bound on kek,
grows exponertially as ! 0.

2.4. Contin uity and coercivit y. We now proceedwith someimportant bounds
on the previously de ned functionals required in our proceedingstability and error
analysis.

Lemma 2.10. The linear functionals |, () andl, () are continuous. In particular,
foranyv2 H1() andq2 L?() ,

I1 (V) Kfk 5 kvK; + ~max pakgkkr vk; if v2 X
l2. () kgk kgk ; for =1f,p, s, fp, fs, ps, or fps

Moreover, for =f,p,s, fp, fs, ps orfps if f 2L2( ),andv=0on @
that has positive measure with respect to boundary, then

P P
l. (v) kfk kvk + ~ dkgk kr vk Cpkik + ~.  dkgk kr vk

Proof. Linearity for the functionals is obvious. Continuity follows by a direct
application of the duality for kk ,-norm result and Cauchy-Schwarz for the others

along with Poincare and the fact that kr vk dkr vk to obtain k k,. 0O
Lemma 2.11. The bilinear functional b(; ) is continuous. In particular, for
=f,p s fp fs, ps orfpsandforanyv2 H1() ,q2L?()

b (v:q) pakr vk kagk (2.11)
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Proof. Bilinearity is obvious. Contin uityfoIIBvxsby adirect application of Cauchy-
Sdchwarz inequality and the fact that kr vk dkr vk. O

Lemma 2.12. The bilinear functional a( ; ) is continuous and coercive. In par-
ticular, for =1f,p, s, fp, fs, ps, orfpsandforanyu, v2 H()

a (uv)  ~max kruk kr vk + (K ) Ykuk kvk 1 kuky. kvk;. (2.12)

and
. - R . 1R 2 .
a (v;v) min - P VITF min (Kpax ) I\ o kvky, ; or
- 2 . ’ (2.13)
a (v;v) %kvkl; ;ifv=0o0n
where @ has positive measure with respect to boundary and
1= maxf~a 5 max =Knin 95 o= minf~u . =Knax 9 (2.14)

Proof. Bilinearity is obvious. Continuity follows by bounding problem parameters
, = and K and applying the Cauchy-Schwarz inequality. The coercivity condition
follows once again by bounding the problem parameters and, for the secondform,
applying the Poincare inequality. O
Lemma 2.13. The triline ar functional c(; ; ) is continuous. In particular, for
=f,ps fp, fs, ps, or fpsandfor any u, v, win H()

c (u;viw)  Cp kuk;. kr vk kwk;. (2.15)
where C, > 0 only depndson . Moreover,
c (uv;w) Cp kr uk kr vk kr wk ; if uj ;wj, =0 (2.16)

where ,;, , @ have positive measure with resgect to the boundary. We write
C_ = C_ for all
Separately, if r u=gin and (u h%v wW))je = 0, then

c (u;v;w) = ¢ (u;w;v) g(v w); and hene (2.17)
1Z
c (u;v;v) = > gjvj2 (2.18)
We call ¢ (; ;) pseudo-skewsymmetric. Moreover,if r u=0in ,thenc (; ;)

is actually skew-symmetric.

Proof. Trilinearity is obvious. The two continuity bounds are classical results.
To prove the rst identity, we make use of Einstein's tensor notation for indices and
vector/tensor operations: u r v w = u;Vj; w;. Apply the divergencetheorem and the
fact that (u A(v w))je@ Vvanisheson @ . Skew-symmetry for div-free functions
then follows easily. O

Wecall ¢ (; ;) pseudo-skew symmetric becausethe function

(u;v;w) 7! ¢ (u;v;w) + % g(v w)

is skew-symmetric.
Remark 2.14. Note that, b(; ) is uniformly continuous; a(; ) is uniformly

continuous when, for someC > 0 we restrict , ~and kK Kk, ; o <Ci<1; a(;)
is uniformly coercive when, for someCy > 0 werestrict , ~ Co > 0. Hence, for
turbulent ows there is a question concerning stability as ! 0. Xie et.al. in [33]

discussthe numerical aspects of properly selesting stable nite elementspaces.
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2.5. Well-p osedness of Stok es-Brinkman. First, we establish existenceand
uniguenessalong with a priori estimates for the weak Stokes-Brinkman equation
before proceedingwith the NS-Brinkman equation. We supposethat f 2 L2(),

2 H¥2(), andthat g2 L?() (g6 0in p,andg= 0in ¢, ) satises
the compatability condition Eqg. (2.1) throughout. We are particularly interested in
rigorously tracking the dependenceof solutions u to Stokes-Brinkman on ~, K and

. In the next theorem we prove that

p_
ru o 1:; u 0

1;s
Theorem 2.15. (Well-posalnessStokes-Brinkman) There existsa unique u ;p
(X ; Q) satisfying Stokes-Brinkman, Problem2.4. Let u be an extension of boundary
data 2 H'?() satisfyingr &= g2 L?(), e.g. see Proposition 2.8. Then
u;p satisfy

1P — Pop __
ru - C; u .o — C
where
2 2 2 2
C =C (f;)=C kfki,+ kfks+ﬁkukl;fp
whete the constant C is independent of parameters~, , and K.

Proof. Restrict v2 V. Thenl;(v) = K ;vi andwehavea(w;v) = hf;vi a(t;V).
By the (bi)linearit y and cortinuity of I; (), a(; ) along with coercivity of a(; ) on
establishedin Lemmas 2.9 and 2.11 we apply Lax-Milgram theorem to establish
existenceand uniquenessof w 2 V. X . For such a w, we now note that a(w;v) +
a(tyv) H;vi=0foranyv2 V. Thus,Aw+ Ag f 2V . Eqg. (2.6) implies that
B=r :Q! V denes anisomorphism. This establishesexistencesof a unique
p 2 Qsudthat Bp = Aw + Aw  L;. Finally, to show that u = w + & is unique
solution is an easily follows from the coercivity of a(; ) on . For the estimates,
sincew 2 V, apply bounds from Lemmas2.9 and 2.11 and bound on & in Eq. (2.7)
and (2.3)

okwki a(w;w) = HF;wi a(uew)
ki k | kwk, + 1kek, kwk;

Divide by kwk, and . To obtain estimate for u , apply triangle inequality u
kwk, + kuk,. Finally, to bound p , takev 2 X and solve for p

1
p_
bp;v=1I1() au;v kfk ;+ d-max kgk kvk, + 1 u lkvkl
To nish, apply the inf-sup condition, Eq. (2.2), to obtain
p Ysup b p;v =kvk, :

Fix small > 0 and set =5, 1=k, and k® = . Then to summarize, we have
preliminary boundsonu and p

u o, Lkfk ;+ L2+ 1 kek;
p_
p L kfk ;+ d kgk, +- u
12
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The bound for u is unsatisfying since it is not uniform as ! 0. For sharper
bounds, require f 2 L?() and decommse to its componerts . Recall that
kwk Cpkrwk for =f,fpanda= 0in 5. Applications of Cauchy-Schwarz
and Young's inequalities provide,

2 2 X 2 .
kr wkp, + ~kr wkg + k_ka = a(w;w) = H;wi a(tw)
=fpis
X
(kf k kwk ) + ~ kr ok kr wk + k—kttk kwk
=fip;s =fip
CS ks

=K k], + 2k wki + — ki kZ + %kwki

X
+ krowk? )+ 2K wk? ) + . kerk® + %kwkz
=fp

Combining terms, and simplifying we have

2c2 s
ke wk?, + Skwkl, P KFIZ + 2K+ 4 (P kel

Recall ==5, 1=k", and k® = . Also, recallthat < §= = andkP < k! = 1=
sudh that
P=maxo f; =k(x)g  =kP
Then
kwk?. C = kik, + kfk+ o kel
kwk? C LKk + —kiki+ L keki,

Applying the triangle inequality
kuk;.s  kwky.g + kekg .o

recallingthat &+ 0in ¢ (for the bound in ) and assumingthat kP 1 (for the
boundin ) provesthe claim. O

2.6. Well-p osedness of NS-Brinkman.  We shall prove existence using the
Leray-Schauder xed point theorem. This requires some preliminary notation and
estimatesfor NS-Brinkman (2.3).

Definition  2.16. Lettr2 H'() bean extensionof boundary data 2 H172()
preservingr &= g2 L?() ; e.g. consider (1) or (2), Proposition 2.8. Then, we
de ne
(1) T:XO% V suchthat T (f) := w wher w 2 V solves

8v2YV, a(w;v) = 1I1(v) a(wv)

(2) N:V! XOsuchthatN(w):=f+r(~g ore orw wWrt WTIW
(3) F:V! V suchthatF =T N.

13



In order to apply Leray Schauder's xed point theorem, we show that F is a
compact linear operator with a xed point that satis es NS-Brinkman, Problem 2.3.
We prove this through the proceedinglemmas.

Lemma 2.17. T is a well-de ned linear, continuous operator.

Proof. T is clearly linear. Well-posednessand boundednesof T follows from The-
orem 2.14. SinceT is a linear and bounded operator, it followsthat T is continuous.
a

Lemma 2.18. For anyw 2 V, thenN (w) 2 H %*() and N mapsV ! X©
continuously. D

Proof. Thrf3 Ladyzhenslaya inequalities imply that there exists  C_ > 0 such
that kwk , CL kwk,. By the Sobolev embedding theorem, H¥=4() | L*4();
hence, there exists C4,q > O satisfying kvk . Caq kvkge-+ for any vg2 H d=4 ().
HOW xing v 2RH =4() it is strBightforward tobound w rw v, & rwyv,

w re v, o rda vby = C Csq kwk,kwk; kvk, ,. Dividing ead of the
resulting inequalities by kvk,_, and taking the supremum over all v 2 H =40y, we
get the desired conclusion. Continuity follows by expanding kN (u1) N (u2)k 4,
and successiely applying Cauchy-Schwarz, the de nition of the negative, fractional
Sobolev norm, and the fact that N is bounded. O

Pr oposition 2.19. F is a compact operator.

Proof. By the Rellich Lemma, H 94() is compactly imbeddedin H *().
Hence,we summarize,

HY 71t H % 1 H T 71 H?
N, cont. compact T, cont.
Hence,F is compact as a cortin uous composition of a compact operator. O

Before concluding existence,we require the following technical result necessaryto
cortrol the sizeof of the troublesometerm arising in proving existenceand derivation
of the a priori estimate for u .

Pr oposition 2.20. F is a compact operator.

Proof. By the Rellich Lemma, H 94 () is compactly embeddedin H 1 ().
Hence,we summarize,

HT 7t H *= 1 H 17t H?
N, cont. compact T, cont.
Hence,F is compact as a cortin uous composition of a compact operator. O

Before concluding existence,we require the following technical result necessaryto
cortrol the sizeof of the troublesometerm arising in proving existenceand derivation
of the a priori estimate for u .

Lemma 2.21. Fix o> 0. Consider boundarydata 2 H¥¥2(@) andg?2 L2()
satisfying the compatibility condition Eq. (2.1). For u de ned by (1), Proposition 2.8,
we havethat for > 0 small enough

P P
kekio ) CL kgk,+2 dk kjizgy i =f.p  (219)

R
Supposefurther that @ fn=0andhene, g2 L3() . Then choosing t asin (2),
Proposition 2.8, we havethat for > 0 small enough

P P
kekpo ) o+ CLkgky:  keka ) CLkgk,

14



Proof. Apply Proposition 2.8 and Lemma 2.6. O

Basedon the de nitions and lemmasabove, we can concludethe following theo-
rem.

Theorem 2.22. (Well-posainess NS-Brinkman) Suppse that the small data
condition is satis ed

P —
2 Cp ke o (2.20)

2

wher t is an extensionof boundary data 2 H¥2() satisfyingr = g2 L?() ;
e.g. consider (1) or (2), Proposition 2.8 with bounds provided in Lemma 2.20. Then
thereis at leastonepair u ;p 2 (X ;Q) satisfying NS-Brinkman, Problem2.3 and

p—
u 2 C nsE; or u o( *

ru 2C nsE; or ru o 1

)

wher

2
Cinse = Cuse(f):=C  kikl+ kfk‘f2p+ 2+ w k”ki;fp kuki;fp

and the constant C is independentof parameters~, , and K. Furthermore, there is at
most one suchsolution u ;p whenthe additional small data condition is satis ed:

P — p
%CL kgkp + D CL kU‘kL4( o) + 1C|_p C ‘N SE
Gku’kl_4( ) + 1CLp C N SE
'CL” Cunse

oT

(2.21)

3=2

NI N N

Proof. We prove existencevia the Leray-Schauder xed point theorem. Fix v 2 V.
Then I; (v) = H;vi and Problem 2.3 becomes

a(w;v) + c(w;w;v) + c(w; t;v) + c(tyw;v) = HF;vi a(wv) + c(d; oy v)

It is easyto seethat a xed point of the nonlinear, compact operator F is a solution

of this variational problem. Thus, considerthe family of xed point problems: for any

0< 1, nd u 2 Xg satisfyingu = F (u ). Noting that & 0in ¢ and the

pseudo-slew symmetry of ¢ (; ;) (Eq. (2.18)), applications of Helder's and Young's
15



inequalities provide

X
kru Ko+ ~kru kZ+ o ku 'S

2 0 S 1
X
= 4 @y (u) F(U'{lil;ugA
=fips -0
3
X
+ (a(rKu) c(reu) c (u;tu) c (tu ;u ))d
=fp
X
kf k ku k + ~krukkruk+k—kukkuk
=fpis =fip

p_—
2 2
+ CLkekygpkr u ke, + 2 Cpkekp oy kru ki

S 32 ., )
5 KK+ ok ko + =2 kFkE, + ;Zkr u Kk,
+3 krwkip+ skru kit o ke ku K
=fp
2 p —
+ T kek 4 ke u K+ 2 Ckek kU K

Let o be one of the extensionsin Proposition 2.8 sothat we have boundsin Lemma
2.20 and the rst small data condition Eqg. (2.20) satis ed. Absorbing terms and
simplifying, we obtain

kru ki + Sku i
ks 6C2

2
— ki ki + —Pkiki + 6 tot ﬁkukifp Ktk ¢

Recall =-5, 1=k", and k®= andthat < §= =. Then,

kr u kf, C —kiki+ Lkiki + 1+ 5+ Lkeki,, Keki,

ku K. C —kik+ ki +  + o+ kol kel

Thus, we have the necessarybound uniform in  to conclude existenceof w 2 V
to homogeneousNS-Brinkman via Leray-Schauder. Hence,there existsu = w + &
satisfying Problem 2.3.

The stability bound for any solution w 2 V to homogeneousNS-Brinkman is
similar and leadsto the sameresult as for u . We recall that u = w+ & Thus,
the stability bound for u follows by application of the triangle inequality, u
kwk,. + kek;. . Noting that & 0in s we provethe a priori estimate.

To establishuniqueness supposews, W, are two suc solutions. Then subtracting
the corresponding equationsfor xed v 2 V, we get

1;

0= a(wr Wwy;Vv)+ c(wg;wi;Vv)  c(Wa;Wp;V)
= a(wy Wwy;Vv)+ c(wg Wy tEV)+ c(tEwr  Wa;V)

16



Write w = w; W, and takev = w (indeed, w 2 V). Recallthat &+ 0in ¢ and
g 0in ¢. By rearrangingthe above equality, decomposingthe domains, noting the
pseudo-slkew symmetry of ¢ (; ;) (Eg. (2.18)), and applying Helder's and Young's
inequalities, we obtain

X
~ kr wk® + k—kwk2
=fpis
X X
= c (w;wy;w) + c (w;tyw) cC (& w;w)
=fpis =fip
X 14 P
= (¢ (wywz;w)) + (cwew) 5 giw
=fips =fip P

X p__ X
% kgks, kwk?,) + Cu ek o kwk], + Cr kwak kwk?,
=fip =fip;s

Thus, requiring

oT

S kak, + o Cu ke ) + 200 Cnse <
Gkukl_4( 0) +p%CL C N SE <

—C. CwnNse < 3

is a su cien t condition to ensurew 0. Notethat 3= =. Nowsetu = w+ t.
Then u 2 V (g) satis es the nonhomogeneousNS-Brinkman. Supposethat there
are two sudh solutions u; and u,. Then subtracting the corresponding equations for
xed v 2 V, wegeta(uy up;Vv)+ c(ug;ug;v) + c(uz;uz;v) = 0. Add/subtract
c(ui;uz;v). Setv = u; Uy (indeed, (us U2)je = Oandr (up up) = 0).
Write w = u; up. Recallagainthat g 0in 5. Then rearranging, noting the
pseudo-slew symmetry of ¢ (; ;) (Eq. (2.18)), and applying Helder's and Young's
inequalities, we obtain

X ) ) X
~ kr wk”® + k—kwk = c (w;ug;w) + c (uz;w;w)
=fpis 7 =fpis
= (c (w;uz;w)) gjwj®
=fipis P

X
CLkgk, U o+ CLkr usky kr wk? + CL kurk,. kwi?
=p;s

Thus, the following is a su cien t condition to ensurew 0

lCLp C nse + kok, < 5 lCLp C.nse < —CLp C.nse < 3
Hence, the secondsmall data condition Eq. (2.21) is su cien t to ensureunigueness.
Establishing existence/uniquenessof p 2 Q follows by applying usual techniques
derived from the inf-sup condition. O

Note that in the caseg 0,up 0 andthus kukL4() = jju jjLe(y canbetaken
arbitrarily small. Returning to the application of Leray-Schauder xed point theorem
in the previous proof, we can apply this result to conclude existencefor any data.

Remark 2.23. The question of existene for large data g 2 L?() is an open
problem. The di culty is that there is an irr evacable coupling between the divergene

17



condition r u = g andthe boundary datau jg = via the compatibility condition
(2.1). By this compatibility condition and Lemma 2.6, we havethat for any extension
# 2 X , there exists a unique tg 2 V? 2 X satisfyingr o =g r & with
only a bound keok, available. In other words, eventhoughthroughthe Hopf extension
we can control the size of kit k ., , we have no obviousway to control the size of
kttok, +(, to an arbitrary degree as required in applying the rst small data condition
(2.20) in the proof for existene in Theorem 2.21.

3. Convergence and consistency analysis. To derive a mixed nite elemen
formulation of continuous Brinkman, 2.4 and 2.3, assumethat  is polygonal with
polygonal subdomains  for = p, s. Let T, be a triangulation of with E, 2 Ty
triangles for d = 2 or tetrahedra for d = 3. Moreover, we require that any E, 2 T,
be such that interior(Ey) is completely cortained in - ¢, ,, 0r .

For non-homogeneousoundary data 2 H™? (@ ), we consider assaiated in-
terpolant of this problem data " satisfying

z z
A= hn (3.1)
@ @
which is required in this analysis, explicitly usedin proving Lemma 3.7. Accordingly,
we de ne the following general nite elemen spacesfor our analysis
n 0
v2CO() % :8En; Vig, 2 (Py) 2 Ty and Vig,n @ = "

q2 L3() :8En2Th; g, 2 Pq

X,
Qh
for some nite dimensional spacespolynomial spacesP, and Py sothat X h HL()

and Q"  Q be conforming, nite elemen subspaces.We write X" = X X. For
example, let X", and Q" be spacesof piecewisepolynomials on ea elemert of Tj,
that satisfy the discrete inf-sup condition

, b(v;q)
f NV
20" va e vk, Kok

>0 (3.2)

The well-known Taylor-Hood mixed nite elemeris are one such example where X "
consistsof piecewisequadratic elemeris and Q" piecewiselinears. We also de ne the
discrete analogueto V (g).

Z z

Vii(@= v2X": (r vg= gg8g2Q"

Write V, forg 0, V" (g) when 0, and VM with gand are 0. We considerthe

generalcaseV", (g) 2 V (g) (which is true for Taylor-Hood elemers). We will also
needthe following discrete analogueof the convective term. R
Definiton 3.1. Fix g2 L?() andu,v,w2 H'() suchthat (r u)q'=
gq” for all d" 2 Q". Letc":HY() HY() HI() ! Rbesuchthat
1 1Z
A (u;v;w) = 5(c (uv;w) ¢ (u;w;v)) > g(v w)

By construction, ¢" (; ; ) is cortinuous, (explicitly) pseudo-slkew symmetric, and
consistert with ¢ (; ;) in the sensestated in the following lemma.

18



Lemma 3.2. Fix g2 L?() . The trilingar functional ﬁh (; ;) is continuous; in
particular, for u, v, win H'() suchthat (r u)d"= gq" for all g" 2 Q",

¢ (u;viw)  Cl kuky. kvk;. kwk;.

whee C' = C. 1+ pa:Z . Write generially C!" := C_. Moreover,

Z
A" (u;v;v) = :_ZL gjvi?; rou=g) " (u;v;w) = c(u;v;w)

Proof. 'Bri_linearity of " (; ;) is obvious. For cortinuity, rst note that it is clear
that kgk dkuk, (indeed, considerkgk = supgon ((r  u;q) =kok)). Then,

Z
A (u;v;w) = %(c (u;v;w) ¢ (u;w;v)) % g(v w)

Co kuky, kvk,. kwk,, + % pakukl; kvk,. kwk,.

The other results are obvious applications of the de nition ofc (; ;). O

We can now state the discrete NS-Brinkman problem:

Pr oblem 3.3. (Discrete NS-Brinkman) Fix f 2 X%and g 2 L?() satisfying
the compatibility condition Eq. (2.1). Find u " 2 V", (g), p " 2 Q" satisfying

8v2 XM auM™v +bvp™ + uMuhv =11(v)
89g2Q";, buqg =1,(q

Existence of solutions to the discrete NS-Brinkman, Problem 3.3, closely follows
the proof of for the cortin uous case. We concludewithout further proof:

Theorem 3.4. (Well-posalness of Discrete NS-Brinkman) Under small data
conditions of Theorem 2.21, there exists a unige solution (u ";p ") 2 (V" (g);Q")
of the Discrete NS-Brinkman, Problem 3.3 that satis es the same stability bound as
Theorem 2.14 with u , p, , and C_ replaed by u ", p ", |, and C" respectively.
Write generially , = andC]=C_.

For low Reynold's numbers, the corvective term in NS-Brinkman is negligible.
Hence,taking ¢ (; ; ) = 0, we considerthe discrete analogueof Stokes-Brinkman.

Pr oblem 3.5. (Discrete Stokes-Brinkman) Fix f 2 X%andg2 L?() satisfying
the compatibility condition Eq. (2.1). Find u " 2 V", (g), p" 2 Q" satisfying

gv2 XM, auMv +bviph =11(v)
89g2Q";,  buMqg =1(9

Existence of solutions to discrete Stokes-Brinkman, Problem 3.5, closely follows
the proof of for the contin uous case. We concludewithout further proof:

Theorem 3.6. (Well-posalnessof Discrete NS-Brinkman) There exists a unique
(uM;pM 2 (vh (g);Q") satisfying discrete Stokes-Brinkman, Problem 3.5. More-
over, any such solution satis es the same stability bound as the continuous problem
shownin Theorem 2.14 with u , p, and C_ replaed by u ", p", , and C"
resgectively. Write generially = andC! = C_.
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3.1. Convergence analysis of discrete Brinkman. We now derive error
estimates u \" obtained from both Problems 3.5 and (3.3). For what follows, let
u;p 2(V (g:;Q and um;ph 2 Vh (g);Q" represen solutions of the con-
tinuous NS-Brinkman (or Stokes-Brinkman) and discrete NS-Brinkman (or Stokes-
Brinkman) problemsrespectively. We show that theseerror estimatesfor the discrete
Brinkman velocity u " relative to the cortinuous Brinkman velocity u are uniform
with respect to penalty parameter ! O.
The following lemma is a technical result required in proving the error estimate.
Lemma 3.7.

p_!

inf u vhl 1+ — inf u VP
wh2Vh (g) hyhaxh,

1
Proof. Fix v 2 X" . By choosing a gaod approximation " of boundary data

2 H¥2() via Eq. (3.1), weensurethat r u v" 2 L3() . Hence,asa
discrete analogueof Lemma 2.6 implied by the discrete inf-sup condition, there exists

? . .
wh 2 VM © satisfyingr w'=r u V" . Moreover,

h 1 b w";q 1 b u Vv';q d h
wh o —sup = —sup — u Vv
hgeqn KoK h g2Qh kak h
Sincer w'+ V" =r u =g, it followsthat v, := w"+ v" 2 V" (g). Hence,

!

p_.
h h d h
u vy u v+ ow 1+ — u v,

h

This inequality holds for arbitrary v" 2 X", the conclusionfollows. O

We state the following error estimate for Stokes-Brinkman velocities.

Theorem 3.8. (Stokes-Brinkman error estimate) Supmsethat u ;p 2 (X ;Q)
solvesStokes-Brinkman, Problem2.4, andu " 2 X", solvesdiscrete Stokes-Brinkman
Problem3.5. Then,

2 . 2 2
ru uh c inf L p thp+—p o .
q"2Qh 3
. 2 2
+ inf 1+ 4 u v vip T Tu w9
" vhaxh,
h 2 . h 2 2 h 2
u ut o C inf —z P d 4 ,t=P q
q"2Qh 3
. 2 2
+ inf 1+4& u v Lpt U AN
vhaxh,

wheee C is independentof , K, ~
Proof. Fix vl 2 VM. Note that qg;r V" = Ofor any q2 Q". Then,

au;v" +bp;vh =1, v ;anda uMVv" =1 V"
20



Fix &" 2 VM (g). Let :=u o, ":=d" u M Subtracting the above equations,
we get

= bp;vV" a ;v

Takev" = " (indeed, " =" u" 2 V"). Applying Cauchy-Schwarz and Young's
inequalities, we obtain

~ ¢ h 2y n2_ bp: " a ;b
k
=f;p;s
X p_
p p r " 4~k k r " +_—kk
=fpis
X 2 ~
3d 5" P I T I
2~ 6
=fpis
3C3 2 ho, X 2 h 2
+ —P K ki+ = + — k k°+
2T T T

Recall =~%, 1=k, and k® =

h 2 h 2
r fp+ S 1;s |
3d 2 2 c2’ 4
Zp phfp+3d p p"_+3 1+C;‘+k—pp ke Ko+ —kr ki
Also, recallthat < §= miny, _fl=; =g. Then,
h
2 2 2
r h C i2 p ph fp+ - p ph s |
R L Ko+ Lkr Kig
2 2 2 2
"l C—=p Pi*+—p P, |
+ o+ Zh ke K4k KD
Applying the triangle inequality u  u " 1 h .+ k k; nearly provesthe claim.

Howewer, since this holds for any p” 2 Q" but only for &" 2 V% (g), we still must
show that this holds for any &" 2 X", . This follows from Lemma 3.7. 00
We notice that the only problematic term remaining is the term

1 2
h
- u v

We show that this is bounded with respectto ! O.
Theorem 3.9. For a suitable approximation v 2 X" ofu 2 X ,

1
Zu vhis C<1

where, C is a generic constant independent of
Proof. From approximation theory we havethat u VP s € u .. From

Theorem 2.14 we have the stability bound u i_s C which provesthe claim O
21



We can also concludethe following error estimate for NS-Brinkman, Problem 3.3.
Theorem 3.10. (NS-Brinkman error estimate) Supmsethat the small data con-
dition Eq. (2.21) is satis ed. Then,

ih 2 C inf h 2 4 2 h 2
u u 1:s hln = b q fp p a s
q"2Q"
. 1 C. 2 C. 2
+ inf 1+ — + = NSE u v+ 1+ ZNSE 3y 0
kP 4 Lfp 4 1;s
vhaxh,
and
) . 1 2 2
ru uh cCinf S p o +-p d
p s
qthh
. 1 C. 2 1 C. 2
+ inf 1+ — + ZNSE u VS o+ 14 ZNSE 3 0
kp 4 Lfp 4 1s
vhaxh,
where C > 0 is independentof , ~ and K.
Proof. Fix vM 2 VM. Note that q;r V" = Ofor any q2 Q". Then,
au;vh +bpvt " usuvt o=V
au™vt o+ uMuvt o=V
Fix t" 2 V" (g). Dene =u d", ":=d" u". Expanding the nonlinearterm
we obtain:
A uuvt o+ uu V"
= " suvt M Muvt B v P ouh hh
Subtracting the above equations, we get
a "V = bpv"oa W
IV N R FOTIPRV. B RV PRV B BT PPV

Takevh = M (indeed, "= &" u ™ 2 VM). Then, applying Helder's and Young's
inequalities and the explicit skew-symmetry of ¢ ( ; ; ), we obtain

h h 2
~ r + —
k
=fpis
X
= bp p5" a ;"
=f;p;s
X
+ A 'u,h o h,u'h Chuh,'h Chuh'h'h
=fipis
X P h h h h
dp p r +~kr k r + —k k
=fpis
X 2
+ C. u . +u" o kk, ", +Cu . "L
=fpis
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We have shawn previously that u and u " areboundedin H' in and s (Theorem
2.21) and denoted
P-p — 1P

u ;o — Cnse; ru = C.nse

Recall =~%, 1=k', and k® = . Then,

X
_  hZ2,  n?
k
=fipis
X 2~ 2 2
~d h - h 2, 4. 2, 7 h
— p P 16r 4~ kr kK 6r
=f:p;s
X 2 2
+ S kK+-— N
k 8k
=fpis
CEC;NSEG 2 h 2 h 2
+ > —kr kfp+1—2 r ftoT
CEC;NSE 8 2 h 2 C|_ h 2
2 _kkl;s+8_ 1;s+7kgkp Lp
I 2 2 B 2
+CL= Cpnse r "o+ or " p TCL— Cunse " s
Also, recallthat < §= = andkP< k' = 1= such that
TP = max, i Tk(x)g  =kP

Applying the small data condition (su cien t condition for uniquenessof solutions to
NS-Brinkman), Eq. (2.21), absorbing terms, and simplifying we obtain

gpk kl;fp+ gk kl;s

2
1d p ¢ 24_ 16—+ 8— + 32CEC;NSE—3 kki;s
16d 2 :

+ o p Pl 32 +16CE o + 24CEC s = kr K

Apply the triangle inequality to obtain estimate foru u ™™ (e.g. u u

h + k k). This nearly provesthe claim. However, sincethis holds for any p" 2 Q"
but only for &" 2 V! (g), we still must show that this holds for any &" 2 X", . This
follows easily from Lemma 3.7. O

3.2. Appro ximating slow, viscous o w around solid obstacles. We as-
sumethat the Stokesequation for uid owin ¢ bethe true ow velocity:
Pr oblem 3.11. (Stokes)Find (u;p) 2 Xs. Q wher

Xi. == V2HY( ):vjp = andvjg, =0
with boundary datauje = 2 H¥2(@) andujg . = Osuchthat (u;p)2 L?(@ s)
satisfying

R R R .
8v2H() ; R, Tuirv JProvE o ((uip) M) V=i
8a2 L3() ; o u=0
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where
(p) A= ru n pN

Note that g 0 here. Also, we only require velocity test functions to vanish on @
and not on @ s. Hence,we require the inclusion of the boundary integral to properly
model Stokes o w around solid obstacles.

In order to establishwell-posednes®f solutionsto this variational Stokesproblem,
we insist that solutions satisfy (u;p) 2 H2( ) H?( ;) and with extensionu 0,
p Oon g, that (u;p) 2 H () L2(). This will be guaranteed for polygonal
boundaries@, @ s andf 2 L2() .

Considerapproximations to this o w givenby the discrete Stokes-Brinkman equa-
tion, uM;p" 2HF() L3Z() solving Problem 3.5. First, we construct a priori
estimatesforuin ¢ andu " in .

Lemma 3.12. For f 2 L2() , any solution u of the variational Stokesproblem
suchthat (u;p) 2 L?(@ s) satis es

kr uk Cikf K

Here, C > 0 is a constant deending solely on the domain geometry.

Proof. Taking v = u in the variational Stokesequation, the result follows easily.
a

Pr oposition 3.13. Fix 0< << 1. Assumeky,, ., k3o = and = =.

Any solution u " of the discrete Stokes-Brinkman problem satis es

Loy e uh o i2|<fk$+—2|<fk§+E K Kyiz(g )

Proof. Follows from work in previous section. O

We want to exploit the relationship between approximations u " to Stokes-
Brinkman in  and solutions to the Stokesequationsu in ; with extensionuj _ 0.
To this end, we referenceAngot's fundamental paper [2] in which he provides a clever
proof to establisha sharp estimatefor u  u | whereu is the solution to continu-
ous Stokes-Brinkman in . We state the theorem herein a slightly modi ed form to
extract exact dependencyof estimate on problem data.

Theorem 3.14. (Angot) Fix 0< << 1. Assumek;;, . Knax = and~= =.
Let (u; p) be a solution of the Stokesproblem.

u u C- kfk+ Kk k

1 H=2(@ s)
where wewrite ;= (u;p) and C > 0 is a constant independent of problemdata ,
~1 K 1 f 1
Proof. Fix 0< < 1. Let~f = |, ~= = kP =1=,andk® = . Start with

the variational Brinkman problem: nd u 2 V satisfyinga u ;v = h;vi for all
v 2 V. Subtracting the variational Stokes problem from this, writing w=u  u we

24



have

Z \Z Z \Z
rwi?+ = rowit+ wil+ = jwi?
f s f s
L Z L Z Z
== fw = ( (up) N w u w
s s f
1 , 1., C 5
—25 kf ks+ Z_ka + _zik (U, p)klez(@ s)
+;ww@+§mﬁ+§mﬁ

Here, we bounded the right-hand side by successie applications of the Cauchy-
Sdcwarz and Young inequalities. Absorbing terms right to left sideswe obtain

ru u . C LKK+1kKizg,
U C?2 KK+ Sk Kig,

To recover optimal convergencein H! () (i.e. to match the O( ) corvergence
rate obtained in H ( )), the ideais to avoid Young's inequality and hencebound
the left-hand side by a factor of kwk,. To this end, Angot considersthe following
auxiliary problem: Find (!; ), wherewewrite ! g :=1j ., ¢ =1j  , s:=pj .,
and ¢ :=pj ,, satisfying

ls+r s+ 1g="Fg; r 's=0; in ¢
(' S; S) nj@ s = (U, p) nj@ s
and
ly+r ¢ =0 r sy =0; in s
'fJ@:OY !fj@s:!Sj@s

The problem in ¢ is obviously well-posedfrom classical Stokes theory. The well-
posednessof problem in ¢ is more subtle due to the boundary conditions on @ s.
Considering the variational problem for ! ¢ and ! ; and the decomposition u = u +

Iz, aweakformulation for z can be establishedand through usual techniques, we
can recover an energy equation for z

wzﬁ+1wZ@+ mﬁ+1n@
z Z z

= r!orz+ uz+ 2 !
f f f

kr 1k + kuk, + 2kl k; kr zKy ¢
We note in addition to Angot's work, that
1 1
kr 1ke  Cklsky =—kfks+ =k (Uipkyi-z(q .
So, it follows that, with an application of Poincare-Fiedrich's inequality,

u u 1 k! kl+ kal C— kfk+ k klez(@ s)
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h um u u™ u , Rate(HY)

0:09428| 3:2033%-6 4:2548-3 |

0:04714| 4.0143-7 1:0663%-4 5.3

0:02357| 5:021%-8 2:6674e-5 2.0

0:01179| 6:2781e-9 6:6696e-6 2.0
Table 4.1

Convergence rate data for the rst experiment

Now we can concludethe following

Theorem 3.15. Let the nite elementdiscretization conform to obstaclebound-
aries suchthat for any E,, 2 Ty, either E, 2 ¢ or E, 2 5. Letu be a solution of the
Stokesproblemin ¢ extendto Oin s, u a solution of the Stokes-Brinkman problem
in , and u " a solution of the discrete Stokes-Brinkman problemin . Then,
h

u C- kfk+kk h

u 1 H1=2(@ s) tu u 1

where boundfor u u " , is givenin Theorem 3.8.
Proof. Apply the triangle inequality and estimate from Theorem 3.14. O

4. Numerical results. We considerthree distinct numerical experimernts in this
section. First, we conrm the cornvergencerate (h! 0) for NS-Brinkman suggested
in Section 3.1. Next, we demonstrate the robust capability of our proposed FE-
discretization of NS-Brinkgan to handle a source and non-homogeneousboundary
conditions (r u 6 0and u N 6 0). Lastly, we consider o w past a non-uniform
array of solid obstaclesto test the rate of convergence(h; ! 0) for Stokes-Brinkman
to Stokeswith no-slip velocity condition imposedat eat obstacleinterface.

We utilize Taylor-Hood mixed nite elemens (piecewisequadratics for velocity
and piecewiselinear pressure)for the discretization. Note that the optimal cornver-
gencerate for steady Navier-Stokes and Stokes velocity approximations is of order
O(h?) in HY() and O(h®) in L?(). We usea Picard iteration to solve the non-
linear NS-Brinkman equation: i.e. set u® = 0, solve for u = u(™*Y lagging the
corvective term by u(™ r u(™*)  We usethe FreeFem++ software for eac of our
simulations.

Exp eriment 1: For the rst experimert, we consider = [0;1]? with , =
([0;0:5] [0;0:5]) [ ([0:5;1] [05;1]), =102, =102 ~+» = =, 6~ = |
Ki = 1=, Kp = and true velocity and pressuregiven by

0(5?313(';2( X)Z;:;i( ( y))/) . p=025(x 05)(y 05)
Note that sincethe velocity is smooth and K, ~ are discortinuous, it follows that f
must be discortin uous.

A uniform triangular meshis used. The results for this experiment are compiled
in Table 4.1. Notice that the H -convergencerate is optimal O(h?) supporting the
basic e ectiv enessof the proposed FE-discretization of the NS-Brinkman equation
and con rming the predictions of the convergenceanalysis.
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Exp eriment 2: Now we consider = [0;2] [0;1], = 10 2, ~=1=,K; =
1=,Ks= . Here,weconsidera0:2 0:2sourceg= 1 certeredin the domain and
the resulting o w around two square obstaclesas shown in Figure 4.1 with imposed
Dirichlet boundary conditions

A R
ittty
SR et
awpmemee &
e

CEmE
o

Fig. 4.1. Experiment 2: (top) problem domain, dark squares represent solid obstacles, (bottom)
NS-Brinkman velocity approximation

Ujx=o = 0:12y(1 ); Ujx=2 = 0:12y(1 v); Uy=0:1= 0

A uniform triangular meshis used. The velocity plot in Figure 4.1 shows the
NS-Brinkman approximation to the proposed ow for Experiment 2 corresponding
with our intuition. To quantify the accuracy of the approximation, we list the L2
normofu M in andH?! semi-normin ¢ and for seweral combinations of h and

-valuesin Table 4.2. Notice that u ™™ and u P 1.5 convergeat a rate O( ) for

ead indicated h. This is better than the O(p ") suggestedby our theory. Also note
that u " , remains bounded (relativ ely constart in fact) with h and
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h u;hs u;hl;s u;hl
10 > | 0:1414 | 4629%5 212366 0:2973
0:07071| 4:7124-5 2:309%-6 0:2992
10 10 [ 0:1414 | 4654310 2:1334-11 0:2980
0:07071| 4:4738-10 2:3206e-11 0:2999
10 1 ] 0:1414 | 4:6543-15 2:133%-16 0:2980

0:07071| 4:7377%-15 2:3296:-16 0:2999

Table 4.2
Convergence rate data for the second experiment; = 10 5, h = 0:07071
h u™ u Ratel® u™ u, RateH?!
=10 °> | 0:09428| 2:696&-2 | 1:4324e-0 |

0:04714| 1:1757%-2 1:2 8:649%-1 0:73
0:02357| 7:050%-3 0:74 4:9880e-1 0:79
10 191 0:09428| 2:418Ce-2 | 1:4413:-0 |

0:04714| 7:9136e-3 1:6 8:8644e-1 0:70
0:02357| 2:052%-3 1.9 4:898%-1 0:86
10 ™ | 0:09428| 2:418(e-2 | 1:4413:-0 |

0:04714| 7:9154e-3 1:6 8:6437-1 0:74

0:02357| 2:052%-3 1.9 4:898%-1 0:82
Table 4.3
Convergence rate data for the thir d experiment

Exp erimen t 3: Lastly, we considerthe relation betweenthe velocity eld pre-
dicted by Stokes-Brinkman and that predicted by Stokeswith no-slip boundary con-
dition imposedat ead solid interface. We consider = [0;2] [0;1], = 1% f =0,
g=0, ~=1=,Ks = 1=, K¢ = . Here, we consider the non-uniform array of
squareobstaclesas shown in Figure 4.2 with imposedDiric hlet boundary conditions

Ujx=o = y(1 y); Ujx=2 = y(1 Y); Uy=0;1=0

The Stokesvelocity usedfor comparisonis obtained by approximating the Stokes
equation with the Taylor-Hood mixed nite elemeris for pressureand velocity with
a ne mesh,hnax = 0:018760.The meshis constructed by FreeFem++ basedon the
Delaunay triangulation. We solve Stokes-Brinkman on a coarser,uniform triangular
mesh. As illustrated in Table 4.3, there appearsto be a degradationin the convergence
rate ofu ™! uinL?ash! Oforlarger = 10 °. For = 10 © and 10 %, the
Stokes-Brinkman velocity appearsto corvergeto the Stokesvelocity with h! 0 twice
asfastin the L2 norm than H! semi-norm, asonewould expect. Our results compiled
in Table 4.4 alsoindicatesthat u " ! 0in sas ! Oatarate O( ). This suggests,
once again, a rate of corvergencewith respect to greater than predicted by our
theory.

5. Conclusion. The Brinkman model for uid o w is simple to implement and
integrate into existing computing platforms. The uniform stability of Brinkman ve-
locities as ! 0O suggeststhat the nite elemeri Brinkman approximations are de-
pendably accurate represenations of Stokesand Navier-Stokes o ws, but avoids the
cumbersomeand often times infeasible task of enforcing no-slip boundary conditions
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Fig. 4.2. Experiment 3: Squares in top plot represent outlines of solid obstacles, (top) Stokes
velocity approximation, streamlines , (bottom) Stokes-Brinkman velocity approximation, streamlines

=10° =100 =107
uT _= | 203533 2098308 2098%13

uh 1s = | 782085 8:0846e-10 8:0846e-15

Table 4.4
Convergence rate data for the thir d experiment; h = 0:02357

on all interior solid obstacle boundaries.

We have shown su cien t (non-trivial) conditions require for well-posednessof
non-solenoidal ows (r u 6 0). Moreover, we have shown that the nite elemern
velocity u " of the NS-Brinkman model corvergesin H( ) at a rate O( ) as

I 0 and has optimal corvergencebehavior (approximation theory) in H() as

h! 0anduniform as ! 0. Our numerical experiments con rm, for Taylor-Hood

elemerts, velocity rates of convergenceO( h?) in HY( ) and O(h?) in HY(), both
uniform as ! 0.

Motiv ated by the ambitious task of accurately modeling the ow of uids in gas-
29



cooled, pebble-bed nuclear reactors, we are interested in extending the Brinkman
model to the caseof compressible uids and coupling Brinkman o w with the equa-
tions of convective and radiativ e heat transfer. Our preliminary nite elemen analysis
for the steady NS-Brinkman provides encouragemen for these advances.
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