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Abstract

We study quasistatic propagation of steps along a phase boundary in a two-
dimensional lattice model of martensitic phasetransitions. For analytical simplic-
ity, the formulation is restricted to antiplane shear deformation of a cubic lattice
with bi-stable interactions along one componert of shearstrain and harmonic inter-
actions along the other. Energy landscapes connecting equilibrium con gurations
with periodic and non-periodic arrangemers of stepsare constructed, and the en-
ergy barriers separating metastable states are calculated. We show that a sequetial
one-by-one step propagation along a phaseboundary requires smaller energy barri-
ersthan simultaneous motion of seweral steps.
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1 Intro duction

Although they may appear planar on the macroscopidevel, martensitic phaseboundaries
typically cortain multiple steps,or ledges.A long-standinghypothesisin materialsscience
statesthat a phaseboundary movesforward via a propagationof stepsalong the interface
[6, 7]. Recen experimertal obsenations con rm this hypothesis: for example,Bray and
Howe [1] found the fcc/hcp martensite transformation in Co-Ni occursby the passageof
Shackley partial dislocation ledgesand that the hcp martensite thickens by the lateral
movemer of ledgesacrossthe fcc/hep interface. The medanism of step motion thus
largely determinesthe kinetics of martensitic phaseboundaries,which in turn determines
the dissipative properties of active materials undergoingsud transformations.
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Let us considerthe following thought experimert. Supposea material body cortains
a phaseboundary with a large number of steps. Consider an external loading that is
soslow that inertial e ects can be neglected. In this casethe propagation of steps,and
hencethe phaseboundary, is quasistaticand can be represeted by a seriesof equilibrium
con gurations connectedby non-equilibrium paths that go through energybarriers sep-
arating the equilibria. In this situation we expect that a simultaneousmotion of a large
number of stepswould involve a much higher energybarrier than a motion in which these
stepsmove one at a time. In this paper we shawv that this hypothesisis in fact justi ed
by directly calculating the energy barriers assaiated with both types of motion under
certain simplifying assumptions.

Speci cally, we considera staircase-lile phaseboundary in a three-dimensionalcubic
lattice undergoingan antiplane sheardeformation. This reducesthe model to, e ectively,
a two-dimensionallattice deforming out of its plane. To model phasetransitions in a
simple way that allows explicit analytical calculations, we assumethat a bi-parabolic
potertial governsthe interaction in the vertical bonds,with the two parabolasrepreseting
two di erent material phaseswith samevertical shearmoduli, while the horizorntal bonds
are harmonic. The shearmoduli in horizortal and vertical directions may di er, modeling
material anisotropy. Under theseassumptions,we usetechniquesdeweloped by Dun [4]
and Maradudin [12]to construct stable(in the senseof local energyminimum) equilibrium
con gurations with a phaseboundary that has a rational slope and therefore consistsof
periodically distributed steps. We then construct a Green's function that allows us to
obtain stable equilibria with a local break in periodicity that lie near the periodic states
in the energylandscape. For ead of these states, we can compute the range of applied
strains under which theseequilibria exist, similar to the propagationfailure rangestudied
by Cahn et al. [2] for a di erent two-dimensionallattice model. This range dependson
the slope of the phaseboundary and the material anisotropy.

Generalizingthe approad usedin Fedelihh and Zanzotto [5] and Truskinovsky and
Vainchtein [13] for a one-dimensionakhain of bi-stable springs (seealsothe related work
of Hobart [8, 9, 10, 11] for the Frenkel-Kontorova dislocation model), we construct non-
equilibrium paths connectingthe neighboring periodic and non-periodic energyminima in
the presen two-dimensionallattice model, with a nite number n of vertical bondschang-
ing phasealong a path. Among all possiblepaths connectingtwo neighboring equilibria,
we selectthe onethat involvesa minimal (Peierls) energybarrier. The key ingrediert in
our constructionis the vector order parameterdescribingthe phasechangealongthe path.
The construction projects the in nite-dimensional energylandscape on an n-dimensional
surfacethat includes neighboring equilibria with di erent locations of steps along the
phaseboundary. This allows us to compute the minimal energybarriers separatingthe
equilibria and comparethe energybarriers along di erent paths.

We apply our construction to a speci ¢ exampleinvolving the quasistatic motion of n



neighboring stepsalong a phaseboundary with integer slope and considertwo di erent
paths connectingthe initial and nal statesat a xed appliedstrain. Along the rst path,
the stepsare allowed to move simultaneously while the secondpath involvesone-by-one,
or sequetial, steppropagation. We show that the energybarrier for the propagationof an
initial onestep alongthe secondpath is smallerthan the energybarrier neededto initiate
the simultaneousstep propagationalongthe rst path; in fact, our calculationsshow that
the ratio of two energybarriers is closeto n. In addition, we showv that depending on
the material anisotropy parameter and the slope of the phaseboundary, the energy
barriers alongthe sequetial path caneither increase decreaser read a maximum value.
In particular, suciently small resultsin energybarriers decreasingalongthe path, so
that overcomingthe energybarrier to move aninitial onestepindeedresultsinto a cascade
motion of the subsequeh steps sequetially. For higher material anisotropy parameter

, the largest energybarrier occursfurther alongthe path. This may result in arresting
the motion if the systemdoes not have enoughenergyto overcomeall energy barriers;
howewer, the largestenergybarrier decreasegs grows.

Our analysis suggeststhat there are purely energeticreasonsfor the stepsto prop-
agate sequetally along a phaseboundary under quasistatic loading. Recert analysis
and simulations of the full dynamic problem [14, 15] showv that sequetial motion is also
preferredwhen step velocities are su cien tly high.

The paperis organizedasfollows. In Section2 we formulate the lattice model. Periodic
solutions with integer slope are found in Section 3, and the results are generalizedto
the caseof rational slope in Section4. Neighboring non-periodic solutions are obtained
in Section5. In Section 6 we construct a minimal barrier path connectinga periodic
equilibrium to the lower energy non-periodic state obtained by moving one step. The
procedureis generalizedo the caseof nite number of stepsand a vector order parameter
in Section 7. Our main results for sequetial and simultaneous step propagation for
the caseof integer slope are presetted in Section 8, and in Section 9 we consider an
exampleillustrating theseresults. Section 10 is dewted to concluding remarks. Proofs
and technical results can be found in appendices.

2 Lattice Mo del

Consideran antiplane sheardeformation of a cubic lattice with interatomic distance".
This meansthat the problem can be equivalertly formulated as an out-of-plane defor-
mation of a two-dimensionallattice of rigid columns. The columnswill be henceverth
referredto as\particles”. Let Z denotethe set of integers. Let wy,., denotethe out-of-
plane displacemen of the (m; n)th particle wherem;n 2 Z: We take into accoun only
nearest-neigbor interactions betweenthe particles and assumethat these are modeled



by elastic springswith energydensities(per unit length) (u) for horizontal springsand
v(Vv) for vertical ones. Here u and v are the horizortal and vertical componerts of the

antiplane shearstrain. Note that the two energydensitiesare in generaldi erent due to

anisotropy of the crystal lattice. The elastic energyof the systemis then given by

X Wmin W, Wmn  Wm 1
E(f Wmn Omin2z) = " h —en T Loy, T _m n . 1)

m;n

and the equilibrium equationsare

0 Wm+1 n Wm;n 0 Wm;n W 1n
h " h n
(2)
0 Wm;n+l Wm;n 0 Wm;n Wm;n 1 .
+ \" n \" n - O'

To model phasetransitions, we now assumethat the vertical springsare bi-stable, i.e.
they canexist in two di erent phases(phasevariants), eat correspnding to a potertial
well of (v): To simplify analysis,we further assumethe two-parabola potenrtial

V)= SKW Kealy v (v Vo) 3)

whereK, > 0 is the elastic modulus in eat well, a > 0 is the transformation strain and
(v) is a unit step function. The critical strain v, separatesphasel (v < v;) from phase
Il (v> v;) for the vertical springs. Meanwhile, the horizortal springsare assumedto be
linearly elastic, with
1
h(u) = >
whereK > 0 is the elastic modulus for thesesprings.

To reducethe number of parameters,it is cornvenien to rescalethe problem, introduc-
ing dimensionlesvariableswp., = wnn=(@"), = =K, andparameters = K,=K, > 0,
dimensionlessneasureof material anisotropy, and v, = v.=a, dimensionles<ritical strain.
After dropping the bars we obtain

K U2 (4)

T O E VR (AR A NUAY (5)

and the equilibrium equations(2) become

(Wm+in + Wm 10 2Wmin) + (Wmin+1 + Win 1 2Win)

= (Wmn+1  Wmn Vo) (Wmn~ Wmin 1 Ve)

(6)
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In addition we assumethat at in nit y the solution satis es certain far- eld boundary
conditions, to be speci ed later, that correspnd to homogeneousleformation in eath

phase.
In this paper we consider equilibrium con gurations with a single phase boundary

that cortains stepsand focus our attention on how these stepsewlve as we changethe
boundary conditions.

3 Phase boundary with a periodic array of steps: in-
teger slope

We begin by consideringequilibrium con gurations with a single phaseboundary that
consistsof a periodic array of stepsof length 1 and unit heigh ead, asshavn in the
Fig. 1. The vertical springsbelov and along the stepsare in phasell, while the springs

Figure 1: A phaseboundary with periodic steps. Herethe period is an integer.

above are in phasel. In this simplestcasethe slope of the phaseboundary is the integer
. Later we will considermore generalperiodic con gurations in which the slope is a

rational number.
It is corveniert to introduce vertical strains vy,., that measurethe deformation of the

bi-stable vertical springsand are related to the out-of-plane displacemets wy,, via



Subtracting from (6) the equation obtained by replacingn in (6) by n 1, we obtain the
equilibrium equationsin terms of vertical strains only:

(Vm+1;0 ¥ Vm zn 2Vmn) * (Vmn+z ¥ Vin 1 V)
= (Vm;n +1 Vc) 2 (Vm;n Vc) + (Vm;n 1 Vc):

(7)

We will solwe (7) subject to the condition that vertical strains tend to constart valuesat
innit y:
Vmn ! v asm! 1 fora xed n: (8)
As we shall seeshortly, dueto the forceequilibrium the strainsv are not independen, so
that only one of thesecan be prescribed (say, v ) by cortrolling the vertical componert
of stressat in nit .
We assumean equilibrium with a single phaseboundary. If the phaseboundary is
horizortal ( = 1), the problem (7), (8) is trivially solved by the piecewiseconstart

vertical strain
Vi, n>= n0

vV, n No,;

Vmin = (9)
wheren = ng is the location of the phaseboundary and we have v, = v 1, ve < Vv,
vV > V.. Thusin what followswe will assumea non- at phaseboundary with 1 <1.
As we shall see the periodic step arrangemen createsa boundary layer around the phase
boundary and oscillationsthat die away from it, in agreemen with (8).

Note that dueto our specialchoice(5) of interaction potentials, the left hand sideof the
system(7) is linear, with nonlinearity in the right hand sidegiven by a conbination of unit
stepfunctions that dependon the unknown strains. Howewer, for a given phaseboundary
location the nonlinear right hand side canbe written asa combination of Kroneder delta
functions .., (equalto 1if m = n and zero otherwise). In particular, for the periodic
ansatzsud asshown in Fig. 1, (7) reducesto

(Vm+1;0 ¥ Vm zn 2Vmin) * (Vmn+z ¥ Vin 1 V)

X X (10)
= ml p ( n;p n 1;p);
p I=1

wherethe index p in the left hand side xes the step and the index | xes the particle in
eadt step of the phaseboundary.
Taking discrete Fourier transform of both sidesof the equation (10), we obtain

Ty x 290 e)er D
2 (1 e *)( sin*%+ sin*Y)

X y) = ; (11)



where () isthe Dirac delta (generalized)function, x, y arethe wave numbers,and ¥(X; y)
is the (generalized)Fourier transform of v v formally de ned by

X .
(X y) = (v v )egxm*vn: (12)
m;n
To obtain (11) we usedthe idertity
_ X
ghr =2 (z 2 0); (13)
p q

which holdsfor any real z. Due to the sum of Dirac delta functions in the right hand side
of (11), the inverseFourier transform

Z Z
1 .
Vin = V. + HP:V: ¥(x; y)e MY dxdy
can be reducedto the singleintegral
1 2 si? Lgkme (1 3
Vmn = V — Ve " —> —
4 i sin¥( sin®% + sin® %)

Here the notation P:V: (principal value integral) is used becausethe integrand in (14)
possessea singularity at x = 0. To resole the singularity, we deform the cortour of
integration in the complexplane sothat the new cortour goesfrom to alongthe
real axis everywhereexcepta small neighborhood nearthe origin, whereit goesbelow the
real axis (seeFig. 2). We thus obtain

Z

1 sin? %-e*
Vmn = V. — . . : dx; 14
mn 410 sini( sif%+ sin® % (14)
wherewe de ned 1
=m+ (n 1) E: (15)
Notice that = 0 is a straight line separatingthe vertical springsthat are in phasel

(> 0) from the onesthat arein phasell ( < 0). The integral in (14) can be ewaluated
using the residuetheorem, closingthe cortour of integration by a rectangular cortour of
heigt R, R! 1 ,in the upper half-plane (Im x > 0) when > 0 and lower half-plane
otherwise,asshownn in Fig. 2a. When is an eveninteger, the integrand in (14) hasfour
symmetric poleswith real parts equal to . By periodicity, we only needto include
the pair of roots with real part equal , sothe vertical parts of the cortour are deformed
as shown in Fig. 2b. We can show that the cortribution due to the vertical sidesof the
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Figure 2: The contours of integration and the polesin the caseof odd (a) and ewen (b)
. The setsM are the nonzeropolesinside the upper and lower closedcortours.

rectangular cortour cancelead other out. Meanwhile, the cortribution due to the part
of the cortour parallel to the real axistendsto zeroasthe height R of the rectangletends
to in nit y. For example,for x = x + iR, X , with large R we have
sin? %-ex
sink( sin®% + sin® %

e (*2R1 0

asR! 1 for > 0. Thus by residuetheorem the value of the integral in (14) is
determined by the sum of residuesinside the closedcortour. In addition to the simple
pole at the origin, there is a nite number of complex poles (with nonzeroreal and
imaginary parts) cortained in the sets

M =fx: sin2%+ sinzg: 0, Imx? 0; <Rex @ (16)

It is easyto seethat the polescomein symmetric quadruples:if x 2 M., then x 2 M.
and X, x 2 M ; seeFig. 2. The number of elemerts in M increaseswith . The
imaginary parts of the polestend to zeroas tendsto innit y or tendsto zero.

In the degeneratecase = 1, the setsM are empty, and the solution has piecewise

constart vertical strain:

Vi, >0
Vimin = N <0 (17)

In the genericcasewhenl< < 1 ,the sets(16) cortain at leasttwo elemens ead,
and the solution is given by
P .
Vo pew. NOQEE T >0

Ymn =y e Ly h(0EF ;<0 (18)
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@ (b)

Vm, 1

14
Vo1
121 phasell

-10 0 10 m
0.8 phase | Vi1

0.6

Figure 3: (a) A typical solution for vertical strain vy, in the caseof periodic stepswith
an integer period; (b) the strain prole alongthe linen = 1. Here = 5,v = 155,
V.= land = 1.

with _
sin* %

h(x) = sin( sinx + sinx):

(19)

In both (17) and (18) is given by (15) and the vertical strains at in nit y are related by

2

Vi =V " (20)

A typical graph of vertical strain is showvn in Figure 3a. As expected, solution is
periodic, with period 1 in n-direction and period in m-direction. We seethat unlike
the cases = 1and = 1, the strain is no longerpiecewiseconstar. Instead,there are
now boundary layers near the phaseboundary. In particular, the strain prole at ead
xed n is monotonically decreasingn a transition layer around the phaseboundary (see
Figure 3b), due to the imaginary parts of the roots cortained in M . The real parts of
theseroots cortribute to oscillationsoutside the transition layer. The amplitude of these
oscillationsrapidly decgs, and the strain reathesthe constart valuesv asm! 1

For consistencywith our assumptionswe must also require that all vertical springs
located at or below the phaseboundary ( < 0) are in phasell, while the rest are in
phasel:

Vimn > Vcfor <0 and vy, < vcfor > O (21)

This givesboundson v and henceon the vertical componert of the applied stress. Due
to the monotone structure of the solution around the phaseboundary for eath xed n,

9



the rst vertical springsto violate (21) are the oneson and directly in front of a step.
Indeed, considerfor examplethe strain pro le alongn = 1 showvn in Figure 3b. Asv is
increased,the rst strain to read the critical value v, = 1is vy, in the vertical spring
just in front of the step. Similarly, aswe decreasehe applied strain, the strain vq.; in the
vertical spring along the step readesthe critical value rst. But the strain is periodic,
sothe strain pro le at any xed n is a translated version (by an integer multiple of ) of
the onejust considered.This suggestghat the constraints (21) are satis ed whenewer

Vii < Ve, Vo1 > Vel (22)
Hencethe constructedsolution exists,wheneer the applied strain stays within the bounds

vl < v < VY, wherethe lower and upper boundsare given by

2

| u

Vi=ve S; Vvi=y.+ + S; (23)

2+
with X
S= h(x) exp(ix=2): (24)
X2M +

The upper boundv = v! correspndsto the springsjust in front of eat step reating
the critical strain, readyto switch to phasell. Meanwhile, the lower bound indicatesthat
the springs along the stepsare about to changephasebad to phasel if v is further
decreased.

To complete solution we also needto nd the strains in the horizortal springs. As
before,we only needto considerthe casel <1.Let

Unin = Wmin - Wm 1n
denotethe horizontal strains. Using (6) and periodicity of the phaseboundary, we obtain

the equilibrium equationin terms of uy,., only:

(Um+1;n * Um 1n 2Umn) + (Umin+z + Umin 2 2Umn)
X X
= (m;l o] m 1 p ) n;p:
p I=1

This equation can again be solved by Fourier transform. We obtain

Z ) ,
1 sin =-g*
o = —_P:Vv: 2 : 2
tUmn = U 4 i sin? X + sin? %dx (25)
where 1
=m+ (n §) 1 (26)
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and we assumedthat the horizortal strains tend to constart valuesat in nities: Up., !
u . As in the caseof vertical strains, the integral in (25) can be ewvaluated using the

residuetheorem. We nd that in the case = 1 the horizontal strains are piecewise
constart:
_ U >0
Um;n - u ’ < O, (27)

while in the genericcasel< < 1 we have

P .
U p xam, agx)e* ; >0

T Uy g <O (29)
with o
90 = sin >S<In+7 sinx: (29)
In both caseshe horizontal strains at in nit y are related by
ur =u (30)

24

Having solwed the equationsof equilibrium for horizortal and vertical strains that are
derived from the equations(6) for displacemeh we needto show that thesesolutionsare
compatible. Sincethe di erence equationsarelinear, it su ces to shaw that the boundary
conditions for the strains are compatible. In view of (20) and (30), we needto prove that
the horizortal strains and vertical strains at in nit y are related by

1
Vi V = 1r = 2° (uy  u): (31)

The proof is presened in Appendix A.

4 Phase boundary with a periodic array of steps: ra-
tional slope

In the previous sectionwe consideredthe casewhen the length of eat step equalsthe
period of the array, and the slope of the phaseboundary is thus an integer. We now
considera moregeneralsituation wherethe array of stepsis still periodic but ead periodic
cell may cortain steps of variable length, so that the slope of the phaseboundary is a
rational number. An exampleof sud periodic arrangemen of stepsis shavn in Fig. 4,
wherethe slopeis = g In this caseead periodic cell cortains stepsof length 2 and 3.
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Figure 4: Periodic stepswith a rational slope . Here

=5
3.
Let = r=swith r;s2 Zr f0g be the rational slope of the phaseboundary and let
i Z,] =1,:::;s, denotethe length of j th step within one period. Clearly,
1%
Ts

j=1
The equationsof equilibrium for the displacemets wp,., are

(Wm+l;n + W 1n 2Wm;n) + (Wm;n +1 + Wm;n 1

2Wm;n)
X X5 Xi (32)
- m;l pr+ 1+ 1 nps j+1:
p j=1 I=1
Hencefor the vertical strains we obtain
(Vm+1;n + Vim 1;n 2Vm;n) + (Vm;n +1 + Vm;n 1 2Vm;n)
X X X

m;l o opr+ g+ 1( nps j+1 n 1ps j+1):
p j=1 I=1

Discrete Fourier transform (12) of both sidesin the above equation yields

.
o6y) = 5 (1q (sy rx 29Q ¢)

- P
_ _ _ e i Dygx 10 t(dix 1)
e X)( sin*% + sin*¥) - ( )
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wherewe again usedthe identity (13). Observingthat

X X X
(sy rx 209= (sy x 2p=s 20q)
q q p=1

and applying inverseFourier transform, we obtain

1 % 2 sin(% -2)sin-LXd®i* i»)

Vimin = V — . . - dx:
4is . sink( si? X + sin’(3 -2))
Here we de ned _
X :
=t K+ - 5 ; (33)
k=1
where is givenin (15), and
=@ 2 2n) p=s (34)
as before, the cortour goesalongthe segmenh|[ ; ] of the real axis excepta small

neighborhood near the origin, where it goes belown the real axis. Applying the residue
theoremto ewaluate the above integral, we obtain

( P, P _
Xs ‘ s _ i .
Vi = V qEph, pr om0 > 0 (35)
' =1 p=l  x2M o hjp (X)€% 7 <O
Here ; arede ned in (33),
M = fx:sin? X? ?p + sinzgzo; Imx ? 0; <Rex g (36)

sin( 3 p=9sin ;3

hj, (X) = — . — .
P ssin¥( sin(x 2 p=9+ sinx)

with  j, dened in (34) above. Obsene that the strains far away above the phase

P
° i 2
i= - v

Vi =V <+ D ot

13



sothat asin the periodic solution with integer period, the vertical strains at in nit y are
related by (20). In the special caseof integer period (s= 1, ; = ), the above solution
(35) reducesto the solution (18) we obtained in the previous section,with ; = given
in (15), hy.1(x) = h(x) dened in (19)andM ., = M asin (16).

For the horizontal strains un., the equilibrium equationsare

(Um+1;n ¥ Un 10 2Umn) + (Umin+z + Umin 1 2Um;n)
X X X
= ( m;l opr+ g+ o1 m Ll pr+ 1+ 1) nps (] 1):

p j=1 I=1

Solving this equation by Fourier transform, we obtain

s O P, P " _

Unn = U TP, P s Gp ()15 > 0 (37)

o i=1 p=1 X2M Gi:p (X)éx h j <O
Here :

i= *] kKt ;
k=1 2
where is given by (26), and
Gip (X) = SinC_ i 2) e? P 1 =

s( sin(x 2 p=9+ sinx)

We can seethat the strainsu at in nit y are related by (30), and the solution reducesto
(28) in the special cases = 1.

As before,we needto imposethe constrairt that all vertical strains above (below) the
phaseboundary arein phasel (11). In addition, the equation of compatibility (31) canbe
proved in the samemanner asfor integer .

5 Equilibria  with a non-p eriodic array of steps

The periodic solutions constructedin the previous sectionsexist only in a certain range
of the applied strain, v! < v < v¥. For example,in caseof integer period the lower and
upper boundsare given by (23). At the upper boundv = v, vertical springsin front of
eat stepread the critical strain v.. If all of thesespringstransform to phasell at once,
the whole phaseboundary will move forward perpendicular to itself, and the solutions
will transform to another periodic equilibrium. Howewer, this scenarioappearsunlikely
sinceit requiresan in nite number of springsto transform at once. Another possibility

14



is that only a nite number of springschangephase.In this casethe transformation will
result in a non-periodic equilibrium that di ers from the initial periodic state by a local
perturbation. For example,in Fig. 5 a non-periodic state results from the phasechange
in the (1; 1)th vertical spring directly in front of a step. In this sectionwe will shov how

Figure 5: Transition from a periodic to a non-periodic equilibrium via transformation of
a vertical spring in front of a step.

sud equilibrium con gurations can be calculated.

Consider rst an equilibrium state obtained by transforming (p;q)th vertical spring
adjaent to a periodic phaseboundary. We assumethat in the initial state the phase
boundary hasa rational slope, which includesthe integer case.Equilibrium equationsfor
displacemen then read

(Wmszn + Wm 10 2Wmn) + (Wmpn+t + Winn 1 2Wipn)

X X X (38)
- m;l kr+ 1+ 1 nks j+1 + m;p( ng 1 n;q):

kK j=1 I=1

We canseethat the rst term in the right hand side of (38) is the sameasin the periodic
problem (32), with the additional term dueto the transformedspring. By linear superpo-
sition, the vertical and horizontal strains for the non-periodic state under consideration
can be written as

_ P . _ P )
Vmin = Vin ¥ Vinipgr Umin = Unen + Uninopigs (39)
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wherevl,, and uf,., denotethe solutions (35) and (37) obtained previously for vertical
and horizortal strains in a periodic equilibrium, and the additional componerts Vi.n.pq
and Un,n.p,q Satisfy the equations

(Vm+l;n + Vm In 2Vm;n) + (Vm;n +1 T Vm;n 1 2Vm;n)
= m;p( ng 1 2 ng t n;q+1):
and
(Um+l;n + Um In 2Um:n) + (Um;n+1 + Um;n 1 2Um;n)
= ( m;p m;p+l)( ng 1 n;q);
respectively (for brevity, we omitted the indicesp;qin the left hand side). Sincethe total

strains vm.n, Un:n Satisfy the sameconditions at in nit y asthe periodic componerts, we
must alsorequire that Vin.n:p.gs Uninpg! 0asm,n! 1 . Applying Fourier transform,

we obtain 7z Z q X cog -
1 cogp m)xcogqg n)ysin“3
Voo g = — dxd 40
mopa = sin*% + sin? % 4 (40)
and z z . . . L o
U 1 sin(p+ 3 m)xsin(q 3 n)yslnism7dxOI _ (1)
min;p;q — 2 0+ o+ SII’]Z % + S|n2 % Y

hereand in what follows O+ in the integral limit denotesthe zerolimit from above. The
functions Un.n .p.q @nd Vin:n .p.q @re Green'sfunctionsthat canbe usedto construct solutions
when a phasechangeoccursin a bond adjacen to a phaseboundary:.

The complete solution for a non-periodic equilibrium that di ers by one spring from
the periodic state is then given by (39), (35), (37), (40) and (41). In addition we need
to require that the vertical strains stay in their respective phaseson either side of the
phase boundary. This constraint will result in bounds for v . Clearly, we can also
obtain solutionswith phaseboundariesthat di er from periodic by any number of springs,
adjacen to the phaseboundary, by superimposingthe correspnding local perturbations
Vinin:pia @Nd Unnin ipig-

As a simple example of a non-periodic equilibrium, considerthe state obtained by
transforming (1; 1) vertical spring (p = g = 1) in front of a step of a periodic phase
boundary with an integer slope, as shovn in Fig. 5. In the resulting equilibrium state
all stepsare of length excepttwo adjacen stepsthat are of length + 1 and 1,
respectively. The graph of vertical strain is shovn in Fig. 6. Similar to the periodic case,
for eadr xed n the solution is monotonically decreasingnside a transition layer around
the phaseboundary. In view of the monotonicity, in orderto nd boundsonv it suces
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Figure 6: Typical solution for the vertical strain in the non-periodic equilibrium with
(1;1) springin phasell. Here =5,v = 1.55and = 1.

to require that the vertical springs directly in front and along ead step are in phasel
and |1, respectively. In other words, we must require that

manVI) < Vg mpin V3> v
Wherev{) = Vp+11p P60, v{) = vV, are the strains in vertical springsjust in front of
pth step, and v§ = vy 1 p, p 6 0, v§ = vy are the strains in springs along ead step.
For example, supposethat we start increasingthe applied strain v . Recall that in the
periodic solution this evertually leadsto all vertical springsdirectly in front of the steps
reading critical strain v, rst. In the presen case,dueto abreakin periodicity, thereis a
preferenceamongthesesprings: namely, the strains in the springsbehind and in front of
the Iongerstep,vf1 =V 410 and V' 1=V 1., arethe largestand thus will read v, rst
aswe increasev . Similarly, aswe decreasev comparisonof strain in vertical springs
just behind the phaseboundary shaws that the strain v§ = vy is signi cantly smaller
than the others and hencewill read the critical value rst. SeeFig. 7. Thus in order
for this non-periodic equilibrium state to exist, the applied strain must be in the interval
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Figure 7: The strains along (a) and in front (b) of pth step alongthe phaseboundary in
the non-periodic equilibium with (1;1) spring in phasell. Here = 5,v = 1:55,v.=1
and = 1.

vl < v < v, wherethe upper and lower bounds are given by

2

VY = VCZ+ T 2 + S
N 1 cog x )dx
o (1+2 sim(3)IA+ (1= )coseé(g))% + 1]+ 1
| 2 2 1 .
V. = V. + 5t S —arctanp—;

whereS is de ned in (24).

6 Minimal barrier path between periodic and non-
periodic arrays of steps

Consideran equilibrium with a periodic array of stepsat a given applied force, or, equiv-
alertly, givenv . For simplicity, we may assumethat the period is an integer. Suppose
now that at the samev there exists a non-periodic equilibrium which can be obtained
from the periodic oneby changingphasein a vertical springin front of a step, asshavn in
Fig. 5. For instance,assumehat in the non-periodic state the strain vi.; = wy.; Wy has
changedphase.lIt is not hard to seethat both equilibria are stable, in the sensethat eadh
is a local minimum of total energy sincein ead state the strains are inside their respec-
tive energywells. If the non-periodic equilibrium has lessenergythan the periodic one
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(at a given applied force), the systemmay preferto switch from periodic to non-periodic
state. In order to do so, it hasto follow a non-equilibrium path in the energylandscape
that connectstwo local energyminima and goesthrough an energybarrier separatingthe
two states.

Following similar constructionsin [5] and [13] for a one-dimensionalbi-stable chain,
we can obtain a minimal barrier path from the periodic state to the non-periodic one by
observingthat alongthe path only (1;1) vertical spring changesphase,while the other
vertical springsstay in their respective phases.The ideais then to minimize the energy
alongthe path by performing the constrainedminimization of the total energyat a given
value of v;.;. More precisely we choosethe order parameter 2 [0; 1] sud that

Vi1 = Vlljf + (1 )V:IF.>;1; (42)

wherevyh and vy, denotethe strainsin periodic and non-periodic equilibria, respectively.
Thus as increasedrom O to 1 along the path, v;.; increasesrom vf;l <Vv.( =0)to
viii > V¢ (= 1). We then minimize the total energysubject to the above constrairt
(42):

min fE(f Win gm;n 22) + (Wl;l Wi.0 V’:Ellp (1 )le;l)g;

P . . .
whereE = ( n(Umn) + v(Vmn)) is the total elastic energyof the system,and is
the Lagrangemultiplier due to the constrairt. This resultsin the following equation for
vertical strains:

(Vm+1;0 ¥ Vm zn 2Vmn) * (Vmn+z ¥ Vin 1 V)
= (Vmn+r Vo) 2 (Vmn Vo) + (Vmn 1 Vo)

m;l( n;0 2 n;1+ n;2):

Obsene that there exists 2 [0;1) sudh that vi.1( ) = V.. This value of the order
parametercorrespndsto the saddlepoint separatingthe two local minima in the energy
landscage; ! at this point the energyalongthe path is maximal. For < we still have
the periodic arrangemen of steps (although clearly the strains are no longer periodic),
whereasfor the arrangemen is necessarilynon-periodic. Thus we obtain

(Vm+1;n + Vim 1n 2Vm;n) + (Vm;n +1 + Vm;n 1 2Vm;n)
X X
- m;l p ( n;p n 1;p)
p I=1

+ (( ) ) mi( no 2n1+ n2):

1Due to nonsmathnessof the energyin the bi-stable springs, (1;1) and (1; 0) particles are in general
not in equilibrium in the saddle-point con guration; indeed, obsene that the Lagrange multiplier s
nonzeroat = unless  equalszero.
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Solving this equation and applying the constrairt (42), we obtain
()=« )

and

Vm;n( ) = VrI?\;n + Vm;n;
whereVim.n = Vimno1:1 IS the perturbation solution given by (40) with p= q= 1. Similarly,
the horizortal strains alongthe path reduceto

Umn () = url?w;n +  Unn;

with Up.n = Upneza givenin (41). Finally, we can nd by requiring that vi.1( ) = V..
This yields

— 1 P \.
= W;1(vc V14): (43)
The free energyalong the path is given by
X
G()=E() ((Us + Vi )Wrmer (U +V Wy )
X m

((Us+Vi)Weyn (U +V )W )

Sincethis energyis in nite, we evaluate instead the di erence betweenthe free energy
alongthe path and at the initial periodic equilibrium (= 0):

( )=6() 6G(0) X
=E() E() ((u++ Vi)Wnhia (u +Vv )Wy )
X m

((U++V+)W+1;n (U + Vv )Wl ;n);

n

where Wy, is the displacemen due to the perturbation solution. But Wy,., vanishesat
points far from (1; 1), sothat Wy,.; = W; ., = 0 and we obtain

X P X P
( )=E() E@O= h(Umn + Umin) h(Um;n )
m:n m;n
X P P
+ V(Vm;n + Vm;n) V(Vm;n):
m;n m;n
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Using (5), we obtain

1 X
()= > ( 2Ur$1;n + 2 Unn Uz;n) + ( 2Vr’r21;n + 2 Vm;nVr?q;n)
m;n m;n
(Vi VOF (Vin * Vi Vo) (Vpn V)9

Vinin (Vr?w;n"- Vinn Vo)
m;n

Obsene that in the last two terms we are summing only over the springsin the second
phase.Recallthat for <  the phasearrangemen is the sameasin the initial periodic
state, i.e. Vi, + Vinn > V¢ for all m and n satisfyingm+ (n 1)< %; for > we
alsohave vy, + Vi; V.. Thuswe obtain

2
()= S0+ St (it Vix Vo) ( ); (44)
where
X X
SO = Ur%;n + Vn%;n (45&)
m;n m;n
X . X o X ™xO
S = Umin Unn + Vimin Vimin Vinn s (45b)
min min n m=1

in the last expressionwe setmg(n) = b1=2  (n 1)c. Finally, recallthat  must have

local extremaat = O0and = 1 sincetheseare the statesof equilibrium. Hence
) = ( So+ S1)j=0=0 (46a)
M) = ( So+S1 Via)j =1 = O; (46Db)

which impliesthat S; = 0 and Sy = Vi.;. Thereforethe desiredminimal barrier path is
given by

2

()= ?Vl;l (V:IF_>;1+ Vii o Ve) ( ): (47)
Here isgivenin (43),
Vi = 1 £ sinz% dxdy = 2arctan !
WMT T2 TSP i sl oY P=
and L
P _ .
Viin=V T2 S;
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with S de ned in (24).
We can now evaluate the energybarrier which is equalto the di erence betweenthe

energiesat the saddlepoint = and the initial periodic state ( = 0):
() 2 1 :
= = 17 rtaniP 1r = 2 :
=) 2 Via arctan(1= )(VC R P S)

The energybatrrier is zerowhen the strain at in nit y equalsthe upper bound,v = v,
which is de ned in (23). Following [13 and by analogy with dislocation theory, we will
referto the correspnding applied stressasthe Peierlsstress. Recallthat at this stressall
vertical springsin front of eat step in the periodic equilibrium have readed the critical
strain and thus can changephasewith zeroenergybarrier. This Peierlsstate correspnds
to the saddle-mint equilibrium where = 0.

The energy barrier is maximal when the periodic and non-periodic states have the
sameenergy: (1) = (0) = 0. This occurswhenthe applied stressequalsto its Maxwell
value,orv = vM where

1
=V Vi1 = vt

; + S iarctani'
2 = 2 2 ’

1+ =

and the energybarrier is
1 1
Emax = 7 arctan p—:

Note that the Maxwell energybarrier dependsonly on . Forv < vM the periodic state
haslower energythan the non-periodic one,and hencethe transition to the non-periodic
state is energeticallyunfavorable; instead, the reversetransition may take place.

7 Minimal barrier path in an energy landscape: a
general order parameter

We can now generalizethe construction of the minimal barrier path to the casewhen
a nite number of springs change phasealong the path, either simultaneously or in a
sequenceof transitions. We start with a periodic equilibrium with generally a rational

the path which thus connectsthe periodic state to one or more neighboring non-periodic
equilibria at the samevalue of the applied stress.

In this casewe choosethe vector order parameter = ( 4;:::; » ), 0 i 1for
i=1:::;n. Thevalues = 0and = 1 correspnd to the initial periodic and nal
non-periodic equilibrium states, respectively; along the path, eac componert ; of the
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order parametersis either xed at 0 or monotonically increasedrom 0 to 1. Minimizing

the total elastic energyalongthe path subject to the constrairts

Voig = ivpi;Ohj =1t (1 i)Vpi;Qij =0 1 i=1:5n

we obtain the following equation for vertical strains:

(Vm+1;0 ¥ Vm zn 2Vmn) * (Vmn+z ¥ Vin 1 V)
= (Vm;n +1 Vc) 2 (Vm;n Vc) + (Vm;n 1 Vc)
X
i mp (g 1 2 gt omgie1)
i=1

with the Lagrangemultipliers ; determinedby the constrairts (48).
Let the set ; be de ned by

i=f Vo ( ) > Vel

i.e. 2 ; wheneer the (pi;g)th vertical spring is in phasell, and let j

(48)

(49)

i] denote

the distancebetween and the set ;. Using this and the fact that the initial state is a

periodic equilibrium, we obtain

(Vm+1;0 ¥ Vm zn 2Vmin) * (Vmn+z ¥ Vin 1 V)
X X X

m;l pr+ 1+ 1 nps j+1
p j=1 I=1

+[ (] i) il mp (g 1 2ng t mge1):
Solving theseequationsand enforcingthe constrairts (48), we get
i( )= (i i)

and
X

_ P .
Vin () = Vi + i Vimin ipisg -
i=1

Similar calculationsyield the horizortal strains
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Here vf,,, and uf,, are the strains in the initial periodic equilibrium. The boundaries
of the sets ; de ned in (49) are given by the hyperplanesS; that represen the higher-
dimensionalversionof  introducedin the previoussection. They are de ned by

X
Si=f :VE q t i Vougp g = VeO:
j=1
Thus we have
(] =G Sij) = (V;;Qi + i Voiap g Ve):
j=1
We now evaluate ( ):
P X 2 P 2
( ) = E (um;n + iUm;n;pi;qi) E (um;n)
m;n i=1 m;n
1X p X 2 1 X P \2
+ > (Vin * i Viin piiai) > (Vinen)
m;n i=1 m;n
f(VEm;n + iVinpg Vo) (VrFr:;n + iVinpg Vo)
m;n j=1 j=1

(VrI;;n VC) (VrFr:;n VC)g:
As in previous section, we can simplify this expressionby observingthat in the last two
terms the sumsare only over the vertical springsthat are in secondphasein the initial
periodic state, plus the additional transformed springs(p;;q) if 2 . Using this and
the fact that ( ) must have local extremaat any ( sud that all its componerts are
either zeroor one, we obtain

1 X X
( ):é i Voain g |
i=1 j=1
X X X
(VFI;;Qi + iVoamg Vo) (Vgi;ch + iVoaip g Vo)

i=1 j=1 j=1
It is corveniert to rewrite the above expressionin vector formglet fe; gL, denotea unit
orthonormal basisof R" sothat canbe repr%,seraeg,as = i”:l ie. Let V denotea
tensorsecondorder tensorfor R" sothat V.= [l ', Vie € with Vj = Vyiqp5-
Then the expressionfor  can be written as

1 X P P .

( )= > \% (Vo T & V Ve) (Vg ¥ &8 V Ve): (50)

i=1

24



Note that ( ) represets a multidimensional energylandscape. This landscape is a
projection that restricts the actual energylandscape (which involvesan in nite number
of equilibrium states) to seeral neighboring equilibria with di erent locations of steps.
These stable equilibrium con gurations are the local minima separatedby the energy
barriers. Various curvesparametrizedby descrike pathsin this landscape that connect
the stable equilibria.

8 Sequential versus simultaneous propagation of steps

To explorethe energylandscape constructedin the previoussectionand its implications
for possiblemotion of the steps,we now considertwo particular paths involving sequetial
and simultaneous propagation of a steps and compute the energy barriers along these
paths. For simplicity, we considera periodic equilibrium with integerslope . We assume
that at the end of both paths under considerationa nite number n of springsjust in
front of the stepschangephase.Without lossof generality, we set(p;; 1) = (1; 1), sothat
(Pig)=( 1 +L2 j)j=2L:5n

Along the rst path the stepspropagateseguentially. To apply the calculations from
the previoussection,we set the n-dimensionalorder parameter

g(t:O;O;:::;O); 0t 1
= W1 B0 0t 2 -

@::Lt n+1); n 1 t n

Heret 2 [0; n] is the singleorder parameteralongthe path tuned sothat at the (pg; g)th
spring changesphaseat somet, 2 [k 1,k]. The above implies that fort 2 [k  1;K],

k= 1;:::;n, the jth componert of (t) is given by
8
< 1 ] k 1
iM=_t k+1 j=k (52)
"0 j k+ 1L

Using (50), (52) and the symmetry of tensorV de ned in the previoussection,we obtain
fort 2 [k 1;K]
1 2 KEXA P
(1) zé(t k+ 1)"Vik > Vijg + (ko (Ve Vi 1) +1:2 &)
i=1 j=1
X 1
(t t) V(F|>< 1y +12 kT Vi + (t k+ D)Vkw Ve ;

j=1
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where P

Ve Vikn a2k e ki
t. =k 1+ - ,
K Vick
ifk 2and 1
(D= 5Via (O + iz )
with P
t = Ve Vl;l
! Vl;l

if k= 1. Thus, the energybarrier for (px; g)th spring to switch phaseis

1

1
Ex=(t) (k 1)= T(VC VFk 1) +1;2 k Vk;j)2 (53)
k;k j=1
fork 2and 1
E:= (t) (0) = m(Vc V:IF.>;1)2: (54)

We now recall that for the periodic equilibrium we have

2

P _ :
Vik 1) 12 k =V n S

for all k, whereS is given by (24). The componerts of tensorV are given by

Vii = Vi 1) +12 i 1) +1:2

1 Ccos i)x Jcod(j i)y]sin?¥ 55
S t )x]eod( imsiPy, (55)
o o sin’ 5 + sin® ¥
In particular,
Z Z -
1 sin® ¥ 2 1
Vii = Vi1 = 2 dxdy = = arctan p—: (56)

.2£ .2!
0o o Sin°3+sin®¥

Let Z* denotethe set of positive (non-zero) integers. We de ne a sequenceof functions
fl kOk2z+ with

Z r

WG )= L cogkx) ——=( P 7 Ik (57)

0 +1

where X
=1+2 sinzé: (58)

26



As showvn in Appendix B, the o -diagonal ertries reduceto

Vig = 1 i3 (59)
asi 6 j. It is alsocorvenient to de ne a sequenceof functions f J, gy 2+ With
(p
k 1
N V/ k 2
J(: =1 T 60
G ‘-1 (60)

Using (57), we obtain, after somealgebraicmanipulations,

Z I
1 1 p—
J(; )= = " 1Kk( 2 1;; x)dx; (61)
0

wherewe de ned

cog k x) B*lcos((k 1)x)+ B bcos(x)

UCERY 2bcos(x) K 1 (62)
fork 2andsetK; 0. Then the energybarriers (53), (54) are given by
2
Ex(; ) (Ve Vv + +S Xk(; NE (63)

~ 4arctan(1=" ") 2 +
with J(; ) givenby (61), (62).

The behavior of energybarriers is thus determined by the properties of functions in
the setfly Qw2+ that represem the o -diagonal ertries of the tensorV by (57) and (59).
The following proposition summarizesthese properties:

Propg,sition 1

@] yljji< ivigforallk2z*.

(b) The elemens of the sequencd | gxo2+ tend to zeroask ! 1 , monotonically at
largek and 6 2.

(c) There existsa sequencedf functionsf  :Z! Rgez+ sudthat forall ; k2 Z*,
k(5 k())=0andIl(; )>0for0O< < ().

The proof of this proposition can be found in Appendix C. In addition, we state the
following conjecture:

Conjecture: For eahh k; 2 Z*, ( ) asdened in Proposition 1(c) is the unique
positive root of I (; ) = 0. The sequencd ( )g strictly monotonically increaseswith
k andtendsto 2ask! 1.

Although we were unable to prove it, the conjectureis strongly supported by our
numerical calculations; see,for example,Figure 8. Note alsothat the leadingterm in the
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Figure 8: (a) The function 14(3; ) and (b) the sequence (( )at =2and = 3.

asymptotic expression(73) for | at large k vanishesat = 2, suggestingthat this is
the limit of the sequenceThe conjectureimmediately implies

Corollary:
(1) I(; )>Oforallk2 zZ* when < (). When > 2 I (; )< Oforall

k22Z".
(2) For sud that 4( ) 2, wehavelj(; )< Oforj <k, I(; ) O,
wherek is sud that () < (), andlj(; )>0forj > k.

We can now usetheseresultsto obtain
Proposition 2:
(@) Ask! 1 ,the energybarriers alongthe path approad the limiting value

2
+S

Ve V o+

B kl!llm Bl )= 4arctan(1:p ) 2+
arctan® ~ X sin?(%) ?

Im . .
sin(x ) + sinx
x2M*

The limiting energybarrier is higherthan the rst energybarrier( E; (; )> Ei(; ))
if andonlyif > (), where ( ) isthe solution of the transcendemal equation

P— X in2( X
arctan sin“(3
—_— Im . (2) . =0; (64)
sin(x )+ sinx
x2M*
and the two energybarriers are equalwhen = ().

(b) If < 4( ), the energybarriers Ey monotonically decreaseo the limiting value
E,.If > 2 the energybarriers monotonically increaseto the limiting value. In the
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intermediaterangeof , 1( ) 2 the energybarriers Ej increasefor k k to
read the maximum energybarrier Ey , wherek issudthat  1( ) < (),
and monotonically decreasdor k > k to the limiting value.
The proof canbe found in Appendix C. Note that Proposition 2 implies that the rst
energybarrier alongthe path exceedshe second( Ei(; )> E(; )) if andonly if
> 4( ), where ;( ) solwesthe transcendemal equation

r
z o

l —
) coy X ) " 1( 2 1dx=0 (65)

with  givenby (58). The monotonicity for < ;( ) impliesthat the rst energybarrier
is greaterthan the limiting one,sothat ,( )< ().
Figure 9 shavs the thresholdvalues ( ), i1( ) atinteger alongwith the graph of
()= 2 Wecanseethat ()< ()< 2

Figure 9: The threshold values ,( ) (black dots) and ( ) (grey dots) at integer .

To illustrate the results of Proposition 2, we considerthe case = 3. In this casewe
have ;= 820and = 849. At = 7< 4, the energybarriers E, monotonically
decreasdo E; for all k, sothat the rst energybarrier is the largestone,as shavn in
Fig. 10a. Thus if the systemhas enoughenergyH to overcomethe rst energybarrier
(H E,), it canautomatically overcomeall other (smaller) energybarriers. Soin this
caseclimbing over the rst energybarrier (moving one step) initiates a cascademotion
of the other steps.

At in the intermediate range, ; < < 2 the rst energy barrier is smaller
than the second,and after reading the maximum energy barrier, the energy barriers
monotonically decreaseo the limiting energybarrier satisfying E; < E;if <
(see,for example,the case = 8:3in Fig. 10b)and E; > E;if > (e.g. =871
in Fig. 10c). In this casethe maximum energybarrier along the path occursat nite k
(secondbarrier in Fig. 10band third in Fig. 10c). If the amourt H of energyin the system
is lessthan this maximum energybarrier (but greaterthan the rst), only se\eral steps
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Figure 10: Energy barriers during sequetial propagationofsteps:(a) =7( < 1( );
(b) =83(1< < )@ =871( < < 2);(@) =10( > 2. In all cases
=3,v.=1landv = 1.3.

in the sequencewill move. Physically, this meansthat on one hand, su ciently strong
horizontal bondsappearto be limiting the step motion. Note, howewer, that on the other
hand, the maximum energybarrier alongthe path decreasesvith (at xed v ), sothat
lessenergyis neededto overcomeit.

Finally, the caseof large ( = 10> ?2) is shawn in Fig. 10d. In this casethe
energybarriers monotonically increaseto the maximal limiting value for all k (recall that
monotoneincreaseat large k follows from the Proposition 1). As in the previous case,
this leadsto only seeral stepsmoving if H is lessthan the maximal energybarrier.

Now considera path along which all n springsare allowed to change phasetogether.
In this casethe n-dimensionalvector order parameteris given by

(1) =



with t 2 [0; n] as before. The energy(50) along this path reducesto
1 t 22X X X o t X0
(t)zé N Vi | V1;1+ﬁ. Vg ve (U t);
i=1 i=1 i=1 j=1
wherewe usedperiodicity of the initial equilibrium and de ned
Ve VP
t = PH—>n
j=1 Vi;j
as the value of the parametert at which (p;;g)th and (p, i+1;6 i+1) Springs change
phase(so that t; = t, ;,;). Note that the two springs must necessarilychange phase
together along this path because
X X
Vij = Vi iyt
j=1 j=1
This is true becauseof the special Toeplitz structure of the tensorV : in the basisun-
der considerationit is represeted by a multidiagonal symmetric matrix with constarn
ertries along ea diagonal. Obsene, howewer, that unlessn = 2 the n springs under
considerationdo not change phaseat the samevalue of t but rather do soin pairs at
successi® valuest = t; for ead pair. Thusthe phasechangealong this path is not truly
simultaneousunlessn = 2.
To compute the energybarrier, we determine the smallest t; :

P
V V7.
cp V11

t = mnt = f
tin' o omax |y Vi
1in j=1 "

S. We then obtain
i ' -1 Vi 2 2
E=(t)= W= 5 Vo V o+ +S (66)

2 P V
max LV

and recall that vy, = v

24

24

This is the energybarrier for the rst pair of springsto switch phasebut we can show
that it is alsothe energybarrier for all n springsbecausehe energy ( t) starts decreasing
after the rst pair of springschangesphase.

We can now comparethe computed energy barrier for \simultaneous" phasechange
to the rst energybarrier the systemneedsto overcomein order to initiate sequetial
step propagation. Recalling (63) and (56), we seethat the latter is given by

1 2 2

Ei= 05— V¢ V + +S
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We now claim that for n 2 the inequality E > E; always holds, i.e. the energy
barrier (66) for \simultaneous" phasechangeis strictly greaterthan the rst energybarrier
for sequetial propagation:
Proposition 3:

Forn 2, P

E _ Vii o g Vi > 1

E; P, 2

max ;o Vi

The proof can be found in Appendix C.

9 Example: sequential versus simultaneous step prop-
agation.

We start by consideringthe energylandscage that involves a periodic equilibrium with
integerslope and nonperiodic stateswith either one or both vertical springsin front of
two neighboring stepstransformedto phasell. In this casen = 2, (p;; ) = (1;1) and
(p2; ) = ( + 1;0). Recallthat

1

V0= Vig =V 1+ = 2 S,
with S givenin (24). Substituting this alongwith (56), (57) and (59) in (50), we obtain
two-dimensionalenergylandscape ( 1; ») an exampleof which is shovn in Figure 11.
Here the parameters and arechosensothat < 4( ) As in the previous section,
we now considersequetial (path 1) versussimultaneous (path 2) propagation of the
two stepsinvolved. Due to the symmetry of the landscage, it does not matter which
of the two springs changesphase rst along path 1: if the order is reversed,the energy
pro le is exactly the same. As already discussed,the energy barrier along the second
path is almost twice ashigh asthe rst energybarrier along sequetial propagation. See
Figure 12. Moreover, the energybarrier E along path 2 (simultaneous propagation) is
strictly greaterthan the sum of energybarriers E; and E, alongthe (sequetial) path
1. E E; E, 0:0013> 0. This is becausehe secondenergybarrier along path
1 is smaller than the rst (as predicted for the case < 1( )). Theseresults suggest
that sequetial propagation of stepsis energetically preferred.

Similarly, we canconsiderthe casewhenfour springscantransform(n = 4): (p;; ) =
(L;1), (p2se) = ( + 1,0), (p3;) = (2 +1; 1) and (ps;ch) = 3 +1; 2). In this
casethe energylandscame ( 1; »; 3; 4) is a four-dimensionalsurfacethat is hard to
visualize. Instead, we again consider sequetial (path 1) versus\simultaneous” (path
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Figure 11: Energy landscape for connecting periodic equilibrium with integer slope to
neighboring nonperiodic minimizers, with two springs changing phase. Along path 1 the
two springschangephasesequetially. Path 2 correspndstwo simultaneousphasechange
in the two springs. Parameters: = 5,v = 1.55v.=1and = 1.

2) propagation. As we recall from the previous section, the propagation is not truly
simultaneousalong the secondpath. Instead, two pairs of springs changephaseone after
another; for example, in the caseconsideredhere( =5, = 1,v = 155), the two
middle springs, (p2; &) and (ps; &), changephase rst at t = t; = 1:483, and the other
two springschangephaseat t = t, = 1:498.

Figure 13 comparesthe energypro les alongthe two paths. The energybarrier E =
0:14 along path 2 is 3:9 times higher than the rst energybarrier E; = 0:036alongthe
sequetial path and is ewven larger than the sum of all energybarriers along path 1 which
are slightly decreasingl E, = 0:034, E;= 0:0335, E,4= 0:0332)since < ().

As we discussedabove, in the case > 2 the energy barriers along the sequetial
path are slightly increasing. For example,in the case =2, =5,v = 17andv.=1
we have E; = 0:.0165, E, = 0.0178, E; = 0:.0182and E,; = 0:0184along path
1, while the energybarrier for path 2is E = 0:0669 4.05 E;. Soin this casethe
sequetial path is again preferred,although the systemmay only move the rst few steps
if the energybarriers along the path becometoo high.

Finally, in the case 1( ) < < 2, the maximum energybarrier alongthe sequetial
path is aninterior one. For instance,at = 87land = 3(yielding , 82, , 866
and 3 882, sothat , < < 3) we have E; = 0:.007991, E, = 0:008139,

E; = 0:008144and E, = 0:008139along path 1, so that the third energy barrier
is slightly higher than others, as predicted by Proposition 2(b). Mearwhile, the energy
barrier for path 2is E = 0:032 4:.005 E;. Note alsothat E= Ez; 3:93, sothat
the energybarrier for path 2 is almostfour times higher than the maximum energybarrier
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Figure 12: Sequetial versus simultaneous propagation of two neighboring stepsin a
periodic equilibrium. Parameters: = 5,v = 155 v.=1and = 1. Here < 1( ).

alongpath 1. Henceif the systemhasenoughenergyto overcomethe third energybarrier
along path 1, sequetial propagationwould be energeticallypreferred.

10 Concluding remarks

In this paper we studied the quasistatic motion of stepsalong a phaseboundary in a
two-dimensionallattice model of phasetransitions that incorporates material anisotropy.
Assuminga bilinear interaction force in phase-transformingbonds, we constructed equi-
libria that cortain a phaseboundary with a rational slope as well as the neighboring
non-periodic equilibria. Using a vector order parameter, we constructed minimal barrier
paths connectingtheseequilibria and shoved that the sequetial motion of a nite number
of stepsrequiresa smaller energybarrier than simultaneousmotion of the steps.

Our analysisshows that the size of energybarriers and the resulting step motion are
signi cantly a ected by material anisotropy parameter and the slope of the phase
boundary. In particular, if is higher than a certain threshold (that increaseswith )
step propagation may be prevernted when the available energyto causesud motion is
lessthan the largestenergybarrier alongthe path, which, howewer, decreasess grows.
Meanwhile, at smaller the motion of rst stepinitiates the cascadenotion in asequetial
manner.

Although the analysispresernied hererelied on a number of modeling assumptionsand
simpli cations in order to make the calculationsas explicit as possible,our simple model
cortains the essetial physicsin orderto illustrate the main featuresof quasistaticmotion
of a martensitic phaseboundary. Future work will include deriving cortinuum formula-
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Figure 13: Sequetial versus simultaneous propagation of four neighboring stepsin a
periodic equilibrium. Parameters: = 5,v = 155 v.=1and = 1. Here < 1( ).

tion that exhibits someof the results presertied here, deweloping a numerical method to
compute energybarriers for a fully nonlinear potertial and conducting a comprehensie
simulation of step motion under quasistatic loading.

Acknowledgements. This work was supported by the National ScienceFoundation
grant DMS-0443928A.V.).

A  Pro of of compatibilit y condition

In this Appendix we prove the compatibility condition (31).
Letmg;ng 2 Zbesudhthat o= me+ (ng 1) 1=2> 0andmg+ (ng 2) 1=2< O:
Let N > 0 be an integer. Then

X X X
Vimgin = Wmgin Wmon 1= WmgN Wmging 1
N=ngo nN=nNgo N=ngo

P
— — N i —
Sothat Umo’N - WmO’N Wr‘n0 1’N - Umo;no 1+ n=n0(Vmo;n Vr‘n0 1;n). Slmllarly, Umo’ N —

— 1
Wmo; N Wmo l’ N — Umo;no 1 22 N +1 (Vmo;n Vmo 1;n). Therefore
umo;l umo;l = N“'En (umo;N umo; N) = Vmo;no Vmo 1;no
X eix ix eiX X eix ix 1
+ h(x °1 e . + h(x °1 e . :
(0" °( ] (0" °( )1
X2M + x2M
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We now considertwo possibilities.
Casel: ¢ 1<0O.
1)+ 1so o = 1=2. Usingthe fact that

This caseis possibleonly whenmg = (no
X 2 M, wheneer x 2 M , we obtain

1 X K, 1 eX

Umg:1 Umg:1 = 1+ + - h(x)e'x 0 ﬁ

. . 67)
- 1 ix - 1 sin(3x 1 (
+ h(x)e'x 0 ~ e e IX - 2 (X) (2 (1 ))
x2M e 1 1+ 2 X2M 4 Sm(ix )

Compatibility condition canthen be shavn by consideringthe cortour integral

Almz

ap

A
,
3

Re z

Figure 14: Contour usedin the proof of compatibility.

sinzz sinz( 1)z

dz
inl 2 Z in2 Z
sin3z( sin® % + sin” =

with cortour asshawn in Fig. 14 and using the residuetheorem. This yields

X sin(3x( 1))

1 1=
—+ 2 h(x) . =0

_ 2 1 ’
1+ = o sin(3x )

which together with (67) establisheq31).
Case2: ¢ 1>0.
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In this casemg = (no 1)+ with =23;:::; ,S0 o= 1=2. Proceedingas
in the previouscase,we obtain

X . . X . g
Unot  Umgt = h()E°( 1+e ™)+  h(x)e (1 e ™)
X2M 4+ X2M +
X . ix X sin%
T °2x © S=2° hejcogx( =2 1)
X2 M X2M 4 SinzXx

The compatibility canbe proved similarly to the previouscaseby consideringthe cortour
integral 7
sin z cogz(

sin*Z + sin

2 1)) dz

2z
2
with  asshown in Fig. 14.

B Asymptotic behavior of the o-diagonal entries of
the tensor V for sequential step propagation

In this appendix we reducethe double integral expression(55) for o -diagonal terms of
tensor V for sequetial step propagationto a singleintegral and obtain the asymptotic
behavior of theseterms whenjj  kj is su ciently large.

First obsene that (55) canbe rewritten asVi; = |(jj kj), where
Z Z .
1 cos[mx ] cogmy] sin? %
(; )= — . . dyd 68
<) 2 4 % Sin® X + sin* ¥ yox (68)

for integerk 0. Considerthe interior integral

Le(x; ) =

Z :
1 cosky] sin’ £
2 2

o Si%+ sin
y -
_1 cosky]sin” % d
2 sin” % + sin” ¥

(69)

<

Following the procedurein [3] for a similar integral, we introduce a new variable z = &Y
and de ne by (58). Note that 1 1+ 2 . We cannow rewrite (69) as

L(x; )= 2—12(Tk+1(x; )+ T a(X ) 2Te(X; ));
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where I
Tk =
jzj=1
is the courterclockwise integral over the unit circle in the complexplane. Here we used
the symmetry property of T: Tu(X; ) =T «(X; ).
To ewaluate (70) for k 2 Z* (o -diagonal ertries of V), obserﬁs that at > 1 the

z"dz
i(z2 2z +1)

(70)

integrand has two real poles,z = 2 1. The polez = 2 1isinsidethe
unit circle, and the other pole is outside. As ! 1, both polesapproat z = 1 on the
unit circle. Using residuetheorem, we obtain, for > 1,
p 2
1 k
Te(X; ) = (921);

and thus the interior integral (69) reducesto
r

L )= 2 2 Pron vz 1)
+1
We can shaw that this formula works for = 1 aswell. Using this expressionand the
fact that Z
(3 )= coskx)Lk(x; )dx; (72)

0
we reducethe double integral (68) to the singleintegral (57).

We now constructan asymptoticSXpression‘or I«(; )atlargek. Tothis end,obsene
that for > 1 (x > 0) we have 2 1< 1,soat largek Ly(x; ) decys fast away
from x = 0. Hencethe asymptotic behavior of the integral (57) is primarily determined
by the behavior of Li(x; ) at small x ( 1). Thus we appraximate L(x; ) by the
function axexp( bx), wherethe constarts a and b are chosensothat the rst two terms
of the Taylor seriesof axexp( bx) and L¢(x; ) about x = 0 coincide. This yields

p_
Le(X; ) 2—xe

Substituting this approximation in (72), we can integrate exactly, obtaining

Pz r(wre’ (2P r K

p'kx.

he(; ) 20 + 2)%K2 (73)
Clearly, the approximation improvesat largerk. At largek for 6 2 the dominart term
is
=2 )
2( + 2)2k2
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soly(; ) = O(1=k?®. This impliesthat at 2 > and suciently large m the o -
diagonalterms are positive. Meanwhile ? < meansnegative o -diagonal terms at least
for large enoughm. In fact, numerical evaluation of the exact integral (57) at various
parameterssatisfying 2 < shavsthat all o -diagonal terms are negative in this case.

C Pro ofs of prop ositions in Section 8

Proof of Proposition 1:

(a) We have
J'XK )i X i) EZ | L% I
1:11' j:1j, 0 +1j=1(+P2 1)y
Therefore
X 147 R 1
i LG i< = p———dx=J ():
j=1 J 0 +1j:1( + 2 1))
_ R  I\qy = 1 :
It canbeshavnthat J ()= 5 (1 —7)dx = Vi1, and (a) follows. This clearly

impliesthat jl(; )j< 3Viiforallk2 Z*.

(b) Note that (a) alsoimpliesthat limy; Ix(; ) ! 0. Monotonicity of I (; ) at
largek and 6 ? follows immediately from the asymptotic expression(73) obtained in
Appendix C at largek 2 Z*.

(c) To prove this part, obsene that I can be written as (72), with the amplitude
Lk(x; ) of the integrand given by (71). From (58) it followsthat Ly(x; ) 0. The
smoothnessof this function at > 0and x 2 [0; ] ensuresthat |, can be di erentiated
underthe integralat > 0. Sincel dependson only through L« (X; ), this dependence
is determined by the properties of L (X; ). Simple analysisrevealsthat asa function of
x for given , Ly hasa single minimum point. If

Y

1+ k> k.
2k ’
the minimum is readhed at x = . Otherwise, the minimum dependsonly on k and is
attained at S
'pj
+k? k

. 1
Cy = TR K.
x (k; ) = 2arcsin >k ,
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and L is a convex function of x in the interval (0; x ).
We claim that I, < O for large . By de nition

WG )= 106G )+ 126 )
with IS)(; ) = o Li(x; )cosk x )dx andliﬁz)(; ) =  Lk(x; )cosk x )dx.
Let " = (5 ). Forlargeenough > Osud that x < 5—, we have
> q —— @
1. "o c?() 1
@/ . N N k — “k .
L0 )< (@ e /\+1( 2 1= T o(—);
at large , where
1 1
c?()= 1

>0
2k
2k 4ksin™ 5—
for ; k2 Z*. Sincex < 5, the integrandin Ilil)

is nonnegative. Using this along with
convexity of Ly in the interval (0;x ), we obtain

IS)(; ) > cosk X )ZOX Le(x; )dx > %ka cog k x);
whereL, Li(x (; k); ) isindependen of . Henceat large
90 > Fo v ol
where
cw=1 pll‘:kz 1 prf 1 kql k(" T+ K2 K)> 0

The claim that 1 < O for large

follows immediately. At small > 0 we have

Q 1 . x
6 2—|3—_S|n§,
SO Z
@k 1 . X _ 1
@ —p—2 = S|n§cos(kx)dx—

=1 s ”
since; k2 Z*. Thisand I(; 0)= 0imply that I(;

. By cortinuity

k() =0

) > 0 for small
of I and intermediate value theorem there exists ( ) > 0 sud that I(;
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and Il (; «())>0for0O< < (). This concludesthe proof.

Proof of Proposition 2:
(a) First, note that for b 1 we have

bb  cogx))
Kk(b; ; !
(B3 %) 2bcos(x) k¥ 1
ask! 1 . Usingthe fact that b= P— 1 1, wecanshow that
p— a2 X
arctan sin® Zdx
Ji (; lim Jy(; = — . i : 74
1 (o) Jim () 7 o SEX+ Sl (74)

From (63) it follows that E; (; ) > Eiu(; )ifandonlyif J;(; ) > 0 and

E:(; )= Ei; )ifandonlyif J; (; ) = 0. Applying the residue theorem
to ewaluate the integral in (74), we obtain the transcendetal equation (64) that deter-
mines ().

(b) If < 4( ), the Corollary to the conjecture following Proposition 1 and the
de nition of Jy imply that Jys;  Jk = Vks1:1 = Ik > Oforallm 2 Z*. Hencedy(; )
monotonically increasewith k to the limiting valueJ; (; ). From (63) it follows that

E« must monotonically decreasen this rangeof . Similarly, the sameCorollary implies
Jusr < Jcforallm2 zZ* if > 2, sothat the energybarriers monotonically increase.
Finally, if 1 2andk issudthat  1( ) < (), the Corollary implies
that Jy Jx 1fork k andJy > J¢ ;for k > k , which resultsin the maximum energy
barrier at k = k . This completesthe proof.

Proof of Proposition 3:
We start with two generalobsenations that hold forany >0, 2 Zandn 2 Z..
First, Proposition 1(a) implies that

X1 Xl XX xXo
\Aj \Aj = \ﬁﬂ.+ 2 x> 0
i=1 i=1 i=1 i=1 k=1
and therefore
Xl X1 XX
Vij > Vij . (75)
i=1 i=1 i=1 i=1
Second,note that
xXo Xt
max Vi Vip+ 2l < 2V (76)
j=1 k=1
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wherethe secondinequality follows from Proposition 1(a).

Now consider P,
E Vi gy Vi
=5 P,
ITFiﬁ i=1 \Aj

We needto show that R, > 1 for all integern 2. We considerthe following three cases.
Casel: 2
Recall that in this casely < Oforn 2 Z,, p,y the rst part of the corollary to the

E,onjegure following Proposition 1. Hence max J” 1 Vi Vi1, and by (75), we have
. i Vij > Vi forn 2. ThusR, > 1.
Casell: 1()
In this casel; Oandl, > Ofork 2. Thus
xXox X1
\/le = nVl;l + 2 (n k)lk > nVl;l:
i=1 i=1 k=1

Using (76), we obtain 0

if n> 4. The casesn = 2, 3 and 4 will be consideredseparately For n = 2,
2V (Vi + 1) _ V1,1

(Vi1 + 11)? (Vi1 + 1)
becausd; < V;;. For n = 3, we write

x
m.a)é Vij = Vi + S;
i=1

R2: >1

P
whereS is givenby either S= 2I; 0orS=1,+1,>0.1fS=2;, >, 1 V=
3V1;1 + 414 + 2|2 > 2V1;1 + 4l 4, sothat

2Via(Vir+ 21) _ (Vur+ 200)2+ Vg 47

= >1
(Vi + 214)2 (Vi1 + 214)?

R; >

P, P
sincel; < Vip=2andthusVZ > 412 If S= I+ 1, wewrite >, >, Vi > 2(Viq+ S)
and hence

Vi (Ve +S) (Vi + S)>+ Vi S?

(Via+t S)2 (Vi1 + S)?
sinceS? < VZ,. The proof of R4 > 1 is similar.

R > > 1
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Caselll: ()< < 2

In this casethe secondpart of the corollary statesthat there existsan integerk 2
sud that 1, < O for k < k ,FJk Oandl, > Ofor k > k. CoE,sequeﬂy, there exists
n >k (n 3)suhthat . ,(n k) Oforn n and [ (n k)l < Ofor
n<n.

For n < k the situation is the sameasin Casel (all I are negatiwe), and we can
provethat R, > 1. Forn n + 1 we canuse(75) repeatedly along with the de nition
of n to obtain

X xo X+l K+l X
Vij > Vij =(n + 1)V +2  (n Kl (n + 1)V

i=1 i=1 i=1 i=1 k=1

Using this and (76), we have

. : . : P
sincen 3. Finally, considern suc that k  n  n . In this casewe have |_/'(n
k)I« < 0. Sincethe sum of ertries in all rows of V is greaterthan the maximum sum of
ertries in a row, and ead row cortains Vi.;, we have

X X1
max Vij <2 (n K)lg+ Vi
1 njzl k=1
Sincen 2, this yields
Vi (NVy: +2Pn n oK)y 2
R. > ~1lV11 Tf k=1 > !

n

T T >
(Via+2 Mn KI)2Z Via+ 2 JHn Kl

due to the negative sumin the denominator. ThusR,, > 1foralln 2in Caselll.
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