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Abstract.
We prop ose a �nite element discretization of the Brinkman equation for modeling non-Darcian


uid 
o w by allowing the Brinkman viscosity ~� ! 1 and permeabilit y K ! 0 in solid obstacles, and
K ! 1 in 
uid domain. In this context, the Brinkman parameters are generally highly discontin uous.
Furthermore, we consider non-generic constrain ts: non-homogeneous Diric hlet boundary conditions
uj@
 = � 6= 0 and non-solenoidal velocit y r � u = g 6= 0 (to model sources/sinks). Coupling
between these two conditions makes even existence of solutions subtle. We establish well-p osedness
of the contin uous and discrete problem, a priori stabilit y estimates, and convergence as ~� ! 1
and K ! 0 in solid obstacles, as K ! 1 in 
uid region, and as the mesh width h ! 0. For
non-solenoidal Brinkman 
o ws, we include a small data condition to ensure existence of solutions
(idea applies directly to the steady Navier-Stok es equations). In addition, we prop ose a pseudo-
skew-symmetrization of the discrete convective term

R

 u � r v � w required for analysis of discrete

non-solenoidal Brinkman problem.

1. In tro duction. This report considersthe approximation of high velocity 
o w
through complex geometriesinvolving pores. Motiv ating examplesinclude the 
o w
through closely placed turbines on a windfarm [12], [24] and the high velocity 
o w
of helium gas through a packed bed of (tennis-ball sized, uranium fuel) spheresin
a pebble bed nuclear reactor [28], [27]. In both applications, the 
uid velocities are
too large to model accurately with Darcy's equation and the pore geometry is too
complex to approximate by the Navier-Stokes equations (NSE) in the pore region
with no-slip boundary conditions on the solid obstacles. Therefore, appropriate for
this setting, we proposea �nite element method for the Brinkman model, beginning
with the equilibrium case.

Pr oblem 1.1. (NS-Brinkman model) For incompressible,viscous 
uid 
ow in

 , �nd velocity u� and pressure p� satisfying

� 2r � (~� D
�
u�

�
) + u� � r u� + r p� + � K � 1u� = f ; in 


r � u� = g; in 

u� = �; in @


Here, 
 � Rd is an open domain for d = 2 or 3 consisting of both the pores and
solid obstacles,D

�
u�

�
= 0:5(r u� +

�
r u�

� t
) is the deformation tensor, f represents

body forces,g represents sourcesand/or sinks in 
, K is the permeability tensor, �
is the kinematical viscosity, and ~� is the Brinkman viscosity. In particular, we �x
0 < � << 1 and set ~� = 1=� and K = 1=� in the solid obstaclesin 
 and ~� = � and
K = � in the purely 
uid parts of 
. SeeFigure 1.1.

For low Reynolds numbers, the convective term u� � r u� is negligible; thus, we
also consider the Stokes-Brinkman model.

Pr oblem 1.2. (Stokes-Brinkman model) for u� and p�

� 2r � (~� D
�
u�

�
) + r p� + � K � 1u� = f ; in 


r � u� = g; in 

u� = �; in @


� rni1@pitt.edu, http://www.math.pitt.edu/~rni1
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 f - The Fluid Domain
~� = ~� f

K = kf

SampleDomain � 
 = 
 f [ �
 p [ �
 s


 s

~� = ~� s

K = ks

K = kp

~� = ~� p


 p


 p


 s


 p


 p


 f


 f p = 
 f [ �
 p
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 s
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 ps = 
 p [ 
 s

Fig. 1.1. Sample subdomains 
 � � 
 with parameters ~� � , k � , black regions not part of indic ated

 � . (top-left) Problem domain 
 f ps = 
 , (top-right) Fluid-Por ous domain 
 f p , (bottom-left) Fluid-
Solid domain 
 f s , (bottom-right) Porous-Solid domain 
 ps

For model parameters ~� and K of order O(1), the numerical analysis of the
Brinkman model �ts within the framework for the abstract error analysisof the NSE,
e.g. [11], [32]. However, the targeted applications of the Brinkman model are often
highly non-generic
o ws involving

� complex geometries,i.e. denseswarm of porous and solid obstacles
� highly discontinuous parameters ~� and K
� non-homogeneousboundary conditions, i.e. u� j@
 = � 6= 0
� generaldivergenceconditions on velocity, i.e. r � u� = g 6= 0

Thus, we considerherein the numerical analysisassociated with the asymptotic limits
and rates of convergenceas the discretization parameter h � tend to 0. The last two
conditions u� j@
 6= 0 and r �u� 6= 0 in 
 are necessaryfor many natural and industrial

o ws in porous media.

We derive a weak formulation of Stokes and NS-Brinkman models in Section 2.
Note that Hopf proved in [15] that solutions to the steady NSE exist for general
boundary data under certain restrictions on @
 for the caser � u = 0. In Section2.2,
we note coupling betweenu� j@
 = � and r � u� = g 6= 0 preventing a generalexistence
result for nonzeroboundary conditions and nonzerodivergence.Our analysisis based
on the construction of an extension operator ~u of boundary data � satisfying the
constraint r � ~u = g. We show that for g 2 L 2 (
) and � 2 H 1=2 (@
) satisfying

� g � 0, or
� g has compact support in 
,

R

 g = 0, and g small enough,or

� g has compact support in 
, and g and � is small enough
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there exists a solution
�
u� ; p�

�
2 H 1 (
) � L 2 (
) to the NS-Brinkman Problem 1.1.

Furthermore, we show that the continuous (Section 2.3) and discrete (Section 3.1)
Stokes- and NS-Brinkman models are well-posed(with small data for the nonlinear
problem). We derive a priori estimates for u� with explicit dependenceon � , ~� , and
K . For � > 0, both the continuous and discrete velocities for both Stokes-Brinkman
and NSE-Brinkman are of order O(

p
� =� ) in H 1 in the solid obstaclesembeddedin 


and O(1=� ) in H 1 in all 
; hence,for �xed � > 0, u� is uniformly stable with respect
to � with respect to � ! 0.

For the numerical scheme, we provide a condition for interpolating non-smooth
boundary data usedin the analysisof the �nite element discretization of the Brinkman
model. We also proposean innovative (explicitly pseudo-skew symmetrized, de�ned
in Section 3, for generalg) discrete form for the convective term u � r u . In Section
3.1, we show that the proposed conforming �nite element discretization provides a
convergent approximation u� ;h of u� as h ! 0 uniformly with respect to the penalty
parameter � . In Section 3.2, letting u be a solution to the Stokes problem in the
purely 
uid domain 
 f � 
 with no-slip boundary conditions on the solid obstacles,
we show that the the discreteBrinkman velocity u� ;h convergesto u as h, � ! 0 such
that




 u� ;h � u






H 1 (
) � C
�

�
�

+



 u� � u� ;h






H 1 (
)

�

Finally, we provide numerical validations of our theory in Section 4.

1.1. Ov erview of Brinkman 
o w mo del. WhereasDarcy's law assumesthat
velocity is proportional to the pressure gradient for a particular porous medium,
Brinkman noted that, in general, the viscouse�ects must also be taken into account
to model 
o w accurately through porous media, see[6], [7]. Heuristic generalizations
of Darcy's law have beenconsideredto model non-Darcy 
o ws in porous media (e.g.
[14], [18], [26], [5]). Along with heuristic developments, theoretical justi�cations exist
for the Brinkman model asan asymptotic approximation to the NSE, e.g. see[1], [16]
and referencestherein. Straughan presents several of the most popular non-Darcy
models for 
o w in porous media in [30] (a well-cited compilation of his and others'
contributions to this theory).

The Brinkman model has been applied to approximate non-Darcian 
o ws in a
variety of contexts; e.g. it is usedto model oil �ltration 
o ws [17], groundwater 
o ws
[8], forced convective 
o ws in metal foam-�lled pipes(used in the cooling of electronic
equipment) [23], gas di�usion through fuel cell membranes [13], Casson
uid 
o w in
porous media (e.g. blood 
o w in vesselsobstructed by fatt y plaques and clots) [9],
and interstitial 
uid 
o w through musclecells [31] with good accuracy. The Brinkman
equation is also usedto model turbulence in porous media in the macroscopicscales
[19] (for a discussionconcerning turbulence modeling at the macroscopicversusthe
microscopicpore level see[25]).

Numerical analysisof a discretization of the Stokesand NS-Brinkman 
o w model
is limited. In [33], Xie et.al. provide an innovative numerical analysis of the Stokes-
Brinkman equations with a condition that ensuresstable �nite element spacesfor
the discrete Stokes-Brinkman equation in the limiting condition for high Reynold's
number. In [2], Angot providesa beautifully detailed error analysisfor the continuous
Stokes-Brinkman 
uid velocity in 
uid-p orous and 
uid-solid domains compared to
Darcy-Stokesvelocities.
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1.2. Appro ximating Brinkman 
o w in 
 . Solving the NSE in the poresof 

with no-slip boundary conditions at solid interfacesor non-stationary and/or complex
domain boundaries is cumbersomeat best and most often simply not feasible[2], [3].
Furthermore, the coupling condition between Stokes 
o w domains and Darcy 
o w
domains (used for 
o w in porous media) is physically unresolved even though the
Beavers-Joseph-Sa�man(BJS) interface condition is widely accepted and generally
used in practice [4], [29], [21]. Furthermore, Layton et.al show in [21] that coupled
Stokes-Darcy
o w using the BJS interface condition is well-posed,but such a conclu-
sion has not beenveri�ed for the nonlinear NS-Darcy coupling. In addition, further
complications arise becauseStokes velocity has meaning of a "p ointwise" velocity
and Darcy velocity has meaning of an "averaged" velocity providing an unresolved
compatabilit y issuebetweenthesetwo velocities, seee.g. [18], [26], [5].

It is exactly these shortcomings in coupling Stokes or NSE with Darcy's equa-
tions that are the strengths of the Brinkman 
o w model. To this end, we consider
the penalized Brinkman problem formulated and described in [20] with convergence
analysis in [2]. In particular, when approximating 
o ws in 
, we want u� be as small
as possibleinside all solid obstacles
 s � 
 and recover the no-slip condition on each
solid interface @
 s. This is attained by imposing a large Brinkman viscosity ~� and
small permeability k in 
 s . In addition, in the purely 
uid region 
 f 2 
, there are
no medium obstacles impeding the 
o w; thus, the permeability k in 
 f should be
large. Consider a small, parameter 0 < � << 1 and set

~� j 
 s =
�
�

; kj 
 s = � ; kj 
 f =
1
�

Weare interestedin the asymptotic behavior of solutionsu� to Problems1.1and 1.2as
� ! 0 and the double asymptotic of approximate solutions u� ;h as� ! 0, h ! 0. This
�ctitious domain approach has beenanalyzed in various contexts for the continuous
Brinkman velocity u� , seee.g. [2], [3], [19], [22]. The Brinkman approach eliminates
the mathematical and physical problems with the interface couplings. Moreover, it is
simple in implementation and easily adapted to existing computing platforms.

2. Problem form ulation. We are interested in 
uid 
o w through a porous
medium 
, an open and connecteddomain in R2 or R3, refer to Figure 1.1 for an
illustration. Decompose
 into a purely 
uid domain 
 f (no 
o w obstruction), porous
domain 
 p (some 
o w obstruction) and purely solid domain 
 s (complete 
o w ob-
struction)


 = 
 f [ �
 p [ �
 s

where @
 f , @
 p, and @
 s represent the corresponding boundaries of the indicated
subdomains. Weallow @
 to be the union of distinct, connectedsegments. We assume
that @
 p and @
 s do not intersect with the problem domain boundary @
, that
 p

and 
 s consist of open and connectedsubsetsof 
, and 
 p and 
 s are disjoint and
bounded away from @


�
 p \ �
 s = ; ;
� �
 p [ �
 s

�
\ @
 = ;

Lastly, we require that 
 f is necessarilyconnectedsuch that

@
 f = @
 [ @
 p [ @
 s
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We write 
 � for � = f , p, s, f p, f s, ps, and f ps such that


 f p := 
 f [ �
 p


 f s := 
 f [ �
 s


 ps := 
 p [ 
 s


 f ps := 


SeeFigure 1.1 for an illustration.
We assumethat � > 0 is constant in 
. Also, ~� > 0 is piecewiseconstant and

constant in each subdomain 
 f , 
 p, and 
 s such that ~� j 
 f = � and ~� j 
 p = � . We
write

~� f := ~� j 
 f = � ; ~� p := ~� j 
 p = � ; ~� s := ~� j 
 s

SeeFigure 1.1 for an illustration. Moreover, we write

~� f p (x) :=
�

~� f ; x 2 
 f

~� p; x 2 
 p
; ~� f s (x) :=

�
~� f ; x 2 
 f

~� s ; x 2 
 s
; ~� ps (x) :=

�
~� p; x 2 
 p

~� s ; x 2 
 s

and identify ~� = ~� f ps (recall, 
 f ps = 
). The permeability tensor K 2 L 1 (
) d� d is
generally symmetric and positive de�nite. We assumethat K is a constant scalar on
each subdomain 
 f , 
 p, and 
 s and write

k � := K j 
 � ; � = f , p, s, f p, f s, ps, and f ps

and identify K = k f ps . Lastly, for � = f , p, s, f p, f s, ps, and f ps write

~� �
max := max

x 2 
 �

~� (x) ; ~� �
min := min

x 2 
 �

~� (x)

k �
max := max

x 2 
 �

K (x) ; k �
min := min

x 2 
 �

K (x)

and identify ~� max := ~� f ps
max , ~� min := ~� f ps

min , kmax := kf ps
max , and kmax := kf ps

max .
In porous regions 
 p, the Brinkman viscosity kp and ~� p should have moderate

values. We supposethat kp dependson the domain geometry (e.g. see[5]). It is not
well understood how to select the Brinkman viscosity ~� in 
 p. We set ~� f p = � which
is a common choice in both engineeringpractice and analytical theory. See,e.g., [5]
and [18] for more on this subject.

Lastly, assumethat f 2 H � 1 (
) d (the dual spaceof H 1
0 (
) d consisting of H 1-

functions vanishing on @
), � 2 H 1=2 (@
) d, and g 2 L 2 (
). We supposethat g is
localized satisfying

g � 0 in �
 f [ �
 s

and compatible with the boundary data so that r � u� = g and thus

Z



g =

Z

@

� � n̂ (2.1)

In this context, we consider
�
u� ; p�

�
satisfying the nonlinear or linear systemof equa-

tions, Problem 1.1, 1.2.
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2.1. W eak form ulation. Let V 0 denote the dual of any linear spaceV . Let
� = f , p, s, f p, f s, ps, or f ps. We write (�; �) � to represent the L 2 (
 � ) inner product
and (�; �) when � = f ps (recall 
 f ps = 
). Let k�k1;� represent standard norm for
H 1 (
 � ) and write k�k� for the standard L 2 (
 � )-norm, k�k1 for the standard H 1 (
)-
norm (� = f ps), and k�k for the standard L 2 (
) -norm. Lastly, let h�; �i V 0� V represent
the dualit y pairing for linear spaceV .

Definition 2.1. Let 
 � � Rd be an open set.

L 2
0 (
 � ) :=

n
q 2 L 2 (
 � ) :

R

 �

q = 0
o

; H 1
0 (
 � ) :=

�
v 2 H 1 (
 � ) : vj@
 � = 0

	

Write Q := L 2
0 (
) and X := H 1

0 (
) . For g 2 L 2 (
) , � 2 H 1=2 (@
)

X � :=
�

v 2 H 1 (
) : vj@
 = �
	

V� (g) :=
�

v 2 X � :
R


 q(r � v) =
R


 gq; 8q 2 L 2
0 (
)

	

V � :=
n

f 2 X 0 : hf ; vi X 0� H 1
0

= 0; 8v 2 V0 (0)
o

V ? :=
�

v? 2 X :
R


 v? � v = 0; 8v 2 V0 (0)
	

and We write V = V0 (0), V� = V� (0), and V (g) = V0 (g). Moreover, X 0 =
H � 1 (
) :=

�
H 1

0 (
)
� 0

is equipped with the following norm

kf k� 1 = sup
v2 X ;v 6=0

hf ; vi X 0� X

kvk1

Lastly, we note that Q0 = Q.
If f 2 L 2 (
 � ) and v 2 H 1 (
 � ), we abusenotation and identify hf ; vi � = (f ; v) �

even though H � 1 (
 � ) is not the dual of H 1 (
 � ) (rather, it is the dual of H 1
0 (
 � )).

Next, we de�ne several (bi/tri)linear functionals:
Definition 2.2. Let � = f , p, s, f p, f s, or f sp. Let u, v, w 2 H 1 (
) , and

q 2 L 2 (
) . De�ne the bilinear and linear forms a� (�; �), b� (�; �), l2 (�) by

a� (�; �) : H 1 (
) � H 1 (
) ! R; a� (u; v) :=
R


 �
~� r u : r v +

R

 �

� K � 1u � v
b� (�; �) : H 1 (
) � L 2 (
) ! R; b� (v; q) := �

R

 �

q(r � v)
l2;� (�) : L 2

0 (
) ! R; l2;� (q) := �
R


 �
gq

Further, de�ne the linear form l1;� (�) : H 1
0 (
) ! R,

l1;� (v) := hf ; vi H � 1 (
 � ) � H 1
0 (
 � ) �

Z


 �
~� gr � v

and triline ar form c� (�; �; �) : H 1 (
) � H 1 (
) � H 1 (
) ! R,

c� (u; v; w) :=
Z


 �

u � r v � w

To derive the variational formulation of Problems1.1 and 1.2, we notice note that
r � r ut = r (r � u). Consequently ,

r �
�
D

�
u� ��

=
1
2

�
� u� + rr � u� �

=
1
2

� u� +
1
2

r g

The term r g is data and included in l1 (�)). Thus, we have the following weak formu-
lation of the NS-Brinkman equations,Problem 1.1.
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Pr oblem 2.3. (Weak NS-Brinkman) Given f 2 X 0 and g 2 L 2 (
) . Find
u� 2 X � , p� 2 Q such that

8v 2 X ; a
�
u� ; v

�
+ b

�
v; p�

�
+ c

�
u� ; u� ; v

�
= l1 (v)

8q 2 Q; b
�
u� ; q

�
= l2 (q)

Similarly, the following variational formulation of Stokes-Brinkman equations,Prob-
lem 1.2, follows by setting the convective term c(�; �; �) = 0 in Problem 2.3.

Pr oblem 2.4. (Weak Stokes-Brinkman) Given f 2 X 0 and g 2 L 2 (
) . Find
u� 2 X � , p� 2 Q such that

8v 2 X ; a
�
u� ; v

�
+ b

�
v; p�

�
= l1 (v)

8q 2 Q; b
�
u� ; q

�
= l2 (q)

Alternativ ely, we can formulate the variational Brinkman problem in operator
notation.

Definition 2.5. For any u, v 2 H 1 (
) , w 2 X , and q 2 Q, de�ne A 2
L (X ; X 0), B 2 L (X ; Q), and C (u) 2 L (X ; X 0) such that

hAu; wi X 0� X := a (u; v)
hB w; qi Q� Q := b(w; q) =: hB 0q; wi X 0� X
hC (u) v; wi X 0� X := c(u; v; w)

Thus, we can rewrite Problem (2.3): �nd u 2 X � , p 2 Q satisfying

Au + B 0p + C (u) u = f (in X 0); B u = g (in Q)

We can also rewrite Problem (2.4): �nd u 2 X � and p 2 Q satisfying

Au + B 0p = f (in X 0); B u = g (in Q)

2.2. Calculus on sub domains 
 � . We often decompose 
 into its physical
components the purely 
uid region 
 f , the porous region 
 p, and solid region 
 s. In
doing so, we must be careful in applying Poincar�e's Inequality (since we require that
functions vanish on a set of positive measureon the domain boundary) and dualit y
pairing (sinceH � 1 (
 � ) is dual to H 1

0 (
 � ) and not to H 1 (
 � )). We state theseresults
in the context of our problem.

Theorem 2.6. (Poincar�e's Inequality) For any w 2 H 1
0 (
) , there exists C �

p > 0
such that

kwk
 �
� C �

p kr wk
 �
; for � = f ; f p; f s; f ps

We generically write Cp = C �
p for all � .

Note that this result is not applicable in 
 s or 
 p sinceboundary data is generally
not provided on @
 p or @
 s. Additionally , the functional f 2 H � 1 (
 � ) acts on
elements from its dual spacev 2 H 1

0 (
 � ). Again, since boundary data is generally
not provided on @
 p or @
 s and

kf k� 1;� = sup
v2 X (
 � ) ;v 6=0

hf ; vi X 0� X

kvk1;�

then hf ; vi H � 1 (
 � ) � H 1
0 (
 � ) � kf k� 1;� kvk1;� only applies when � = f ps.
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Next, we collect somebasic properties of the divergenceoperator.
Lemma 2.7. For 
 � Rd open and connected the divergence operator is an

isomorphism between V ? and L 2
0 (
) . Therefore, there exists � > 0 such that the

inf-sup condition holds:

inf
q2 L 2

0 (
)
sup

v2 H 1
0 (
)

hr q; vi
kqk kvk1

� � > 0: (2.2)

As a consequence, for any q 2 L 2
0 (
) there existsa uniquev 2 V ? � H 1

0 (
) satisfying

kvk1 � � � 1 kqk (2.3)

Proof. See,for example,page24, Corollary 2.4 in [11] .

2.3. Decoupling r � u = g and uj 
 = � . It is necessaryto rewrite the general
divergence,nonhomogeneousBrinkman problems1.2and 1.1 in terms of a divergence-
free velocity vanishing on the boundary @
. We compile several well-known results,
e.g. see[11]. Recall that � 2 H 1=2 (
), f 2 X 0, and g 2 L 2 (
) satis�es the compati-
bilit y condition Eq. (2.1). From from the trace theorem, there exists an extension

9u� 2 H 1 (
) satisfying u� j@
 = � (2.4)

and 9
 > 0 such that ku� k1 � 
 k� k1=2;@
 (2.5)

Furthermore, from the compatibilit y condition Eq. (2.1) along with application of the
divergencetheorem, we have that

R

 (g � r � u� ) = 0. Hence,g� r � u� 2 Q. Lemma

2.6 ensuresthat r � : V ? ! Q de�nes an isomorphism so that

9!u0 2 V ? � X satisfying r � u0 = g � r � u� (2.6)

Hence,we consider looking for w 2 V rather than u� 2 V� (g) solving Problems
2.3 or 2.4.

Pr oposition 2.8. Given � 2 H 1=2 (@
) and g 2 L 2 (
) satisfying the compati-
bility condition (2.1), supposethat u� and u0 are de�ned as above in Eq.'s (2.4) and
(2.6) respectively. Then writing ~u := u� + u0,

k~uk1 = ku� + u0k1 �
�


 +
p

d� � 1
�

k� k1=2;@
 + � � 1 kgk (2.7)

Moreover, solving Problems2.3 and 2.4 for u� 2 V� (g) is equivalent to solving the
sameequations for w 2 V where

u� = w + u� + u0; r � w = 0 in 
 ; wj@
 = 0 (2.8)

Proof. The proof of the �rst bound follows by applying bound (2.3) and Lemma
2.6. The problem equivalency is obvious.

Unfortunately , this bound is unsatisfying . In particular, similar to the NSE, we
must control the problematic term

R

 w � r ~u � w, where w 2 V is as in Eq. (2.8) and

~u satis�es ~uj@
 = � and r � ~u = g in 
 as in Eq. (2.4). Noting that
Z



w � r ~u � w = �

Z



w � r w � ~u � C kr wk2 k~ukL 4 (
) (2.9)
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must be absorbed from the right-hand sideto left-hand side(details follow in the next
section), the following proposition is necessaryin establishing existenceof solutions
to NS-Brinkman, Problem 2.3 for arbitrary data � 2 H 1=2 (@
 ). This result builds
upon the subtle and technical work of Leray rigorously compiled by Hopf in [15] and
elegantly presented by Raviart and Girault in [11] and Galdi in [10] and speci�cally
concernsnonhomogeneousboundary data for the steadyNavier-Stokesequationswith
divergence-freeconstraint r � u = 0. Particular care must be taken in a domain with
holeswhen

Z

@
 i
u� � n̂ = 0 (2.10)

is not required on each connectedcomponent of the boundary @
 i � @
, i = 1; : : : ; l .
We consider another interesting casewhen sourcesand sinks are present inside the
computational domain itself, i.e. when r � u� = g 6= 0.

Pr oposition 2.9. Let 
 be an open, connected domain with piecewiseLipschitz
boundary @
 and suppose that @
 satis�es the Hopf condition (2.10). Suppose that
� 2 H 1=2 (@
) and g 2 L 2 (
) satisfy the compatibility condition Eq. (2.1) and that
g = 0 in 
 s and 
 f and g 6= 0 in 
 p. Fix � > 0. (1) There an extensionu�

� 2 X � such
that u�

� = 0 in �
 p and �
 s . There also exists u0 2 H 1
0 (
 f p) with extension u0 = 0 in

�
 s such that r � u0 = g � r � u�
� in 
 . In particular,

~u = u�
� + u0 =

8
<

:

u�
� + u0 in 
 f

u0 in 
 p

0 in 
 s

and

ku0k1 � kgkp +



 r � u�

�






f

(2)If in addition
R


 g = 0, then there existsan extensionu�
� 2 V� suchthat u�

� = 0
in �
 p and �
 s . There also exists u0 2 H 1

0 (
 f p) with extensionu0 = 0 in �
 s such that
r � u0 = g. In particular,

~u = u�
� + u0 =

8
<

:

u�
� in 
 f

u0 in 
 p

0 in 
 s

and

ku0k1 � kgkp

In both cases,for any � 0 > 0, there exists an � > 0 such that



 u�

�






L 4 (
)
< � 0

Proof. Our proof follows the work of Raviart and Girault for divergence-freeve-
locities and non-homogeneousDirichlet boundary conditions in [11], page287,Lemma
2.3 (also see[10]). From Eq. (2.4), there exists an extension u� of � 2 H 1=2 (@
)
satisfying ku� k1 � 
 k� k1=2;@
 . In order to localizecontributions of problem data, we
consider the cut-o� function  � 2 C1

� �

�

described in [11]. Brie
y ,  � is identically
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zero for all points in 
 a certain � -dependent distance away from @
 and identically
1 a certain � -dependent distance close to @
 and smoothly connected in between.
Moreover, k � vk1 < 1 for all v 2 H 1 (
). For (1), take u�

� := 
 � u� . We can take
� > 0 small enoughto ensurethat u�

� = 0 in 
 p and 
 s. In addition

Z


 f p

r � u�
� =

Z

@

� � n̂ =

Z


 f p

g

and henceg � r � u�
� 2 L 2

0 (
 f p). Thus, by Lemma 2.6, there exists a unique u0 2
V ? (
 f p) � H 1

0 (
 f p) such that r � u0 = g � r � u�
� . We extend u0 = 0 on 
 s. The

bound ku0k1 � � � 1jjg � r � u�
� jj f p follows from Lemma 2.6. For (2) refer again to [11]

for the existenceof a particular extensionu�
� , such that for any � > 0,

u�
� = r �

�
 � u�

�

�

de�nes another extension of � satisfying r � u�
� = 0. Now since g 2 L 2

0 (
 p), as a
consequenceof Lemma 2.6, there exists a unique u0 2 V ? (
 p) satisfying r � u0 = g.
Extend u0 = 0 on 
 f and 
 s . We can take � > 0 small enoughto ensurethat u�

� = 0
on 
 p and 
 s . Let ~u = u�

� + u0. The bound for u0 follows from Lemma 2.6. The �nal
result follows from the specially constructed property of 
 � .

Note that for g � 0 in 
, the L 4-norm of ~u canbemadearbitrarily small. However,
for general g 2 L 2 (
) , then g and � are coupled via the necessarycompatibilit y
condition Eq. (2.1); hence, there is no obvious way to control the size of k~ukL 4 (
)

which is required to control the sizeof the bound in (2.9).
Note that for the Hopf extension,k~ukL 4 (
) ! 0 as � ! 0, but the bound on k~uk1

grows exponentially as � ! 0.

2.4. Con tin uit y and coercivit y. Wenow proceedwith someimportant bounds
on the previously de�ned functionals required in our proceedingstabilit y and error
analysis.

Lemma 2.10. The linear functionals l1 (�) and l2 (�) are continuous. In particular,
for any v 2 H 1 (
) and q 2 L 2 (
) ,

l1 (v) � kf k� 1 kvk1 + ~� max
p

dkgk kr vk ; if v 2 X
l2;� (q) � kgk� kqk� ; for � = f , p, s, f p, f s, ps, or f ps

Moreover, for � = f , p, s, f p, f s, ps, or f ps, if f 2 L 2 (
 � ), and v = 0 on � � � @
 �

that has positive measure with respect to boundary, then

l1;� (v) � kf k� kvk� + ~� �
max

p
dkgk� kr vk� �

�
Cp kf k� + ~� �

max

p
dkgk�

�
kr vk�

Proof. Linearit y for the functionals is obvious. Continuit y follows by a direct
application of the dualit y for k�k� 1-norm result and Cauchy-Schwarz for the others
along with Poincar�e and the fact that kr � vk �

p
dkr vk to obtain k�k1.

Lemma 2.11. The bilinear functional b(�; �) is continuous. In particular, for
� = f , p, s, f p, f s, ps, or f ps and for any v 2 H 1 (
) , q 2 L 2 (
)

b� (v; q) �
p

dkr vk� kqk� (2.11)
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Proof. Bilinearit y is obvious. Continuit y followsby a direct application of Cauchy-
Schwarz inequality and the fact that kr � vk �

p
dkr vk.

Lemma 2.12. The bilinear functional a (�; �) is continuous and coercive. In par-
ticular, for � = f , p, s, f p, f s, ps, or f ps and for any u, v 2 H 1 (
)

a� (u; v) � ~� �
max kr uk� kr vk� + � (k �

min )� 1 kuk� kvk� � � �
1 kuk1;� kvk1;� (2.12)

and

a� (v; v) � ~� �
min

R
� jr vj2 + � min (k �

max ) � 1 R
� jvj2 � � �

0 kvk2
1;� ; or

a� (v; v) � ~� �
min

2Cp
kvk2

1;� ; if v = 0 on � �
(2.13)

where � � � @
 � has positive measure with respect to boundary and

� �
1 = maxf ~� �

max ; � max =k�
min g; � �

0 = min f ~� �
min ; � =k�

max g (2.14)

Proof. Bilinearit y is obvious. Continuit y followsby bounding problem parameters
� , ~� , and K and applying the Cauchy-Schwarz inequality. The coercivity condition
follows once again by bounding the problem parameters and, for the secondform,
applying the Poincar�e inequality.

Lemma 2.13. The triline ar functional c(�; �; �) is continuous. In particular, for
� = f , p, s, f p, f s, ps, or f ps and for any u, v, w in H 1 (
)

c� (u; v; w) � C �
L kuk1;� kr vk� kwk1;� (2.15)

where C �
L > 0 only dependson 
 � . Moreover,

c� (u; v; w) � C �
L kr uk� kr vk� kr wk� ; if uj � �

1
; wj � �

2
= 0 (2.16)

where � �
1, � �

2 � @
 � have positive measure with respect to the boundary. We write
CL = C �

L for all � .
Separately, if r � u = g in 
 � and (u � n̂ (v � w)) j@
 � = 0, then

c� (u; v; w) = � c� (u; w; v) �
Z


 �

g(v � w) ; and hence (2.17)

c� (u; v; v) = �
1
2

Z


 �

g jvj2 (2.18)

We call c� (�; �; �) pseudo-skewsymmetric. Moreover, if r � u = 0 in 
 � , then c� (�; �; �)
is actually skew-symmetric.

Proof. Trilinearit y is obvious. The two continuit y bounds are classical results.
To prove the �rst identit y, we make useof Einstein's tensor notation for indices and
vector/tensor operations: u � r v �w = ui vj;i wj . Apply the divergencetheorem and the
fact that (u � n̂ (v � w)) j@
 � vanisheson @
 � . Skew-symmetry for div-free functions
then follows easily.

We call c� (�; �; �) pseudo-skew symmetric becausethe function

(u; v; w) 7! c� (u; v; w) +
1
2

Z


 �

g(v � w)

is skew-symmetric.
Remark 2.14. Note that, b(�; �) is uniformly continuous; a (�; �) is uniformly

continuous when, for someC > 0 we restrict � , ~� and kK kL 1 (
) < C1 < 1 ; a (�; �)
is uniformly coercive when, for some C0 > 0 we restrict � , ~� � C0 > 0. Hence, for
turbulent 
ows there is a question concerning stability as � ! 0. Xie et.al. in [33]
discussthe numerical aspects of properly selecting stable �nite elementspaces.
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2.5. W ell-p osedness of Stok es-Brinkman. First, we establish existenceand
uniquenessalong with a priori estimates for the weak Stokes-Brinkman equation
before proceeding with the NS-Brinkman equation. We suppose that f 2 L 2 (
),
� 2 H 1=2 (
), and that g 2 L 2 (
) (g 6= 0 in 
 p and g = 0 in 
 f , 
 s) satis�es
the compatabilit y condition Eq. (2.1) throughout. We are particularly interested in
rigorously tracking the dependenceof solutions u� to Stokes-Brinkman on ~� , K and
� . In the next theorem we prove that




 r u�




 � O

�
1
�

�
;




 u�






1;s
� O

� p
�

�

�

Theorem 2.15. (Wel l-posednessStokes-Brinkman) There existsa unique
�
u� ; p�

�
2

(X � ; Q) satisfying Stokes-Brinkman, Problem2.4. Let ~u be an extensionof boundary
data � 2 H 1=2 (
) satisfying r � ~u = g 2 L 2 (
) , e.g. see Proposition 2.8. Then�
u� ; p�

�
satisfy




 r u�




 �

1
�

p
C� ;




 u�






1;s �

p
�

�

p
C�

where

C� := C� (f ; ~u) := C
�

kf k2
f p + � kf k2

s +
� 2

kp k~uk2
1;f p

�

where the constant C is independent of parameters ~� , � , and K .
Proof. Restrict v 2 V . Then l1 (v) = hf ; vi and we have a (w; v) = hf ; vi � a (~u; v).

By the (bi)linearit y and continuit y of l1 (�), a (�; �) along with coercivity of a (�; �) on

 established in Lemmas 2.9 and 2.11 we apply Lax-Milgram theorem to establish
existenceand uniquenessof w 2 V � X . For such a w, we now note that a (w; v) +
a (~u; v) � hf ; vi = 0 for any v 2 V . Thus, Aw + A ~u � f 2 V � . Eq. (2.6) implies that
B = r : Q ! V � de�nes an isomorphism. This establishesexistencesof a unique
p� 2 Q such that B p� = Aw + A ~u � L 1. Finally, to show that u� = w + ~u is unique
solution is an easily follows from the coercivity of a (�; �) on 
. For the estimates,
sincew 2 V , apply bounds from Lemmas 2.9 and 2.11 and bound on ~u in Eq. (2.7)
and (2.3)

� 0 kwk2
1 � a (w; w) = hf ; wi � a (~u; w)

� kf k� 1 kwk1 + � 1 k~uk1 kwk1

Divide by kwk1 and � 0. To obtain estimate for u� , apply triangle inequality



 u�






1 �
kwk1 + k~uk1. Finally, to bound p� , take v 2 X and solve for p�

b
�
p� ; v

�
= l1 (v) � a

�
u� ; v

�
�

�
kf k� 1 +

p
d~� max kgk

�
kvk1 + � 1




 u�






1
kvk1

To �nish, apply the inf-sup condition, Eq. (2.2), to obtain



 p�




 � � � 1 sup

�
b

�
p� ; v

�
=kvk1

�
:

Fix small � > 0 and set � =~� s , 1=kf , and ks = � . Then to summarize, we have
preliminary bounds on u� and p�




 u�






1 � 1
� kf k� 1 +

�
1

� � + 1
�

k~uk1


 p�




 � 1

�

�
kf k� 1 +

p
d� kgkp

�
+ �

�




 u�






1
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The bound for u� is unsatisfying since it is not uniform as � ! 0. For sharper
bounds, require f 2 L 2 (
) and decompose 
 to its components 
 � . Recall that
kwk� � Cp kr wk� for � = f , f p and ~u = 0 in 
 s . Applications of Cauchy-Schwarz
and Young's inequalities provide,

� kr wk2
f p + ~� s kr wk2

s +
X

� = f ;p;s

�
k � kwk2

� = a (w; w) = hf ; wi � a (~u; w)

�
X

� = f ;p;s

(kf k� kwk� ) +
X

� = f ;p

�
~� � kr ~uk� kr wk� +

�
k � k~uk� kwk
 �

�

�
C2

P

�
kf k2

f p +
�
4

kr wk2
f p +

ks

�
kf k2

s +
�

4ks kwk2
s

+ � kr ~uk2
f p +

�
4

kr wk2
f p +

X

� = f ;p

�
k �

�
k~uk2

� +
1
4

kwk2
�

�

Combining terms, and simplifying we have

� kr wk2
f p + � s

0 kwk2
1;s �

2C2
p

�
kf k2

f p +
2ks

�
kf k2

s + 4� f p
1 k~uk2

1;f p

Recall � =~� s , 1=kf , and ks = � . Also, recall that � < � s
0 = � =� and kp < kf = 1=�

such that

� f p
1 = maxx 2 
 f p f � ; � =k (x)g � � =kp

Then

kwk2
1;s � C

�
�

� 2 kf k2
f p + � 2

� 2 kf k2
s + �

k p k~uk2
1;f p

�

kwk2
1 � C

�
1

� 2 kf k2
f p + �

� 2 kf k2
s + 1

k p k~uk2
1;f p

�

Applying the triangle inequality

kuk1;s � kwk1;s + k~uk1;s

recalling that ~u � 0 in 
 s (for the bound in 
 s) and assumingthat kp � 1 (for the
bound in 
) provesthe claim.

2.6. W ell-p osedness of NS-Brinkman. We shall prove existenceusing the
Leray-Schauder �xed point theorem. This requires some preliminary notation and
estimatesfor NS-Brinkman (2.3).

Definition 2.16. Let ~u 2 H 1 (
) be an extensionof boundary data � 2 H 1=2 (
)
preserving r � ~u = g 2 L 2 (
) ; e.g. consider (1) or (2), Proposition 2.8. Then, we
de�ne
(1) T : X 0 ! V such that T (f ) := w where w 2 V solves

8v 2 V; a (w; v) = l1 (v) � a (~u; v)

(2) N : V ! X 0 such that N (w) := f + r (~� g) � ~u � r ~u � ~u � r w � w � r ~u � w � r w
(3) F : V ! V such that F := T � N .
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In order to apply Leray Schauder's �xed point theorem, we show that F is a
compact linear operator with a �xed point that satis�es NS-Brinkman, Problem 2.3.
We prove this through the proceedinglemmas.

Lemma 2.17. T is a well-de�ned linear, continuous operator.
Proof. T is clearly linear. Well-posednessand boundednessof T follows from The-

orem 2.14. SinceT is a linear and bounded operator, it follows that T is continuous.

Lemma 2.18. For any w 2 V , then N (w) 2 H � d=4 (
) and N maps V ! X 0

continuously.
Proof. The Ladyzhenskaya inequalities imply that there exists

p
CL > 0 such

that kwkL 4 �
p

CL kwk1. By the Sobolev embedding theorem, H d=4 (
) ,! L 4 (
);
hence, there exists C4;d > 0 satisfying kvkL 4 � C4;d kvkH d= 4 for any v 2 H d=4 (
).
Now �xing v 2 H d=4 (
) it is straightforward to bound

R

 w � r w � v,

R

 ~u � r w � v,R


 w � r ~u � v,
R


 ~u � r ~u � v by
� p

CL C4;d
�

kwk1 kwk1 kvkd=4. Dividing each of the

resulting inequalities by kvkd=4 and taking the supremum over all v 2 H d=4 (
), we
get the desired conclusion. Continuit y follows by expanding kN (u1) � N (u2)k� d=4
and successively applying Cauchy-Schwarz, the de�nition of the negative, fractional
Sobolev norm, and the fact that N is bounded.

Pr oposition 2.19. F is a compact operator.
Proof. By the Rellich Lemma, H � d=4 (
) is compactly imbedded in H � 1 (
).

Hence,we summarize,

H 1 7�!
N , cont.

H � d=4 ,!
compact

H � 1 7�!
T , cont.

H 1

Hence,F is compact as a continuous composition of a compact operator.
Beforeconcluding existence,we require the following technical result necessaryto

control the sizeof of the troublesometerm arising in proving existenceand derivation
of the a priori estimate for u� .

Pr oposition 2.20. F is a compact operator.
Proof. By the Rellich Lemma, H � d=4 (
) is compactly embedded in H � 1 (
).

Hence,we summarize,

H 1 7�!
N , cont.

H � d=4 ,!
compact

H � 1 7�!
T , cont.

H 1

Hence,F is compact as a continuous composition of a compact operator.
Beforeconcluding existence,we require the following technical result necessaryto

control the sizeof of the troublesometerm arising in proving existenceand derivation
of the a priori estimate for u� .

Lemma 2.21. Fix � 0 > 0. Consider boundary data � 2 H 1=2 (@
) and g 2 L 2 (
)
satisfying the compatibility condition Eq. (2.1). For ~u de�ned by (1), Proposition 2.8,
we have that for � > 0 small enough

k~ukL 4 (
 � ) �
p

CL

�
kgkp + 2

p
dk� kH 1= 2 (@
 )

�
; � = f , p (2.19)

Supposefurther that
R

@
 � � n̂ = 0 and hence, g 2 L 2
0 (
) . Then choosing ~u as in (2),

Proposition 2.8, we have that for � > 0 small enough

k~ukL 4 (
 f ) � � 0 +
p

CL kgkp ; k~ukL 4 (
 p ) �
p

CL kgkp
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Proof. Apply Proposition 2.8 and Lemma 2.6.

Basedon the de�nitions and lemmasabove, we can concludethe following theo-
rem.

Theorem 2.22. (Wel l-posedness NS-Brinkman) Suppose that the small data
condition is satis�ed

2
p

CL k~ukL 4 (
 f p ) �
�
2

(2.20)

where ~u is an extensionof boundary data � 2 H 1=2 (
) satisfying r � ~u = g 2 L 2 (
) ;
e.g. consider (1) or (2), Proposition 2.8 with bounds provided in Lemma 2.20. Then
there is at least one pair

�
u� ; p�

�
2 (X � ; Q) satisfying NS-Brinkman, Problem2.3 and




 u�




 2

1;s
� � � 2� C� ;N SE ; or




 u�






1;s
� O(� � 1

p
� )




 r u�




 2

� � � 2C� ;N SE ; or



 r u�




 � O(� � 1)

where

C� ;N SE := C� ;N SE (~u; f ) := C
�

� kf k2
s + kf k2

f p +
�

� 2 +
� 2

kp + k~uk2
1;f p

�
k~uk2

1;f p

�

and the constant C is independentof parameters~� , � , and K . Furthermore, there is at
most one such solution

�
u� ; p�

�
when the additional small data condition is satis�ed:

1
2 CL kgkp +

p
CL k~ukL 4 (
 p ) + � � 1CL

p
C� ;N SE � 1

2 � p
0p

CL k~ukL 4 (
 f ) + � � 1CL
p

C� ;N SE � 1
2 �

� � 1CL
p

C� ;N SE � 1
2 � � � 3=2

(2.21)

Proof. Weproveexistencevia the Leray-Schauder�xed point theorem. Fix v 2 V .
Then l1 (v) = hf ; vi and Problem 2.3 becomes

a (w; v) + c(w; w; v) + c(w; ~u; v) + c(~u; w; v) = hf ; vi � a (~u; v) + c(~u; ~u; v)

It is easyto seethat a �xed point of the nonlinear, compact operator F is a solution
of this variational problem. Thus, considerthe family of �xed point problems: for any
0 < � � 1, �nd u� 2 X 0 satisfying u� = �F (u� ). Noting that ~u � 0 in 
 s and the
pseudo-skew symmetry of c� (�; �; �) (Eq. (2.18)), applications of H•older's and Young's
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inequalities provide

� kr u� k2
f p + ~� s kr u� k2

s +
X

� = f ;p;s

�
k � ku� k2

�

= �

2

4
X

� = f ;p;s

0

@l1;� (u� ) � c� (u� ; u� ; u� )
| {z }

=0

1

A

+
X

� = f ;p

(� a� (~u; u� ) � c� (~u; ~u; u� ) � c� (u� ; ~u; u� ) � c� (~u; u� ; u� ))

3

5

�
X

� = f ;p;s

kf k� ku� k� +
X

� = f ;p

�
~� � kr ~uk� kr u� k� +

�
k � k~uk� ku� k�

�

+ CL k~uk2
1;f p kr u� kf p + 2

p
CL k~ukL 4 ( 
 f p ) kr u� k2

f p

�
ks

2�
kf k2

s +
�

2ks ku� ks +
3C2

p

�
kf k2

f p +
�
12

kr u� k2
f p

+ 3� kr ~uk2
f p +

�
12

kr u� k2
f p +

X

� = f ;p

�
2k �

�
k~uk2

� + ku� k2
�

�

+
3C2

L

�
k~uk4

1;f p +
�
12

kr u� k2
f p + 2

p
CL k~ukL 4 (
 f p ) kr u� k2

f p

Let ~u be one of the extensionsin Proposition 2.8 so that we have bounds in Lemma
2.20 and the �rst small data condition Eq. (2.20) satis�ed. Absorbing terms and
simplifying, we obtain

� kr u� k2
f p + � s

0 ku� k2
1;s

�
ks

�
kf k2

s +
6C2

p

�
kf k2

f p +
�

6� +
�
kp +

6C2
L

�
k~uk2

1;f p

�
k~uk2

1;f p

Recall � =~� s , 1=kf , and ks = � and that � < � s
0 = � =� . Then,

kr u� k2
f p � C

�
�

� 2 kf k2
s + 1

� 2 kf k2
f p +

�
1 + 1

k p + 1
� 2 k~uk2

1;f p

�
k~uk2

1;f p

�

ku� k2
1;s � C

�
� 2

� 2 kf k2
s + �

� 2 kf k2
f p +

�
� + �

k p + �
� 2 k~uk2

1;f p

�
k~uk2

1;f p

�

Thus, we have the necessarybound uniform in � to conclude existence of w 2 V
to homogeneous,NS-Brinkman via Leray-Schauder. Hence, there exists u� = w + ~u
satisfying Problem 2.3.

The stabilit y bound for any solution w 2 V to homogeneousNS-Brinkman is
similar and leads to the sameresult as for u� . We recall that u� = w + ~u. Thus,
the stabilit y bound for u� follows by application of the triangle inequality,




 u�






1;� �
kwk1;� + k~uk1;� . Noting that ~u � 0 in 
 s we prove the a priori estimate.

To establishuniqueness,supposew1, w2 are two such solutions. Then subtracting
the corresponding equations for �xed v 2 V , we get

0 = a (w1 � w2; v) + c(w1; w1; v) � c(w2; w2; v)

= a (w1 � w2; v) + c(w1 � w2; ~u; v) + c(~u; w1 � w2; v)
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Write w = w1 � w2 and take v = w (indeed, w 2 V ). Recall that ~u � 0 in 
 s and
g � 0 in 
 f . By rearranging the above equality, decomposingthe domains,noting the
pseudo-skew symmetry of c� (�; �; �) (Eq. (2.18)), and applying H•older's and Young's
inequalities, we obtain

X

� = f ;p;s

~� � kr wk2
� +

�
k � kwk2

�

=
X

� = f ;p;s

� c� (w; w2; w) +
X

� = f ;p

� c� (w; ~u; w) � c� (~u; w; w)

=
X

� = f ;p;s

(� c� (w; w2; w)) +
X

� = f ;p

(� c� (w; ~u; w)) �
1
2

Z


 p

g jwj2

�
CL

2
kgkp kwk2

1;p +
X

� = f ;p

p
CL k~ukL 4 (
 � ) kwk2

1;� +
X

� = f ;p;s

CL kw2k� kwk2
1;�

Thus, requiring

CL
2 kgkp +

p
CL k~ukL 4 (
 p ) + 1

� CL
p

C� ;N SE < � p
0p

CL k~ukL 4 ( 
 f ) + 1
� CL

p
C� ;N SE < �

p
�

� CL
p

C� ;N SE < � s
0

is a su�cien t condition to ensurew � 0. Note that � s
0 = � =� . Now set u� = w + ~u.

Then u� 2 V� (g) satis�es the nonhomogeneous,NS-Brinkman. Suppose that there
are two such solutions u1 and u2. Then subtracting the corresponding equations for
�xed v 2 V , we get a (u1 � u2; v) + c(u1; u1; v) + c(u2; u2; v) = 0. Add/subtract
c(u1; u2; v). Set v = u1 � u2 (indeed, (u1 � u2) j@
 = 0 and r � (u1 � u2) = 0).
Write w = u1 � u2. Recall again that g � 0 in 
 f s. Then rearranging, noting the
pseudo-skew symmetry of c� (�; �; �) (Eq. (2.18)), and applying H•older's and Young's
inequalities, we obtain

X

� = f ;p;s

~� � kr wk2
� +

�
k � kwk2

� =
X

� = f ;p;s

c� (w; u1; w) + c� (u2; w; w)

=
X

� = f ;p;s

(c� (w; u1; w)) �
Z


 p

g jwj2

� CL kgkp




 u�




 2

1;p + CL kr u1kf kr wk2
f +

X

� = p;s

�
CL ku1k1;� kwk2

1;�

�

Thus, the following is a su�cien t condition to ensurew � 0

1
� CL

p
C� ;N SE + kgkp < � p

0; 1
� CL

p
C� ;N SE < � ; �

� CL
p

C� ;N SE < � s
0

Hence,the secondsmall data condition Eq. (2.21) is su�cien t to ensureuniqueness.
Establishing existence/uniquenessof p� 2 Q follows by applying usual techniques
derived from the inf-sup condition.

Note that in the caseg � 0, u0 � 0 and thus k~ukL 4 ( 
) = jju�
� jjL 4 (
) can be taken

arbitrarily small. Returning to the application of Leray-Schauder �xed point theorem
in the previous proof, we can apply this result to concludeexistencefor any data.

Remark 2.23. The question of existence for large data g 2 L 2 (
) is an open
problem. The di�culty is that there is an irr evocable coupling between the divergence
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condition r � u� = g and the boundary data u� j@
 = � via the compatibility condition
(2.1). By this compatibility condition and Lemma 2.6, we havethat for any extension
~u� 2 X � , there exists a unique ~u0 2 V ? 2 X satisfying r � ~u0 = g � r � ~u� with
only a bound k~u0k1 available. In other words, eventhoughthroughthe Hopf extension
we can control the size of k~u� kL 4 (
) , we have no obvious way to control the size of
k~u0kL 4 (
) to an arbitrary degree as required in applying the �rst small data condition
(2.20) in the proof for existence in Theorem 2.21.

3. Con vergence and consistency analysis. To derive a mixed �nite element
formulation of continuous Brinkman, 2.4 and 2.3, assumethat 
 is polygonal with
polygonal subdomains 
 � for � = p, s. Let Th be a triangulation of 
 with Eh 2 Th

triangles for d = 2 or tetrahedra for d = 3. Moreover, we require that any Eh 2 Th

be such that interior( Eh ) is completely contained in 
 f , 
 p, or 
 s.
For non-homogeneousboundary data � 2 H 1=2 (@
 ), we consider associated in-

terpolant of this problem data � h satisfying
Z

@

� � n̂ =

Z

@

� h � n̂ (3.1)

which is required in this analysis,explicitly usedin proving Lemma 3.7. Accordingly,
we de�ne the following general �nite element spacesfor our analysis

X h
� h :=

n
v 2 C0 (
) d : 8Eh ; vjE h 2 (Pv )d 2 Th and vj@E h \ @
 = � h

o

Qh :=
�

q 2 L 2
0 (
) : 8Eh 2 Th ; qjE h 2 Pq

	

for some�nite dimensionalspacespolynomial spacesPv and Pq sothat X h
� h � H 1 (
)

and Qh � Q be conforming, �nite element subspaces.We write X h = X h
0 � X . For

example, let X h
� h and Qh be spacesof piecewisepolynomials on each element of Th

that satisfy the discrete inf-sup condition

inf
q2 Qh

sup
v2 X h

b(v; q)
kvk1 kqk

� � h > 0 (3.2)

The well-known Taylor-Hood mixed �nite elements are one such example where X h

consistsof piecewisequadratic elements and Qh piecewiselinears. We also de�ne the
discrete analogueto V� (g).

V h
� h (g) =

�
v 2 X h

� h :
Z



(r � v) q =

Z



gq 8q 2 Qh

�

Write V h
� h for g � 0, V h (g) when � � 0, and V h with g and � are 0. We considerthe

general caseV h
� h (g) =2 V� (g) (which is true for Taylor-Hood elements). We will also

needthe following discrete analogueof the convective term.
Definition 3.1. Fix g 2 L 2 (
) and u, v, w 2 H 1 (
) such that

R

 (r � u) qh =R


 gqh for all qh 2 Qh . Let ch
� : H 1 (
) � H 1 (
) � H 1 (
) ! R be such that

ch
� (u; v; w) :=

1
2

(c� (u; v; w) � c� (u; w; v)) �
1
2

Z


 �

g(v � w)

By construction, ch
� (�; �; �) is continuous, (explicitly) pseudo-skew symmetric, and

consistent with c� (�; �; �) in the sensestated in the following lemma.
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Lemma 3.2. Fix g 2 L 2 (
) . The triline ar functional ch (�; �; �) is continuous; in
particular, for u, v, w in H 1 (
) such that

R

 (r � u) qh =

R

 gqh for all qh 2 Qh ,

ch
� (u; v; w) � Ch

L kuk1;� kvk1;� kwk1;�

where Ch
L = CL

�
1 +

p
d=2

�
. Write generically Ch

L := CL . Moreover,

ch
� (u; v; v) = �

1
2

Z


 �

g jvj2 ; r � u = g ) ch (u; v; w) = c(u; v; w)

Proof. Trilinearit y of ch (�; �; �) is obvious. For continuit y, �rst note that it is clear
that kgk �

p
dkuk1 (indeed, considerkgk = supq2 Qh ((r � u; q) =kqk)). Then,

ch
� (u; v; w) =

1
2

(c� (u; v; w) � c� (u; w; v)) �
1
2

Z


 �

g(v � w)

� CL kuk1;� kvk1;� kwk1;� +
CL

2

� p
dkuk1;�

�
kvk1;� kwk1;�

The other results are obvious applications of the de�nition of c� (�; �; �).
We can now state the discrete NS-Brinkman problem:
Pr oblem 3.3. (Discrete NS-Brinkman) Fix f 2 X 0 and g 2 L 2 (
) satisfying

the compatibility condition Eq. (2.1). Find u� ;h 2 V h
� h (g), p� ;h 2 Qh satisfying

8v 2 X h ; a
�
u� ;h ; v

�
+ b

�
v; p� ;h

�
+ ch

�
u� ;h ; u� ;h ; v

�
= l1 (v)

8q 2 Qh ; b
�
u� ;h ; q

�
= l2 (q)

Existence of solutions to the discrete NS-Brinkman, Problem 3.3, closely follows
the proof of for the continuous case.We concludewithout further proof:

Theorem 3.4. (Wel l-posedness of Discrete NS-Brinkman) Under small data
conditions of Theorem 2.21, there exists a uniqe solution (u� ;h ; p� ;h ) 2 (V h

� h (g) ; Qh )
of the Discrete NS-Brinkman, Problem 3.3 that satis�es the same stability bound as
Theorem 2.14 with u� , p� , � , and CL replaced by u� ;h , p� ;h , � h , and Ch

L respectively.
Write generically � h = � and Ch

L = CL .
For low Reynold's numbers, the convective term in NS-Brinkman is negligible.

Hence,taking ch (�; �; �) = 0, we consider the discrete analogueof Stokes-Brinkman.
Pr oblem 3.5. (Discrete Stokes-Brinkman) Fix f 2 X 0 and g 2 L 2 (
) satisfying

the compatibility condition Eq. (2.1). Find u� ;h 2 V h
� h (g), p� ;h 2 Qh satisfying

8v 2 X h ; a
�
u� ;h ; v

�
+ b

�
v; p� ;h

�
= l1 (v)

8q 2 Qh ; b
�
u� ;h ; q

�
= l2 (q)

Existence of solutions to discrete Stokes-Brinkman, Problem 3.5, closely follows
the proof of for the continuous case.We concludewithout further proof:

Theorem 3.6. (Wel l-posednessof Discrete NS-Brinkman) There exists a unique
(u� ;h ; p� ;h ) 2 (V h

� h (g) ; Qh ) satisfying discrete Stokes-Brinkman, Problem 3.5. More-
over, any such solution satis�es the same stability bound as the continuous problem
shown in Theorem 2.14 with u� , p� , � and CL replaced by u� ;h , p� ;h , � h , and Ch

L
respectively. Write generically � h = � and Ch

L = CL .
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3.1. Con vergence analysis of discrete Brinkman. We now derive error
estimates u� ;h obtained from both Problems 3.5 and (3.3). For what follows, let
�
u� ; p�

�
2 (V� (g); Q) and

�
u� ;h ; p� ;h

�
2

�
V h

� h (g); Qh
�

represent solutions of the con-

tinuous NS-Brinkman (or Stokes-Brinkman) and discrete NS-Brinkman (or Stokes-
Brinkman) problems respectively. We show that theseerror estimatesfor the discrete
Brinkman velocity u� ;h relative to the continuous Brinkman velocity u� are uniform
with respect to penalty parameter � ! 0.

The following lemma is a technical result required in proving the error estimate.
Lemma 3.7.

inf
~vh 2 V h

� h (g)




 u� � ~vh






1
�

 

1 +

p
d

� h

!

inf
vh 2 X h

� h




 u� � vh






1

Proof. Fix vh 2 X h
� h . By choosing a good approximation � h of boundary data

� 2 H 1=2 (
) via Eq. (3.1), we ensure that r �
�
u� � vh

�
2 L 2

0 (
) . Hence, as a
discreteanalogueof Lemma 2.6 implied by the discrete inf-sup condition, there exists
wh 2

�
V h

� ?
satisfying r � wh = r �

�
u� � vh

�
. Moreover,




 wh






1 �
1

� h
sup

q2 Qh

b
�
wh ; q

�

kqk
=

1
� h

sup
q2 Qh

b
� �

u� � vh
�
; q

�

kqk
�

p
d

� h




 u� � vh






1

Sincer �
�
wh + vh

�
= r � u� = g, it follows that v�

h :=
�
wh + vh

�
2 V h (g). Hence,




 u� � v�

h






1 �



 u� � vh






1 +



 wh






1 �

 

1 +

p
d

� h

!



 u� � vh






1

This inequality holds for arbitrary vh 2 X h
� h , the conclusionfollows.

We state the following error estimate for Stokes-Brinkman velocities.
Theorem 3.8. (Stokes-Brinkman error estimate) Supposethat

�
u� ; p�

�
2 (X � ; Q)

solvesStokes-Brinkman,Problem2.4, and u� ;h 2 X h
� h solvesdiscreteStokes-Brinkman,

Problem 3.5. Then,




 r

�
u� � u� ;h

� 


 2

� C

"

inf
qh 2 Qh

�
1

� 2




 p� � qh




 2

f p + �
�




 p� � qh




 2

s

�

+ inf
vh 2 X h

� h

� �
1 + 1

k p

� 


 u� � vh




 2

1;f p + 1
�




 u� � vh




 2

1;s

�
3

5




 u� � u� ;h




 2

1;s � C

"

inf
qh 2 Qh

��
�

� 2




 p� � qh




 2

f p + � 2

�




 p� � qh




 2

s

��

+ inf
vh 2 X h

� h

�
� �

1 + 1
k p

� 


 u� � vh




 2

1;f p +



 u� � vh




 2

1;s

�
3

5

where C is independent of � , K , ~� .
Proof. Fix vh 2 V h . Note that

�
q; r � vh

�
= 0 for any q 2 Qh . Then,

a
�
u� ; vh �

+ b
�
p� ; vh �

= l1
�
vh �

; and a
�
u� ;h ; vh �

= l1
�
vh �
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Fix ~uh 2 V h
� h (g). Let � := u� � ~uh , � h := ~uh � u� ;h . Subtracting the above equations,

we get

a
�
� h ; vh �

= � b
�
p� ; vh �

� a
�
� ; vh �

Take vh = � h (indeed, � h = ~uh � u� ;h 2 V h ). Applying Cauchy-Schwarz and Young's
inequalities, we obtain

X

� = f ;p;s

~� �



 r � h




 2

� +
�
k �




 � h




 2

� = � b
�
p� ; � h �

� a
�
� ; � h �

�
X

� = f ;p;s

p
d




 p� � ~ph






�




 r � h






� + ~� � kr � k�




 r � h






� +
�
k � k� k�




 � h






�

�
X

� = f ;p;s

3d
2~� �








 p� � ~p�

h









2

�
+

~� �

6




 r � h




 2

� +
3~� �

2
kr � k2

� +
~� �

6




 r � h




 2

�

+
3C2

P �
2(kf )2 k� k2

f +
�
6




 r � h




 2

f
+

X

� = p;s

�
2k �

�
k� k2

� +



 � h




 2

�

�

Recall � =~� s , 1=kf , and ks = � .

�



 r � h




 2

f p
+ � s

0




 � h




 2

1;s

�
3d
�




 p� � ~ph




 2

f p
+ 3d�




 p� � ~ph




 2

s
+ 3�

 

1 + C4
p � +

C2
p

kp

!

kr � k2
f p +

4�
�

kr � k2
1;s

Also, recall that � < � s
0 = minx 2 
 s f 1=� ; � =� g. Then,




 r � h




 2

� C
h

1
� 2




 p� � ~ph




 2

f p + �
�




 p� � ~ph




 2

s

+
�
1 + � + 1

k p

�
kr � k2

f p + 1
� kr � k2

1;s

i




 � h




 2

1;s � C
h

�
� 2




 p� � ~ph




 2

f p + � 2

�




 p� � ~ph




 2

s

+
�
� + � 2 + �

k p

�
kr � k2

f p + kr � k2
1;s

i

Applying the triangle inequality



 u� � u� ;h






1 �



 � h






1 + k� k1 nearly provesthe claim.
However, since this holds for any ~ph 2 Qh but only for ~uh 2 V h

� h (g), we still must
show that this holds for any ~uh 2 X h

� h . This follows from Lemma 3.7.
We notice that the only problematic term remaining is the term

1
�




 u� � vh




 2

1;s

We show that this is bounded with respect to � ! 0.
Theorem 3.9. For a suitable approximation vh 2 X h

� h of u� 2 X � ,

1
�




 u� � vh




 2

1;s
� C < 1

where, C is a generic constant independent of � .
Proof. From approximation theory we have that




 u� � vh






1;s � C



 u�






1;s . From

Theorem 2.14 we have the stabilit y bound



 u�




 2

1;s � C� which provesthe claim
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We can alsoconcludethe following error estimate for NS-Brinkman, Problem 3.3.
Theorem 3.10. (NS-Brinkman error estimate) Supposethat the small data con-

dition Eq. (2.21) is satis�ed. Then,




 u� � u� ;h




 2

1;s � C inf
qh 2 Qh

�
�
� 2




 p� � qh




 2

f p +
� 2

�




 p� � qh




 2

s

�

+ inf
vh 2 X h

� h

�
�

�
1 +

1
kp +

C� ;N SE

� 4 �
� 



 u� � vh



 2

1;f p +
�

1 +
C� ;N SE

� 4 � 3
� 



 u� � vh



 2

1;s

�

and



 r

�
u� � u� ;h � 



 2
� C inf

qh 2 Qh

�
1
� 2




 p� � qh




 2

f p
+

�
�




 p� � qh




 2

s

�

+ inf
vh 2 X h

� h

��
1 +

1
kp +

C� ;N SE

� 4 �
� 



 u� � vh



 2

1;f p +
1
�

�
1 +

C� ;N SE

� 4 � 3
� 



 u� � vh



 2

1;s

�

where C > 0 is independent of � , ~� , and K .
Proof. Fix vh 2 V h . Note that

�
q; r � vh

�
= 0 for any q 2 Qh . Then,

a
�
u� ; vh �

+ b
�
p� ; vh �

+ ch �
u� ; u� ; vh �

= l1
�
vh �

a
�
u� ;h ; vh �

+ ch �
u� ;h ; u� ;h ; vh �

= l1
�
vh �

Fix ~uh 2 V h
� h (g). De�ne � := u� � ~uh , � h := ~uh � u� ;h . Expanding the nonlinear term

we obtain:

� ch �
u� ; u� ; vh �

+ ch �
u� ; u� ; vh �

= � ch �
� ; u� ; vh �

� ch �
� h ; u� ; vh �

� ch �
u� ;h ; � ; vh �

� ch �
u� ;h ; � h ; vh �

Subtracting the above equations, we get

a
�
� h ; vh �

= � b
�
p� ; vh �

� a
�
� ; vh �

� ch �
� ; u� ; vh �

� ch �
� h ; u� ; vh �

� ch �
u� ;h ; � ; vh �

� ch �
u� ;h ; � h ; vh �

Take vh = � h (indeed, � h = ~uh � u� ;h 2 V h ). Then, applying H•older's and Young's
inequalities and the explicit skew-symmetry of ch

� (�; �; �), we obtain
X

� = f ;p;s

~� �



 r � h




 2

� +
�
k �




 � h




 2

�

=
X

� = f ;p;s

� b�
�
p� � ~ph ; � h �

� a�
�
� ; � h �

+
X

� = f ;p;s
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We have shown previously that u� and u� ;h are boundedin H 1 in 
 and 
 s (Theorem
2.21) and denoted
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�
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Recall � =~� s , 1=kf , and ks = � . Then,
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Also, recall that � < � s
0 = � =� and kp < kf = 1=� such that

� f p
1 = maxx 2 
 f p f � ; � =k (x)g � � =kp

Applying the small data condition (su�cien t condition for uniquenessof solutions to
NS-Brinkman), Eq. (2.21), absorbing terms, and simplifying we obtain

� f p
0 k� k1;f p + � s

0 k� k1;s

� 16d�
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Apply the triangle inequality to obtain estimate for u� � u� ;h (e.g.



 u� � u� ;h




 �



 � h



 + k� k). This nearly provesthe claim. However, sincethis holds for any ~ph 2 Qh

but only for ~uh 2 V h
� h (g), we still must show that this holds for any ~uh 2 X h

� h . This
follows easily from Lemma 3.7.

3.2. Appro ximating slow, viscous 
o w around solid obstacles. We as-
sumethat the Stokesequation for 
uid 
o w in 
 f be the true 
o w velocity:

Pr oblem 3.11. (Stokes) Find (u; p) 2 X f ;� � Q where

X f ;� :=
�

v 2 H 1 (
 f ) : vj@
 = � and vj@
 s = 0
	

with boundary data uj@
 = � 2 H 1=2 (@
) and uj@
 s = 0 suchthat � (u; p) 2 L 2 (@
 s)
satisfying

8v 2 H 1 (
) ;
R


 f
� r u : r v �

R

 f

pr � v +
R

@
 s
(� (u; p) � n̂) � v = hf ; vi

8q 2 L 2
0 (
) ;

R

 f

qr � u = 0
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where

� (u; p) � n̂ := � r u � n̂ � pn̂

Note that g � 0 here. Also, we only require velocity test functions to vanish on @

and not on @
 s. Hence,we require the inclusion of the boundary integral to properly
model Stokes
o w around solid obstacles.

In order to establishwell-posednessof solutions to this variational Stokesproblem,
we insist that solutions satisfy (u; p) 2 H 2 (
 f ) � H 1 (
 f ) and with extensionu � 0,
p � 0 on 
 s , that (u; p) 2 H 1

0 (
) � L 2 (
). This will be guaranteed for polygonal
boundaries@
, @
 s and f 2 L 2 (
) .

Considerapproximations to this 
o w givenby the discreteStokes-Brinkman equa-
tion,

�
u� ;h ; p� ;h

�
2 H 1

0 (
) � L 2
0 (
) solving Problem 3.5. First, we construct a priori

estimatesfor u in 
 f and u� ;h in 
 s.
Lemma 3.12. For f 2 L 2 (
) , any solution u of the variational Stokesproblem

such that � (u; p) 2 L 2 (@
 s) satis�es

kr uk
 f
� C

1
�

kf kf

Here, C > 0 is a constant depending solely on the domain geometry.
Proof. Taking v = u in the variational Stokesequation, the result follows easily.

Pr oposition 3.13. Fix 0 < � << 1. Assume ks
min , ks

max = � and ~� s = � =� .
Any solution u� ;h of the discrete Stokes-Brinkman problem satis�es

1
�




 r u� ;h




 2

s +
�
�




 u� ;h




 2

s � C
�

1
� 2 kf k2

f +
�
� 2 kf k2

s +
1
�


 k� kH 1= 2 (@
 )

�

Proof. Follows from work in previous section.
We want to exploit the relationship between approximations u� ;h to Stokes-

Brinkman in 
 and solutions to the Stokesequationsu in 
 f with extensionuj 
 s � 0.
To this end, we referenceAngot's fundamental paper [2] in which he provides a clever
proof to establish a sharp estimate for




 u� � u






1 where u� is the solution to continu-
ous Stokes-Brinkman in 
. We state the theorem here in a slightly modi�ed form to
extract exact dependencyof estimate on problem data.

Theorem 3.14. (Angot) Fix 0 < � << 1. Assumeks
min , ks

max = � and ~� s = � =� .
Let (u; p) be a solution of the Stokesproblem.




 u� � u






1
� C

�
�

�
kf k + k� kH 1= 2 (@
 s )

�

where we write � := � (u; p) and C > 0 is a constant independent of problem data � ,
~� , K , f , � .

Proof. Fix 0 < � < 1. Let ~� f = � , ~� s = � =� , kf = 1=� , and ks = � . Start with
the variational Brinkman problem: �nd u� 2 V satisfying a

�
u� ; v

�
= hf ; vi for all

v 2 V . Subtracting the variational Stokesproblem from this, writing w = u� � u we
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have
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Here, we bounded the right-hand side by successive applications of the Cauchy-
Schwarz and Young inequalities. Absorbing terms right to left sideswe obtain




 r

�
u� � u

� 


 2

1 � C�
�

1
� 2 kf k2 + 1

� 2 k� k2
H 1= 2 (@
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�




 u� � u






1;s � C� 2
�

1
� 2 kf k2 + 1

� 2 k� k2
H 1= 2 (@
 s )

�

To recover optimal convergencein H 1 (
) (i.e. to match the O (� ) convergence
rate obtained in H 1 (
 s)), the idea is to avoid Young's inequality and hencebound
the left-hand side by a factor of kwk1. To this end, Angot considersthe following
auxiliary problem: Find (! ; � ), where we write ! s := ! j 
 s , ! f := ! j 
 f , � s := p� j 
 s ,
and � f := p� j 
 f , satisfying

� � � ! s + r � s + � ! s = f s; r � ! s = 0; in 
 s

� (! s; � s) � n̂j@
 s = � (u; p) � n̂j@
 s

and

� � � ! f + r � f = 0; r � ! f = 0; in 
 f

! f j@
 = 0; ! f j@
 s = ! s j@
 s

The problem in 
 f is obviously well-posed from classical Stokes theory. The well-
posednessof problem in 
 s is more subtle due to the boundary conditions on @
 s.
Considering the variational problem for ! s and ! f and the decomposition u� = u +
� ! � z, a weak formulation for z can be establishedand through usual techniques,we
can recover an energyequation for z

kr zk2
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1
�

kr zk2
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�
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Z


 f

r ! : r z + �
Z


 f

u � z + � 2
Z


 f
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�
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� kr ! kf + � kukf + � 2 k! kf

�
kr zk1;f

We note in addition to Angot's work, that

kr ! kf � C k! sk1 �
1
�

kf ks +
1
�

k� (u; p)kH 1= 2 (@
 s )

So, it follows that, with an application of Poincare-Friedrich's inequality,




 u� � u






1 � � k! k1 + kzk1 � C
�
�

�
kf k + k� kH 1= 2 (@
 s )

�
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h



 u� ;h � u�






�
�u� ;h � u�

�
�
1 Rate (H 1)

0:09428 3:2033e-6 4:2548e-3 |
0:04714 4:0143e-7 1:0663e-4 5:3
0:02357 5:0215e-8 2:6674e-5 2:0
0:01179 6:2781e-9 6:6696e-6 2:0

Table 4.1
Convergence rate data for the �rst experiment

Now we can concludethe following
Theorem 3.15. Let the �nite element discretization conform to obstaclebound-

aries suchthat for any Eh 2 Th either Eh 2 
 f or Eh 2 
 s . Let u be a solution of the
Stokesproblemin 
 f extendto 0 in 
 s , u� a solution of the Stokes-Brinkmanproblem
in 
 , and u� ;h a solution of the discrete Stokes-Brinkman problem in 
 . Then,




 u� ;h � u






1 � C
�
�

�
kf k + k� kH 1= 2 (@
 s )

�
+




 u� � u� ;h






1

where bound for



 u� � u� ;h






1 is given in Theorem 3.8.
Proof. Apply the triangle inequality and estimate from Theorem 3.14.

4. Numerical results. We considerthree distinct numerical experiments in this
section. First, we con�rm the convergencerate (h ! 0) for NS-Brinkman suggested
in Section 3.1. Next, we demonstrate the robust capability of our proposed FE-
discretization of NS-Brinkman to handle a source and non-homogeneousboundary
conditions (r � u 6= 0 and

R
@
 u � n̂ 6= 0). Lastly, we consider 
o w past a non-uniform

array of solid obstaclesto test the rate of convergence(h; � ! 0) for Stokes-Brinkman
to Stokeswith no-slip velocity condition imposedat each obstacle interface.

We utilize Taylor-Hood mixed �nite elements (piecewisequadratics for velocity
and piecewiselinear pressure) for the discretization. Note that the optimal conver-
gencerate for steady Navier-Stokes and Stokes velocity approximations is of order
O(h2) in H 1 (
) and O(h3) in L 2 (
). We use a Picard iteration to solve the non-
linear NS-Brinkman equation: i.e. set u(0) = 0, solve for u = u(n +1) lagging the
convective term by u(n ) � r u(n +1) . We use the FreeFem++ software for each of our
simulations.

Exp erimen t 1: For the �rst experiment, we consider 
 = [0; 1]2 with 
 p =
([0; 0:5] � [0; 0:5]) [ ([0:5; 1] � [0:5; 1]), � = 10� 2, � = 10� 2, ~� p = � =� , ~� f = � ,
K f = 1=� , K p = � and true velocity and pressuregiven by

u =
�

0:01� sin (� x)cos(� y)
� 0:01� cos(� x)sin (� y)

�
; p = 0:25(x � 0:5) (y � 0:5)

Note that since the velocity is smooth and K , ~� are discontinuous, it follows that f
must be discontinuous.

A uniform triangular meshis used. The results for this experiment are compiled
in Table 4.1. Notice that the H 1-convergencerate is optimal O(h2) supporting the
basic e�ectiv enessof the proposed FE-discretization of the NS-Brinkman equation
and con�rming the predictions of the convergenceanalysis.
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Exp erimen t 2: Now we consider 
 = [0; 2] � [0; 1], � = 10� 2, ~� s = 1=� , K f =
1=� , K s = � . Here, we considera 0:2� 0:2 sourceg = 1 centered in the domain 
 and
the resulting 
o w around two squareobstaclesas shown in Figure 4.1 with imposed
Dirichlet boundary conditions

Fig. 4.1. Experiment 2: (top) problem domain, dark squares represent solid obstacles, (bottom)
NS-Brinkman velocity approximation

ujx =0 = � 0:12y(1 � y); ujx =2 = 0:12y(1 � y); uy=0 ;1 = 0

A uniform triangular mesh is used. The velocity plot in Figure 4.1 shows the
NS-Brinkman approximation to the proposed 
o w for Experiment 2 corresponding
with our intuition. To quantify the accuracy of the approximation, we list the L 2

norm of u� ;h in 
 s and H 1 semi-norm in 
 s and 
 for several combinations of h and
� -values in Table 4.2. Notice that




 u� ;h




 and

�
�u� ;h

�
�
1;s converge at a rate O(� ) for

each indicated h. This is better than the O(
p

� ) suggestedby our theory. Also note
that

�
�u� ;h

�
�
1 remains bounded (relativ ely constant in fact) with h and � .
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h



 u� ;h






s

�
�u� ;h

�
�
1;s

�
�u� ;h

�
�
1

� = 10� 5 0:1414 4:6299e-5 2:1236e-6 0:2973
0:07071 4:7124e-5 2:3095e-6 0:2992

� = 10� 10 0:1414 4:6543e-10 2:1334e-11 0:2980
0:07071 4:4738e-10 2:3206e-11 0:2999

� = 10� 15 0:1414 4:6543e-15 2:1335e-16 0:2980
0:07071 4:7377e-15 2:3296e-16 0:2999

Table 4.2
Convergence rate data for the second experiment; � = 10� 15 , h = 0:07071

h



 u� ;h � u




 Rate L 2

�
�u� ;h � u

�
�
1 Rate H 1

� = 10� 5 0:09428 2:6968e-2 | 1:4324e-0 |
0:04714 1:1757e-2 1:2 8:6499e-1 0:73
0:02357 7:0509e-3 0:74 4:9880e-1 0:79

� = 10� 10 0:09428 2:4180e-2 | 1:4413e-0 |
0:04714 7:9136e-3 1:6 8:8644e-1 0:70
0:02357 2:0529e-3 1:9 4:8989e-1 0:86

� = 10� 15 0:09428 2:4180e-2 | 1:4413e-0 |
0:04714 7:9154e-3 1:6 8:6437e-1 0:74
0:02357 2:0529e-3 1:9 4:8989e-1 0:82

Table 4.3
Convergence rate data for the thir d experiment

Exp erimen t 3: Lastly, we consider the relation between the velocity �eld pre-
dicted by Stokes-Brinkman and that predicted by Stokeswith no-slip boundary con-
dition imposedat each solid interface. We consider
 = [0; 2] � [0; 1], � = 102, f = 0,
g = 0, ~� s = 1=� , K f = 1=� , K s = � . Here, we consider the non-uniform array of
squareobstaclesas shown in Figure 4.2 with imposedDirichlet boundary conditions

ujx =0 = y(1 � y); ujx =2 = y(1 � y); uy=0 ;1 = 0

The Stokesvelocity usedfor comparisonis obtained by approximating the Stokes
equation with the Taylor-Hood mixed �nite elements for pressureand velocity with
a �ne mesh,hmax = 0:018760.The meshis constructed by FreeFem++ basedon the
Delaunay triangulation. We solve Stokes-Brinkman on a coarser,uniform triangular
mesh. As illustrated in Table4.3, there appearsto bea degradation in the convergence
rate of u� ;h ! u in L 2 as h ! 0 for larger � = 10� 5. For � = 10� 10 and 10� 15, the
Stokes-Brinkman velocity appearsto convergeto the Stokesvelocity with h ! 0 twice
asfast in the L 2 norm than H 1 semi-norm,asonewould expect. Our results compiled
in Table 4.4 also indicates that u� ;h ! 0 in 
 s as � ! 0 at a rate O(� ). This suggests,
once again, a rate of convergencewith respect to � greater than predicted by our
theory.

5. Conclusion. The Brinkman model for 
uid 
o w is simple to implement and
integrate into existing computing platforms. The uniform stabilit y of Brinkman ve-
locities as � ! 0 suggeststhat the �nite element Brinkman approximations are de-
pendably accurate representations of Stokesand Navier-Stokes
o ws, but avoids the
cumbersomeand often times infeasible task of enforcing no-slip boundary conditions
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Fig. 4.2. Experiment 3: Squares in top plot represent outlines of solid obstacles, (top) Stokes
velocity approximation, streamlines , (bottom) Stokes-Brinkman velocity approximation, streamlines

� = 10� 5 � = 10� 10 � = 10� 15



 u� ;h






s = 2:0353e-3 2:0983e-08 2:0983e-13�
�u� ;h

�
�
1;s = 7:8208e-5 8:0846e-10 8:0846e-15

Table 4.4
Convergence rate data for the thir d experiment; h = 0:02357

on all interior solid obstacleboundaries.
We have shown su�cien t (non-trivial) conditions require for well-posednessof

non-solenoidal 
o ws (r � u� 6= 0). Moreover, we have shown that the �nite element
velocity u� ;h of the NS-Brinkman model convergesin H 1(
 s) at a rate O(

p
� ) as

� ! 0 and has optimal convergencebehavior (approximation theory) in H 1(
) as
h ! 0 and uniform as � ! 0. Our numerical experiments con�rm, for Taylor-Hood
elements, velocity rates of convergenceO(� h2) in H 1(
 s) and O(h2) in H 1(
), both
uniform as � ! 0.

Motiv ated by the ambitious task of accurately modeling the 
o w of 
uids in gas-
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cooled, pebble-bed nuclear reactors, we are interested in extending the Brinkman
model to the caseof compressible
uids and coupling Brinkman 
o w with the equa-
tions of convectiveand radiativ eheat transfer. Our preliminary �nite element analysis
for the steady NS-Brinkman provides encouragement for theseadvances.

Ac kno wledgmen t Thank you, Prof. William Layton, for providing endless
ideas,discussions,and encouragement.
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